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Abstract

This paper is concerned with the development of adaptive numerical meth-
ods for elliptic operator equations. We are especially interested in discretization
schemes based on frames. The central objective is to derive an adaptive frame
algorithm which is guaranteed to converge for a wide range of cases. As a core
ingredient we use the concept of Gelfand frames which induces equivalences
between smoothness norms and weighted sequence norms of frame coefficients.
It turns out that this Gelfand characteristic of frames is closely related to their
localization properties. We also give constructive examples of Gelfand wavelet
frames on bounded domains. Finally, an application to the efficient adaptive
computation of canonical dual frames is presented.
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1 Introduction

The analysis of adaptive numerical schemes for operator equations is a field of enor-
mous current interest. Recent developments, for instance in the finite element context,
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indeed indicate their promising potential [1, 2, 4, 6, 33, 53]. Moreover, it has also
turned out that adaptive schemes based on wavelets have several important advan-
tages. The wavelet methodology differs from other conventional schemes in so far as
direct use of bases is made which span appropriate complements between successive
approximation spaces. The basic idea of adaptive wavelet schemes can be described
as follows. By using the fact that weighted sequence norms of wavelet expansions
are equivalent to Sobolev norms, efficient and reliable error estimators based on the
wavelet expansion of the residual can be derived. By catching the bulk of the residual
coefficients, these error estimators lead to adaptive refinement strategies which are
guaranteed to converge for a wide range of problems. Indeed, by combining these
ideas with the compression properties of wavelets, in [18] a first implementable con-
vergent adaptive scheme for symmetric elliptic problems has been derived. Moreover,
it has turned out that a judicious variant of this approach produces an asymptotically
optimal algorithm [14]. Generalizations to nonsymmetric and nonlinear problems also
exist [16, 15]. Moreover, by using adaptive variants of the classical Uzawa algorithm,
saddle point problems can be handled [19, 20], and the applicability of the resulting
algorithms to practical problems has been demonstrated in [3]. Nevertheless, the ef-
ficiency of all these approaches is still limited by a serious bottleneck. Usually, the
operator under consideration is defined on a bounded domain €2 C R? or on a closed
manifold, and therefore the construction of a wavelet basis with specific properties
on this domain or on the manifold is needed. Although there exist by now several
construction methods such as, e.g., [27, 28], none of them seems to be fully satisfy-
ing in the sense that some serious drawbacks such as stability problems cannot be
avoided. One way out could be to use a fictitious domain method [51], however, then
the compressibility of the problem might be reduced.

Motivated by these difficulties, we therefore suggest to use a slightly weaker con-

cept, namely frames. In general, a sequence F = {f,}nen in H is a frame for the
Hilbert space H if

Al FI3 < SN fadn]” < BeIFIE,  forall f e R,
nEN

for suitable constants 0 < Ar < Br < o0, see Section 3 and [11, 30] for further
details. Every element of H has an expansion with respect to the frame elements,
but in contrast to stable multiscale bases, its representation is not necessarily unique.
Therefore frame expansions may contain some redundancy.

On the one hand, because of the redundancy of a frame, orthonormal and biorthog-
onal representations of functions by means of Riesz bases have been preferred and
considered to be a maybe more useful concept since the overcompleteness of a frame
has been interpreted as “low compression rate”, “larger amount of data” and “unde-
termined representation”.

On the other hand, the redundancy of a frame proved to play an important role
in practical problems where stability and error tolerance are fundamental as, for ex-



ample, denoising, pattern matching, or irregular sampling problems [36] with recent
applications in XA quantization [32]. Moreover, since one is working with a weaker
concept, the concrete construction of a frame is usually much simpler when compared
to stable multiscale bases. Consequently, there is some hope that the frame approach
might simplify the geometrical construction on bounded domains and manifolds sig-
nificantly, and that this important advantage compensates some drawbacks such as
singularity problems in discretizing operators. Moreover, the redundancy of a frame
can give the freedom to implement further properties, which would be mutually exclu-
sive in the Riesz basis case, e.g., both high smoothness and small support. Potentially
this would allow faster and more accurate computation of the stiffness matrix entries
associated, for example, to differential operators with smooth coefficients by Gauss
quadrature methods, and sparser matrix representations of operators.

The potential of frames in numerical analysis is an almost unexplored field. One
of the first interesting attempts to use frames for numerical simulation is [52], being
a pioneering approach to the application of wavelet frames to the adaptive solution
of operator equations. The results presented in this paper are very much inspired by
these developments. However, for several reasons, we work with a different setting.
Instead of using a frame for the solution space H?®, we start with a frame for L,
which, similar to the classical wavelet setting, gives rise to norm equivalences for H*
as well as for its dual with respect to corresponding ¢, s sequence spaces. Therefore
we introduce the new concept of Gelfand frames, inducing norm equivalences for
Gelfand triples (B, H, B’) of Banach spaces with respect to corresponding sequence
spaces (Bg, lo, B);). Gelfand frames appear to us to be a more natural generalization
of the well-established concept of unconditional bases in smoothness spaces. We
show that, by employing recent results on Banach frames [17, 35, 36, 42, 44, 47],
the analysis of [52] and [14] carries over to the Gelfand frame case, i.e., we derive
an adaptive frame algorithm which is guaranteed to converge for a wide range of
problems. This is the main result of this paper.

To read the content in the correct light, let us add the following general remarks.
We want to emphasize that we neither claim to rediscover the whole word of adaptive
numerical schemes nor to give the frame analysis a shake—up. It is clear that many of
the building blocks used in this paper have already been established before. Neverthe-
less, having in mind the fact that adaptive numerical analysis and frame theory have
developed almost independently in the last years, we think that it is fruitful to bring
these two different fields together and to show that many approaches investigated so
far fit together quite nicely. Especially, we show that many concepts of modern frame
theory such as localization of frames can in fact be very well exploited for numerical
purposes.

We also want to deliberately point at the following fact here. The research pre-
sented in this paper was mainly motivated by the numerical treatment of elliptic op-
erator equations. In this context, wavelet frames would be the most natural choice.
However, for the following reason, our approach can also be applied to different set-



tings involving other kinds of frames. The applicability of adaptive numerical schemes
with guaranteed convergence essentially relies on compressibility properties. But it
turns out that for a large class of operator equations, it is indeed possible to de-
sign (Gelfand) frames fitting the particular problems at hand in the sense that the
system matrices arising by the discretization indeed exhibit the nice compressibility
properties. One example would be the discretization of pseudodifferential operators
by brushlet systems, see Section 4.3. In the course of this paper, more details and
examples will be given to illustrate and support this general leitmotif.

This paper is organized as follows. In Section 2, we introduce the scope of problems
we shall be concerned with. The whole analysis is based on the concept of Banach
frames. Therefore, in Section 3, we briefly recall the definition and the basic properties
of Banach and Gelfand frames as far as they are needed for our purposes. Section 4
contains the main result of this paper. We show that, based on a Richardson iteration,
a convergent and implementable adaptive frame algorithm can be derived. The whole
analysis relies on certain norm equivalences the Gelfand frame has to satisfy, and on
the scheme proposed by Stevenson [52] for the adaptive pseudo—inversion of infinite
matrices. The norm equivalences are closely related to the localization properties
of the underlying frame. These relationships are discussed in detail in Section 5.
Then, in Section 6, we give an outline how Gelfand wavelet frames on domains can be
constructed. It turns out that a relatively simple approach by using an overlapping
partition of the domain already works. Our result relies on a general concept of
exponential localization with respect to an additional biorthogonal wavelet basis. The
underlying metric to measure such localization is a modified version of the well-known
Lemarié metric as, e.g., described in [43]. Section 7 illustrates another application
of our theory. When working with frames, the computation of the canonical dual,
based on the inversion of the frame operator, is always a nontrivial problem and
usually the known numerical algorithms converge quite slowly. However, it turns
out that this problem exactly fits into our setting so that we are able to derive an
adaptive numerical scheme with optimal order of convergence to compute a dual
frame. Finally, some technical lemmata, especially concerning the properties of the
generalized Lemarié metric, are collected and proved in the appendix.

2 The Scope of Problems

We shall be concerned with linear operator equations

Lu = f, (1)

where we will assume £ to be a boundedly invertible operator from some Hilbert
space H into its normed dual H', i.e.,

[Lullgr ~ lullg,  we H. (2)



Here ‘a ~ b means that both quantities can be uniformly bounded by some constant
multiple of each other. Likewise, ‘<’ indicates inequalities up to constant factors.
We write out such constants explicitly only when their value matters. When L is
assumed to be boundedly invertible, then (1) has a unique solution u for any f € H'.
In the sequel, we shall mainly focus on the important special case where

a(v,w) := (Lo, w) (3)

defines a symmetric bilinear form on H, (-, -) corresponding to the dual pairing of H
and H'. We will always assume that a(-,-) is elliptic in the sense that

a(v,v) ~ [lv|l%, (4)

which is easily seen to imply (2).
Typical examples are second order elliptic boundary value problems on a Lipschitz
domain Q C R? such as the Poisson equation

—Au = f in Q (5)
v = 0 on ON.

In this case, H = H} (), H' = H~'(2), and the corresponding bilinear form is given
by

a(v,w) = /QVU -Vwdz. (6)

Thus H typically is a Sobolev space. Therefore we will from now on always assume
that H and H', together with Ly(Q2), form a Gelfand triple, i.e.,

HC Ly(Q) Cc H (7)

with continuous and dense embeddings.
More general, one also may assume that £ is an operator with global Schwartz
kernel

(o)) = [ Ka)oty) dy
Q
where for d +t + |a| + 3] > 0

|020° K (2, y)| < ||z — gl pi T, (8)

Here €2 denotes a domain contained in R? or a closed d-dimensional manifold and ¢ a
suitable parameter, || -||ge denotes the Euclidean norm. Assumption (8) covers a wide
range of cases, including pseudodifferential operators as well as Calderén—Zygmund
operators, cf. [25]. Nevertheless the adaptive numerical scheme we discuss later
works on more general (pseudodifferential) operators, provided that compressibility
properties of the corresponding discretization matrices hold.



