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Abstract

The likelihood function of a Gaussian hidden Markov model is unbounded, which
is why the maximum likelihood estimator (MLE) is not consistent. A penalized MLE
is introduced along with a rigorous consistency proof.
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1. Introduction

Hidden Markov models (HMMs) build a wide class of general-purpose models for de-
scribing weakly dependent stochastic processes. A HMM is a bivariate stochastic process
(Xi,Yi)iez where (X;);ez is a Markov chain and (Y;);ez is given (X;);ez a sequence of
independent random variables, such that given (X;);cz Y; depends only on X;. The pro-
cess (Y;)icz can be observed, whereas the Markov chain (X;);ez cannot (is hidden). We
consider the case where the cardinality of the image space of the state variables (state
space) is finite and transition probabilities P(X; = k | X;_; = [) do not depend on
t. In this case every irreducible Markov chain has a unique strictly positive stationary
distribution, which is a left eigenvector of the t.p.m. with eigenvalue 1, see Zucchini
and MacDonald [I5] and the distribution of the Markov chain can be described by the
transition probability matrix (t.p.m.).

HMMs have many application areas such as speech-, face-, handwriting recognition,
biological sequence analysis, earthquakes prediction, finance etc..

Often the state-dependent distributions Y; | X; = k are determined by a finite-
dimensional euclidean parameter, like in the case of Gaussian HMMs. Then the law
of the process (Y;, X;)icz is determined by the t.p.m. and the vector of state-dependent
parameters.
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An important task in the context of HMMs is estimation of the underlying parameter,
which is often solved by maximizing the log-likelihood function. In the case of Gaussian
HMMs however, a direct maximization has a theoretical drawback since the objective
function is unbounded. Consider a two-state HMM and an estimator with i, = Y,
|§31| = ¢, fiz € R? arbitrary, S =1 , i) aperiodic and irreducible. Then the likelihood
function tends to infinity as ¢ — 0 and hence the MLE is not consistent.

The same problem exists in the i.i.d. mixture setting and was addressed by several
authors. Two basic strategies for overcoming the unboundedness were studied in the
literature: restricted optimization and penalization of the likelihood. In the first case a
lower bound on the variances or their ratios is imposed, see e.g. Hathaway [7]. In the
second case a term which penalizes small variances (Ciuperca et al. [6], Chen et al. [5],
Chen and Tan [4]) or ratios of variances (Tanaka [13]) is added to the log-likelihood. The
second approach has some advantages over the first one - there is no tuning constant to
choose and the penalty function actually disappears with increasing sample size.

Although the unboundedness has no serious impact on the practice, since maximization
algorithms, like EM, search for local maxima and converge only seldom against degenerate
solutions, it should be desirable to eliminate this theoretical drawback by introducing a
consistent estimator.

The state-dependent parameters of a HMM can be consistently estimated by maxi-
mizing the marginal mixture log-likelihood, or equivalently the HMM likelihood under
independence assumption (IMLE) under some thechnical conditions, see Lindgren [10]
and references therein. One necessary condition is limy_,s0 ©(y,0) = 0 except on a zero-
measure set, independent of the limit of #. This condition is violated in our case as
indicated above.

In the present work, a two-stage procedure is proposed for a consistent estimation of
the parameters of a Gaussian HMM. In the first stage, the parameters of the marginal
distribution of the observed process are estimated by maximizing a penalized mixture
likelihood. Some ideas from Chen et al. [5] are used, where consistency of a penalized
MLE for Gaussian mixtures is shown. The main difficulty during the generalization of
that result is a more complicated large deviations behaviour of HMM samples.

In the second stage, the full HMM likelihood is maximized over a neighbourhood of
the estimates from the stage 1. Since this neighbourhood is regular and contains the true
parameter of the HMM for n large enough, the consistency result from Leroux [9] can be
applied. The maximization in each step can be done with the EM algorithms for Gaussian
mixture models and for HMMSs respectively.

No simulation study is given in the current work, since trial runs showed unpenalized
maximization to work very well, if the initial guests are not chosen consciously poor. The

aim of present paper is a theoretical one - to prove the existence of a consistent penalized
MLE for Gaussian hidden models.



