DETERMINANT BUNDLE, QUILLEN METRIC, AND PETERSSON-WEIL FORM ON MODULI SPACES

INDRANIL BISWAS AND GEORG SCHUMACHER

1. Introduction

It is now known that a moduli space of projective manifolds with ample canonical class has a rich local structure. From a the theorem of Aubin and Yau, a projective manifold – whose canonical class is ample – admits a unique Hermitian-Einstein metric. This Hermitian- Einstein metric induces a Hermitian structure on any associated space of harmonic forms, and in particular, on the first cohomology of the tangent sheaf. Given a moduli space of the above mentioned type, the Hermitian structure constructed on it using this Hermitian form on the first cohomology of the tangent sheaf turns out to be a Kähler structure. On a moduli space of compact hyperbolic Riemann surfaces the Kähler form coincides with the well-known Petersson-Weil form. This generalized Petersson-Weil form on a moduli space of smooth projective manifolds with ample canonical class can be realized as the curvature of the Hermitian connection on a certain determinant line bundle equipped with the Quillen metric [FS]. If we restrict ourselves to the case of dimension one, namely the Riemann surfaces of genus g with g ≥ 2, then this property of the Petersson-Weil form on the moduli space of Riemann surfaces of genus g was established earlier in [Wo] and [ZT1]. Further properties of the Petersson-Weil form on a moduli space of Riemann surfaces can be found in [ZT2] and [Iv].

An analytic construction of moduli spaces of Kähler-Einstein manifolds (also in the non-reduced category) can be based upon deformation theory: The automorphism group of the distinguished fiber acts on the base of a universal deformation, thus giving rise to an open subset of the moduli space. Unless just manifolds of dimension one are treated, the base of a universal deformation may be singular, in particular it may be non-reduced. In the latter case the space of infinitesimal deformations is larger than the tangent space of the reduced base space. However, the Petersson-Weil Hermitian metric is defined on the whole 1

tangent space through the inner product of harmonic representatives of Kodaira-Spencer classes with respect to a Kähler-Einstein metric on the respective fiber. These representatives arise in a natural way from the metric tensors on the fibers in the holomorphic family. The construction in [FS] for singular reduced base spaces also applies in the non-reduced case: The differential structure of the central fiber is fixed and the singular base space embedded into some smooth space so that the given family of holomorphic structures can be extended to a differentiable family of almost complex structures. In this way all relevant differential operators can be extended to the ambient space. The implicit mapping theorem gives an extension of the Kähler-Einstein metric on the central fiber to a tensor on the total space of the whole family, which will be finally restricted to the (singular) holomorphic family. These considerations hold also in the situation of moduli spaces of Hermite-Einstein bundles.

In this paper we consider moduli spaces of pairs of the form (X, E), where E is a unitary flat bundle over a smooth projective manifold X whose canonical line bundle K_X is ample. Later, in the forth section, we will consider projectively flat connections. With little modification our results can be carried over to the case of polarized Ricci-flat varieties.

The tangent space at a point of such a moduli space is given by the first cohomology of a certain holomorphic vector bundle over X known as the Atiyah bundle. Furthermore, such a moduli space has a natural Kähler structure, which will be called the Petersson-Weil metric. This Petersson-Weil Kähler form coincides with the natural Kähler form on the unitary representation space, if X is kept fixed. Also, if the representation is kept fixed locally, then the form coincides with the earlier mentioned Kähler form on a moduli of projective manifolds with ample canonical class. The precise statement is given in Lemma 2.15.

The main property established about this Petersson-Weil form is that it can be realized (even in the non-reduced case) as a “fiber-integral”, i.e., fiberwise integral of a differential form over the universal space for X [Theorem 3.1]. As a consequence, the Kähler form (rather a rational multiple of it) coincides with the curvature form of the Hermitian connection on a certain determinant line bundle equipped with the Quillen metric. This is a generalization of the earlier mentioned theorem of [FS]. When X is a fixed Riemann surface, then in his well-known paper

[Q] D. Quillen proved that the curvature of the determinant line bundle over the representation space Hom(π_1(X), U(n))/U(n), equipped with the Quillen metric, coincides with the natural symplectic form on Hom(π_1(X), U(n))/U(n). We also recall that the earlier mentioned result of [Wo] and [ZT1] on the Petersson-Weil form on the moduli space of Riemann surfaces was also proved by establishing a fiber integral formula. If the base of a universal deformation is singular or non-reduced, it extends locally to a smooth ambient space as a Kähler form, since it possesses locally a ∂ ¯∂-potential. We note that there are some essential differences between the dimension one situation and the higher dimensional case.

H. Royden in [Ro] showed that the holomorphic sectional curvature of Teichmüller space T_g is strictly negative. Subsequently, Royden, Wolpert, [Wo], showed that the sectional curvature of T_g is strictly negative. In fact, Wolpert produced an explicit upper bound for the curvature, which was conjectured by Royden. Moreover, the curvature is strongly negative in the sense of Siu [S2]. The curvature of the Petersson-Weil metric on the Teichmüller space has been considered also in [Jo], [Tr].

In Theorem 4.1 the curvature of the Petersson-Weil Kähler metric on the moduli space of pairs (X, E) of the above type is computed. It turns out that when X is kept fixed, the holomorphic sectional curvature of the Petersson-Weil metric on the moduli space of unitary flat connections on X is nonnegative [Corollary 4.3].

In the second part of the paper (Sections 5 and 6), we consider the situation where X is a smooth quasi-projective variety over C . It is known that certain equivalence classes of unitary representation spaces for the fundamental group of X_0 = X − D, where D is a divisor with normal crossings in a projective manifold X, share many of the properties of the space of equivalence classes of unitary representation space for the fundamental group of a projective manifold. The representation spaces for the fundamental group of X_0 in question are obtained by fixing the conjugacy classes of the monodromies around the irreducible components of D. Such a space has a natural symplectic form, which was constructed in [BG] when X is a Riemann surface and in [BrF] for arbitrary dimension.

In Sections 5 and 6 we actually consider the special case where all the local monodromies around the boundary components are of finite order. In such a situation, the symplectic form on the representation space constructed in [BG] and [BrF] has a rather simple description. Moreover the proof of the result, saying that the symplectic form is actually Kähler, is also immediate in this situation of monodromies of finite order. We express an integral multiple of this Kähler form as the curvature form of the Hermitian connection on a certain determinant line bundle equipped with the Quillen metric. This implies – in particular – that the cohomology class represented by the Kähler form is a rational one. Finally we compute the curvature of this Kähler form using Theorem 4.1.

W. Goldman in [Go1] introduced a symplectic structure on the space R_X (G) = Hom(π_1(X), G)/G consisting of equivalence classes of representation of the fundamental group of a compact oriented surface X into a reductive group G. If the genus of X is at-least two, then using the uniformization theorem, the Teichmüller space T (X) coincides with a component of R_X (P SL(2, R)). In [Go1, Proposition 2.5] it has been proved that the restriction of the symplectic form on R_X (P SL(2, R)) to the component T (X) actually coincides with a multiple of the Petersson-Weil form on T (X).

Now, let T^n_g denote the Teichmüller space of genus g Riemann surfaces with n punctures. Assume that 2g − 2 + n > 0, in order to to ensure that any punctured Riemann surface Y represented in T^n_g has the Poincaré metric. Using the Poincaré metric, the vector space of quadratic differentials on Y , with at-most simple poles at the punctures, gets a Hermitian structure. This Hermitian structure defines the Petersson-Weil form on T^n_g . On the other hand, T^n_g coincides with a component of the subset of the representation space Hom(π_1(Y ), P SL(2, R))/P SL(2, R) defined by the condition that the monodromy around any puncture in Y is conjugate to the regular unipotent element in P SL(2, R). Thus, by a construction in [BG], the space T^n_g gets a symplectic structure. Imitating the proof of [Go1, Proposition 2.5] it is easy to establish that this symplectic form on T^n_g is again a multiple of the Petersson-Weil form.

Fixing an element g ∈ π_1(X), and also a function f on G invariant under the adjoint action, a function F on the representation space R_X (G) is obtained. The Poisson bracket {F, F_1} of two such functions F and F_1 has a very simple description, known as the product formula

[Go2]. It will be interesting to be able to develop an analog of the product formula expressing the Poisson bracket of two functions, obtained in the above fashion, on the space of equivalence classes of representations of the fundamental group of a higher dimensional Kähler manifold.

Acknowledgments : The first named author learned the representation spaces of fundamental group together with K. Guruprasad, to whose memory he dedicates the endeavor. This paper was written during a visit of the second named author at the Tata Institute of Fundamental Research. He would like to express his sincere thanks for the warm hospitality. Thanks are due to the referee pointing out several references.