We are interested in solving (1) approximately with the aid of a suitable numerical
scheme. One candidate would clearly be the Galerkin method. There one picks some
finite dimensional space S C H and searches for ug € S such that

(Lug,v) = (f,v), u €S, (9)

where (-, -) denotes the standard Lo—inner product. A resonable choice for S would,
e.g., be a finite element space. However, in this paper we are mainly interested in
(wavelet) frames. Then, one possible strategy would be the following. Choose a suit-
able subset of frame elements, project the problem in the sense of (9) onto their span
and compute the Galerkin approximation, try to estimate the current error in order
to choose suitable additional frame elements and so on. But such a standard and
classical approach can produce serious problems, e.g., numerical instability and diffi-
culties to prove convergence. Indeed, since we allow redundancies within the frame,
the corresponding stiffness matrices might be singular. Consequently, to handle this
problem, we shall use a different strategy as outlined in detail in Section 4. Instead
of using a classical Galerkin scheme, we work with an /;—problem equivalent to (1),
which is treated by an approximated Richardson iteration.

3 Banach Frames

In the course of this paper, we have to consider weighted function spaces. To this
end, we introduce a special class of weight functions. A weight w on R? is a non—
negative real-valued function, which we assume to be continuous without loss of
generality. A weight w on R? is m-moderate if w(z +y) < m(z)w(y), where m is a
submultiplicative weight on R?, i.e., m(z+y) < m(z)m(y), and radial symmetric, i.e.,
m(z) = m(||z||ge). A classical example of a submultiplicative and radial symmetric
function is m,(z) = (1 + [|z[/pe)’.

The weighted £,-space £,.,(N) on the countable index set N' C R? with respect
to the weight w is induced by the norm

1/p
el == (Z Icn\pw(n)p> > (10)

neN

with the usual modification for p = co. Throughout this paper, we will require the
existence of a map |- | : N — Z, and we use the shorthand notation £, :(N) :=

g 25l (N).
p, X

(-, )2 and norm || - ||z A sequence F = {f,}nen in H is a frame for H if

112~ ST fadwl?, for all f e A (11)

neN



As a consequence of (11), the corresponding operators of analysis and synthesis given
by

FIH—>€2(N)> f'_> (<f’f”>H)neN’ (12)
F*: 0,(N) - H, CHZCnfn, (13)
neN
are bounded. The composition S := F*F is a boundedly invertible (positive and

self-adjoint) operator called the frame operator and F := S~1F is again a frame for
‘H, the canonical dual frame, with corresponding analysis and synthesis operators

F=F(F*F)', F'=(FF)F. (14)
In particular, one has the following orthogonal decomposition of f5(N)
lo(N) = ran(F) @ ker(F*), (15)
and
Q:=F(F*F)'F*:  {y(N) — ran(F), (16)

is the orthogonal projection onto ran(F'). The frame F is a Riesz basis for H if and
only if ker(F*) = {0}. The importance of the canonical dual frame is its use in the
reproduction of any element f € H. In fact, one has the following formulas:

F=887F = (.S dhnfa =SS =D Af fanS o (17)

neN neN

Since a frame is typically overcomplete in the sense that the coefficient functionals
{¢n}nen in the representation

F=> calf)fn (18)

neN

are in general not unique (ker(F™) # {0}), there exist many possible non-canonical
duals {f,}nen in ‘H for which

F=> Af. fdntn (19)

neN

A more general definition of frames is required for Banach spaces, cf. [44, 47], see
also [35]. A Banach frame for a separable and reflexive Banach space B is a sequence
F = {fultnen in B with an associated sequence space B, such that the following
properties hold:

(B1) the coefficient operator F' defined by F'f = ({f, fu)sx5') is bounded from B

into By;

neN



(B2) norm equivalence:

171l ~ [|(CF. £ o) e, (20)

(B3) there exists a bounded operator R from B; onto B, a so—called synthesis or
reconstruction operator, such that

R((U fudses) ens) = - (1)

Assuming that B is continuously and densely embedded in H, one has
BcH~H cCB. (22)

If the right inclusion is also dense, then (B,H,B') is called a Gelfand triple. In
particular, this holds if B is also Hilbert space. A frame F (here F is the canonical
dual frame) for H is a Gelfand frame for the Gelfand triple (B, H,B’), if F C B,

F C B’ and there exists a Gelfand triple (Ba, €(N), B}) of sequence spaces such that
F*:By— B, F'c = chfn and F:B— By, Ff= (<f,fn>3><lg/)n€N (23)
neN

are bounded operators.

REMARK: If F (again F is the canonical dual frame) is a Gelfand frame for the
Gelfand triple (B, H, B’) with respect to the Gelfand triple of sequences (Bd, lo(N), B&),
then by duality also the operators

F*:By— B, F'c=Y cify and F:B — By, Ff = ({f, fu)sxs)
neN

are bounded, see, e.g., [49] for details.

The next result clarifies the relations between Gelfand and Banach frames.

Proposition 3.1. If F is a Gelfand frame for (B, H,B’), then F and F are Banach
frames for B and B’, respectively.

Proof. We only show that F is a Banach frame for B, since the second claim follows
by an analogous argument. It suffices to prove (B2). F being the canonical dual of
F,we have by (17) f = >\ (/f, fn)an for each f € H, with convergence in ‘H. But
for f € B, we have (f, fn)H = (f, f)sxp and F*Ff € B by the boundedness of F*
and F, so that Y onen 'S f)Bxs fo = F*Ff = f also converges in B. Hence

= [|F*Fflls S 1Eflls, < 1 /s
B

||fHB = Z<fa fn>B><B/fn

neN




4 Adaptive Numerical Frame Schemes for Opera-
tor Equations

In this section, we want to show how the Gelfand frame setting can be used for the
adaptive numerical treatment of elliptic operator equations of the form (1). Unless
otherwise stated, we shall always assume that (3) and (4) hold, so that £ is symmetric.

We want to discretize (1) by means of a suitable Gelfand frame for (B, H, B'),
where we choose B = H, H = Ly, and B' = H'. Following, e.g., [14], a natural
way would be to expand the operator equation with respect to the frame and to
convert the problem into an operator equation in ¢5. However, then the redundancy
of the frame might cause problems in the sense that we might end up with a singular
system matrix. Nevertheless, in Theorem 4.2 below we show that this can in fact be
handled in practice and that the solution of our operator equation can in principle be
computed by a version of the Richardson iteration. It is clear that the resulting scheme
is not directly implementable since one has to deal with infinite matrices and vectors.
Therefore, following [14, 16, 52|, we also show how the scheme can be transformed
into an implementable one by using approximated versions of the necessary building
blocks. The result is a numerical frame algorithm which is guaranteed to converge.

As already outlined, the analysis presented in this section was inspired by the
pioneering work of Stevenson [52]. Nevertheless, there is one essential difference. In
[52], the frame is directly constructed for the solution Hilbert space H by identifying
H with its dual via the Riesz map. This is clearly a reasonable way, however, in the
Gelfand triple setting, it is then not possible to identify also H = L with its dual at
the same time, see, e.g., [49] for details.

In this paper, we try to introduce the use of Gelfand frames as a more natural
setting, i.e., our frames are constructed in H but nevertheless give rise to norm
equivalences for B as well as for B’. From the notational viewpoint, we deliberately
denote the Hilbert space we are constructing Gelfand frames for with B, because
Gelfand frames are much more closely related to Banach than to Hilbert frames, see,
e.g., Proposition 3.1.

4.1 A Series Representation of the Solution

In the following, we fix a Gelfand frame F = {f,}nen for (B,H,B’) with a cor-
responding Gelfand triple of sequence spaces (Bd,fg (N), B&), where we will always
identify H and ¢(N') with their duals H' and fo(N)’, respectively.

Moreover, we shall always assume that there exists an isomorphism Dg : B; —
l5(N), so that its lo(N)-adjoint D : lo(N') — B is also an isomorphism.

Lemma 4.1. Under the assumptions (3), (4) on L, the operator

G = (Dy) 'FLF*Dy* (25)



is a bounded operator from lo(N) to ly(N). Moreover G = G* and it is boundedly
invertible on its range ran(G) = ran((Dj) ' F).

Proof. Since G is a composition of bounded operators Dg' : lo(N) — By, F* : By —
B, L:B—B,F:B — Bjand (D§)™': B, — l5(N), G is a bounded operator from
lo(N) to ly(N). Moreover, from the decomposition (25) it is clear that

ker(G) = ker(F*Dg'), ran(G) = ran((Dj) ' F). (26)

Since L is symmetric, we have G = G* and the orthogonal decomposition

lo(N) = ker(F*Dg') @ ran((Dj) ' F). (27)

Therefore
Gjran(c) : Tan(G) — ran(G) (28)
is boundedly invertible. [ |

Theorem 4.2. Let L satisfy (3) and (4). Denote

f:=(Dy)'Ff (29)
and G as in (25). Then the solution u of (1) can be computed by

u=F*D;'Pu (30)
where u solves

Pu = <a i(id —ozG)”) f, (31)

with 0 < & < 2/Amax and Apax = ||G||. Here P : 5(N) — ran(G) is the orthogonal
projection onto ran(G).

Proof. Like in Theorem 3.1, we have u = _\(u, fa)aifn in H. Since F is a Gelfand
frame, F*F' : B — B is bounded and implies u = F*Fu =Y, _\(u, fu)sxp fn in B.
By Proposition 3.1 and using (B3) for F, (1) is equivalent to the following system of
equations

Z<U, fn>3><3/<[’fna fm)B/xB — <f> fm)B/xB, m & ./\/ (32)

neN
Denote u := DgFu and f, G as in (29) and (25). Then (32) can be rewritten as

Gu=f. (33)
For all v € l3(N)

(GV, V)i, = <(D2§)_1F£F*Dglv,v>g2w) = <£F*D1§1V,F*Dg1v)3/w.