2. The model and main results

In what follows 6 denotes the true parameter of the HMM, 67%® the true parameter of
the marginal mixture and F' the true marginal distribution function. Y;" is a shorthand

for (Y7,...,Y,). The matrix @, is assumed to be irreducible. Following notations will be
used:
Or = (g, 02) parameters of the k’th state
de(z,y) = _, |arctan(z,) — arctan(ys)| metric on R”
T={PeRFE & eSK 1 1<i<K} transition probability matrices

SE-L = {(ay,...,ak) € RE, Zfil a; =1, a; > 0} distributions on {1,..., K}

Table 1: Notations

Definition 1. Let (X, Y;);cz be a stochastic process, where (Y;);cz are independent given
(X,)iez, which is a homogeneous first order Markov chain. Furthermore

Xi€{17'-'aK}7 (1)
Y| (Xj)jez =Yi | Xi, (2)
Vi | X; =k = N(pok, og,)- (3)

The process (X;,Y;)ez is called a Gaussian hidden Markov model (HMM). In the special
case where (X;);cz are independent, the process (X;,Y;);ez is called a Gaussian mizture
model.

The set of possible HMM parameters will be denoted by
M = (@, g, .. g, 0%, 08) | €T, pj €R, 0]2 €(0,00), j=1...K}.

The set parameters of a Gaussian mixture for the first stage of the algorithm will be
denoted by

O™ = (7, i1y ..y K, 00, 0%) | T E€SETY i €R, 0?6(0,00), j=1...K}

i (0), o1(0) denote the coordinate projections on the state-dependent parameters for 1 <
k < K. This dependence on # will be suppressed whenever no confusion can occur. The
compactification of both sets is done by adding limits of Cauchy sequences with respect to
d. as in Kiefer and Wolfowitz [§], and is denoted by ©/* and @™, Let a = (ay, ..., ag)
be an initial state distribution, ¢(y, i, %) the density of the normal distribution with

mean 4 and variance o?:

2
o(y, p,0?) = (21) 207 exp(—%(lﬂa—zu))'
For # € ©/%! the function
K K n
L6 Ye, . Y) = > > an (Y, 00) [ | Ges, 2 0(Vi 0u,) (4)
x1=1 rnp=1 =2
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is called the likelihood function for Y7, ...,Y,. For § € @™ the function

n

Ly (0:vh, .., Vo) = [ me(¥i 6;) = [[ (v, 0), (5)

i=1 j=1 i=1

where f(y,0) = Zjil 7ip(y,0;), is called the marginal-mizture-likelihood function for
Yi,...,Y,.

Now penalty functions for the first stage of the procedure are defined similar to Chen
et al. [5] .

Definition 2. A function p, : ©™% — R with following properties

1. pul0) = f Bul0?).

2. At any fixed 0, with 07 > 0, ¥k = 1,...,K, we have p,(f) = o(n), and
sup, max{0, p,(0)} = o(n).

3. py is differentiable and as n — oo, pl () = o(n2) at any fixed o2, with a2 > 0,
k=1,... K.

4. For large enough n, p,(0?) < y/n(logn)?logo?, when o2 < cn~2 for some ¢ > 0.
5. For every & > 0 holds supyy | ,2(9)sey [Pn(0)] = o(n).
is called a penalty function.

These requirements are very similar to those from Chen et al. [5] and Chen and Tan
[4]. The last condition was missing in the cited works, although it was implicitly assumed.
The main difference lies in the fourth condition, which is linked to Lemma [11| below and
is imposed to control the damaging effect of observations near degenerate components.
Lemma [11| generalizes Lemma 1 from Chen and Tan [4] and is the most challenging part
of the proof. The original proof relies on a Bernstein inequality for i.i.d. observations
from Serfling [12], which is however not applicable for dependent observations. A more
recent result from Merlevede et al. [I1] was used instead.

The requirements are not very restrictive, for example the following function p,(0?) =
—n~Yr(o~?) fulfils them.

Definition 3. Let

GrMLE — argmaxlog LT (0; i, .., Ya) + pa(6) (6)
0€®mim

For ease of notation let v(0) = (uy,...,ux,0%,...,0%)(0) for § € O™ U O/ be the
coordinate projection on the state-dependent parameters. For a mixture parameter 0’ €
O™ and a § > 0 let

O (', 6) = {0 € 0™ | [[u(0),v(#)|l> < 6}
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The penalized mazximum likelihood estimator (pMLE) of 0 is defined by

oRMEE = argmax  log LJ(6; Y1, ;) + pa(6) (7)
0cOfull (GRTMLE " 5

for a penalty function p,.

Now we are ready to establish the main result of this paper, namely the consistency
of the penalized maximum likelihood estimator for Gaussian hidden Markov models. The
consistency is formulated in terms of the convergence in quotient topology (see Leroux

[91)-

Definition 4. For a parameter § € O/ the equivalence class 0 is defined by
- y J
0 ={0 € 0" | (0%,)icz = (Ox,)icz},
that is the set of the parameters which induce the same law for the process (fx,)icz as 0.

Convergence in quotient topology means that every open subset of the parameter
space, that contains the equivalence class of 8y, must for large n, contain the equivalence
class of OpnrE.