2. Local structure of a moduli space of projective manifolds together with a unitary flat vector bundle

We denote by X a connected smooth projective variety over C with ample canonical line bundle K_X . The degree of a coherent sheaf on X will be defined using the polarization K_X . Let E be a stable vector bundle of rank r over X satisfying the condition

c_1(E) = 0 = c_2(E) (2.1)

Invoking a theorem due to Donaldson [Do], such a vector bundle E admits a unique unitary flat connection.

In [ST2], the existence of a moduli space of pairs (X, E) of the above type has been established. Furthermore, a Hermitian structure on the space of infinitesimal deformations of such a pair has been constructed. This Hermitian structure actually endows the moduli space with a Kähler structure [ST2, Theorem 2]. This Kähler structure is a generalization of the Petersson-Weil metric on the moduli space of compact hyperbolic Riemann surfaces. It may be noted that if the underlying complex manifold X is kept fixed, then there is a Petersson- Weil Kähler form on any moduli space of stable bundles over X, not necessarily satisfying the condition (2.1).

A word on the notation that will be used : the terminologies of a vector bundle and the corresponding coherent sheaf will be interchanged without making any distinction between them.

2a. Infinitesimal deformations of a pair. Take a pair (X, E) of the earlier type. Let Σ_X denote the sheaf of infinitesimal deformations of the pair. Recall that

Σ_X ⊂ Diff^1_X (E, E)

is a subbundle of the sheaf of differential operators of order one mapping sections of E to itself. The subbundle is defined by the property that the image of it by the symbol map coincides with the tangent bundle T X ⊂ T X ⊗ End(E) consisting of vector of the type v ⊗ Id. In other words, Σ_X fits into the following Atiyah exact sequence

0 −→ End(E) −→ Σ_X (E)^σ−→ T X −→ 0 (2.2)

where σ is the symbol map. The space of all infinitesimal deformations of the pair (X, E) is parametrized by H^1(X, Σ_X (E)). The Kodaira- Spencer deformation map for the pair will be briefly recalled.

Take a connected analytic space S with a base point 0 ∈ S, and a family E −→ E

X −→ X π 0 −→ S

(2.3)

of pairs parametrized by S, together with a fixed identification of the pair over the base point 0 with the given pair (X, E). The map π in (2.3) is assumed to be proper and smooth with connected fibers X_s = π^{−1}(s), where s ∈ S. Furthermore, the restricted vector bundle E_s = E|_{Xs} is assumed to be stable for all s ∈ S. Taking the direct image, using π, of the exact sequence 0 −→ Σ_{X /S} −→ Σ_X (E) −→ π^∗T S −→ 0 (2.4) of sheaves on X , where Σ_X (E) is the Atiyah bundle for the vector bundle E and Σ_{X /S} is the relative Atiyah bundle, the following connecting homomorphism π_∗π^∗T S = T S ⊗_{OS} π_∗O_X −→ R^1π_∗Σ_{X /S} is obtained. Let ρ : T S −→ R^1π_∗Σ_{X /S} (2.5) be the pre-composition of the above homomorphism with the homomorphism induced by the obvious inclusion of π^{−1}(O_S) in O_X . This homomorphism ρ is the Kodaira-Spencer map that we are seeking. The restriction ρ(0) : T_0S −→ H^1(X, Σ_X (E)) , of the above homomorphism of O_S-modules to 0 ∈ S, is the infinitesimal deformation map for the pair (X, E) in the family (2.3).

We do not assume that the dimensions of the vector spaces H^1(X_s, Σ_{Xs} ), s ∈ S, are independent of s, thus allowing singular, and also not necessarily reduced, base spaces S of universal deformations of the pair (X, E). The amplitude of the canonical line bundle K_X ensures that H^0(X, T X) = 0, and hence the exact sequence in (2.2) yields the following exact sequence of cohomologies

0 −→ H^1(X, End(E)) −→ H^1(X, Σ_X (E)) −→

−→ H^1(X, T X)^μ−→ H^2(X, End(E)) (2.6) It will be shown that the above homomorphism μ vanishes. Furthermore, a natural splitting of the resulting surjection H^1(X , Σ_X (E)) −→ H^1(X, T X) in (2.6) will be constructed.

We already noted that since the vector bundle E is stable with vanishing Chern classes, it admits a unique unitary flat connection. This connection can be utilized in constructing a splitting of the sequence (2.2). More precisely, denoting the unitary flat connection by ∇, for a local section v of T X, the local differential operator D_v on E defined by D_v(s) = ∇_vs is actually a lift of v to a local holomorphic section of Σ_X (E), and, in particular, σ(D_v) = v. In other words, we have a splitting of the homomorphism σ in (2.2). Such a splitting amounts to a holomorphic decomposition Σ_X (E) = End(E) ⊕ T X (2.7) with the property that the homomorphism σ in (2.2) is the natural projection onto the factor T X of the decomposition. This immediately implies that the homomorphism μ in (2.6) must vanish, and moreover, the inclusion H^1(X, T X) −→ H^1(X , Σ_X (E))

obtained using the decomposition in (2.7), is actually a splitting of the surjective homomorphism

H^1(X , Σ_X (E)) −→ H^1(X, T X)

obtained in (2.6).

The decomposition in (2.7) will be used in the construction of the Petersson-Weil form on the tangent space H^1(X , Σ_X (E)) to the moduli space of pairs at the point represented by (X, E).

2b. Construction of the Petersson-Weil metric. Since K_X is ample, X admits a unique Kähler-Einstein metric, i.e., a Kähler metric with the property that the Ricci form is the negative of the Kähler form [Au], [Ya]. Let ω denote the Kähler-Einstein form on X.

The decomposition (2.7) gives the following decomposition

H^1(X, Σ_X (E)) = H^1(X, End(E)) ⊕ H^1(X, T X) (2.8)

of cohomologies.

The L^2-inner-product of the harmonic representatives of the elements of the cohomology group H^1(X, T X), with respect to ω, gives a Hermitian form on H^1(X, T X). Let ω_X denote this nondegenerate Hermitian form on H^1(X, T X). For a family of Kähler-Einstein manifolds, the (1, 1)-form on the parameter space obtained by the above pointwise construction, is closed [ST2], [K].

The Hermitian form on H^1(X, End(E)) is defined by (α , β) −→ ∫ X trace(α ∧ β̄) ∧ ω^{d−1} (2.9)

where d = dimC X, and α, β are the harmonic representatives with respect to the combination of the Kähler-Einstein metric and the natural unitary structure of End(E) (the vector bundle End(E) has a canonical Hermitian metric induced by a Hermitian-Einstein metric on E). It is known that the pairing in (2.9) is nondegenerate [Si2, Lemma 2.6].

Let ω_E denote the Hermitian form on H^1(X, End(E)) defined by (2.9).

Definition 2.10. The Petersson-Weil form on H^1(X, Σ_X (E)), denoted by ω^{pw}, is defined to be the Hermitian form ω_X +ω_E with respect to the decomposition (2.8).

For a family of pairs as in (2.3), the pointwise construction of the Petersson-Weil form will give a (1, 1)-form on the parameter space S. With a slight abuse of notation, this form on S will also be denoted by ω^{pw}.

Lemma 2.11. The (1, 1)-form ω^{pw} on S is closed.

Proof. The form ω^{pw} decomposes as ω_1 + ω_2, where ω_1 (respectively ω_2) is obtained from the pointwise construction of ω_X (respectively ω_E) as in Definition 2.10. We already noted that ω_1 is closed. So it suffices to prove that ω_2 is closed. Also, it is enough to prove the closedness of ω_2 under the assumption that S is simply connected.

Let r be the rank of the vector bundle E in (2.3).

Consider the space of equivalence classes of irreducible representations

R :=

Homirr(π_1(X), U(r)) U(r) ⊂ Hom(π_1(X), U(r)) U(r) (2.12)

For any ρ ∈ R, the Zariski tangent space T_ρR is H^1(X, Ad(ρ)), where Ad(ρ) is the local system on X associated to ρ for the adjoint action of U(r) on its Lie algebra.

After identifying the unitary representation space R with the space of stable bundles over X satisfying the numerical condition (2.1), the Kähler form for the pairing in (2.9) translates into (α̂ , β̂) −→ ∫ X trace(α̂ ∧ β̂) ∧ ω^{d−1} (2.13)

where α̂ (respectively β̂) is the tangent vector of R corresponding to α (respectively β). Note that trace(α̂ ∧ β̂) ∈ H^2(X, R) as α̂ , β̂ ∈ H^1(X, Ad(ρ)). The 2-form on R defined by (2.13), which we will denote by ω̄, is actually closed [Ko], [ST1].