10



Since L is positive, G is positive semi—definite. Let us denote A\nax = |G| and

A = [[(Gran(e)) |7 For 0 < a < 2/Apax, one can consider the operator
B:=« Z(id —aG)". (34)
n=0

Since p = ||id —aGran(q)|| = max{aAmax — 1,1 — @Af } < 1, with minimum at

@* = 2/(Amax + Al ), one has that B is a well-defined bounded operator on ran(G).

min

Moreover, it is also clear that
Bo G\ ran(G) — Go B\ran(G) = idran(G) . (35)

Since G(id —P) = 0,
Gu = GPu={. (36)

Therefore Pu € ran(G) is the unique solution of (33) in ran(G) and by (35)
Pu = Bf. (37)

By construction

(f, fm)sxs = (F'Ff, fm)sxs
= (F"Dgf, fn) x5
- <F*D§GPU, fm>8/><6
= <£F*DglPua fm>B’><B7 m e Na
so that u = F*Dyz'Pu solves (1). [

4.2 Numerical Realization

Now we turn to the numerical treatment of (33). The computation of (31) is nothing
but a damped Richardson iteration

u™ =u® — o(Gu —f), (38)

starting with u® = 0. Of course this iteration cannot be practically realized from
infinite vectors.

In the following, we show that the approaches by fully adaptive schemes presented
in [16, 52] to compute approximations of solutions of (33) can also be extended to the
case where the matrix G is computed by a Gelfand frame discretization. Therefore,
for the rest of this section, we refer to [16, 52] for details.

Assume that we have the following procedures at our disposal:

e RHS|[e,g] — g.: determines for g € (5(N) a finitely supported g. € fo(N)
such that

g — gelleov) <& (39)

11



e APPLY[e,N,v] — w.: determines for N € L({3(N)) and for a finitely sup-
ported v € l5(N) a finitely supported w. such that

INV — W[l <€ (40)

e COARSE[e, v] — v.: determines for a finitely supported v € lo(N) a finitely
supported v, € lo(N) with at most N significant coefficients, such that

[V = Velleuoiy < €. (41)

Moreover, N < Ny, holds, Ny, being the minimal number of entries for which
(41) is valid.

We will discuss the availability of the routines RHS, APPLY and COARSE
later, after the proof of Theorem 4.3. Then we can define the following inexact version
of the damped Richardson iteration (38):

Algorithm 1. SOLVE[e, G, f] — u.:

Let § < 1/3 and K € N be fixed such that 3p® < 6.
=0, v = 0, g9 = |GL, o IElleacr)
While ¢; > ¢ do
ti=1+1
€ = 3PK€i—1/'9
f0) .= RHS[ 2 f]
v(:0) .— (i—1)
For j=1,..., K do
v(id) = y =l a(APPLY[GiE;(, G,vi=] — £0))
od
vl .= COARSEJ[(1 — 0)g;, v
od

u. = v,

Note that here, deviating somewhat from the notation in (38), we denote by v
the result after applying K approximate Richardson iterations at a time to v—1),

Theorem 4.3. In the situation of Theorem 4.2, let u € lo(N') be a solution of (33).
Then SOLVE[e, G, f] produces finitely supported vectors v v® such that

|P(u— V(i))Hb(/\/) <eg, i>0. (42)
In particular, one has
lu — F*Dgluclls < [E*[1Dg' . (43)
Moreover, it holds that
. . 20¢;
—_ (id — (i-1) _ ,(i,K) v ;
|Pu— (id—P)v % wa) < 70 ¢ > 1. (44)

12



Proof. The proof is completely analogous to [52], replacing Q by P. For i =0, (31)
and (37) yield

[P (= v, n) = Pullezen = B[l < o

Now take i > 1 and let ||P(u— V(i_l)wzgw) < g;_1 hold. We show (44) first. When
exactly performing one damped Richardson iteration (38), from, say, some vector w®
to wltl equations (33) and (36) yield

Pu— wi™ = Pu—w® + o(Gw® — f) = (id —aG)(Pu—w®).  (45)

So, by induction, the exact application of K damped Richardson iterations at a time
would result in

Pu — w' ) = (id —aG)X (Pu — w). (46)

But the loop of Algorithm 1 performs K perturbed Richardson iterations v/, starting
from v(#9) = v(=1)_ By construction, the stepwise error does not exceed

- O, Oe; O
i) (Z 1) (4,5—1) i i _ =t
HV J i1 4 a(Gv a= Hég So (6ozK + 604K) 3K’

so that after K steps we end up in

|Pu— v — (id —aG)¥ (Pu — vi™Y) HEQ(N < K3

It is straightforward to compute the identity
(id —aG)X (Pu — vi™Y) = (id —aG)XP(u — viY) — (id —P)vlY. (48)
But due to the specific choice of the relaxation parameter « in Theorem (4.2), we get

be;
3 )
which, together with (48), yields (44). Now, by using (44) and the definition of
COARSE one has

|(id —aG)¥P(u— v < p"||P(u <pfei = (49)

He (W) Heg(N)

Pu+ (id —P)v D —vO|pn < [[Pu+ (id -P)vD —vEO|

: 20
—}-HV(ZK (Z)Hég(/\/) < Egi + (1 — t9)€¢ <eg;.
Then (42) follows by
Pa—v)Z0wy < IP@—=v)7 0+ [1d=P)vY = v)|IZ
= [[P(u—v®)+ (ld P)( O] 7%
= ||Pu+ (id —=P)viY — vl ||?2(N)

13



Since ker(F*Dy') = ker(G) = ker(P), we finally verify

lu— F*Dg'u.|s = |F*(Fu— Dg'u.)l|s
— HF*Dgl(u—ug)HB
= [[F"Ds'"Pu—u.)|,
< IF D P — ),
< |F*[IDg"le.

REMARK: Note that the single iterands v(*) might not be elements of ran(G), which
is due to the APPLY routine. But this has no effect on the convergence of Algorithm
1, up to the prescribed tolerance.

Of course, in concrete numerical realizations, the damped Richardson iteration
might exhibit a low convergence rate when the relaxation parameter « is small. This
constitutes one of key points for the efficiency of such scheme. Generalizations of
Algorithm 1 towards, e.g., conjugate gradient iterations can be realized [16], even if,
in some applications [19, 29|, such generalizations did not give much better results.

Now clearly the question arises how the basic routines RHS|e, g], APPLY [¢, N, v]|
and COARSE[g, v] can be realized numerically. We refer, e.g., to [14, 16, 52| for
a detailed description. However, for the reader’s convenience, at least some re-
marks concerning APPLY[e, N, v| are advisable. To derive a suitable version of
APPLY e, N, v], we have to restrict ourselves to compressible matrices. As usual,
for s* > 0, a bounded N : lo(N') — l5(N) is called s*—compressible, if for each j € N
there exist constants ; and C; and a matrix N; having at most «;27 non—zero entries
per column, such that

IN-N| <0, (50)

where (a;)jen is summable, and for any s < s*, (C;2%),cy is summable. For s*-
compressible N, we make use of the following routine APPLY"

APPLY[e,N,v] - w.

o q:= [log((#supp v)"/*|[v]| e [IN][2/€)].

e Divide the elements of v into sets Vy, ..., V,, where for 0 <1i < g—1,V; contains
the elements with modulus in (27| V||ev), 27|V esv)) and possible remain-
ing elements are put into V.

e For k = 0,1,..., generate vectors vy by subsequently extracting 2% — [2F71]
elements from U;V;, starting from Vi and when it is empty continuing with V;
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and so forth, until for some k =1 either U;V; becomes empty or

l
vV — Zv[k]

k=0

[N <e/2. (51)

L2(N)

In both cases, vy may contain less than 28 — |27 | elements.

o Compute the smallest j > | such that
!
> Ciklvigllewy <e/2. (52)
k=0

o For 0 <k <1, compute the non—zero entries in the matrices N;_;, which have
a column index in common with one of the entries of vy and compute

l
we =Y Ny vy (53)
k=0

For an estimation of the computational complexity and the storage requirements of
Algorithm 1, we have to introduce the weak £, spaces (*(N). Given some 0 < 7 < 2,
(¥(N) is defined as

GWN)i={e € L)« lefe) = sup n'7|ya(e)] < oo}, (54)
ne
where v,(c) is the nth largest coefficient in modulus of c. We refer to [14, 31] for

further details on the quasi-Banach spaces £ (N).

Theorem 4.4. Assume that for some s* > 0, G is s*—compressible and that for some
s €(0,s%) and 7= (1/2+s)"!, Gu = f has a solution u in (“(N'). Moreover, assume
that £ is s*—optimal in the sense that for a suitable routine RHS for each s € (0, s*)
and all e > 0 with f. := RHS|e, f] the following is valid:

(1) #suppf. S = VIELL

(II) the number of arithmetic operations used to compute it is al most a multiple of
—_1/s|ell/s
e Elgbiney

In addition, assume that there exists an § € (s,s*) such that with 7 = (1/2+3)"', P
is bounded on (¥(N). Then, if the parameter K in SOLVE is sufficiently large, for
all e > 0, u. := SOLVE[¢e, G, f] satisfies

(1) #suppu. < e Voul
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(II) the number of arithmetic operations used to compute u. is at most a multiple of
AL FANS
REMARK: In practical applications, one has to check the s*—compressibility of G
and especially of P in detail, which might be a problem, cf. [52, Section 4.3]. In
Section 7, we present an application of Algorithm 1 where G and P = Q are in fact
s*—compressible.

4.3 Compressible Matrices

In the previous section, it has turned out that the applicability of the fundamen-
tal Algorithm 1 essentially relies on the compressibility properties of the resulting
stiffness matrices. Therefore, in this section, we want to introduce two classes of off—
diagonal decaying matrices which are in fact s*—compressible and usually appearing
in applications, for instance, in signal and image processing, numerical analysis and
simulation.

e The Jaffard class is defined as the class of matrices N = (ng;)xien, such that
| S (14 ||k —I|ge) " for all k,l € N, and r > d,
where A/ C R? is assumed to be separated, i.c.,

inf ||k —{||ga >0 > 0.

kL,

kleN
As we will discuss in Section 7, the Jaffard class turns out to be very useful for ap-
plications of Algorithm 1 to the efficient computation of canonical dual frames and
in the solution of more general operator equations. For example, suitable brushlet
systems have been constructed by Borup and Nielsen [8] as unconditional bases for
a-modulation spaces [40]. Borup showed in [7] that such systems discretize pseudo-
differential operators in Hormander classes into Jaffard class matrices G with nice
polynomial off-diagonal decay, see [7, Proposition 3.2]. Alternatively, one can use
a—Gabor-wavelet frames as introduced in [34, 40] for the discretization of such oper-
ators. Recently, connections between pseudodifferential operators and time—frequency
analysis [45] have been recognized, with relevant applications in signal processing and
transmission, radar technology, and wireless communication [37, 38].