Theorem 5. épMLE converges to 0y in quotient topology with probability one for every
positive § > 0 in definition of OPMLE.

Next theorem states the asymptotic equivalence between the penalized MLE and the
maximizer of the full HMM likelihood over a restricted parameter space, where the vari-
ance parameters are bounded away from the zero. This allows us to transfer some results
from the restricted case to the penalized one.

Theorem 6 (Asymptotic equivalence). Let Op = argmaxegsu log LI 0; YY), s.t. 02 >
g, fork e {l,...,K} for some small €, such that o%y, > ¢, for k € {1,..., K}, then

Vn(BPMEE gy 5o, (8)

Proof. We expand V log LI“L(GPMLEY — 7 1og LIH(0g) 4+ V2 log LIL()(0PMLE — @),
where 0 lies on the line segment between 0 and 02MLE  Since the true parameter lies in the
interior of the feasible set, we have V log LI“(A) = 0. So we obtain V log LSu(fpPMLE) —
V2log LI () (0PMEE — §). Furthermore, since PMLE and g are both consistent , we
have 6 — 6. Hence by the consistency of § and Lemma 2 from Bickel et al. [2] it holds:

%Vz log an”(é) KR —1Iy, where I is a non-random matrix (the Fisher-Information) and

by the continuous mapping theorem nV?log L,{“”(é)_l R —Iy~'. Combining these facts

yields

*)7[071

JR(PMEE Ly — 2 log Lﬁ“”(é)_? %Vlog LIl (GrMLEy,
n

2 §p, satisfies conditions stated by Leroux



Finally 2=V log L]"!(6pMLE) 50, since Vg LIMU(PMLE) = _¥p, (PMLE) and

pu(OPMEEY = o(y/n) a.s. by construction. O

The following result establishes the asymptotic normality of the penalized MLE.
Theorem 7 (Asymptotic normality).
V(B — 00) 5 N(0, 157, (9)
where —Iy = lim, oo V2 log LI (0, V1, ..., Yy).

Proof. This statement follows from the asymptotic equivalence between égMLE and Op
and the fact, that 0 satisfies the assumptions of Theorem 1 in Bickel et al. [2]. The
assumptions are:

(A1) The transition probability matrix is ergodic.

(A2) The elements of ® and the stationary distribution are twice differentiable w.r.t 6.

(A3) Let 6 = (6y,...,0,). There exists a § > 0, such that (i) for all 1 < i < r and all
ke{l,...,K}

[Eolsup |8

log 0(Ya; pux, %) [* | < o0,
10—8o<5 0

(ii) forall 1 <i,j <randall k€ {1,..., K}

62
E — 1 Yi: 2
0 [98301|D<6|09i89j og p(Y1; pu, 0 k:)l] < 00,

(iii) forall j=1,2,all 1 <4 <r,l=1,...,j,and all k € {1,..., K}
[ s ooy <
sup |=——+— gy O 00
0otues 005, 00, VI T RIS 08
(A4) There exists a 6 > 0 such that with

pO(?J) = sup max @(y’:uklv Uzkl)
10—00|<6 1k1.k2 <K O(Y| ey, 0%1y)

P(po(Y1) =00l Xy =k) <1forall ke {1,...,K}.
(A5) 6y is an interior point of ©
(A6) The maximum likelihood estimator is strongly consistent.

(A1) is part of our assumptions. The elements of ® are part of the parameter vector
and the initial distribution doesn’t depend on 6, so (A2) is satisfied too. The conditions
(A3) and (A4) are satisfied since ¢ is the normal density and %, > 0 for k € {1,..., K}.
Furthermore (A5) follows also from 02, > 0 for k € {1,..., K}. Finally (A6) holds, since
Or satisfies the regularity conditions from Leroux [9]. O



3. Proofs
3.1. Preliminary analytic results

Several technical statements follow.

Proposition 8. Let (u,0?) € R x (0,00) set

i i 2\ (y — )’ 212
A= Ap,0%) ={y € R| =—= < (logo™)"}. (10)
Then
-1 1
) o yeA
Y, 07) < 11
Py 7) {exp—% otherwise. 1

Proof. First we note p(y, u,0?) < o=t for every y € R, so the first inequality is obvious.
~ 2
For y ¢ A we have that % > (log 0?)?. Therefore

(Y, 1, 0%) < \/%exp (- @;—2“)2/4) exp (— (y ;2ﬂ)2/4)
< \/% exp (— i(log o®)?) exp ( — M/Zl)
= o ( - %(log 0? + (log 0*)2/2)) exp(— W= ;2/”2 /4)
= exp (= (y;_zu)2/4)‘ (12)