If S is simply connected, the inclusion of X = π^{−1}(0) in X induces an isomorphism of the corresponding fundamental groups. This implies that for any s ∈ S, the two representation spaces

R and

Homirr(π_1(π^{−1}(s)), U(r)) U(r) are canonically identified. In particular, we have a natural map f : S −→ R for the family (2.3), which assigns to any s ∈ S the element in R that corresponds to the stable vector bundle E|_{Xs} over X_s by the above identification.

The 2-form ω_2 on S coincides with f^∗ω̄, where ω̄ is defined in (2.13). Now the lemma follows from the closedness of the form ω̄. 2

The above proof of Lemma 2.11 leads to the following observation on the local structure of the moduli space of pairs of the form (X, E).

Let M denote a moduli space of pairs of type (X, E), where K_X is ample and E is a stable vector bundle over X satisfying (2.1). Let M_1 denote the moduli space of all X of the above type. So there is a forgetful surjective map F : M −→ M_1 which sends the point of M representing the pair (X, E) to the point of M_1 representing X. Clearly F is a holomorphic map.

For any simply connected subspace U ⊆ M_1, the pre-image F^{−1}(U) is naturally identified with U × R, where R, as in the proof of Lemma 2.11, is the representation space for the fundamental group of a fixed variety X := F^{−1}(0) ⊂ F^{−1}(U)

This local product structure of M defines a foliation of M transversal to the fibers of the projection F . This foliation on M will be denoted by F.

Lemma 2.14. The leaves of the foliation F are locally holomorphic subspaces of M.

(We cannot say that a leaf is a holomorphic subspace since it may not be locally closed in M.)

Proof of Lemma 2.14. Let π̄ : X_{M1} −→ M_1 be the universal family over M_1. Since the automorphism group of a projective manifold with ample canonical class is finite, the universal family exists over a finite cover of M_1. Given the local nature of the statement of the lemma, we do not need to deal with this issue, and we will treat the family as if it is over M_1.

Fix a point ρ ∈ R. For a simply connected subspace U ⊆ M_1, as above, using the isomorphism between π_1(X) and π_1(π̄^{−1}(U)), induced by the inclusion of X in π̄^{−1}(U), the representation ρ gives a unitary flat vector bundle E over π̄^{−1}(U).

Now set S = U in (2.3), and also set E as above. The classifying map f_S : U −→ F^{−1}(U) for this family, which assigns to any u ∈ U the element in F^{−1}(u) represented by the vector bundle E_{π̄}−1_{(u)}, is the leaf of the foliation F passing through ρ. Since the map f_S is holomorphic, the lemma is established. 2

We remark that Lemma 2.14 does not imply that F is a holomorphic foliation on M. The foliation F would be holomorphic if and only if the C^∞ subbundle of the tangent bundle T M defining F is a holomorphic subbundle. In fact, F is not in general a holomorphic foliation – for example, when X is a Riemann surface of genus at-least 3.

The following lemma is immediate from the definition of the foliation F and the Petersson-Weil form.

Lemma 2.15. The restriction of the Petersson-Weil form to a leaf of the foliation F is the pullback using the map F of the Petersson-Weil form on M_1.

Using the decomposition of the tangent space of M into the direct sum of tangents along fiber of F and tangents along F, and invoking Lemma 2.14 we conclude that the almost complex structure of M_1 and that of the moduli space of stable vector bundles together describe the almost complex structure of M. This is done by considering the decomposition (2.8) and simply taking the direct sum of the almost complex structures of the two individual summands. Also, it is immediate that the two transversal foliations of M are orthogonal with respect to the Petersson-Weil form.

3. A fiber integral-formula and the curvature of the Quillen connection on a determinant bundle

In this section we will first establish a fiber-integral formula for the Petersson-Weil form. Using this it will be shown that the Petersson- Weil form on the moduli space M coincides with a scalar multiple of the curvature of the Hermitian connection on a certain determinant line bundle equipped with the Quillen metric. The determinant line bundle corresponds to a virtual Hermitian bundle on the total space of the family F^∗X_{M1} . The main theorem of [BGS] constitutes the key input for the computation of the curvature.

3a. A fiber-integral formula. Take a family as in (2.3), where the relative dimension of the projection π is d. Consider the Kähler- Einstein metric on the relative tangent bundle T_{X /S}. The curvature form of the relative canonical line bundle K_{X /S} with the induced Hermitian metric has the following property : when it is restricted to a fiber of π, it coincides with the relative Kähler form. This curvature form on X will be denoted by ω_X . Let

ω_X = √ −1(g_α¯_βdz^α ∧ dz^β + g_i¯_βds_i ∧ dz^β + g_α¯_jdz^a ∧ ds^j + g_i¯_jds_i ∧ ds_j)

be the local description of ω_X , where z_α, z_β are the vertical coordinates and z_i, z_j are the coordinates along S. The restriction of ω_X to any X_s – which is the Kähler-Einstein form on X_s – will be denoted by ω_{Xs} .

Let h be a Hermitian metric on E such that the restriction to any E_s := E|_π−1_{(s)} is a flat metric. The curvature of the corresponding Hermitian connection on E will be denoted by Ω_E .

Let ω^{pw} denote the Petersson-Weil form on the parameter space S for the family considered above.

Theorem 3.1. The Petersson-Weil form ω^{pw} on S has the following expression :

ω^{pw} = 1 2 ∫ X /S trace(Ω_E ∧ Ω_E ) ∧ ω^{d−1}_X (d − 1)! + ∫ X /S ω^{d+1}_X (d + 1)!

where ∫ X /S is the integration along the fibers of π.

Proof. Before proving the theorem we make a

Remark about the notation : We will use covariant derivatives of differential forms on the total space of X with values in End(E), or the trivial line bundle, and restrict these to the fibers of the projection π from X onto S. So there is no contribution of the respective Kähler metrics to the covariant derivatives. Pulling up of indices and the tensor g^{β̄α}(z, s) always refers to the metrics ω_{Xs} . Since Ω_E |_{Xs} is equal to the curvature form Ω_{Es} of the given Hermitian metric on E_s, this notation is consistent.

We begin the proof of the theorem by computing the pairing (2.9) explicitly. Let^∂_{∂si} ∈ T_{s0} S be a tangent vector. Then a horizontal lift of^∂_{∂si} with respect to ω_X is as follows:

v_i = ∂ ∂s_i + a^α_i ∂ ∂z^α where a^α_i = −g^{β̄α}.g_i¯_β [FS]. We apply the splitting (2.7) over the total space X and obtain [θ , v_i].

The ∂-exterior derivative of this form restricted to the fiber X equals

(R_i¯_β + R_α¯_βa^α_i )dz^{β̄} + A^α_i¯_βθ_αdz^{β̄}

where A^α_{iβ̄} =^{∂aαi}_{∂z}¯_β . With respect to the splitting (2.7), the End(E)- component equals

μ_i = (R_i¯_β + R_α¯_βa^α_i )dz^{β̄} = Ω_E ∪ v_i|_X

This formula also holds for deformations of pairs (X, E), where E is projectively unitary flat, i.e., R_{α,}¯_β = cg_α¯_βId_E. Here in the flat case c = 0.

The T X-component is A^α_{iβ̄}^∂_{∂zα} dz^{β̄} ∈ A^{0,1}(X, T X).

The above T X valued (0, 1)-form coincides with the harmonic representative of the infinitesimal deformation of X corresponding to it [FS].

As the next step in the proof we will show that μ_i is harmonic. This is carried out in the following lemma.

Lemma 3.2. The form μ_i is harmonic.

Proof of Lemma 3.2.

∂^∗μ_i = g^{β̄α}μ_{i;α} = −g^{β̄α}R_i¯_{β;α}

= −g^{β̄α}R_α¯_{β;α} = 0

the last step follows from the fact that R_α¯_β = 0. This completes the proof of the lemma. 2.

From the above lemma it follows that the H^1(X, End(E))-contribution of (2.9) reads ( ∂ ∂s^i , ∂ ∂s^j )pw E = ∫ X trace(R_i¯_βR_α¯_j)g^{β̄α}gdV

Continuing with the proof of Theorem 3.1, we observe that since any (E_s, h_s) is flat, 1 2 ∫ X /S trace(Ω_E ∧Ω_E )∧ ω^{d−1}_X (d − 1)! = ( ∫ X trace(R_i¯_βR_α¯_j )g^{β̄α}gdV )√ −1ds^i∧ds^{j̄} = ωpw_E Next the H^1(X, T X)-contribution will be calculated (this is also done in [FS]).

