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Deformation theory, convergence, invariants, critical points of functionals,
evolution equations 777

(only g =0 and p nilpotent has been explored).
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Notation: GLg4p := GLg4n(R) = GL(g), same for £ and p.
GLgyn O N’g* © g by
(h-p)(X,Y) = hu(h™1X, h71Y), VX,Y €g.
€ Hom hi= [’g h"n} € GLgin,  [hihn,ad,, t,] = 0.
= h-p€Hgpn

® Gpu/Kny and G, /K, are equivariantly diffeomorphic.
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Convergence
Lie injectivity radius of (G,/Ky, &), it € Hg,n,

ru:=sup{r>0:m,oexp,: B(0,r) = G,/K, diffeomorphism} .
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Convergence
Lie injectivity radius of (G,/Ky, &), it € Hg,n,

ry:=sup{r>0:m,oexp,:B(0,r) = G,/K, diffeomorphism} .

Theorem (JL 2010)
W, N € qu.
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Convergence
Lie injectivity radius of (G,/Ky, &) 1t € Haq,n,

ry:=sup{r>0:m,oexp,:B(0,r) = G,/K, diffeomorphism} .

Theorem (JL 2010)
W, N € ,qu.

® pk = A= (G, /Ky, 8u) = (Gr/Ky, &) infinitesimally (only the
germs of the metrics at the origins are involved).
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Lie injectivity radius of (G,/Ky, &) 1t € Haq,n,

ry:=sup{r>0:m,oexp,:B(0,r) = G,/K, diffeomorphism} .

Theorem (JL 2010)
W, N € ,qu.
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Lie injectivity radius of (G,/Ky, &) 1t € Haq,n,

ry:=sup{r>0:m,oexp,:B(0,r) = G,/K, diffeomorphism} .

Theorem (JL 2010)
W, N € ,qu.

® pk = A= (G, /Ky, 8u) = (Gr/Ky, &) infinitesimally (only the
germs of the metrics at the origins are involved).  (~ converse V')
Assume pi — X\ and il‘llf ru, > 0, then,

® (Gu/Kpuys 8u) = (Gr/ K, 81) locally
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Convergence
Lie injectivity radius of (G,/Ku, gu), it € Hq,n,

ry:=sup{r>0:m,oexp,:B(0,r) = G,/K, diffeomorphism} .

Theorem (JL 2010)
W, N € ,qu.

® pk = A= (G, /Ky, 8u) = (Gr/Ky, &) infinitesimally (only the
germs of the metrics at the origins are involved).  (~ converse V')
Assume pi — X\ and il‘llf ru, > 0, then,

o (Gu./Ku,8u) — (Gr/Kx, gr) locally (smooth on fixed open
neighborhoods of the origins).
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Convergence
Lie injectivity radius of (G,/Ku, gu), it € Hq,n,

ry:=sup{r>0:m,oexp,:B(0,r) = G,/K, diffeomorphism} .

Theorem (JL 2010)
W, N € ,qu.

o ik = A= (G /Ky, 8u.) = (Gr/Ky, g)\) infinitesimally (only the
germs of the metrics at the origins are involved).  (~ converse V')
Assume pi — X\ and irll(f ru, > 0, then,

o (Gu./Ku,8u) — (Gr/Kx, gr) locally (smooth on fixed open
neighborhoods of the origins).

o (G, /Ky, 8u) = (Gr/Ky, g\) pointed (or Cheeger-Gromov), after
passing to a subsequence.

Jorge Lauret, UN Cérdoba, Argentina () [The Ricci flow and its solitons for homogeneo Marburg, July 6th, 2012 6 /28



Convergence

Jorge Lauret, UN Cérdoba, Argentina () [The Ricci flow and its solitons for homogenea



Convergence

Assume £ =0, i.e. g =p,
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Convergence

Assume £ =0, i.e. g=p, u € Hopn =Ly~ (Gp, (-, -)) left-invariant
metric.
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Convergence

Assume £ =0, i.e. g=p, u € Hopn =Ly~ (Gp, (-, -)) left-invariant
metric.

Theorem (JL 2010)
tk € Ho,n = L, the following are equivalent.
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Convergence

Assume £ =0, i.e. g=p, u € Hopn =Ly~ (Gp, (-, -)) left-invariant
metric.