O

Proposition 9. Let uy, s € R and 02,03 € (0,00) with 0? < 02 < ¢, for some 0 < € <
e Y% Suppose that y € R is such that

2 2
y— Yy —
W=pm) fl) > (logo?y,  WZHeS 52) < (log 03)>.
01 03

then
90(% Hi, 0-%) < 90(1% M2, 0%)

Proof. From the properties of y we have

1 1 (y - Ml) 1 1 212

U% eXp{_E % } < \/O__%GXp{—§<lOgO'1) }7

1 1 (?J - H2) 1 1 212
——exp{—= > exp{—=(logo



Thus, it sufficies to shows that the function

f(2) = S exp{—3log(3), = >0,

is increasing near zero. The first derivative is given by

1 1
1'(z) = = exp{—5 (log(z*))"} [1 + 41og(2)]
which is > 0 for z < e /4, O

Lemma 10. Let Y be a random variable in R with a bounded density w.r.t. the Lebesque
measure. Given § > 0 there is a 1o, such that for any u € R and o* € (0, 00) with 02 < 79,
we have

P(Y € A(u,0%)) <6,
where A(p,0?) is defined in (@

Proof. The Lebesgue length of A(j,0?) is given by 20 |logo?|, which tends to zero as
0% — 0. The statement follows since Y has a bounded Lebesgue density. O]

3.2. Bounds on the number of points near degenerate components

The following lemma is a generalization of Lemma 1 from Chen et al. [5] for Gaussian
hidden Markov processes. It bounds the number of observations of such a process which
are located in neighbourhoods of degenarate components. These observations have a high
contribution to the likelihood and will be ruled out by penalty function.

Lemma 11. Let (Y,)n>1 be a stationary Gaussian hidden Markov process with K states
and parameter vector (®,py, ..., ux,0%,...,0%). Let F, be the empirical distribution
function of Y1,...,Y,, and M denote an upper bound for the marginal mizture density.

Then almost sure there exists N € N, such that

SuplFu(y +7) — Fu(y)] < 187

y vn

for alln > N and 7 € [0,e7}].

1
+2MT1 + —
n

Proof of LemmalIll For 7 = 0 the statement is trivial. Let 7 € (0,e7 ] and 1 < k,i <n
we define 7, = F~'(%£). We have

Sgp[Fn(y +7) = Fu(y)]

< m,?X[Fn(Uk +7)] = Fu(ng-1)
< m,?X[{Fn(TIk +7) = Fu(mk—1)} = {F (e +7) — F(mr—1)}]

+ m]?o{{F(n;C +7)— F(n-1)}-



To bound the second term in , by the Mean Value Theorem we obtain

F +7) = F(or) = Fl+7) — Fl) 407! (14)
< Mt 4+nt = 6,(7).

It remains to find an appropriate bound for

ALy =Wk +7) = Fo(ie—1)} = {F (e +7) — F(mr—1) }.
Write

nAL =1 Lyientnt — Yyien oy — {F (ke +7) = F(nk-1)}

=1

=Y 20— {F (e +7) = Fpe-1)}.
i=1
where Z;:k = Lyyicprny — Livisme -
From the Bernstein inequality in Lemmas and in the Appendix, there exist
positive constants v, C, Cy, C3,Cy, V and ny € N depending only on the true parameter
vector (@, fot, - - -, ok, Tays - - - Oage) of the HMM such that

P(IAT .| > z) < nla n2a? n’z’ (nar) =)
(|A% ;| > x) <nexp (— c > + exp <—02(1+nv)> TP T PP Cyllog{an} )

(15)
for every € R, j = 1,...,n and 7 € (0,e!]. Setting x = (12%;)2 gives
(logn)? nz (logn)>
AT < _hrlosn)”
(AT = GER) < n exp (-
n(logn)*
- eXp( 1Cs(1 1 nV)
4 3 2 /917(1=7)
s o) ko2 )
1G5 "0, (log{(log n)2nt 2}
Therefore we get that for every n >mng, j=1,...,nand 7 € (0,e7!],
(logn)? -3
AT, > ) < 16
P67 2 5o ) s en (16)
for some constant c¢. Let r,, = 21‘])\?:} We have that
. (logn)? (logn)?
n <P(U} | >
P [A7] 2 S520) < PV {187 2 52 ))
n (log n)? (17)
<> PUA = ) <en?