Proposition 4.5. Let N be a matrixz in the Jaffard class and
Il < (1 + ||k — lHRd)_n for all k,l € N,

where n/2 > r > d. Then the matriz N; = (n](gjl)>k,l€'/\/’ given by

)

G _ {0 k= lge > ;2
nkJ —_— b

ng; , otherwise
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where (aj)jen is a positive summable sequence, is such that
IN —N;|| < oz?_TQ(d_T)j for all j € N. (55)
In particular, N is s*—compressible for s* =r — d.

Proof. We want to use Schur’s lemma 8.1. Let us choose as weight w; = (14 HlHRd)_T,
and denote Ay = {l € N : ||l = k|[ga < %} and Ay = N\A;. If | € Ay, then
1]]ge > Bt anq

Sl —ndlwe <> (Ll k) @+ )

leAq €Ay,
i Kll g >0;27
< (1+ IFlles) ™ > (W= Elza)
~ 2 R
li—Kl|ga>a;29
< (1 [lKf) / (1 + [€]e) e
1€l > ;29
< wka?_”Q(d_")j.
If I € Ay then ||| — kg > M2t ang
> g — )l S > (A= Ellge) (1 lga)
leAs l€eAa,
1=kl ga>a; 27
< 5 |
li—Kllga>a;27

The assumption 1 > 2r implies

Sl —n@ler S @+ KR Y (4l k)

lEA; (1=Kl ga>a;29

< (L4 |lEfr) / (1 + [€le) e

€]l ga>ai;27
S wkag_TQ(d_r)].

Since n > r, we have af "2 < o772 and

Z\nm—nkl|wl<wad r9d=1)i for all k € N, j € N.
I

In the same way one can show that

Z|nkl—nkl|wk<wla 204=1)i foralll € N, j € N.
k
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By Schur’s lemma 8.1, one has ||[N — N;|| < oz?_TQ(d_’”)j . The s*—compressibility of N
is obvious. [ |

Another important class of off-diagonal decaying matrices is the Lemarié class.
This kind of matrices typically arises in the discretization of non—local operators with
Schwartz kernels satisfying (8) by using wavelet frames.

e The Lemarié class is defined as the class of matrices N = (ny x)anes, such
that
Iy S 27 IRV 4 5(A V)T for all A, N € T (56)

Here we require r > d and s > d/2, d is the spatial dimension and the index
A € J typically encodes several types of information simultaneously, namely
the scale often denoted by |A| € Z and the spatial localization, see [14] for more
details on the notation. Furthermore, we assume that § : N' x A/ — R, fulfills
the following properties:

(a) ZP\’\=J” (14 6\ N))7" < 2dmax{0s =} for all A € 7,

(b> Z{N;a()\’)\/)>R} (1 +5()\7 >\,>>_T SJ R—r+d2dmax{0,|)\’\—|)\\}7 for all A c j and
R >0,

(¢) #{N € T : 6\ N) < R} S RR2UMN-IVIl for all A € J and any R > 0.
A typical example of a function ¢ fulfilling (a)—(c) is given by
§(A, ) = 2T dist (supp ¢y, supp ),

where {1y} c7 is a wavelet system.

In Section 6, we construct suitable Gelfand wavelet frames on domains which
ensure that the stiffness matrices corresponding to elliptic differential operators are
contained in the Lemarié class. We also refer to [14, 16, 50] for the relevant and
related literature. The s*—compressibility of Lemarié class matrices, depending on
the parameters s, 7, is discussed in [14, Section 2.4, Proposition 3.4, Corollary 3.7].
In particular, one has the following:

Proposition 4.6. Suppose that s > d/2, r > d and N = (n) x)ves satisfies (56).
Then N is s*—compressible, where

s . Js L
s.—mln{d 57 1}. (57)

5 Localization of Frames and Gelfand Frames

As we have discussed in the previous sections, given an operator £ : B — B’ which
satisfies our basic ellipticity assumptions, one should choose a suitable Gelfand frame
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for (B, H, B') such that the corresponding matrix G can exhibit compressibility prop-
erties, maybe belonging to one of the off-diagonal decay classes illustrated in Section
4. This ensures that Algorithm 1 can work properly and maybe converges with opti-
mal complexity.

The point is that already the extension of a Hilbert frame for ‘H to a Gelfand
frame for (B, H, B’) is not a trivial problem, especially when one is dealing with highly
unstructured situations or complex geometries. For this it is important to have a quite
flexible and general machinery to ensure the Gelfand property also for these cases.
For example, we will discuss in Section 6 the construction of Gelfand wavelet type
frames for domains. In order to preserve all the freedom that frames can ensure, we
will not exploit any additional structure, e.g., an underlying multiresolution analysis.

In this section, we illustrate a very general method for ensuring that suitable
frames for the Hilbert space H indeed extend to Gelfand frames for the class of
associated Banach spaces B = H,(F, F) of the functionals that admit Banach frame
expansions with canonical dual coefficients in ¢, ,,(N). Such abstract machinery can
be concretely applied on a very large class of relevant frames appearing, for instance,
in several problems of signal processing, for example, Gabor frames [37, 38, 45] and
more general a—Gabor—wavelet frames [34, 39, 40]. In the next section, we will modify
the approach to treat also the more complicated case of wavelets on domains and
manifolds. Especially, our goal is to prove the following theorem:

Theorem 5.1. Let F be an A-self-localized frame for 'H, i.e., a frame for which
the corresponding Gramian matriz belongs to a suitable Banach algebra of matrices
A. Assume that w is an m-moderate weight (for a suitable choice of m as we will
discuss in the following), and that (£y.,(N),l(N), by 1/wN)), 1/p+1/p =1 for
some 1 < p < o0, is a Gelfand triple. Then F is a Gelfand frame for the Gelfand
triple (H2(F, F), H, H2(F, F)').

Some preparations are necessary. In Subsection 5.1, we discuss the localization
properties of frames. Especially, the concept of A-—self-localized frames is introduced.
Then, in Subsection 5.2, we show that A-self-localized frames give rise to character-

izations of associated Banach spaces in a very natural way. In particular, the spaces
Hy(F,F) and Hy'(F, F) are introduced and discussed.

5.1 Localization Properties

In the following N and X denote index sets taken in RY. We assume that all index
sets are relatively separated, this means that, for all k € Z,

sup card (M N (k +[0,1]%)) :==v < o0
kezd

We want to recall here a concept of mutual localization of two frames measured by
their (cross—)Gramian matrix belonging to a Banach x—algebra A of matrices which
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is inverse—closed in L((>(N)). The theory of localized frames with respect to an
algebra has been introduced in [48] and further developed in [42]. We also refer to
[17, 44, 46, 47] for relevant and related papers on localization of frames. In particular,
in [42], it has been shown that a localized frame can extend to a Banach frame in
a natural way for a large family of Banach spaces together with its canonical dual.
As we shall see, this will be useful as a tool for constructing Gelfand frames. In
the literature there have already been developed other tools to extend Riesz bases to
unconditional bases of Banach spaces. These techniques were based, for example, on
multilevel nested sequences of spaces satisfying Jackson and Bernstein inequalities,
see, e.g., [22, 23]. The localization of frames theory proves to be another very useful
and flexible tool to extend frames to Gelfand frames.

In the following, A is a Banach x—algebra of infinite matrices indexed by N x N
with the following properties:

(A0) A C L(£2(N)), ie., each A € A defines a bounded operator on £(N);

(A1) if A € A is invertible on fy(N), then A" € A as well. In the language of
Banach algebras, A is called inverse—closed in L({2(N));

(A2) Ais solid: ie., if A € Aand |by| < |ay for all k,1 € N, then B € A as well,
and |BJ| < [|A]].

In the sequel we will call a Banach x—algebra A satisfying properties (A0)—(A2) a
solid spectral matriz algebra, or, for brevity, simply a spectral algebra.

There are many examples of spectral algebras such as the Jaffard class introduced
in Section 4.3. We refer to [48] for further information where a characterization of a
large class of spectral algebras is presented. The results have been proved there for
infinite matrices indexed by Z? x Z¢, but they can be generalized to separated set of
indices. A submultiplicative and radial symmetric weight m is called A—-admissible if

(W) any matrix A € A extends to a bounded operator A : £, ,(N) — £,.,(N) for
all 1 < p < oo and for all m—moderate weights w.

We assume in the following that m is an A-admissible weight and A is a solid spectral
matrix algebra.

By means of the algebra A, we can now introduce a general localization principle,
i.e., we can consider A-localized frames. Given two frames F = {f;},en and G =
{9y }yen for the Hilbert space H, the (cross-) Gramian matrix G = G(G, F) of G with
respect to F is the N/ x N-matrix with entries

Jzy = <g$7 fy>7-l'

A frame G for H is called A—localized with respect to another frame F if G(G, F) € A.
In this case we write G ~4 F. If G ~4 G, then G is called A-self-localized or
intrinsically A-localized. In particular, the following theorem has been proved in
[42]:

Theorem 5.2. Fach A-self-localized frame G has an A-self-localized canonical dual.
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5.2 Associated Banach Spaces

In this subsection, we want to show that A-self-localized frames can characterize
suitable families of Banach spaces in a natural way. Let F, F be two mutually dual
A-self-localized frames for H and assume that ¢, ,(N) C €2(N). Then the Banach
space H}' is defined to be

My (F, F) = {f eH: [ =Y {fs Fadntn (o Fadr),cp € fp,ww>} (58)

neN

with the norm || fllxy = H((f, ]En>H
lo(N), HY

)”ENH@M(N) and 1 < p < oo. Since £, (N) C
is a dense subspace of H. If ¢,,,(N) is not included in ¢3(N) and 1 <

P

p < oo, then we define Hj to be the completion of the subspace Hy of all finite

linear combinations in F with respect to the norm || f||yw = H ((f, fn)H) eN‘ o
n lpw

If p = oo, then we take the weak*—completion of Hjy to define HY . The definition of
H;f’(f F ) does not depend on the particular A4-self localized dual chosen, and any
other A-self-localized frame G which is A-localized to F generates in fact the same
spaces, cf. [42].