Theorem (JL 2010)

tk € Ho,n = L, the following are equivalent.
® Lk — A

® (Guys () = (G, (-, -)) infinitesimally.
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Convergence

Assume £ =0, i.e. g=p, u € Hopn =Ly~ (Gp, (-, -)) left-invariant
metric.

Theorem (JL 2010)

pk € Ho,n = Ln, the following are equivalent.
Q Ly — A.
o (Gu, (-,)) = (Gy, (-,-)) infinitesimally.
® (Guyy (7)) = (G, (-, -)) locally.
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Convergence

Assume £ =0, i.e. g=p, u € Hopn =Ly~ (Gp, (-, -)) left-invariant
metric.

Theorem (JL 2010)
pk € Ho,n = Ln, the following are equivalent.
Q Ly — A.
o (Gu, (-,)) = (Gy, (-,-)) infinitesimally.
® (Guyy (7)) = (G, (-, -)) locally.
o (G, (+,)) = (Gy, (-,-)) pointed, provided Gy is compact.
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Convergence

Assume £ =0, i.e. g=p, u € Hopn =Ly~ (Gp, (-, -)) left-invariant
metric.

Theorem (JL 2010)

tk € Ho,n = L, the following are equivalent.
® Lk — A

C (Gﬂkv <'7 >) - (G>\7 <'7 >)

C (Gﬂkv <'7 >) - (G)\a <'7 >)

® (Guys () = (Gy, (+,-)) pointed, provided G is compact.

® g, — &\ smoothly on R" = g, provided all j; are completely
solvable (e.g. nilpotent).

infinitesimally.
locally.
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Examples of singular behavior

o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S; )
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Examples of singular behavior

o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S} ) which
infinitesimally converges to another Aloff-Wallach space A, but such
that it does not admit any pointed or local convergent subsequence.
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o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S} ) which
infinitesimally converges to another Aloff-Wallach space A, but such
that it does not admit any pointed or local convergent subsequence.

o A divergent sequence px € Ho 3 of left-invariant metrics on S_I\L/Q(R)
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Examples of singular behavior

o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S} ) which
infinitesimally converges to another Aloff-Wallach space A, but such
that it does not admit any pointed or local convergent subsequence.

o A divergent sequence px € Ho 3 of left-invariant metrics on §I\_,/2(R)
which nevertheless pointed converges to R x H?.
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Examples of singular behavior

o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S} ) which
infinitesimally converges to another Aloff-Wallach space A, but such
that it does not admit any pointed or local convergent subsequence.

o A divergent sequence 1, € Ho3 of left-invariant metrics on ész(R)
which nevertheless pointed converges to R x H?. i is actually
isometric to a convergent sequence in Hy 3.
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Examples of singular behavior

o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S} ) which
infinitesimally converges to another Aloff-Wallach space A, but such
that it does not admit any pointed or local convergent subsequence.

o A divergent sequence ji € Ho 3 of left-invariant metrics on ész(R)
which nevertheless pointed converges to R x H?. i is actually
isometric to a convergent sequence in Hy 3.

o A sequence sk € Hi s of homogeneous metrics on S3 x S2
converging to A ¢ Hy 5.
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Examples of singular behavior

o A sequence juy € Hiz of Aloff-Wallach spaces (SU(3)/S} ) which
infinitesimally converges to another Aloff-Wallach space A, but such
that it does not admit any pointed or local convergent subsequence.

o A divergent sequence ji € Ho 3 of left-invariant metrics on ész(R)

which nevertheless pointed converges to R x H?. i is actually
isometric to a convergent sequence in Hy 3.

o A sequence sk € Hi s of homogeneous metrics on S3 x S2
converging to A ¢ H1 5. However, A can be viewed as an element of
H 4, giving rise to a collapsing of the 4 with bounded curvature to
a metric on §? x S2.
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Ricci operator

ume Hq,n,
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Ricci operator

€ Hgn  Ric, :p —p given by
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |

(BuX,Y)=trad, Xad, Y
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |

(B.X,Y)=trad, Xad, Y (Killing form),
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |

(B.X,Y)=trad, Xad, Y (Killing form),

Hioep, (Hu,X)=trad, X
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |

(B.X,Y)=trad, Xad, Y (Killing form),

H,€p, (Hu, X)=trad, X (unimodularity)
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = M, — %Bu — S(ady Hylp)