— 2\/n



By Borel-Cantelli, a.s. there is an V1, such that

1 2
max |[A™" | < (logn)

k=l.n' 2/n -’
Therefore, by and and monotonicity,

n2N1

S(UP }SUP |Fn<y + T) - Fn(y)| < sup |Fn(y + Tn) - Fn(?/)|
TE 077‘71 Yy Yy

(logn)? (log n)?
< On(ry) < 1/n, > N,
S Pl <O A n 2N
which shows the estimate for all 7 € (0, 7,].
Next consider 7 € [r,,e"!]. Now we define a finite grid over [r,,e"!] by 75 = 7, and
2Me*1)\2/r7j =: k, < logn for n large enough. If 7, < e ! we

(logn
add the point 75,1 = ¢! to the grid, hence we assume w.l.o.g. 7, = e~ 1. Let

Tk+1 = 27k, where k < |log,

k
" (logn)?
Dy =J{swF ~ Faly) 2 22+ 0u(m) |
kL_Jl sup (y =+ 7k) (y) = N (%)
From ((13)), (14 and (16]) we obtain

0o oo kn 9
LCAES D P({sup iy +7) = Fyfo) > a% i+ 1Y)

oo k
: 1 (logn)?
< El>2X22 7
< DD P( s ATy 2 )

n=1 k=1

o0
< chognn_Q < 00.

n=1

where we estimate the maximal probability as in (17). We conclude by Borel-Cantelli
P(D, i.0.) = 0. Since for every 7 € [r,,e '] there exist two grid points such that 7 €
[7;, Tj+1], a.s. there is an Ny such that

(logn)?
2v/n

for all n > Ny and 7 € [7}, 7;41], where we used 7,41 < 27. O

1
sup F,(y +7) — Fo(y) < sup Fo(y + 7j41) — Fu(y) < +2M7 +
Y Y

Remark: The rate in the lemma above can be improved from +/n(logn)? to
v/n(logn)i*? For any ¢ > 0. But the higher one is still sufficient for the proof.

3.3. Proof of Theorem [5l in case K = 2

Proof. 1t is sufficient to show the consistency of éﬁl MLE for the state dependent param-
eters. Then the consistency of 9PMLE follows from the result in Leroux [9], since the

10



maximization in stage 2 is carried out over a regular set, which contains the true param-
eter.

We show the consistency of 02/MLE for the case K = 2 since the general K follows
analogously. We follow Chen and Tan [4] in the proof structure and divide the parameter
space in a finite number of subsets, one of which is regular. Step by step we show by
applying Lemma and classical techniques éﬁ’ MLE to lie outside any of the irregular
subsets.

Let K = 2 and assume w.l.o.g. o} < o5. We divide the parameter space ©™? into
three disjoint subsets.

Flz{ee@mm|0%§03§€o},
Iy ={0€0m |0} <15,05 >¢e},
I3 =0""\T;UT,.

For each (juy, it2,0%,03) € R x R x (0,00) x (0,00) we define the intervals subsets as in

(10,
1211 = A(:ula U%), 1212 = A(M% U%)

Set
A ={i|Y,e A}, Ay =1{i|Y; e A}, (18)

and M = o;'. Further set
1 o
Hy = lim — log L™ (65", Y1), (19)
non
which exists and is finite, see Lindgren [10]. The scalars €y and 7y are chosen to satisfy

1 1 1
. 2v2¢2|logeg| < et leg logegloge, 2| < 1/2.

—_

2. 0 < 19 < gy,
3. —logey — (logeg)? < 4(Hy — 2),

5. P(Yy € AN AS) > Lfor§ely.

1
2

The first part of condition 1 is necessary for applying Lemma the second part is
. . 1 1 e

possible since €2 logeloge™2 — 0 as € — 0. The second condition ensures the order of

the components. The third condition bounds the effect of observations, which will be

ruled out by the log-likelihood at the true parameter. The existence of g and 7y which

satisfy the first four conditions is obvious. The fifth condition can be achieved by applying

Lemma

11



Step 1. We shall show that

sup (log L™ (6: V") + pa(6)) — log L™ (85 Y1) — pu(65) —+ —o0. (20

0el’y

To this end, we shall show that a.s. there is an N, such that for n > N we have that
log Ly (0;Y1") + pa(0) < n(Ho — 1),  n>N. (21)

the conclusion then follows together with (19). To show (21)), for a set S C {1,...,n}
with n(S) elements let
Ly (0;8) = [ [ £(¥5,0),
jES

and write

log Lyy(85 Y")+pa(8) = (1og L (6; A1)+ (7)) + (og L™ (6; AN Az)+5a(03) ) +log Ly (6; AS.A3).
(22)

We shall bound each term on the right seperately in order to achieve (21). Since o7 < o3

we have that f(y,0) < ;' for any y, and hence that log L™ (6; A;) < n(A;)logo, L.