The next step is to show that A-self-localized frames F extend to Banach frames.
To do that, according to the definition of a Banach frame, we have to embed F and
its canonical dual F into a suitable space of continuous functionals. Since M is con-
tinuously and densely embedded into H, one has the following continuous inclusions

H CH~H C (H). (59)
The following characterization of the spaces H}'(F, F ) has been proved in [42]:

Theorem 5.3. Let F be an A-self-localized frame for H. Then the abstract Banach
space H,) from (58) can be described as

HY(F, F) ~ {f €(H") : f= Z(fa Fo) ey s s ((Fs Fad ey ) ene € Lpa(N)
neN
(60)
with the norm || f|lw = H ((f, f“>(HT)’XHT)neNH5 . The convergence of the series in

(60) is unconditional for 1 < p < 0o and the series are convergent in the sense of the
norm of (HY) for p = oco. In particular, the linear operators

F*: u(N) = HE(F,F), F'e= cufa,
3 3 ~ n€N~ (61)
F o HY(F.F) = bpuWN),  Ff = ((f. fad oy <) nen

21

}



and
F*  lyuN) = HE(F,F), Fe=Y cufu

F:HY(F,F) = bpuN),  Ff = ((f, fadoegy=rq) nen

are bounded. F and F are Banach frames for H)(F, .7:")

5.3 Proof of Theorem 5.1
We start showing that if (€,.,(N), la(N), by 1/w(N)), 1/p+ 1/p) = 1, is a Gelfand
triple, then (H;,” (F,F),H, Hy(F, J’E)’) is also a Gelfand triple. To this end, we have
in particular to prove that ' (F, F) = H;,/w(]:, F).

Let us show first (H,)" C H;,/w. Since HY" C ‘H,’ densely, then (M) C (HT")’
and 0(p) = (0, ¢) pwy xnw for all @ € (H)) and ¢ € HY". By (62) f = >,y cnfns
c € ly(N) implies f € Hy(F,F) and

oo > ‘6(f>‘ = ch<87 fn>(Hg)’Xpr :

neN

The dual of £, ,,(N) coincides with its Kothe dual
(N i={a € ((1(N))ioe : ac € {(N), for all ¢ € £, ,,(N)}

for all 1 < p < o0, and (£pu(N))" = £y w(N) for p =1 or p = oo, see, e.g., [54].
Therefore one has ((«9, f”>(H%’)’XH%’>neN € Uy 1/w(N), where

6 w)! NN H 97 ~7’L w\/ w ‘ 5
10]] () (€0, ) ey xri ) e nr by A

and, since Hy is dense in (M), one has 6 = > (0, f@mg)/x%ufn. This implies
that (H,))" C H;,/w. Conversely, if § € Hll,,/w, one defines the action of 6 on Hy* C H}
by 0(¢) = 22,40, fu) ey s (fnr )1 ¢ € HT* and, observing that 6 in fact extends
to a unique element in (')’ by density, one has Hll,,/ Y C(HY).

By Theorem 5.3 one immediately has that F and F are Gelfand frames for
(H;f’(f, F),H, Hy(F, F)'). This concludes the proof. O

Example 1. For any function f on R? write
T.f(t)=f(t—x) and M,f(t) = > f(t), (63)
the translation and modulation operators. Their combination

(&) = M,T, for &= (z,w)ecR* (64)
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is called a time—frequency shift. Let X be a relatively separated set in the time—
frequency plane R?? and let g € Ly(R?) be a fixed analyzing function. If the sequence
F =G(g,X) = {m(&)g}ecx is a frame for Ly(R?), then it is called a Gabor frame if
X is a regular lattice, a non—uniform or irreqular Gabor frame otherwise.

Consider in the following A = A,, » > d, the Jaffard inverse—closed Banach x—
algebra and an r—moderate weight w. In this situation, an A,—localized frame F is
called r—localized. Let us fix wy(w) = (1 + HWHRd)t for any [t] < r. If 0 # g € S(RY)
generates a Gabor frame F = G(g, X), then, for any r > d, F is intrinsically r-
localized and has an intrinsically r-localized canonical dual F = {€¢}eex. Moreover,
it has been shown in [42] that F and F are Banach frames for suitable classes of
modulation spaces and in particular for any L,-Sobolev space H!(R?), t € R. This
means that

e the frame expansions

f= (feem@g =Y (f.m(&)g)ée. (65)

feX gex
converge unconditionally in H*(R?);

e H'(RY) can be characterized by the frame coefficients as follows:

(66)

170~ | (e el ~ | (7€)

w- 62,1% (X)

Therefore the spaces Hy*(F, .7-: ) and H'(R?) in fact coincide with equivalent norms.
This implies also that F and F are Gelfand frames for (H', Lo, H™"), t > 0.

6 Wavelet Gelfand Frames on Domains

In this section, we want to come back to the original motivation of this paper, namely
the adaptive treatment of elliptic operator equations by means of frame algorithms.
To this end, it is clearly necessary to construct Gelfand frames of wavelet type on a
bounded domain @ C R?. It turns out that for the construction of such frames, we
have to generalize the Lemarié localization concept from Section 4, and to modify
the strategy illustrated in Section 5, mainly because the corresponding matrix class
with exponential off-diagonal decay is not inverse—closed and thus not a spectral
algebra. We introduce and analyze the new localization concept in Subsection 6.1. In
Subsection 6.2, we present an explicit construction of wavelet Gelfand frames on 2
which fit into the new localization setting. The major tool is the specific localization
to a smooth Ly(€2) auxiliary reference Riesz basis.
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6.1 p—exponential Localization of Frames

The construction of Gelfand frames of wavelet type for Lo—Sobolev (and Besov) spaces
requires localization properties of wavelet frames of exponential type, see, e.g., [17].
However, in the case of bounded domains, the setting of the previous sections has
to be slightly generalized. It is mainly the definition of exponential localization that
has to be modified, because the index sets of different frames over €2 will no longer
be mutually isomorphic in general, cf. [24, 26, 27]. To cope with this difficulty,
let us consider in the following three countable sets of indices Nj, N3, N, a triple
0 = (o1, 02, 03) of functions g; : N; x N}, — R and projections

T I./\/l X NQ X ./\/3 —>./\/] X Nk, 7T7;(X) = (.fl?j,.Tk), (67)

where ¢ € {1,2,3}, j,k € {1,2,3} \ {i} and j < k. We assume that the following
three generalized triangle inequalities hold for some fixed wy > 0:

0i(mi(x)) < 0j(m;(x)) + woor (mr(x))  for all x € Ny x No x Nj. (68)

Given two frames F = {f,}.em and G = {g,}yen for the Hilbert space H, we say
that F is p—exponentially localized with respect to G (or simply exponentially localized
once o is fixed) if there exists a choice N1, N2, N3 € {M, N} and a function triple
0 = (01, 02, 03) satistying (68) as above, such that for some s > 0 and some i € {1, 2, 3}

|(for 99)n| S e~ 4@ forall x € Nj, y € Ni. (69)

In such a case we write F ~ep G. A frame F such that F ~y, F, is called intrin-
sically p—exponentially localized. Let us denote here A.y, the class of matrices which
have g-exponential off-diagonal decay, i.e, A € Aeyp whenever |a,,| < ese(®y) for
some s > 0, and Bey, C Aexp is the class of matrices in Agyp, such that there exists
some s € (0, s/wp) so that, for s := s — wps/,

sup Z e="ea@Y) < oo, (70)

where s > 0 is as in formula (69). Note that Aeyp, is neither closed under multiplication
nor inversion and thus not a spectral algebra. Therefore the theory developed in the
previous section cannot be applied. However, by Lemma 8.4 in the appendix, one has
that BexpAexp C Aexp and Theorem 8.5 shows that for invertible matrices M € Bey,,
we still have M~ € Agy,.

The following result concerning exponential localization is a slight generalization
of those presented in [17, 47] and it will turn out to be a helpful alternative technical
tool to show localization properties of canonical dual wavelet frames on domains.

Theorem 6.1. Let F = {f,}oem be a frame for H and G = {g,}yen a Riesz basis
Jor H with dual basis G = igy}yeN such that F ~exp G. Moreover, we assume
that G(F,G) € Bexp and G(G,F)G(F,G) € Bexp. Then F ~epp G, where F is the

canonical dual frame of F.
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Proof. Consider the map
I:H—6LWN), Tf:=(f, gy)H)ye/\/’

its adjoint
I 6N) = H, T'c:=) ¢j,
yeN
and the operator T := I'ST* : l5(N) — (5(N), where

S:H—H, Sf= Z<f,fz>fo
xeM
is the frame operator associated to F. T is an automorphism of f5(N') with
Tm,y = <em7 Tey)ég(]\f) - Z <§y7 fz>7-[<fz7 §m>H7
zeM

and therefore T € Bey,. A straightforward computation yields

<f:ca gy)H = <SS_1fza gy)H

= Z<S_1fm7fz>ﬁf27§y>
H

zeM

= Z <S_lf:c> fz)H(fza §y>H

zeM

= Z<fm> fz)H(fzvgy)H

zeM

= > <Z<fm95>n<§5>fz>7f> (f=, Gy)n

zEM \EeN
= (AT)%y,

where z
A = (<fz> g§>H>zEM,§ENn

By Theorem 8.5, we have T~ € Ay, and the claim immediately follows by A, , =

ZEEN(f% §§>H(T_1)E,y> and by Beprexp C Aexp-

6.2 Aggregated Wavelet Frames

In this subsection, we want to establish a straightforward construction of Gelfand
wavelet frames on a bounded open domain  C R? The very natural key idea is
to lift an appropriate template (Gelfand) wavelet frame W& = {y)J} o on the d-
dimensional unit cube [0 := (0, 1)? to €2, using only a sufficiently smooth parametriza-
tion of 2 by local charts, and then just to merge all local basis functions into a global
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system W, cf. [41, 52]. Under some conditions on W~ and the other ingredients
of the construction, ¥ is again a (Gelfand) frame. According to the nature of its
construction, let us call such a system ¥ an aggregated wavelet frame.
In the following, we fix B := H{(Q2), the Ly—Sobolev space of Sobolev smoothness
t > 0 on Q of functions vanishing on the boundary 0€2. The continuous and dense
inclusions
HiC Ly~ (L) c H

ensure that (HE, Ly, H™) is a Gelfand triple. Assume then that C := {Q;}I, is an
overlapping, relatively compact covering of €2, such that

(C1) there exist C"—diffeomorphisms k; : 0 — Q; of Q;, m > ¢, foralli=1,... n;
(C2) there exists a C™-partition of unity ¥ := {0;},=1__, subordinate to C.