(B.X,Y)=trad, Xad, Y (Killing form),
H,€p, (Hu, X)=trad, X (unimodularity)

tr M,E = 2(m(E)pp, p1p), VE € End(p)
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = M, — %Bu — S(ady Hylp)

(BuX,Y) =trad, Xad, Y (Killing form),
H,€p, (Hu, X)=trad, X (unimodularity)

tr M,E = 2(m(E)up, pty), VE € End(p) (moment map
for the linear action GL(p) O A%p* ® p)

Jorge Lauret, UN Cérdoba, Argentina () [The Ricci flow and its solitons for homogeneo Marburg, July 6th, 2012 9 /28



Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |

(BuX,Y) =trad, Xad, Y (Killing form),
H,€p, (Hu, X)=trad, X (unimodularity)

tr M,E = 2(m(E)up, pty), VE € End(p) (moment map
for the linear action GL(p) O A%p* ® p)

M,, and H, depends only on p,, where  VX,Y € p,
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Ricci operator

€ Hgn  Ric, :p —p given by

Ric, = My, — 3B, — S(ady, Hulp) |

(BuX,Y) =trad, Xad, Y (Killing form),
H,€p, (Hu, X)=trad, X (unimodularity)

tr M,E = 2(m(E)up, pty), VE € End(p) (moment map
for the linear action GL(p) O A%p* ® p)

M,, and H, depends only on p,, where  VX,Y € p,

M(X? Y) = ME(X? Y) + MP(Xv Y)7 ,U’E(Xa Y) et ,UJp(Xa Y) €p.
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Ricci flow

g(t) Ricci flow starting at the homogeneous manifold

(M,go) = (Guo/Kﬂoaguo)a uo € ,Hq,n»
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Ricci flow

g(t) Ricci flow starting at the homogeneous manifold

(M,go) = (Guo/Kﬂovg,uo)a uo € ,Hq,n»

g(t) = —2Rc(g(t)) ],  £(0) = guo;

o
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Ricci flow

g(t) Ricci flow starting at the homogeneous manifold

(M,go) = (G#O/Kﬂovguo)a uo € Hq,m

5:6(t) = —2Re(g(t))

= Gy, C lsom(M, g(t)) for all t

9 g(O) :gMO7
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Ricci flow

(t) Ricci flow starting at the homogeneous manifold

(M,go) = (Guo/K,uovguo): o € Hq,m
78(t) = —2Re(g(t))|,  £(0) = o
= Gy, C lsom(M, g(t)) for all t
= g(t) <— (-,-)¢: Ad(Ky,)-invariant inner product on p solving the ODE:
di< > =-2 RC(<'7'>t)7 <'v'>0 = <'7'>7

Marburg, July 6th, 2012 10 / 28
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Ricci flow

g(t) Ricci flow starting at the homogeneous manifold

(M,go) = (Guo/K,uovguo)a o € Hq,na

78(t) = —2Rc(g(t))|,  &(0) = gy

= Gy, C lsom(M, g(t)) for all t

= g(t) <— (-,-)¢: Ad(Ky,)-invariant inner product on p solving the ODE:
di< > = -2 RC(<'7'>t)7 <'7'>0 = <'7'>7

tG(Tf,T+), —OO§T7<O< T+§T+.
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Ricci flow

g(t) Ricci flow starting at the homogeneous manifold

(M,go) = (Guo/K,uovguo)a o € Hq,na

78(t) = —2Rc(g(t))|,  &(0) = gy

= Gy, C lsom(M, g(t)) for all t

= g(t) <— (-,-)¢: Ad(Ky,)-invariant inner product on p solving the ODE:
di< > = -2 RC(<'7'>t)7 <'7'>0 = <'7'>7

tG(Tf,T+), —OO§T7<O< T+§T+.