First we assert for g9 > 0? > n~2 with the help of Lemma

log L (6; Ay) < n(A1)log o} < (v/n(logn)* —nMoylogo; + 1) logoy
= /n(logn)?logo, ' —nMoylogoy +logo, ™! =: h,(0?)

and
sup  hp(o}) < v/n(logn)?logn — nMgé/z logeg + logn < n/4. (23)
o2€[n=2, o)
The right hand side of the last display is less than a fraction of n for n large and ¢
small enough. Now suppose o7 < n~2, then from Property 4 of the penalty p,, and Lemma
a.s. for large enough n, we obtaln the bound

log L™(0; Ay) + pu(03) < n(Ay)logo, ! + v/n(logn)?log o}

< (V/n(logn)® — nMoylog o} + 1) log o1 ' + v/n(log n)* log o7

O (24)

=+/n(logn)?*loga, +logo, ' —nMaylogoilog o,
<n/4,

~1 is negative, a% < g¢ and &g is chosen to satisfy the second

since /n(logn)?loga; + oy
part of condition 1 above. Similarly, for y € Af N A,, from Lemma [J] we have that
f(y,0) <logoy~!, and hence that L™%(6; A N Ay) < n(Ay)logoy™!, and similarly as in

(24) we obtain a.s. for large enough n that

sup  log L™ (0; AS N Ag) + pu(03) < n/4

02€[n=2, ] (25)

sup  log L™ (0; AS N Ay) < n/4
%E(O,n_z)

12



Further,

) 1
g IN#(0; A0 45 < S log [exp<logag-1—§<loga§>2>

JEASNAS
1 1
< | Z —§log€0 - §(log50)2 (26)
JEATNAS

Here, for the first inequality we recall that the function iexp{—% log(2%)?} is monotone
increasing near zero, as shown in the proof of Lemma[9] Let us argue for the last inequality
in (26). In case Hy < 2, we assumed that —logeg — (logeg)? < 4(Hy — 2), so that in this
case we obtain

1 1
Z D) logeg — E(log £0)”

JEASNAS

<n(AS N AS)2 (Hy — 2) < n(AS 1 AS) (Ho — 2).

In case Hy > 2 we use the trivial bound —logey — (logeg)? < 2(Hy — 2), and get

1 1
> ——loge — 5 (log £0)? < n(ASNAS) (Hy —2)

A 2
JEATNAS

as well. By condition 5 and the ergodic theorem, we get n(A§ N AS)/n > 1/2 a.s., which

gives the last estimate in (26]). Now follows from (22), (23), ([24), and (26).

Step 2. Next, we show that

sup (log L™ (6;7") + pu(0) ) — log Ly (05) = pa(05") = o0, (27)

oel's
In the following, the parameters y;, o2 will depend on 6, i = 1,2, which we suppress in the
notation. Define the set of indices A1 = A(u1,07) as in (18). We recall following bounds
from the proof of Lemma

—)2 ~
o1t exp(——(“zaé”) ) y €A

2
P Y, f1,0 S _ .
( v exp(— % ) otherwise

1

Following Chen and Tan [4] we define a sub-density

(11 —y)?

2
40_% ) + W?@(y7/~b270-2)‘

9(y,0) = m exp(—

13



1

the function g is bounded by ¢, 2 on I's. Following statements hold for every 6 € I'y:
lOg f(Y;a 6) < log g(l/;a 9) + 1{2'€A1} lOg 01_17

log L™*(0) < n(A)logo, ™' + Zlog 9(Y3,0),

=1
Egpee log g(Y,0)/ (Y, 05") < log Egpiag(Y, )/ f(Y,05") <0,
E, 0) g(Y,0)
=Y log — Egmic log ——2— < (.
Z P ag) O )

Now by using Esupyep, ) p(Y;0) < oo for a sufficiently small neighborhood Uc(¢') of a
0" € T'y and considering the compactification of I'y by taking limits with respect to d.., we
apply the classical technique, see Wald [14], to obtain

- 9(Y:,0)

lim sup — E log
n—roo IS n i1

[ R

Where k(7p) is a decreasing function, since larger 7y makes I'y larger. Hence for a small

enough 7y < g

sup log L:L”m(Q)—Fpn(H) — log LZ”’” (06””) Dn (Hm””)
0el’s

< sup n(A)logar " +pa(0) + Y _logg(V;, 0) — log L™ (65"") — pn (65"™)

0el’> i=1
< sup (v/n(logn)* —nMaylogoi + 1) loga1 ™" + p,(0)
0ely
- g(}/l’e) mlx
+ sup ].Og T oz 0
sup D 1o gy gy~ Pol08")
< k(eg)n/2 — nk(ep) = —k(eg)n/2 — pn(Hm””) — —00.

We conclude 62'MLE ¢ Dy which is regular and contains the true parameter 677, so

OPIMLE g consistent for parameters of the stationary mixture.