The component of ω^{d+1}_X /(d+1)! which contributes to the fiber integral formula equals ϕgdV √ −1ds^i ∧ ds^{j̄}, where ϕ = g_i¯_j − g¯_{βi}g_α¯_jg^{j̄α}. Now

2ϕ + ϕ = A^α_i¯_βA^{δ̄}¯_{jγ} g_α¯_δg^{β̄γ}

so that ∫ X ϕgdV = ( ∂ ∂s^i , ∂ ∂s^j )pw X = ∫ X A^α_i¯_βA^{δ̄}¯_{jγ} g_α¯_δg^{β̄γ}gdV

This completes the proof of the theorem. 2

Given a complex space Y, a Kähler structure in the strong sense is given by a local differential two form ω_Y which possesses locally a ∂∂-potential of class C^∞ (with respect to the differentiable structure induced by local embeddings into open subsets of some C^N ). This form is required to induce the Hermitian metrics on all tangent spaces T_yY, y ∈ Y. This means that ω_Y is locally the restriction of a Kähler form on an ambient space. If E is a holomorphic vector bundle, a Hermitian metric of class C^∞ is defined in a similar strong sense.

Let E −→ X −→ S be a universal deformation of a flat (respectively projectively flat) holomorphic vector bundle(E , h) over a Kähler-Einstein manifold (X , ω), where S is in general neither smooth nor reduced.

Let S be embedded into a polydisk U ⊂ H^1(X, Σ_X ). Since our situation is local with respect to S, we can use a C^∞-trivialization X −→ X × S of X −→ S, and a holomorphic family J_s, s ∈ U, of almost complex structures on X which are integrable over S. Furthermore, there is a family of semi-connections on E over U, which satisfy the integrability condition over S and define the holomorphic structure of the vector bundle E over X . The differential operators ∂ and ∂ on X and the connection on E are induced by differential operators on the ambient space. A Kähler-Einstein form ω on the fiber X = X_s extends to a two form ω̃ on X × U, whose restriction to X induces a Kähler form in the above strong sense. Primarily it will be positive definite on the fibers X_s, but adding the pullback of a two form on U, which is Kähler on S, will make it positive definite on X . By adding a term √ −1∂_s∂_sϕ, where ∂_s and ∂_s are the respective operators on X_s, s ∈ S, the term ω̃_X |_{Xs} is turned into a Kähler-Einstein metric (of the same constant Ricci curvature). This can be achieved by using the implicit function theorem and using the extended differential operators over U (cf. [FS]). In this way we get a Kähler metric ω̃ on X (with possibly singular structure).

In the same way a projective flat (or flat) metric on E over X is extended to a C^∞ metric on E using the implicit function theorem, giving the term (projectively) flat a meaning also over a singular base space.

In order to compute (covariant) derivatives of order p in holomorphic and order q in conjugate holomorphic directions say, at some point, we only need that the infinitesimal neighborhoods of the given point of order

r = max(p , q)

is isomorphic to the r-th infinitesimal neighborhood of the corresponding target space (and not smaller). In particular, derivatives of order (1, 1) always exists.

Finally the metric ω̃ will be modified. Its determinant defines a Hermitian metric g on the relative anticanonical bundle K^{−1}_{X /S}, which is of class C^∞ in the above strong sense. The form √ −1∂∂g = ω_X is such that the restriction ω_X |_{Xs} is the Kähler-Einstein form on X_s, and the local ∂∂-potential is obviously given.

The following result follows from Theorem 3.1.

Corollary 3.3. The Petersson-Weil form ω^{pw} is locally ∂∂-exact on S. Proof. Since the integrand in Theorem 3.1 has this property locally, the statement in Corollary 3.3 follows from [Va]. 2

3b. The determinant bundle on the moduli space. Let π : X −→ S be a family of projective manifolds. As earlier, the relative canonical line bundle K_{X /S} will be assumed to be relatively ample.

Let p : M −→ S be the relative moduli space of stable vector bundle of rank r with trivial determinant and vanishing Chern classes. Thus, for any s ∈ S, the fiber p^{−1}(s) is naturally identified with the representation space

Homirr(π_1(π^{−1}(s)), SU(r)) SU(r) It is known that in general there is no universal vector bundle over the fiber product M ×_S X . However, there is a natural vector bundle Ad(M) −→ M ×_S X of rank r^2 − 1 such that for any s ∈ S, the restriction Ad((p × π)^{−1}(s)) := Ad(M)|_{(p×π)}−1_{(s)} to the fiber (p × π)^{−1}(s) is the universal adjoint bundle over M_s × X_s. The vector bundle Ad(M) is constructed by simply patching the vector bundles given by the trace zero endomorphisms of the universal vector bundles over sufficiently small analytic subsets of M. This construction works since by the projection formula, any two such universal vector bundles over U ⊆ M differ by the pullback of a line bundle over U.

Given any element of the K-group K(M ×_S X ) of the fiber product M ×_S X , or equivalently, any formal expression of the type

Ē =^m∑ i=1 a_iE_i where a_i ∈ Z and E_i are vector bundles over M ×_S X , there is a determinant line bundle det(Ē) over M [KM], [BGS]. The following identity is valid

det(Ē) = m⨂ i=1 det(E_i)^{⊗ai} ,

The fiber of det(E) over m ∈ M is naturally identified with the line ⨂ j ⋀top

H^j(π^{−1}(p(m)), E|_π−1_{(p(m))})^{(−1)i+1} Let L := det((O^{r2−1} − Ad(M)) ⊗ (K_{X /S} − K^{−1}_{X /S})^{⊗(d−1)}) (3.4)

be the determinant line bundle over M. The above line bundle K_{X /S} over M ×_S X denotes, with a slight abuse of notation, the pullback of the relative canonical line bundle K_{X /S} over X using the projection onto the second factor.

The vector bundle Ad(M) has a natural flat Hermitian structure induced by a flat Hermitian structures of stable vector bundles represented in the moduli space M; the uniqueness of the Hermitian structure on Ad(M) is ensured by the fact that any two flat Hermitian metrics on a stable vector bundle differ by a constant scalar. Also, the relative tangent bundle T X /S over X has a unique Kähler-Einstein metric. In fact, this metric is the restriction of the form ω_X on the total space of X . This, in turn, induces a Hermitian metric on K_{X /S}.

Thus, invoking a general construction in [BGS], we have a Quillen metric on the determinant line bundle L defined in (3.4). Let H denote this Hermitian metric on L.

Our next aim is to compute the curvature of the Hermitian connection on L and compare it with the Petersson-Weil form defined in (2.10).

3c. The curvature of the determinant bundle and the Petersson- Weil form. Using the decomposition of the Petersson-Weil form in Definition 2.10, the Petersson-Weil form ω^{pw} on M decomposes naturally as ω^{pw} = ω_X + ω_E (3.5)

To calculate the curvature of the line bundle L defined in (3.4) using Theorem 0.1 of [BGS], first note that there cannot be any contribution of the Todd class in the the formula (0.3) in Theorem 0.1, page 51, of [BGS], for the case of L defined in (3.4). Indeed, the lowest degree term of the Chern character Ch((O^{r2−1} − Ad(M)) ⊗ (K_{X /S} − K^{−1}_{X /S})^{d−1})

= Ch((O^{r2−1} − Ad(M)) ⊗ (K_{X /S} − K^{−1}_{X /S}))^{d−1} is already of degree d + 1 (i.e., the corresponding differential form is of degree 2d + 2).

The restriction of the Chern form c_1(K_{X /S}) to a fiber X_s is the Kähler-Einstein form ω_{Xs} on the fiber. Now, in view of Theorem 3.1, from Theorem 0.1 of [BGS] it is immediate that

c_1(L) = 4πrω_E (3.6)

where ω_E is the component of ω^{pw} as in (3.5). Let L^′ = det((K_{X /S} − K^{−1}_{X /S})^{⊗(d−1)}) (3.7) be the determinant line bundle over M equipped with the Quillen metric.

The Theorem 10.5, page 166, of [FS] gives the following formula for the first Chern form of L^′:

c_1(L^′) =

2(d + 1)! π ω_X (3.8)

(r in Theorem 10.5 of [FS] is −1 in our situation).

Now combining (3.6) and (3.8) we conclude that cω^{pw} = det(a((O^{r2−1} − Ad(M))⊗(K_{X /S}−K^{−1}_{X /S} )^{⊗(d−1)}) + b(K_{X /S}−K^{−1}_{X /S})^{⊗(d−1)}) where the positive numbers a, b and c can be fixed using the constants in (3.6) and (3.8).