Ricci flow on Hg , 777
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Bracket flow

Consider for a curve u(t) € A2g* @ g the bracket flow:
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Bracket flow

Consider for a curve u(t) € A2g* ® g the bracket flow

Sn=—7([Ore,]) 1l
7 glg, — End(A%g* @ g),
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Bracket flow

Consider for a curve u(t) € A2g* @ g the bracket flow:

Sn=—7([Ore,]) 1l
7 glg, — End(A%g* @ g),

W(A);}, = AM('? ) - M(A'7 ) - M( ;A )7 VA € g[q—‘,-n'

Marburg, July 6th, 2012
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Bracket flow

Consider for a curve u(t) € A2g* @ g the bracket flow:

Sn=—7([Ore,]) 1l
7 glg, — End(A%g* @ g),

7T(A):U’ = AM('? ) - M(A', ) - M( ;A )7 VA € g[q—‘,-n'

po € Hqn = p(t) € Hg,n for all t,

Marburg, July 6th, 2012

The Ricci flow and its solitons for homogenea
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Bracket flow

Consider for a curve u(t) € A2g* @ g the bracket flow:

den =7 ([Orie,]) 1}
7 olgy, — End(A’g" @ g),
m(A)p = Au(--) — (A ) — p(, A), VA E glgy,.
po € Hqn = p(t) € Hg,n for all t,
p(t) ~ (Gu(ey/Ky(e)s (5 +)) curve of homogeneous spaces.

Marburg, July 6th, 2012

The Ricci flow and its solitons for homogenea

Jorge Lauret, UN Cérdoba, Argentina ()
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(M, 80) = (Guo/ Ko 8iuo):

o € Hq,ny

(recall g =t @ p),
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(Mago) = (Guo/Kuoaguo)v Ho € Hq,nv (recall g=tod p)1
(Mag(t))7 (GMO/KM07g(~,~>t) ’ (Gu(t)/Ku(t)7gp,(t)) ’
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(M. g0) = (Gpo/Kyuo» 8uo): 10 € Han,  (recall g=t & p),
(Mag(t))a (GMO/KM07g(~,~>t) ’ (Gu(t)/Ku(t)7gp(t)) ’

Theorem (JL 2010)
3 30( ) M = G,uo/K,uo — G (t)/ u(t) such that
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(M, g0) = (Gpuo/Kyuo» 8o): 1o € Hg,n,  (recall g =t @ p),
(M, g(t)),  (Guo/Kuuor80e) » (Gueey/ Kty 8u(e))

Theorem (JL 2010)
3 go(t) M= Gﬂo/KNo — G (t)/ u(t) such that

g(t) = o(t)'gue ), Ve (T, Ty).
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(M, g0) = (Gpuo/Kyuo» 8o): 1o € Hg,n,  (recall g =t @ p),
(M, g(t)),  (Guo/Kuuor80e) » (Gueey/ Kty 8u(e))

Theorem (JL 2010)
Fo(t) : M = Guo/Ky — Gu(e)/ Ky(r) such that

g(t) = go(t)*g#(t) i Vte (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kyu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G,

y
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(M, g0) = (Gpuo/Kyuo» 8o): 1o € Hg,n,  (recall g =t @ p),
(M, g(t)),  (Guo/Kuuor80e) » (Gueey/ Kty 8u(e))

Theorem (JL 2010)
Fo(t) : M = Guo/Ky — Gu(e)/ Ky(r) such that

g(t) = go(t)*g#(t) i Vte (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kyu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G, ;) with

derivative h := [89] g — g, where h(t) :== do(t)|o s p — p,

y
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(M, g0) = (Gpuo/Kyuo» 8o): 1o € Hg,n,  (recall g =t @ p),
(M, g(t)),  (Guo/Kuuor80e) » (Gueey/ Kty 8u(e))

Theorem (JL 2010)
3 go(t) M= GMO/KNO — G,u,(t)/Ku(t) such that

g(t) = go(t)*g#(t) i Vte (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kyu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G, ;) with
derivative h := [89] g — g, where h(t) :== do(t)|o s p — p,

(i) &h=—hRic({)e),  h(0)=1.

(i) &£h=—Ricyph h(0)=1.

y
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(M, g0) = (Gpuo/Kyuo» 8o): 1o € Hg,n,  (recall g =t @ p),
(M, g(t)),  (Guo/Kuuor80e) » (Gueey/ Kty 8u(e))

Theorem (JL 2010)
3 go(t) M= GMO/KNO — G,u,(t)/Ku(t) such that

g(t) = go(t)*g#(t) i Vte (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kyu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G, ;) with
derivative h := [89] g — g, where h(t) :== do(t)|o s p — p,

() £h=—hRic((,)e),  h(0) = 1.