The feasible set ©Fu(gPIMLE = 5) in stage 2 of the calculation of #PMLE contains a.s.
the true parameter 6y and the consistency result from Leroux [9] can be applied. It
completes the proof of the theorem. O

4. Conclusion

In the presented paper the existence of a consistent, asymptotically normal estimator for
Gaussian hidden Markov models was proved. Ideas from the articles Chen et al. [5] and
Chen and Tan [4] were used and generalized.

14



The proof was restricted to the one-dimensional case. The multivariate case could be
proved if an analogon of Lemma [11| for more than one dimension would exist. In the i.i.d.
setting Chen and Tan [4] in Lemma 2 use an ascription to the univariate case in order
derive such a statement. But this ascription is flawed. However, there exists an alternative
approach, based on a uniform Law of Iterated Logarithm for VC classes, see Alexandrovich
[1]. Unfortunately such an approach is currently not available for dependent observations.
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A. Mixing properties and Bernstein inequality
Here we deduce the Bernstein-type inequality from Theorem 1 from Merlevede et al.

[T1]. Let us start by formulating a simplified version of that result.

Definition 12. Let (Q,.A,P) be a probability space, M;, My C A sub-sigma-fields,
Z = (Z;)iez real valued random variables.

1. The a-dependence coefficient between M; and M is defined by

a(My, Ms) = sup{|P(AN B) — P(A)P(B)| : A € My, B e My} (28)

2. For the sequence (Z;);ez the a-mizing (or strong-mizing) coefficient is a function
N — R* defined by

az(g) =supa(o(Z;, —c0 <i<k),o(Zy k+g<i<ox)) (29)
ke

The conditions that are needed for the Bernstein inequality are the following. There
exist positive constants a, b, v; and ¢, 75 > 0 such that

alg) < ae=" (B1)
sup P(|Z] > 2) < -G/, (B2)

From Merlevede et al. [I1], we have the following result.



Lemma 13. Let (Z;);cz be a sequence of centered real valued random variables, which
J

satisfy Assumptions (B1) and (B2). Set S; = >.Z;. Then there exist constants
i=1

V,v,Cy,Co, C5 and Cy depending only on the consta;z:ts a,b, v1 and c, o > 0 involved in
Assumptions (B1) and (B2), such that for all x > 0,

i ) o 22 2 27(1=7)
. 1> )< - T o - '
(sup|S;| > 2) < ”exp< cl> +eXp< Ca(l +nV)) +6Xp< Con ©F 04(logw>7)

sn

In order to deduce from this result, we need to show that given a univariate
Gaussian HMM Y = (Y;);cz, the conditions (B1) and (B2) hold true for

Zlk = Yviznerny = Lvizney — (F(+7) = Fe)), (30)
where the constants a, b, 7, and ¢, 75 > 0 do not depend on k and 7. Since
ZT|<242M, Vre(0e'],1<k<n n>1,

this is evidently possible for (B2) and the constants b and ~,. For (B1), we first consider
the HMM itself. For lack of easy reference, we prove the following well-known result.

Proposition 14. Let Y = (Y;)iez be a stationary Gaussian Hidden Markov process with
a finite state space. Then a(g) = O(p?) for some 0 < p < 1.

Proof. Since the process is assumed to be stationary, it suffices to show that
sup{|P(ANB) —P(A)P(B)|: Aco(Y;; i<0),Bea(Yi;i>g)} <cp’ (31)

for some ¢ > 0, 0 < p < 1. First we prove for certain algebras and then show that
the sets, which satisfy form a monotone class. An application of the monotone class
theorem (e.g. Theorem 8.9 in Billingsley [3]) then completes the proof. We consider the
following algebras

Fo=A{Y;,...,Y;, )EB|B€eB™ —00<iy,...,in<0,meN},
Fir={(Y;,....Y;) €B|BeB,g<j,...,5 <oo,l €N}

It is easy to see, that Fy and JF; are really algebras and generate o2(Y;, —co < i < 0) and
02(Y;, g < i < 00) respectively. Now we assume A € Fy and B € Fi, that is there exist
Borel sets By and Bj so that, A = {(Y},,...,Y;,,) € B1} and B = {(Y},,....,Y},) € Bs}
for some integer-vectors (iy,...,%y,) and (ji,..., 7).