Clearly, the set of admissible domains §2 is restricted by raising the conditions (C1)
and (C2), e.g., the boundary of 2 has to be piecewise smooth enough. But since the
particularly attractive case of polyhedral domains is still covered, these assumptions
on the parametrizations x; are no principal limitations. The partition of unity X
affects the construction of ¥ only in so far as we will use it as a tool for proving
the Gelfand frame properties. In particular, we will exploit that the operators P :
H{(Q) — HL(), Pi(f) = f - o0; are bounded and constitute a Bessel resolution of
the identity for H{ (), i.e.,

(P1) > ,P;=id, in the strong operator topology;
P2) >, HpifH%ﬁ(Q) ~ HfHQHi(Q)’ for all f € Hj(Q).

As already mentioned, let us consider a template wavelet frame WY = {y)U} _ o in
Ly(0), with canonical dual U5 = {47}, 0. We assume that U5 ¢ Hy (0) for some
v > 0. In practice, since we will have to raise some vanishing moment conditions on
UH to ensure the Gelfand frame properties of ¥, we will choose W™ to be a Riesz basis,
constructed as a tensor product of biorthogonal wavelet bases on the unit interval with
complementary boundary conditions [24, 26]. Those bases are particularly attractive
since they can be designed to exhibit any given Sobolev smoothness and any given
number of vanishing moments of the primal wavelets. Moreover, one has that ¥ is
a Gelfand wavelet frame in HE(O) for some ¢ > 0. Another possibility would be to
consider genuine wavelet frames on the interval from the very start of the construction
[13], but in the following, we confine the discussion to the Riesz basis case.

Concerning the frame indices N, we will use the same notation as in [24, 26, 27].
Let jo € Z be a fixed coarsest level. Each wavelet frame on [J consists of a set
of scaling functions (or generators) on the level jy and of the wavelets for all levels
j > Jo. Let AjDO, V]-D C Z% be fixed index sets for j > jo. To simplify the notation,

basis elements of the form wj?)—l,k? for k € A%

7, correspond to the scaling functions
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on the level jo (with an index shift by 1 in j), whereas wfk, for j > jo and k € VJ-D,
are wavelets on the level j. We will use the index sets

ND ={(o—1k) : ke ADYu{(jk): j>jokeVS}, for1<i<m, (71)

and .
N o= J{i} x N, (72)
i=1
where we define the mapping |- | : N — Z by
(7, k)| := j, for all (j,k) € NO. (73)

We will have to assume that the geometrical and the dyadic physical grid are com-
patible in the sense that for (i,7,k) € N, we always have k € {0,...,27}% so that
277k € 0. But this condition indeed holds when using an appropriate biorthogonal
Riesz basis on O [24, 26].

Our aim is now to show that the system

U= (%,j,k)(i,j,k)e/\/, (74)

) jD,k ("%‘_1(55))
Vijx(x) = ] 1/2°
|det Dr; (k" (2)) |
and 1; jx(x) = 0 for z € Q\ §;, is a Gelfand frame for (H{(2), L2(2), H*(2)) with
(global) canonical dual

where

for all (i,7,k) e N, x € Q, (75)

U= (¢i,j,k)(i,j,k)eN’- (76)
By (75), the (local) 5(€2;) can be written as
g
Q;i,j,k = Uik ok !

|det D;[t/2 ~ 7"
In the following, let o; : N' x A/ — R be given by

oww((i,5,k), (¢, 7, X)) == 01((i,4,k), (7', ', K))
r min(j,5’ —J —j’
= 5los (14270 ws(27K) = 52 7K o) (77)

9
+ 17 —j’|log2+2—glog2,

for (,7,k), (7,5, k') € N and r, s > 0, i.e.,
e—s1((6:3.K),(¢",5" X)) _ 9=9r/2 <1 4+ 9min(5.5") “Kﬁ(z_jk) — “i’(z_jlk,>“1gd>_r 93—l (78)

By Lemma 8.6, p; fulfills the triangle inequality (68) for Ny = Ny = N3 = N,
02 = 03 = 01 and wy = 1.

The frame and Gelfand frame properties of ¥ can be ensured by raising some
conditions on W; := (¥ 1) jxen® C Hy(K):
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Theorem 6.2. For each 1 <i < n, V; is a frame for Ly(Q2;) and ¥ is a frame for
Lo () with canonical dual V. Moreover, if

< 6_591((ivjyk)7(i/7jl7kl))’ (79)

| (Wi jxs Yir jr i)

for some r > d and s > d, where o, is defined by (77), and, for each 1 < i < n, ¥,
is a Gelfand frame for (H§(u), L2(%), H'(Q;)) with respect to the Gelfand triple
of sequence spaces (Lo,ot(ND), Lo(N'D), Ly 5 (ND)) for some t € (0,s — d), then ¥
is a Gelfand aggregated wavelet frame for (H§(Q), Lo(Q), H(Q)) with respect to the
Gelfand triple of sequence spaces (ﬁ;zt,ﬁg,ﬁgg,t), where

. 1/2
€g72t = {C = (Cl, ...,Cn) 1C; € gQ,Qt(N(i))}’ H Hé;th = (Z HCZ'HZ’?(N(I-))) .
=1

Proof. Since W, is a (Hilbert) frame for Lo(€2;), [52, Theorem 4.1] implies that ¥ is a
frame for Ly(€2). We have to show that the operators

o gg,Qt — HS(Q), Fre = Z Ci,j,k¢i,j,k (80)
(.5, k) EN
and ~ . ~
F HS(Q) - 62 2t Ff = (<f7 w@j,k))(z’,j,k)é./\/’ (81)

are bounded. For ¢ € £3,., we have ¢; € ly (N®). The corresponding operators
Fy i by (N — HE(Q,), Frd = Z(j,k)eN(i) d;x¥i jx for the Gelfand frames ¥, are
bounded, so that Ffc; € H{(;) for 1 < ¢ < n. Hence F*c = Y ' | Fic; € HE(Q)
using the trivial embedding HE(€;) C HE(R?), and thus

1/2

| F*c|| (o) <Z||F Cillme (00 <Z Z 227 |c; ia|? Sle Héth

=1 \GReN®

To show that (81) is bounded, take an arbitrary f € Hg(2). Then f = 3707, oif,
where o;f € H{(Q;). Since F; : H{(Q;) — Lot (N'Y), Frg = ((g,%5jx))
bounded operators, we get

1 ey ~ D loif e, NZ S 2|0,
i=1

i=1 (j,k)eN(®

(Gren e
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By (P1) one concludes

n

([iYij) @ = Z(Wf; Vi jX) La()

i'=1
n —_
= Z(Wf; ¢i,j,k>L2(Q
i'=1

= Z Z <f, g ¢z’ g7, k’>L2 <¢z’,]’ ks wZJ k>L2( )

=1 (j K)eN @)

= Z Z <f>Ui’&i’,j’,k’)Lg(Q)<¢i’,j/,k’awi,j,k>L2(Q)-

=1 (5 K)eN )

Since ((f, ai/@i/7j,,k,>L2(Q))(i, iaren € (3 5 and (79), then, by Proposition 8.3 it follows
that also ((f, wi7]”k>L2(Q))(i’j7k)eN € (5, and

2 “ v ~ 2
Z > 2|(f, Yo @| S Y 2 oetiac) @] S I o)
i=1 (jk)eN® i'=1 (j/ k" )eN )
This ensures that £ in (81) is bounded. u

To ensure (79), we utilize another template Riesz basis WHe := {¢ CYixente
in Ly(0) with W2° ¢ Hy(O). We may choose ¥M° = WU but since we want to
leave open the possibility to choose a genuine wavelet frame UH let us distinguish
between the two template bases in the following. Given the covering C = {Q }Z 1, it
is possible to construct a non-overlapping, C"™ auxiliary covering C° = {Q¢}" , with
diffeomorphisms «; : [J — €27. Then we can define an associated aggregated system
e = {971} ijxene, where N is constructed in the same way as N and

i ((59) 7 ()
¢f]k(x) = 7
’ |det D2 ((£9)~ ()|

for all (i, j, k) € N°. (82)

1/2°

By construction, ¥° is a Riesz basis in Ly(Q) with the same Sobolev regularity as WH°.
It turns out that the localization property (79) is in fact fulfilled by the canonical dual
of U for any aggregated wavelet frame constructed in this way, as long as s,r > 0 are
appropriately chosen and W as well as the system {1 jx} @ jken are localized with
respect to We:

Proposition 6.3. Let W and W° be constructed as above. If

[ Wi 05, 50)| S eG4, (3
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where 0o : N x N° — R is defined by

02((i,5,k), (7', 5, X)) == ow,we ((i, 5. k), (7, j', K'))
r min(j,5’ —j o (o—j
-~ “log (1220l (277K) = k927K ) s

. ) 9r
+ 17— j'|log2 + -—log 2,
2s

completely analogous to (77), and r,s > 2d, then there exist s € (0,s) and 1’ € (0,71)
such that

o~

‘ <77D’L/ J K ¢Z j k> ‘ S 6_3,91((ilvjl7k,)7(i7j7k))7 (85)
where (77) is valid for r'.