(i) &£h=—Ricyph h(0)=1.

The following conditions also hold:

(i) {-,-)e = (e b,
(iv) u(t) = huo(ht, 1.

v
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(M. g(1):  (Guo/Kuos80.3¢) » (Gpu(e)/ Kue): 8u(r)) »
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(M. g(1):  (Guo/Kuos80.3¢) » (Gpu(e)/ Kue): 8u(r)) »

g(t) = o(t) gu()
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(M, g(1)),  (Guo/Kyor&(0e) » (Gugey/ Kuu(e): u(e)) »
g(t) = o(t) gu()

@ Same behavior of the curvature and of any other Riemannian
invariant.
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(M, g(1)),  (Guo/Kyor&(0e) » (Gugey/ Kuu(e): u(e)) »
g(t) = o(t)"gu(r)

@ Same behavior of the curvature and of any other Riemannian
invariant.

@ Maximal interval of time where a solution exists is the same.
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(M, g(1)),  (Guo/Kyor&(0e) » (Gugey/ Kuu(e): u(e)) »
g(t) = o(t)"gu(r)

@ Same behavior of the curvature and of any other Riemannian
invariant.

@ Maximal interval of time where a solution exists is the same.

o /(tx) = X € Hq,n (or a suitable normalization)
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@ Same behavior of the curvature and of any other Riemannian
invariant.

@ Maximal interval of time where a solution exists is the same.

o /i(tx) = X € Hgq,n (or a suitable normalization) = convergence or
subconvergence g, — g\ (infinitesimal, local or pointed).
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(Mag(t))’ (Guo/Kuovg(-,~)t) ) (Gu(t)/Ku(t)7gu(t)) )

g(t) = o(t) gu(r)

Same behavior of the curvature and of any other Riemannian
invariant.

Maximal interval of time where a solution exists is the same.

p(tk) = X € Hg.n (or a suitable normalization) = convergence or
subconvergence g, — g\ (infinitesimal, local or pointed).

/’L(t)|E><g = N0|E><g-
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g =p = R" = G, p nilpotent Lie bracket
on g, | Ric, = M, |, R(gy) = — 1| |u]l?,

%,u = —7(Ricy ) = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g =p = R" = G, p nilpotent Lie bracket
on g, | Ric, = M, |, R(gy) = — 1| |u]l?,

%,u = —7(Ricy ) = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.
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%,u = —7(Ricy ) = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.

Theorem (JL 2009)
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Application to nilmanifolds
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%,u = —7(Ricy ) = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
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on g, [Ric, = My |, R(gu) = —llull”
%,u = —7(Ricy ) = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g() < ).

o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".
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negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g() < ).

o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".

o After rescaling (R = —1),
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g =p = R" = G, p nilpotent Lie bracket

on g, [Ric, = My |, R(gu) = —llull”
%,u = —7(Ricy ) = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.

Theorem (JL 2009)
@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g() < ).
o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".
o After rescaling (R = —1), g(t) converges to a Ricci soliton metric
&oo/
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g =p = R" = G, p nilpotent Lie bracket

on &Ry = My} Rig) =

%,u = —7(Ricy ) = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of > tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g ()]l < ¢)-

o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".

o After rescaling (R = —1), g(t) converges to a Ricci soliton metric
&0, Which is also invariant under a transitive nilpotent Lie group,
though possibly non-isomorphic to G.
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Other applications

[Guzhvina 2008] Bracket flow for nilmanifolds with applications to
almost-flat manifolds.
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Other applications

[Guzhvina 2008] Bracket flow for nilmanifolds with applications to
almost-flat manifolds.

[Payne 2010] Qualitative behavior of bracket flow solutions for
nilmanifolds.

[Glickenstein-Payne 2010] Ricci flow of 3-dim unimodular Lie groups.

[Arroyo 2012] Application to Ricci flow of 4-dim homogeneous manifolds
and to Ricci flow of solvmanifolds.
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Example in dim =3
W= ftap € Hi3 defined by

M(X3a Zl) - X2a
w(Z1, X2) = Xa,
/.L(X2,X3) = aX1 + bZl.
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Example in dim =3
W= ftap € Hi3 defined by
M(X3a Zl) == X2a

(21, X2) = Xs,
;L(Xg, X3) = aX1 + bZl.

a=(—2a°+2b)a,

&l

Bracket flow:
Lb=(—a%+2b)b.
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Example in dim =3
W= ftap € Hi3 defined by
M(X3a Zl) == X2a

(21, X2) = Xs,
;L(Xg, X3) = aXi + bZy.

a=(—2a°+2b)a,

&l

Bracket flow:

Lb=(—a%+2b)b.