4. Curvature of the Petersson-Weil metric

Take a family of pairs as in (2.3) which is locally complete. Our aim in this section is to prove the following theorem describing the curvature of the Petersson-Weil metric :

Theorem 4.1. Rpw^{,E}_{ij̄kl̄} = ∫ X tr(R_i¯_j2R_k¯_l)gdV + ∫ X tr(R_i¯_l2R_k¯_j)gdV = ∫ X tr(G(Λ[μ_i∧μ¯_j])Λ[μ_k∧μ¯_l])gdV + ∫ X tr(G(Λ[μ_i∧μ¯_l])Λ[μ_k∧μ¯_j])gdV

where 2 denotes the Laplacian for smooth sections of End(E) with nonnegative eigenvalues, and G is the corresponding Green’s operator.

We will first establish a lemma which will be needed in the proof of Theorem 4.1. Lemma 4.2. ∂Gpw^{,E}_{ij̄} (s) ∂s^k = ∫ Xs tr(R_i¯_{β;k}R_α¯_j)g^{β̄α}gdV

In order to make computations we use Lie derivatives with respect to horizontal lifts of tangent vectors. The lemma follows from the Remark below, since L_{vk} ω_X has no nonzero component in fiber direction.

For differential forms on fibers X_s the following seven remarks are valid.

Remark (a) L_{vk} (R_i¯_βdz^{β̄}) = R_i¯_{β;}¯_kdz^{β̄}. Proof.

L_{vk} (R_i¯_βdz^{β̄}) = [ ∂ ∂s^k + a^α_k ∂ ∂z^α , R_i¯_βdz^{β̄}] = (R_i¯_{β;}¯_k + a^α_k R_i¯_{β;α})dz^{β̄}

= (R_i¯_{β;}¯_k + a^α_k R_i¯_{β;α})dz^{β̄} = R_i¯_{β;}¯_kdz^{β̄}

Remark (b) L_{vl̄} (R_i¯_βdz^{β̄}) = ¯∂(R_i¯_l + a^{τ̄}_{l̄} R_{iτ̄} ) Proof.

L_{vl̄} (R_i¯_βdz^{β̄}) = (R_i¯_{β;}¯_l + a^{τ̄}¯_l R_i¯_{β;τ̄} + R_{iτ̄} a^{τ̄}¯_{l;}¯_β)dz^{β̄} = (R_i¯_l + a^{τ̄}¯_l R_{iτ̄} )_;¯_βdz^{β̄}

Remark (c) ∂^∗(R_i¯_{β;k}dz^{β̄}) = 0. Proof.

∂^∗(R_i¯_{β;k}dz^{β̄}) = − g^{β̄α}R_i¯_{β;kα} = − g^{β̄α}R_α¯_{β;ik} = 0

Remark (d) ∂(R_i¯_{β;k}dz^{β̄}) = [R_i¯_β, R_k¯_δ]dz^{β̄} ⋀ dz^{δ̄}. Proof.

R_i¯_{β;k}¯_δ = R_i¯_{β;}¯_{δk} + [R_i¯_β, R_k¯_δ] = R_i¯_{δ;}¯_{βk} − [R_i¯_β, R_k¯_β] = R_i¯_{δ;k}¯_β + [R_i¯_δ, R_k¯_β] − [R_i¯_β, R_k¯_δ]

Remark (e) ∂^∗([R_i¯_β, R_k¯_δ]dz^{β̄} ⋀ dz^{δ̄}) = 0.

Proof. g^{δ̄γ}[R_i¯_β, R_k¯_δ]_{;γ} = 0, since R_α¯_β = 0 = R_γ¯_δ. Remark (f) R^{iβ̄;k}dz^{β̄} ∈ A^{0,1}(X, End(E)) is harmonic. Remark (g) 2R_i¯_j = g^{β̄α}[R_α¯_j, R_i¯_β] Proof.

R_i¯_{j;α}¯_β = R_α¯_{j;i}¯_β = R_α¯_{j;}¯_{βi} + [R_α¯_j , R¯_{βi}] = R_α¯_{β,}¯_{ji} − [R_α¯_j, R_i¯_β] = − [R_α¯_j, R_i¯_β] Hence Remark (g) follows.

We begin the proof of Theorem 4.1. ∂^2Gpw^{,E}_{ij̄} ∂s^k∂s^{l̄} = ∫ X tr(L_{vl̄} (R_i¯_{β;k}dz^{β̄}) ⋀ R_α¯_jdz^α) ω^{d−1}_X (d − 1)! + ∫ X tr(R_i¯_{β;k}dz^β ⋀ L_{vl̄} (R_i¯_{j;k}dz^α)) ω^{d−1}_X (d − 1)!

Let I_1 denote ∫ X tr(L_{vl̄} (R_i¯_{βj k}dz^{β̄}) ⋀ R_α¯_jdz^α)^{ωd−1X}_{(d−1)!} and let I_2 denote the expression ∫ X tr(R_i¯_{β;k}dz^β ⋀ L_{Vl̄} (R_i¯_{j;k}dz^α))^{ωd−1X}_{(d−1)!} .

One can show that L_{vl̄} (R_i¯_{βj k}dz^{β̄}) is cohomologous to ([R_i¯_l , R_k¯_β] + [R_k¯_l , R_i¯_β])dz^{β̄} and tr(L_{vl̄} (R_i¯_{β;k})R_α¯_j) = tr(R_i¯_l[R_k¯_β , R_α¯_j] + R_k¯_l[R_i¯_β , R_α¯_j]) Now together with Remark (g), I_1 = − ∫ X tr(R_i¯_l2R_k¯_j + R_k¯_l2R_i¯_j )gdV We will now compute I_2. From Remark (a), I_2 = ∫ tr(R_i¯_{βk} · R_α¯_{j;}¯_l)gdV Using normal coordinates at s = s_0, i.e., ∂^2G_i¯_j ∂s^k | | | s=s_0 = 0

on the tangent directions of H^1(X, End(E)), Lemma 4.2 and Remark (f) imply that all R_i¯_{β;k}dz^{β̄} = 0

Hence I_2 = 0, and Rpw^{,E}_{ij̄kl̄} = − ∂^2Gpw^{,E}_{ij̄} ∂s^k∂s^{l̄} = − I_1

The contribution of the variation of X_s to the curvature is as follows [S3] : Rpw^{,E}_{ij̄kl̄} = − ∫ X (2 + 1)^{−1}(Ai · A¯_j)(Ak · A¯_l)gdV − ∫ X (2+1)^{−1}(Ai ·A¯_l)(Ak ·A¯_j)gdV −^∫_X (2−1)^{−1}(Ai ∧Ak)(A¯_j ∧A¯_l)gdV Corollary 4.3. For fixed X, the Petersson-Weil metric on the moduli space of unitary flat vector bundles has nonnegative holomorphic sectional curvature.

The results established in Sections 2, 3 and 4 on the moduli space of pairs of the type (X, E), where E is a unitary flat vector bundle on a projective manifold X, can be easily extended to the slightly more general case where E has only a projectively unitary flat structure, i.e. we replace (2.1) by the equation ( 2rc_2(E) − (r − 1)c_1(E)^2 ) [X] = 0

for the Chern numbers of a stable vector bundle of rank r over a canonically polarized manifold X. A projectively unitary flat connection on E gives a C^∞-splitting of the Atiyah sequence (2.2). We use the splitting in order to put a Hermitian metric on Σ_X (E), which gives rise to an isomorphism of vector spaces A^{p,q}(X, Σ_X (E)) −→ A^{p,q}(X, End(E)) ⊕ A^{p,q}(X, T_X ) The image of a typical section κ ∈ A^{p,q}(X, Σ_X (E)) by this decomposition will be denoted by (μ, w). A similar splitting exists over X for a family (2.3), where ω_X and h are defined as in Section 3a.