Proof. By Lemma 8.7, o, fulfills all the necessary triangle inequalities (68). Since W°
is a Riesz basis for Ly(£2), we have

—_—~— —_ ~— —_—
(Vir jr s Yija) = Z (Vi gt xers i o) (5 o sens Vi) - (86)

(Z’”,j”,k”)ENO

By hypothesis and the proof of Proposition 8.3, one has G(V, ¥°) € Bep, and by
Lemma 8.4, it is not difficult to show that G(V°, V)G (¥, ¥°) € Bey,. Theorem 6.1
yields U ~ey, U°, so that (85) follows by (86) and by BexpAexp C Aexp- [ ]

The main results of this section can be summarized in the following Theorem:

Theorem 6.4. Assume that U is an aggregated wavelet frame for Lo(Q2) generated by
local Gelfand frames U; for (H{($%), Lo(€%), HH($)), where t € (0,s—d) and s > 2d.
If U has the localization property (83), and ', s in (85) are such that ', s > d, then
U is a Gelfand aggregated wavelet frame for (H{(SY), Lo(Q), H ().

It remains to show how (83) can be realized in practice. To this end, we will
exploit the fact that the supports of ij,k and zbjD/’li, are essentially localized at 277k

and 277K/, respectively:

sup  flz — 277k]|jpe <277, forall (j,k) € N7, (87)
zesupp ()
sup  lo — 27K ||ga <279, for all (5, k) € NP (88)

0,
IESUPP("Z}J-/;/)

(87) and (88) indeed hold for the constructions from [24, 26]. Since the local parametriza-
tions k; and k; are sufficiently smooth, it immediately follows that also

sup ||z — F%(Q_jk)HRd <27 (89)

TESUPP VY5 5 k
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and
sup Hx — HE,(Q_j,k,)HRd < 27", (90)

TESUPP Y o/ 1/

for (i,7,k) € N and (7,5, K') € N°, respectively. Then, raising some vanishing
moment conditions on U5 and U5 is sufficient to guarantee (83):

Theorem 6.5. Assume that, for N € N with N > max{v,t}, U5 and W fulfill the
following moment conditions:

/x5¢fk(x) de = 0, forall|B| <N, j>j, ke V]-D, (91)
[ vh@ide = 0 pratpl<n iz eV @)

Then, lifting U and W5 as in (75) and (82), V is exponentially o—localized to W°,
.e., there exists a constant C > 0, only depending on global parameters, such that

} <¢i’j7k’ ¢§’,j’,k’>L2(Q) } < Cve—wz((m,k),(i’,j’,k’))7 (93)
where oy is given by (84).

Proof. First of all, assume that j* > j. Using (92) and the Cauchy—Schwarz inequality,
we get

[ (Cigac V5 jac) o] = [(Wigae U5 joae) Laump s, , )|

= [ ) @) det D )
Suppw/’k/

-1/ (5, (P ] det DRG] — Pla)) o o)

| (Wi 0 55)| det Drg |2 —

O,
HLQ(SUPP "Z}j/i/)

where P is an arbitrary polynomial of degree at most N. Then a Whitney-type
estimate yields

[ (Vigao U9 ) ae| S 277 |($i4u 0 K5)] det Drg| 1/2}1‘1”(511191”0 k)
S 2 ' ||7vbl7jko'%’||H7(supp¢/k/)
S 27 il
< 9='=3)
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In the case j' < j, one can show in a completely analogous way
J = y

‘ <¢i,j,k7 ¢;,j/,k/>L2(Q) } = ‘ <77Dio/7j’,k/7 ¢i,j,k>L2(supp Vi k) ‘

_ / . U8 1o (1 ()05, ()] det Disy ()2 dac
supp 95

[ Wil det D) = Pla)ufe) da

< Hw;’,j’,k’ o K;)| det DK,Z'|1/2 —

PHLz(SprwEk)
2_7].”1?;,]‘/,1(/“[%(%)
2—7(j—j/)’
so that
‘<¢i,j7k>¢§',j',k/>L2(Q)‘ < 2=,
Now let us analyze the situations where the integrals (¢; ; x, qp;’j,’k,) can be nontrivial

at all. By (89) and (90), a necessary condition for supp t; ;x N supp ¢5 ., having
nontrivial measure is

e (290) — 5 (27K S 26,

ie.,
<1 + gmin(jyj")

Ri(27K) = s 2 ) 22 (94)

for any r > 0. Hence, if (94) is fulfilled, we obtain the estimate

Wi U2 admao] S (1427092 7K) — w5271 | ) 270

—702 ((iijk)v(ilvjlvkl))

~ € .

REMARKS:

1. The theoretical estimation of the localization properties and exponents (85) via
(115) is sub—optimal, and we conjecture that in practice it can be improved. In
principle, the strict requirements of Theorems 6.2 and 6.4 can be met just by
choosing appropriate template bases W™, WHe

2. Note that in Theorem 6.5, we did not use any information about the dual bases
¢U, wHe  In fact, there are principal limitations on (wavelet) Riesz bases in
H§(O) as to the number of vanishing moments of the dual wavelets. One can
easily show that for a given Riesz basis F = {f,}nen in H{(O), an infinite
subset of the dual Riesz basis does not have a vanishing first moment. This can
be seen as a consequence of the necessary boundary modifications, cf. [24, 26].
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3. The reader might wonder why the additional wavelet basis ¥° is of any use at
all since, e.g., it does usually not give rise to norm equivalences for the solution
space H}. However, in our applications, only a localization property is needed,
i.e., a specific cross—Gramian matrix has to exhibit a certain off-diagonal decay.
To establish these decay properties, in the wavelet setting only two features are
needed: smoothness and cancellation properties, and both of them hold for our
additional wavelet basis.

4. Let us conclude this section by the observation that under smoothness, local-
ity, and cancellation conditions as illustrated in Theorem 6.5, one can ensure
compressibility properties of the system matrices arising by the discretization
of suitable differential and integral operators using aggregate wavelet frames.
Following the lines of Lemma 5.1 in [25], for any (non-local) operator £ sat-
isfying (8), and for any (local) operator £ such that (Lu,v) = 0 whenever
supp v Nsupp u = ), the corresponding stiffness matrix

G = (2_(]+] )<£wi,j,k7 wi,’jl’k,>)(i,j,k),(i’,j’,k’)EN (95)

is s*—compressible for a suitable s* > 0. We refer the reader to [25, 52] for
major details.

7 Adaptive Computation of Localized Canonical
Duals

As we have discussed in Sections 5 and 6, localization properties of the canonical
dual are in fact relevant for the characterization of Banach spaces. Unfortunately,
the canonical dual frame F of the frame F is only implicitly defined by the equation

SF = F, (96)

where S is the associated frame operator, see Section 3. Usually no explicit formulas
are available to describe F. Therefore, any property of the canonical dual is very
difficult to be checked. For this reason, efficient numerical methods to approximate
it will be a very helpful tool of investigation. In this section, we want to present an
application of Algorithm 1 for the computation of canonical dual frames. Methods for
computing canonical duals for general frames are still a matter of investigation and
no implemented solutions are presently available for infinite frames. Some techniques
have been suggested for infinite Gabor and wavelet frames in [9, 10], but it seems that
they do not have computationally efficient realizations. In [12] the use of the finite
section method combined with localization properties of the frame is shown to be a
very useful tool for an accurate approximation of inverse frame operators. Unfortu-
nately, the finite section method appears again to be computationally expensive, since
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it works by means of the inversion of matrices with potentially high dimension. More-
over, the method assumes that the frame should be localized with respect to a given
orthonormal basis and the approximation of the canonical dual is in fact given as a
linear combination of elements of the orthonormal basis. It is known that orthonormal
bases usually cannot have good time—frequency localization and, by consequence, nor
does the approximation of the dual either in general. In this section, we want to
show how, under intrinsic localization properties (no auxiliary (bi)orthogonal basis
is required), it is possible to compute the canonical dual efficiently and with optimal
computational complexity by means of the adaptive Algorithm 1. The approximation
will be given as a linear combination of the original frame elements, therefore inher-
iting their nice properties, for example, regularity, compact support and vanishing
moment properties, in the case of wavelet frames.

We assume that B="H ~H' =B, F = {fu}nen is a frame for H, and Dg = id :
ly(N) — €3(N). Because of (11), the frame operator S is in fact elliptic on H in the
sense of (2). Clearly the solution of the equation

Su = f,, (97)

is the canonical dual element u = f, = S~'f,. Since u = 3, \(u, f)afi (97) is
equivalent to the discrete equations

>, fyn(S iy fn) = (s ), for allm € N (98)

leN

Denote u := Fu = ((u, fm>H)m€N’ f, = Ff, = (<fn,fm>H)m€N and, finally, G :=
((an, fm>H)n men- Then equations (98) can be rewritten as

Gu=f,. (99)

It is not difficult to show that G = F'SF™. Moreover,

<an>an>H :Z<fn>fl>H<fl>fm>H' (100)

leN

In the situation at hand, we have ran G = ran F', and thus the orthogonal projection
Q = F(F*F)"'F* from (16) coincides with the orthogonal projection P : l5(N) —
ran G. Then one can apply Algorithm 1 for the adaptive computation of the canonical
dual F:

Theorem 7.1. If F is a frame, then F can be computed by

]2

(id —CMG)”> f,, (101)
meN

Il
=)

n
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for 0 < o < 2/Bx. Moreover, if F is intrinsically A, ~localized for n > 2r, r > d,
then for any € > 0 there exists a finite vector £, such that HP(fn — fﬁ)”eg(/\/) <e. This
vector is the result of the application of Algorithm 1,

SOLVE[e, G, f,] — £, (102)
and f'fL has the following properties:
s —1/s|p |1/s .
(I) #suppf; S/ ‘fn|g;u(/\/);

(II) the number of arithmetic operations used to compute it is al most a multiple of
—1/s|p (1/s
eV R gy

Here 7 = (1/2+ s)"! and s € (0,7 — d). Therefore, by (43), one has the following
approximation of the canonical dual:

< B%e. (103)
H

meN

Proof. Let us denote s* =r —d and 7 = (1/2+4 s)7', for any s € (0, s*). The frame
F is intrinsically A, —localized, i.e., it is localized in the sense of the Jaffard’s algebra.
This implies that

(i) by formula (100) and [47, Lemma 2.2]

(S fas fdre| S (1 +|In —mlpa) ",
and by Proposition 4.5, one has that G is s*—compressible;

(i) by Theorem 5.2, the canonical dual is also intrinsically A, localized, and F is
A, localized with respect to F. In fact, one has

<fna f~m>H = Z<fna fl)H(fla f~m>H> n,m € N (104)

leN
and, therefore P = G(F,F) € Ay

(iii) by Proposition 4.5 and (ii), the orthogonal projection P = ({f,, fm)H)n e 18
s*—compressible, and by [14, Proposition 3.8, P is a bounded operator from

L2 (N) to LY (N);

(iv) by Proposition 4.5 and [14, Proposition 3.8], f, = F'f, and f, = Ff, € (*(N)
and therefore f, is s*~optimal and Gu = f,, has a solution u = f,, € (*(N).