Figure: Phase plane for the ODE system
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Example in dim =3

Figure: Volume-normalized bracket flow
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Example in dim =3
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Figure: R-normalized bracket flows: R =
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Example in dim =3
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s Sl

Figure: R-normalized bracket flows: R = —%.
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Example in simple Lie groups

4

d
b

a= 1(aa®+ (1 —a)b?)a,

Ql

t
Bracket flow:

—L(aa® + (3 — a)b? — 4ab)b.

Jorge Lauret, UN Cérdoba, Argentina () [The Ricci flow and its solitons for homogeneo Marburg, July 6th, 2012 20 / 28




Example in simple Lie groups

Jorge Lauret

Bracket flow:

— 4ab)b.

UN Cérdoba, Argentina ()

[2%‘

The Ricci flow and its solitons for homogenea

Marburg, July 6th, 2012

20/ 28



Example in simple Lie groups

Figure: Volume-normalized bracket flow
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Example in simple Lie groups

e e ), O

-2

Figure: R-normalized bracket flow: R =2
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Example in simple Lie groups

Figure: R-normalized bracket flow: R = —3
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Re(g) = cg + Lx(g), ceR, X € x(M) (complete)
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), ceR, X € x(M) (complete)

& g(t)=(-2ct+1)p(t)"g,  ¢(t) € Diff(M),
solution to Ricci flow with g(0) = g.
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(M, g) complete Riemannian manifold, Ricci soliton:
Re(g) = cg + Lx(g), ceR, X € x(M) (complete)
& g(t)=(-2ct+1)p(t)"g,  ¢(t) € Diff(M),

solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie]
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(M, g) complete Riemannian manifold, Ricci soliton:
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solution to Ricci flow with g(0) = g.
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), c €R, X € x(M) (complete)

& g(t) = (2t +1)p(t)'g, () € Diff(M),
solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie] ~ Any nontrivial (i.e.
non-Einstein and not the product of an Einstein homogeneous manifold
with a euclidean space) homogeneous Ricci soliton must be noncompact,
expanding (¢ < 0),
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), c €R, X € x(M) (complete)

& g(t) = (2t +1)p(t)'g, () € Diff(M),
solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie] ~ Any nontrivial (i.e.
non-Einstein and not the product of an Einstein homogeneous manifold
with a euclidean space) homogeneous Ricci soliton must be noncompact,
expanding (¢ < 0), non-gradient.
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Algebraic solitons

(G/K,g.,): connected homogeneous space, with reductive
decomposition g = £ & p.

Jorge Lauret, UN Cérdoba, Argentina () [The Ricci flow and its solitons for homogeneo Marburg, July 6th, 2012 25 /28



Algebraic solitons

(G/K,g.,): connected homogeneous space, with reductive
decomposition g = £ & p.

semi-algebraic soliton: 3 ¢ € Aut(G) with ¢+(K) = K such that

g(t) = c(t)vigry,  &(0) =g
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Algebraic solitons

(G/K,g.,): connected homogeneous space, with reductive
decomposition g = £ & p.

semi-algebraic soliton: 3 ¢ € Aut(G) with ¢:(K) = K such that
g(t) =c(t)vigiy,  &(0) =g,
< JceRand D € Der(g) such that D¢ C ¢ and
Ric = ¢/ + Symm(Dy).

algebraic soliton: Jc € R and D € Der(g) such that Dt C ¢
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Algebraic solitons

(G/K,g.,): connected homogeneous space, with reductive
decomposition g = £ & p.

semi-algebraic soliton: 3 ¢ € Aut(G) with ¢:(K) = K such that
g(t) = c(t)pigiy.  8(0) =g
< JceRand D € Der(g) such that D¢ C ¢ and
Ric = ¢/ + Symm(Dy).
algebraic soliton: dc € R and D € Der(g) such that Dt C ¢ and