We express the operators ¯∂ and ¯∂^∗ on Σ_X (E) (and Σ_X (E)) in terms of the above isomorphism :

Lemma 4.4. ¯∂κ = ( ¯∂μ + Ω ∪ w, ¯∂w) ¯∂^∗κ = ( ¯∂∗μ, Lμ + ¯∂∗w), where Ω is the curvature form of E over X or of E respectively, and L : A^{p,q}(X, End(E)) → A^{p−1,q}(X, End(E)) is the adjoint operator of A^{p−1,q}(X, End(E)) → A^{p,q}(X, End(E)) w → Ω ∪ w. Denoting by End_X (E) = End^0_X (E)⊕O_X , Σ_X (E) = Σ^0_X (E)⊕O_X the decomposition into the trace-free part and the trace part with similar notation for E over X , we observe that these decompositions are orthogonal for (p, q)-forms. As in Section 3 we assign to a tangent vector ∂/∂s^i ∈ T_{s0} S its horizontal lift, apply the C^∞-splitting of the Atiyah sequence (over X ), and take its ¯∂-exterior derivative, restricted to the central fiber X. This yields a pair

(μ_i, w_i) = ( (R_i¯_β + R_α¯_βa^α_i )dz^{β̄}, A^α_i¯_β ∂ ∂z^α dz^{β̄} ) . The definition of the Petersson-Weil norm is ‖ ‖ ‖ ‖ ‖ ∂ ∂s_i ‖ ‖ ‖ ‖ ‖ 2

P W = ‖μ_i‖^2 + ‖w_i‖^2

(cf. [ST2]). With respect to a decomposition

μ_i = μ^0_i + ν_i · id_E,

where μ^0_i is the trace-free part and ν_i ∈ A^{0,1}(X), we have

Lemma 4.5. The forms μ_i, μ^0_i , and ν_i are harmonic. Furthermore Lμ^0_i = 0, Ω ∪ w_i = 0. In particular (μ^0_i , w_i) ∈ A^{0,1}(X, Σ^0_X (E)) is harmonic.

Proof. The harmonicity of μ_i, μ^0_i , and ν_i is straightforward (cf. Lemma 3.2). Using that E is projectively flat and trace(μ^0_i ) = 0 we get Lμ^0_i = 0, and Ω ∪ w_i = 0 holds, since A_i¯_β¯_δ = A_i¯_δ¯_β.

In this way the Petersson-Weil inner product is induced by harmonic representatives of Kodaira-Spencer classes in

H^1(X, Σ^0_X (E)) ⊕ H^1(X, O_X ).

If a vector bundle E has a projectively unitary flat structure, the induced connection on the vector bundle End(E) is flat. So we have a map from the moduli space of pairs of the form (X, E), where E is projectively flat, to the moduli space of pairs of the form (X, F ), where F is unitary flat and the top exterior product of F is the trivial line bundle with the trivial connection. This map between moduli spaces fails to be injective only on the Picard group part. More precisely, for two such stable vector bundles E and E^′ if End(E) is isomorphic to End(E^′), then E^′ = E ⊗ L, where L is a line bundle. It is rather straight-forward to check that this map between the moduli spaces is compatible with both the holomorphic structure and the Hermitian structure. This ensures the extension of the earlier results to the case of projectively flat vector bundles.

5. The infinitesimal structure of a moduli space of parabolic stable bundles

Let X be a connected smooth projective variety of dimension d over the field of complex numbers. Let D ⊂ X be a divisor with normal crossings. This means that D is a reduced divisor, each irreducible component of D is smooth, and the components intersect transversally. Let D = l∑ i=1 D_i be the decomposition of D into its irreducible components.

For each component of D we fix a conjugacy class in the unitary group U(r). Denoting the conjugacy class associated to D_i, 1 ≤ i ≤ l, by C_i, assume that all the eigenvalues of any element in C_i are roots of unity.

Let X_0 := X − D be the complement of D. Consider the following irreducible unitary representation space for the fundamental group of X_0 Homirr(π_1(X_0), U(r)) U(r) The group U(r) acts by conjugation on Homirr(π_1(X_0), U(r)), the space of irreducible U(r) representations of π_1(X_0). The quotient space for this action of U(r) does not depend upon the choice of the base point in X_0 needed to define the fundamental group. Consider the subspace R_P ⊆ Homirr(π_∞(X_′), U(∇)) U(∇) (5.1)

defined by the property that for any ρ ∈ R_P , the monodromy along a loop in X_0 around any D_i and contractible in X, is in the conjugacy class C_i associated to D_i.

The space R_P gets identified with a moduli space of parabolic stable bundles on X with parabolic structure over D and with vanishing parabolic Chern classes [Bi2]. The parabolic data needed in the construction of a moduli space of parabolic stable bundles is supplied by the conjugacy classes C_i. We will briefly describe this identification of R_P with a moduli space of parabolic bundles.

Fix a positive integer N such that any eigenvalue for any conjugacy class C_i is a N-th root of unity. (The existence of such a N is warranted by the assumption on C_i.) Take a finite Galois cover p : Y −→ X (5.2) such that Y is a connected smooth variety, and the reduced divisor p^{−1}(D)red is a normal crossing divisor with

p^{−1}(D_i) = k_iNp^{−1}(D_i)red (5.3)

for all i ∈ [1, l], where k_i ∈ N. The existence of such a covering p is ensured by the “Covering Lemma” due to Y. Kawamata [KMM, page 303, Theorem 1.1.1]. The Galois group for p will be denoted by G.

The equality (5.3) implies that for any ρ ∈ R_P , its pullback by p, namely p^∗ρ, is actually an element of Hom(π_1(Y ), U(r))/U(r). Equivalently, denoting the flat vector bundle on X_0 corresponding to ρ by E(ρ), the flat connection on p^∗E(ρ) extends across p^{−1}(D). This unitary flat vector bundle on Y corresponding to the representation p^∗ρ will be denoted by E(p^∗ρ).

The vector bundle E(p^∗ρ) on Y is naturally equipped with a lift of the action of G on Y . In other words, E(p^∗ρ) is G-linearized. Moreover, the G-linearized connection on E(p^∗ρ) is irreducible in the sense that there is no proper flat subbundle of E(p^∗ρ) of positive rank which is left invariant by the action of G on E(p^∗ρ).

Let R_G denote the space of all isomorphism classes of pairs of the form (ν, f_ν) where ν ∈ Hom(π_1(Y ), U(r)) U(r) and f_ν is a lift of the action of G on Y to the unitary flat vector bundle E(ν), satisfying the following two conditions :

1. for any i ∈ [1, l], C_i is the conjugacy class of the action of a generator of the isotropy subgroup of a general point y of p^{−1}(D_i)red on the fiber E(ν)_y. The action on the fiber of the isotropy subgroup of a general point of an irreducible component of the ramification divisor for the covering map p, not contained in p^{−1}(D), is the trivial action. Note that the isotropy subgroup of a general point of an irreducible component of the ramification divisor is a cyclic group.

2. There is no proper flat subbundle of E(ν) of positive rank which is left invariant by the action f_ν of G.

It can be checked that the map

Γ : R_P −→ R_G (5.4)

defined by ρ −→ E(p^∗ρ), is a diffeomorphism of possibly singular spaces.

The space R_G is identified with a moduli space of G-linearized stable vector bundles over Y [Si1, page 878, Theorem 1], [Do]. Hence R_G has a natural structure of a quasi-projective variety over C . With a slight abuse of notation, this moduli space of G-linearized stable vector bundles will also be denoted by R_G.

A bijective correspondence between a class of parabolic bundles over X and G-linearized bundles over Y constructed in [Bi1] gives an isomorphism between the moduli spaces

F : R_G −→ M_P (5.5)

Finally, the composition F ∘ Γ, where Γ and F are constructed in (5.4) and (5.5) respectively, gives the identification between M_P and R_P that we are seeking. It can be checked that this identification does not depend upon the choice of the covering p. Thus the representation space R_P has a natural structure of a quasi-projective variety.

We will now see that using the above maps Γ and F it is quite easy to obtain descriptions of the real tangent space of R_P , the holomorphic tangent space of M_P , and also the isomorphism between these two tangent spaces induced by F ∘ Γ.

For any ρ ∈ R_P , let Ad(ρ) denote the unitary local system on X_0 associated to ρ for the adjoint action of U(r) on its Lie algebra u(r). The local system p^∗Ad(ρ) on p^{−1}(X_0) extends to Y . This extension will also be denoted by p^∗Ad(ρ). We note that the complex vector bundle for the local system p^∗Ad(ρ) is End(E(p^∗ρ)). The following identification of the real tangent space

T R_p∗_ρR_G = H^1(Y, p^∗Ad(ρ))^G (5.6)

is valid; H^1(Y, p^∗Ad(ρ))^G is the space of G-invariants for the natural action of G on H^1(Y, p^∗Ad(ρ)). Let τ : X_0 −→ X be the inclusion. It is rather straight-forward to check that the equality

H^1(Y, p^∗Ad(ρ))^G = H^1(X, τ_∗Ad(ρ)) (5.7)

is valid. Indeed, the obvious inclusion τ_∗Ad(ρ) −→ (p_∗p^∗Ad(ρ))^G can be easily seen to be actually an isomorphism. In view of this equality, the identification in (5.7) follows immediately after first equating the Ginvariants of the both sides of the following isomorphism of G-modules H^1(Y, p^∗Ad(ρ)) = H^1(X, p_∗p^∗Ad(ρ)) and then finally noting the natural isomorphism

H^1(X, p_∗p^∗Ad(ρ))^G = H^1(X, (p_∗p^∗Ad(ρ))^G)

The isomorphisms (5.6), (5.7) and the map Γ, constructed in (5.4), combine together to yield the following identification of the real tangent space :

T R_ρ R_P = H^∞(X , τ_∗A⌈(ρ)) , (5.8) The isomorphism (5.8) can also be found in [BrF] (Lemma 4.2) and in [T].