For y € R we define P(y) = diag(¢(y, j11,02), ..., ¢(y, ik, 0%)). With 1 we denote a



column-vector of dimension K with 1 at every entry. Now we have

P(A)P(B) = / 5B (s ch in-1 B (3, ).y / 5B () [T @ B(y,)1dy

B B p=2
m l
= / 0P (yr) [ @ Plyp)10P () [ [ @77 Py}, 1dydy’
B1x B> p=2 p=2

P(ANB) = / 5P (i, H@% 1P (y, ) DI P(y chﬂp “Ir1P(y) ) 1dydy’

B1><B2 p= 2 p= 2

We have j; — i,, > g and from Theorem 8.9 in Billingsley [3] we have ®9 — 16 with
exponential rate, that is [®9 — 18] < ¢*p11T. For some ¢* > 0 and 0 < p < 1. So we
obtain

m l

[P(ANB) = P(A)P(B)| = | / 0P (y) [T @77 Pyp)10P(y) | | @77 P(y, ) 1dydy’
leBg p:2 p:2
— / P(y) [ @7 Ply,) @ Py Hqﬂp “I1P(y! ) 1dydy'|
B1><B2 p:2
= | / 0P (y1) [ [ @ Ply,) (26 — @) B(yy) wa 1P(y,) 1dydy|
B1><B2 p:2
/5[P ) [ @7 Py,)dy | (16 — ') / Hqﬂp “Ir Pyl )1dy’
B p=2 B
<17 <

S C*pgKZ

for every A,B of the assumed form. Here we used the convention [ fdy =
([ fidy, ..., [ frdy) for the integral of a vector-valued function f. Now, we have
that for a fixed B € Fi, the set Mp of sets A satisfying that inequality builds a monotone
class. Indeed, let A; C Ay C ... C A, where A; € Mp. The measure P is continuous

from below, so |P(A N B) — P(A)P(B)| = ||]3(U‘;i1 A; N B) — I]D(U;i1 A)P(B)| =
| lim P(A; N B) — lim P(A;)P(B)| = lim |P(A; N B) — P(A4;)P(B)| < ¢p?. The same
j—o00 j—o0 j—o00

argument works for A; D Ay D ... D A, since the measure P is also continuous from

above. So M is a monotone class. By the monotone class Theorem (Billingsley, Theorem
3.4) we can extend the inequality on the set o(Fy) x Fi. Now we fix an A € o(Fp) and
the same argumentation applied to the set M4 of sets B satisfying the inequality for this
A yields that also My is a monotone class. So finally we establish the inequality on the
set o(Fp) X a(Fy). O



Lemma 15. Given a uniwvariate stationary Gaussian HMDM, the variables (Z{k) mn @)
satisfy the conditions (B1) and (B2), where the constants can be chosen independently
of k and 7. Therefore, the Bernstein inequality in Lemma applies, and all constants
involved can be chosen independently of k and 7.

Proof. We already discussed Assumption (B2) above. For (B1), since

o(Z0; i <0) Co(Y i <0),  o(ZL; i>g)ColYsi>g)

for any k and 7, the a-mixing coefficients are evidently uniformly bounded by those of
the HMM. O

B. Ergodicity

Stationarity affects marginal distributions of a process, while the strong mixing property
describes the dependence intensity between process parts as function of the time gap
between them. In the next lemma we combine the both properties to conclude ergodicity
- a property which allows us to apply a strong law of large numbers to the process.

Lemma 16. Let (Y;)iez be a stationary strong mizing process. Then it is also ergodic.

Proof. Since (Y;)iez is strong mixing, we have for every n,g € N, A € o*(Y"), B €
o*(Y;%,) : [IP(ANB)—P(A)P(B)| < cp? for a positive constant c and 0 < p < 1. Now let C
be an invariant set, that is there exists a Borel set B € BZ, such that C' = {T*Y>_¢€ B}
for every k € N, where T° = id, T~V (w), = Y1 (w), T7F = T~ k"D o1 So T}
is the left shift and T the right shift. According to Kolmogorov extension theorem, there
is a sequence (C,,) of sets C,, = {Y", € B,}, for some cylinder set B, € B*", such that
P(CAC,) <2, where CAC, ={C\ C,} U{C, \ C} is the symmetric difference.

Now since C' is invariant we have
P(I*CAC,) =P(CAT*C,) <27,

for all k,n € N. Furthermore T*C,, = {Y_";_kk € B,}, and hence T*C,, € 02(Yf;_kk) -
o2 (Y F) and €, € 62(Y™)) C 0*(Y'®). Let k > 2n, grn, = k — 2n, then using the strong
mixing property we conclude

‘[P<Cn N chn) - [P(Cn)[P(TkCn)‘ < Cpgk,"’

for some ¢ > 0 and 0 < p < 1. We summarize, for every ¢ > 0 there exist n,k € N, such
that

L. [|[P(CNC)—P(C)* — |P(C, NT*C,,) — P(C,)P(T*C,)|| < &,
2. |P(C, NT*C,) — P(C,)P(TFC,)| < £,
and therefore |P(C) — P(C)?| < e. Since € > 0 was arbitrary, we have P(C') € {0,1}. O
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