Ric = cl + D,
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g(t) = c(t)pigiy.  8(0) =g
< JceRand D € Der(g) such that D¢ C ¢ and
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algebraic soliton: dc € R and D € Der(g) such that Dt C ¢ and

Ric = ¢l + D, & p(t) = (—2ct + 1)—1/2 1l
solvsoliton: algebraic soliton with K = e and G solvable.
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Algebraic solitons

(G/K,g.,): connected homogeneous space, with reductive
decomposition g = £ & p.

semi-algebraic soliton: 3 ¢ € Aut(G) with ¢;(K) = K such that
g(t) = c(t)pigiy.  8(0) =g
< JceRand D € Der(g) such that D¢ C ¢ and
Ric = ¢/ + Symm(D,).
algebraic soliton: dc € R and D € Der(g) such that Dt C ¢ and

Ric = ¢l + D, & p(t) = (—2ct + 1)*1/2 1l

solvsoliton: algebraic soliton with K = e and G solvable.
nilsoliton: algebraic soliton with K = e and G nilpotent.
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Classification and structure of nilsolitons (++ GIT): [Fernandez Culma,
Jablonski, Nikolayevsky, Payne, Will, JL, ...]
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Classification and structure of nilsolitons («<+ GIT): [Fernandez Culma,
Jablonski, Nikolayevsky, Payne, Will, JL, ...]

Classification and structure of solvsolitons: [Lafuente, Will, JL, ...]

Theorem (Jablonski 2012)

e Any (nonflat) Ricci soliton solvmanifold is isometric to a simply
connected solvsoliton.
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Classification and structure of nilsolitons («<+ GIT): [Fernandez Culma,
Jablonski, Nikolayevsky, Payne, Will, JL, ...]

Classification and structure of solvsolitons: [Lafuente, Will, JL, ...]

Theorem (Jablonski 2012)
e Any (nonflat) Ricci soliton solvmanifold is isometric to a simply
connected solvsoliton.

e Any homogeneous Ricci soliton (M, g) is a semi-algebraic soliton with
respect to its full isometry group G = Isom(M, g).
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Open questions:

@ Is any homogeneous Ricci soliton isometric to an algebraic soliton 77
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@ Is any algebraic soliton isometric to a solvsoliton 77

Alekseevskii's conjecture [Besse, 80's]. Any Einstein connected
homogeneous Riemannian manifold of negative scalar curvature is
diffeomorphic to a Euclidean space.

Theorem (Lafuente-JL 2012)

Any example of an algebraic soliton which is not a solvsoliton gives rise to
a counterexample to the Alekseevskii conjecture.
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Assume g = €@ p is L-Killing, and consider the orthogonal decomposition
p = h @ n, where n is the nilradical of g.
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Assume g = €@ p is L-Killing, and consider the orthogonal decomposition

p = b ©n, wheren is the nilradical of g. Then (G/K,g..y) is a
semi-algebraic soliton if and only if the following conditions hold:

o [h,h] C €®h. In particular, u:= €@ b is a reductive Lie subalgebra of
gandg=uxn.

e Ric, = ¢l + Gy, where Ric, is the Ricci operator of U/K with
u==Eta®h and (G, Y,Y) =trSymm(ad Y|,)?, VY € b.

@ Ric, = ¢/ + Dy, for some D; € Der(n), where Ric, denotes the Ricci
operator of (n, (-, )|nxn) (nilsoliton).
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Structure of semi-algebraic solitons

Theorem (Lafuente-JL 2011)
Assume g = €@ p is L-Killing, and consider the orthogonal decomposition

p = b ©n, wheren is the nilradical of g. Then (G/K,g..y) is a
semi-algebraic soliton if and only if the following conditions hold:

o [h,h] C €®h. In particular, u:= €@ b is a reductive Lie subalgebra of
gandg=uxn.

e Ric, = ¢l + Gy, where Ric, is the Ricci operator of U/K with
u==Eta®h and (G, Y,Y) =trSymm(ad Y|,)?, VY € b.

@ Ric, = ¢/ + Dy, for some D; € Der(n), where Ric, denotes the Ricci
operator of (n, (-, )|nxn) (nilsoliton).

@ > [ad Yi|n, (ad Yi|n)!] = 0, where {Y;} is any orthonormal basis of f
(= (ad Y|y)* € Der(n) for all Y € ).
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