Let E(ρ) denote the unitary flat bundle over X_0 associated to ρ for the standard representation of U(r) on C^r . The corresponding holomorphic vector bundle has a natural extension, known as the Deligne extension, as a holomorphic vector bundle over X. A description of this extension can be found in [De]. Let E(ρ) denote the holomorphic vector bundle over X which is the Deligne extension of E(ρ). It follows easily from the construction of the Deligne extension that

E(ρ) = (p_∗E(p^∗ρ))^G (5.9)

Recall that the flat vector bundle E(p^∗ρ) over Y , which is the natural extension of the flat vector bundle p^∗E(ρ) on Y − D̃, has a natural structure of a G-linearized bundle.

This vector bundle E(ρ) has a natural parabolic structure [MS], [Bi2]. Let E(ρ)_∗ denote this parabolic bundle. The parabolic bundle E(ρ)_∗ is the image of ρ by the map F ∘ Γ constructed earlier.

For a description of the holomorphic tangent space, T_{E(ρ)∗} M_P consider the flat complex vector bundle Ad(ρ) ⊗R C over X_0. Let Ad(ρ) denote the Deligne extension of it. The sheaf of holomorphic sections of Ad(ρ) can be identified with the subsheaf of the sheaf of endomorphisms of E(ρ) that preserves the quasi-parabolic flag over D. Indeed, denoting this quasi-parabolic flag preserving subsheaf of End(E(ρ)) by End^1(E(ρ)), the natural map from Ad(ρ) = (p_∗(p^∗Ad(ρ) ⊗R C ))^G to End((p_∗E(p^∗ρ))^G) gives the required isomorphism between End^1(E(ρ)) and Ad(ρ).

Since the holomorphic tangent space T_{E(ρ)∗} M_P known to coincide with the vector space H^1(X, End^1(E(ρ))) [MY], [Y], we now have T_{E(ρ)∗} M_P = H^∞(X , A⌈(ρ)) To construct the R-linear isomorphism between the real tangent space T R_ρ R_P and the holomorphic tangent space T_{E(ρ)∗} M_P induced by F ∘ Γ, we first consider the Hodge decomposition of the cohomology of the unitary local system p^∗Ad(ρ) ⊗R C on Y , namely

H^1(Y, p^∗Ad(ρ))⊗RC = H^1(Y, End(E(p^∗ρ))) ⊕ H^0(Y, Ω^1_Y ⊗End(E(p^∗ρ))) (5.10) The operation of taking complex conjugation in H^1(Y, p^∗Ad(ρ)) ⊗R C identifies the subspace H^1(Y, End(E(p^∗ρ))) with H^0(Y, Ω^1_Y ⊗End(E(p^∗ρ))). Now, since the decomposition in (5.10) is a decomposition of G-modules, and that H^1(Y, End(E(p^∗ρ)))^G is naturally a direct summand in H^1(Y, End(E(p^∗ρ))) the following isomorphism

H^1(Y, p^∗Ad(ρ))^G = H^1(Y, End(E(p^∗ρ)))^G (5.11)

is obtained by considering the G-invariants of the two sides of (5.10).

The right-hand side of (5.11) can be identified as :

H^1(Y, End(E(p^∗ρ)))^G = H^1(X, p_∗End(E(p^∗ρ)))^G

= H^1(X, (p_∗End(E(p^∗ρ)))^G) = H^1(X, Ad(ρ))

The last equality is obtained by substituting End(E) in place of E in the equality (5.9). Thus from (5.11) we have

H^1(Y, End(E(p^∗ρ)))^G = H^1(X, Ad(ρ))

Now, in view of the the map Γ in (5.4) and the isomorphism (5.6), the above isomorphism gives the required isomorphism between T R_ρ R_P and T_{E(ρ)∗} M_P .

An element ν ∈ R_G is a smooth point of the moduli space if

H^2(Y, End(E(p^∗ρ)))^G = 0

(the proof of the above criterion for the smoothness of a point of the moduli space of G-linearized stable vector bundles is identical to the proof of the analogous smoothness criterion for a point of the moduli space of usual stable vector bundles). Thus we conclude that ρ ∈ M_P is a smooth point if H^2(X, End^1(E(ρ))) = 0 [Y].

Our next step will be to construct a Kähler form on the Zariski tangent space of M_P . For this purpose fix an ample line bundle L on X. Now consider the following antisymmetric bilinear paring on H^1(X, τ_∗Ad(ρ)): (α , β) −→ ∫ Y trace(α ∪ β) ∪ c_1(L)^{d−1} ∈ R , (5.12)

where d = dimC X. Note that for the constant sheaf R on X_0, the direct image τ_∗R is the constant sheaf on X. Thus trace(α ∪ β) ∈ H^2(X, R).

Using the description of T RR_P given in (5.8), the pairing (5.12) defines a 2-form on R_P . This 2-form will be denoted by Ω. The form Ω coincides with the one defined in [BrF] if the Kähler form used in [BrF] represents c_1(L). We will show that Ω is a Kähler form on R_P .

Since p is a finite morphism, the line bundle

L̃ := p^∗L

on Y is ample. For any ν ∈ R_G, the pairing on H^1(Y, Ad(ν))^G defined by (α , β) −→ ∫ Y trace(α ∪ β) ∪ c_1(L̃)^{d−1} (5.13)

is nondegenerate – a fact which is a consequence of the Lefschetz decomposition of cohomology of unitary local systems [Si2].

Since the pairing in (5.13) is G-invariant, it restricts to a nondegenerate pairing on the G-invariant part H^1(Y, Ad(ν))^G which has been identified with T R_ν R_G. Let Ω^′ denote the nondegenerate 2-form on R_G obtained this way. It is known that Ω^′ is a closed, or in other words, it is a Kähler form [Ko], [ST1].

Consider the pullback Kähler form Γ^∗Ω^′ on R_P , where Γ is the map defined in (5.4). Comparing (5.12) and (5.13) it is immediate that

Γ^∗Ω^′ = #G.Ω (5.14)

where #G denotes the cardinality of the group G, and Ω is the Kähler form on R_P defined in (5.12). This shows that the symplectic form Ω must be Kähler.

With a slight abuse of notation, the Kähler form (F^{−1})^∗Ω on M_P , where F is the map defined in (5.5), will also be denoted by Ω.

6. Properties of the Kähler form on the representation space

6a. The Kähler form as a curvature form. Let D : M_P −→ Pic(X ) be the morphism defined by E_∗ −→ ⋀r E, where E is the underlying vector bundle of the parabolic bundle E_∗. Fix an element ζ in the image of D. Let

N_P := D^{−∞}(ζ) ⊆ M_P (6.1)

be the subvariety of M_P .

In the identification Γ in (5.4), between the space of parabolic stable bundles and the representation space R_G, the subvariety N_P corresponds to a subvariety of R_G consists of all ν such that the composition det ∘ ν is a fixed character ζ̄ of π_1(Y ). The homomorphism det denotes the character defined by taking determinants. This subvariety of R_G will be denoted by R^ζ_G.

Fix a unitary character ξ ∈ Hom(π_1(Y ), U(1)) which is a r-th root of ζ̄, i.e.,

ξ^r = ζ̄

As in Section 3b, let M denote the moduli space of usual semistable vector bundle on Y of rank r with trivial determinant and with vanishing Chern classes. Let

P^′ : R_G −→ M (6.2)

be the map defined by forgetting the lift of the action of G. In other words, P^′ sends (ν, f_ν) to ν. Consider the map Γ that was defined in (5.4). Finally, let

P := P^′ ∘ Γ : N_P −→ M (6.3)

be the composition of morphisms P^′ and Γ.

Lemma 6.4. The pullback of the Petersson-Weil form on N_P , namely P^∗ω^{pw}, coincides with #G.Ω, where Ω is defined in (5.12).

Proof. In view of the identity (5.14) it suffices to show that the map P^′ defined in (6.2) pulls back the form ω^{pw} on M to the form Ω^′ on R_G. But this is immediate after comparing (2.9) with (5.12). 2

Let L_P := P^∗L be the pulled-back Hermitian line bundle over N_P , where L is the Hermitian line bundle equipped with the Quillen metric that was defined in (3.4). The Lemma 6.4 and the equation (3.6) combine together to yield the following theorem:

Theorem 6.5. The curvature form of the Hermitian line bundle L_P is 4#GπrΩ.

An immediate consequence of Theorem 6.5 is that the form Ω represents a rational cohomology class on N_P .

6b. Curvature of the Kähler form. Let M denote the moduli space of semistable vector bundles over Y of rank r and with vanishing Chern classes, but the top exterior product is not assumed to be fixed.

There is a forgetful map from the moduli space R_G, defined in Section 5, to M which sends any (ν, f_ν) to E(ν), the vector bundle associated to the representation ν, forgetting the G-linearization f_ν . Let Q^′ denote this forgetful map.

Now define Q := Q^′ ∘ Γ : R_P −→ M From the proof of Lemma 6.4 we have

Lemma 6.6. The pullback of the Petersson-Weil form on R_P , namely Q^∗ω^{pw}, coincides with #G.Ω, where Ω is defined in (5.12).

In particular, the map Q is an immersion. The following lemma gives some more information on the map Q.

Lemma 6.7. The image of the map Q is a totally geodesic subspace of M.

Proof. The Galois group G acts naturally on M. More precisely, for any g ∈ G, the automorphism of M defined by E −→ (g^{−1})^∗E is the action of g. Clearly the image of Q is contained in the subspace of M on which G acts trivially.

From the equation (5.6) it follows that the differential of the morphism Q maps the tangent space T_ER_P at E ∈ R_P to the G-invariant part of the tangent space T_{Q(E)}M at the point Q(E) ∈ M. In other words, the differential of the inclusion map of R_P into the subspace of M consisting of all points fixed by G is actually an isomorphism. This implies that the image of Q is the union of some components of the subspace of M consisting of all points on which G acts trivially. This immediately yields that the image of Q must be totally geodesic in M, since any irreducible component of the space of all G-fixed points must be a totally geodesic subspace of M. 2

Now, in view of Lemma 6.6 and Lemma 6.7, the formula for the curvature of M in Theorem 4.1 immediately gives a similar formula for the curvature of R_G with respect to the Kähler form Ω.

References

[Au] T. Aubin : Equations du type Monge-Ampère sur les variétés Kähleriennes compactes. C. R. Acad. Sci. Paris 283 (1976), 119–221.

[BG] I. Biswas, K. Guruprasad : Principal bundles on open surfaces and invariant functions on Lie groups. Int. Jour. Math. 4 (1993), 535–544.

[BGS] J.M. Bismut, H. Gillet, C. Soulé : Analytic torsion and holomorphic determinant bundles I, II, III. Commun. Math. Phy. 115 (1988), 49–78; 115 (1988), 79–126; 115 (1988), 301–351.

[Bi1] I. Biswas : Parabolic bundles as orbifold bundles. Duke Math. Jour. 88 (1997), 305–325.

[Bi2] I. Biswas : Chern classes for parabolic bundles. Jour. Math. Kyoto Univ. 37 (1997), 597–613.

[BrF] J.-L. Brylinski, P. Foth : Moduli of flat bundles on open Kähler manifolds.

Preprint (1997).

[De] P. Deligne : Equations Différentielles à Points Singuliers Réguliers. Lecture Notes in Math. 163. Springer-Verlag, Berlin (1970).

[Do] S.K. Donaldson : Infinite determinants, stable bundles and curvature. Duke Math. Jour. 54 (1987), 231–247.

[FS] A. Fujiki, G. Schumacher : The moduli space of extremal compact Kähler manifolds and generalized Weil-Petersson metric. Publ. R.I.M.S. Kyoto Univ.

26 (1990), 101–183.

[Go1] W.M. Goldman : The symplectic nature of fundamental groups of surfaces.

Adv. Math. 54 (1984), 200–225.

[Go2] W.M. Goldman : Invariant functions on Lie groups and Hamiltonian flows of surface group representations. Inv. Math. 85 (1986), 263–302.

[Iv] N.V. Ivanov : Projective structures, flat bundles, and Kähler metrics on moduli spaces. Math. USSR Sbornik 61 (1988), 211–224.

[Jo] J. Jost : Harmonic maps and curvature computations in Teichmüller theory.

Ann. Acad. Sci. Fenn. Ser. A I Math. 16 (1991), 13–46.

[K] N. Koiso : Einstein metrics and complex structure. Invent. Math. 73 (1983), 71–106.

[KM] F. Knudsen, D. Mumford : The projectivity of the moduli space of stable curves I. Preliminaries on “det” and “div”. Math. Scand. 39 (1976), 19–55.

[KMM] Y. Kawamata, K. Matsuda and K. Matsuki : Introduction to the minimal model problem. Adv. Stu. Pure Math. 10 (1987), 283–360.

[Ko] S. Kobayashi : Differential geometry of complex vector bundles. Publications of the Math. Soc. of Japan, Iwanami Schoten Pub. and Princeton Univ. Press (1987).

[MS] V. Mehta, C. Seshadri : Moduli of vector bundles on curves with parabolic structure. Math. Ann. 248 (1980), 205–239.

[MY] M. Maruyama, K. Yokogawa : Moduli of parabolic stable sheaves. Math.

Ann. 293 (1992), 77–99.

[Q] D. Quillen : Determinants of Cauchy-Riemann operators over a Riemann surface. Funct. Anal. Appl. 19 (1985), 31–34.

[Ro] H. Royden : Intrinsic metrics on Teichmüller spaces. Proc. Int. Cong. Math at Vancouver. Vol. 2 (1974), 217–221.

[S1] G. Schumacher : Moduli of polarized Kähler manifolds. Math. Ann. 269 (1984), 137–144.

[S2] G. Schumacher : Harmonic maps of the moduli space of compact Riemann surfaces, Math. Ann. 275, 455-466 (1985) [S3] G. Schumacher : The curvature of the Petersson-Weil metric on the moduli space of Kähler-Einstein manifolds, in ”Complex Analysis”, Trento 1993 (Plenum Publ.)

[Si1] C. Simpson : Constructing variations of Hodge structure using Yang-Mills theory and applications to uniformization. Journal of the Amer. Math. Soc. 1 (1988), 867–918.

[Si2] C. Simpson : Higgs bundles and local systems. Pub. Math. I.H.E.S. 75 (1992), 5–95.

[ST1] G. Schumacher, M. Toma : On the Petersson-Weil metric for the moduli space of Hermite-Einstein bundles and its curvature. Math. Ann. 293 (1992), 101–107.

[ST2] G. Schumacher, M. Toma : Moduli of Kähler manifolds equipped with Hermite-Einstein vector bundles. Rev. Roumaine Math. Pures Appl. 38 (1993), 703–719.

[T] K. Timmerscheidt : Mixed Hodge theory for unitary local systems. J. reine angew. Math. 379 (1987), 152–171.

[Tr] A.J. Tromba : On a natural algebraic affine connection on the space of almost complex structures and the curvature of Teichmüller space with respect to its Weil-Petersson metric. Manuscripta Math. 56 (1986), 475–497.

[Va] J. Varouchas : Kähler spaces and proper open morphisms. Math. Ann. 283 (1989), 13–51.

[Wo] S.A. Wolpert : Chern forms and the Riemann tensor for the moduli space of curves. Invent. Math. 85 (1986), 119–145.

[Y] K. Yokogawa : Infinitesimal deformation of parabolic Higgs sheaves. Int. Jour.

Math. 6 (1995) 125–148.

[Ya] S.T. Yau : On the Ricci curvature of a compact Kähler manifold and the complex Monge-Ampère equation, I. Commun. Pure Appl. Math. 31 (1978), 339–441.

[ZT1] P.G. Zograf and L.A. Takhtadzhyan : A local index theorem for families of @-operators on Riemann surfaces. Russian Math. Surveys 42:6 (1987), 169–190.

[ZT2] P.G. Zograf and L.A. Takhtadzhyan : On uniformization of Riemann surfaces and the Weil-Petersson metric on Teichmüller and Schottky spaces. Math. USSR Sbornik 60 (1988), 297–313.

School of Mathematics, Tata Institute of Fundamental Research, Homi Bhabha Road, Bombay 400005, INDIA E-mail address: indranil@math.tifr.res.in

Fachbereich Mathematik der Philipps-Universität, Hans-Meerwein- Strasse, Lahnberge, D-35032 Marburg, GERMANY E-mail address: schumac@mathematik.uni-marburg.de