Combining (i)-(iv) and Theorem 4.4, one concludes the proof. [ |
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Examples 1. (a) Gabor frames. If 0 # g € S(R?) (or ¢ time-frequency localized

enough) generates an irregular Gabor frame F = G(g, X), then, for any n >
d, the frame F is intrinsically n-localized and has an intrinsically n-localized
canonical dual F = {€¢}eex. Therefore, an approximation of the canonical dual
frame can be computed by using Theorem 7.1.

Wavelet frames. The Lemarié class of matrices is not a spectral algebra and
therefore the previous theorem cannot be modified to work with (wavelet) p—
exponentially localized frames. Nevertheless, for simple cases, for instance
wavelet frames on the Euclidean spaces, it is possible to estimate the localization
in time and scale separately as follows. If ¥ = {¢;1 := 2¥2¢)(27 - —Kk)},cz ez
is a wavelet frame for Ly(RY) with enough regularity and vanishing moments,
then

} (V)i ¥jrw)

Then V is also intrinsically A,-localized:

S (1 + |k = K|jge) "2720GD for p > 2,7 > d,s > 0. (105)

‘(wj,kawj’,k/> S (1 + ||k - k,HRd + ‘.] _j/‘)_n> for n> QT,T’ > d7 (106)

Therefore, an approximation of the canonical dual frame can be computed by
using Theorem 7.1.

REMARK: Formula (101) is nothing but a discrete version of the well-known frame
algorithm to compute canonical dual frames, see for example [17] for a recent dis-
cussion of its convergence in Banach spaces. Neumann series inversion of synthesis
operators and Richardson iterations were also the key idea for relevant iterative meth-
ods in irregular sampling problems, see for example [36] and the related literature.

8

Appendix

We collect in this Appendix some relevant auxiliary lemmata.

Lemma 8.1 (Schur). If for an infinite matric N = (ny)gen there exists weights
w; > 0,1 €N such that

and

Z |np|wr < Cwy, for allk € N,
leN

Z |ng|wr < Cwy, for alll € N,
keN

then N is a bounded operator from lo(N) to la(N) and |N|| < C.
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Proposition 8.2. Leta > 0. Ifg,, = 27%I#=¥lsd for x y € N, then G := (guy)wyen
is a bounded operator from £y,.,(N) to £,,(N) for all p € [1,00] and for any (-
exponential moderate weight w, i.e., w(x + 1) < 2°81lkaw(y), for all B € (0, ).

Proof. Boundedness on {1 ,(N):

HGCHZLUJ(N') < Zzz—a||r—y||m|cy‘w(x)

zeN yeN
< sup 22 D=l | (3™ e, [w(y)
= Cllcllel,wm

since w(z — y +y) < 201 Vllkagy(y).

Boundedness on Ly, ,(N): it can be shown with a similar argument. One concludes
by interpolation of weighted ¢,(N) spaces, see, e.g., [5] and [21], Appendix B, for
details. [ |

An analogous mapping property holds for matrices with more general p—exponential
off-diagonal decay:

Proposition 8.3. Let r,s > d and 9, : N x N — R be given by (77). Then
G = (e7ser(@GakL,@IKD)) oy i knensv B8 a bounded operator from ly e to L) for
all p € [1, 00| and for any t € (0,s — d).

Proof. The boundedness of G on £7,. can be shown as follows:

IGelle;

1,2t

_ .. TR .
g E E e 391((7'7]7k)7(7' 2] k ))‘Ci/,j,,k/‘2t]

(1.3, K)EN (&',5" K )N

SO Y iy <1—|—2min(j’j/)HK,i(2_jk)—K,Z-/(Q_jlk/)HRd>_T|Ci/,j’,k"

(4,5, K)EN (3,5 K )eN

= Xn: Z Zn: Z 9—sli—i'l9ti

i=1 j>jo—1#=1j'>jo—1

330 (12 2 — k@K a) e

k'evV kevl
4’ J
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By the properties of the diffeomorphisms k;, one can further estimate

IGeller, S Y > > >, 20y

i=1 j2jo—1i'=1j">jo~1

Z (/Rd <1 * Qmin(le)Hz_ijRd)_ dﬂ?) |cir jr x|

k’evj'.j,

These computations imply

n
1Gelle, S Z Z 2ol =FIgmax{Ai=i )} 9t Z |Cir g x|

i'=1j,j'>jo—1 k'evl
J
n
e
< E E 9= (s=d)li=3"l9t E : |cir jr x|
i'=1j,j'>jo—1 k’erD,

Let us denote df, := <Zk’eV,D ‘Ci/,j’,k"). By an application of Proposition 8.2 for
]/
N = Zsj,, one has

n
IGellp, €30 3 29 = el

i'=1j>jo—1
Let us now show the boundedness of G on ¢ ,, and conclude by interpolation of
weighted £,-spaces.

IGelle
0,

ot

_ .. T .
< Sup e 391((27]7k)7(7' g5k ))‘Ci/,j,,k/‘2t]

(i,5,k)eN (i! j' K )EN

= sup Z 9—sli=i'lots <1 4+ omin(j,j")
(i7j7k)€N (i’,j’,k')é/\/

= sup Zn: Z 9—sli=i'loti

SIS i1 > 501

ki (277k) — K,Z-/(Q_jlk/)HRd> i jr x|

Jj>jo—

sup Z (1 + omin(i.7") Hlii(Q_jk) — Hi/(2_j,k/)HRd> - |Ci/,j’,k"

m}
kévj k’EVJD,

Since, as computed above, one has

Z (1 + 20 ||, (277k) — Hi,(2—j/k/>HRd)_r < guax{0d(y'=i)},

k'evt
J
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then

IGeller, ., S sup Z > 27 sup es el

jzjo—1 i'=1j/>jo—1 k’EV?/

Again by an application of Proposition 8.2 one finally has
IGelle , < lleller
This concludes the proof. [ |

The following lemma is a slight generalization of a lemma from [50, section 5]:

Lemma 8.4. Let D,wy > 0, E € (0,D/wy) and i € {1,2,3}, j,k € {1,2,3} \ {i}
with j < k be given. Furthermore, assume that (68) holds and

Sp := sup Z e Fal@y) < o (107)
yEJ\/} TEN;

for F':= D — Ewy. Then the matriz product Ay := AyAz =: (a.y)yen; en; Of
B = (P ) g cen, and Ag = (¢ Do), cx, o, fulfil

|a.,| < Spe PeW2)  for ally € Nj, 2 € . (108)
If, moreover,
Si = sup Z —Foi@2) < oo (109)

then an analogous estimate holds for reversed roles of B and D. If N1 = Ny = N3
and 01 = 0o = 03 1S symmetric, powers AL =: (ayz) have the decay

()| < Sple Feiws), (110)

Proof. In [50, Section 5], only the special case N7 = Ny = N3 and 9, = g2 = 03 was
considered, but the proof also works in the general setting. Using (68) and (107), a
direct calculation yields (108):

‘az7y| _ Z e~ Eoj(z,2) o =Dex(z,y)
TzeN;
< Z e_E(Qi(yvz)_'LUOQk(xyy))e_DQk(xyy)
zeN;
— ¢ Poily:2) Z e~ (D=Ewo)ok(z,y)
zeN;
< SFe_EQi(yvz)‘
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For interchanged roles of D and E, one calculates analogously

la.,| = Z e~ Doj(,2) ;—Eok(z.y)
xEN;
< Ze_DQj(rvz)e_E(Qi(yvz)_WOQj(x:Z))
xeN;
TEN;
S Bei2),

IN

(110) follows by induction. [

We will also use the following generalization of [50, Théoreme 5:

Theorem 8.5. Assume that N := N1 = Ny = N3, 01 = 02 = 03 is symmetric, (68)
and (107) hold for F > 0 and

o1(z,z) =00 forallzeN (111)

where g9 > 0 is some constant. Let M = (my )z yen be an automorphism of lo(N')
with
Allellezwn < [IMeflewy < Bllellenw (112)

and the off-diagonal decay estimate
[myy| < Cem POy (113)

for some constants A, B,C, D > 0. Then the inverse M™' =: (p,,)zyen has expo-
nential off-diagonal decay as well:

|Pay| < Cre”Prerew) (114)

for some Cy > 0 and

. B E A
D= min {5’ - {QIOg (GRS SF)J o (1 - E) } - )

Proof. In [50, Théoreme 5|, only the case g9 = 0 was considered, but the proof
for g9 > 0 is completely analogous. Without loss of generality, assume that M is
positive self-adjoint, otherwise use M~! = M*(MM*)~! and Lemma 8.4. By (112),
the spectrum o(M) is contained in [A, B], i.e., o(S) C [0,1 — 4] for S := id — L M.
Moreover, [|S|| < 1 —4 =: ¢ < 1, so that the Neumann series M~' = £ 3> 'S"

can be used to estimate |p,,| by the entries of 8" =: (sgz)wg\/. For large n, we use
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|s \ < ||S™|] < ¢". For small n, we choose a number E € (0, D/wg). By (113), we

have o o
—Do1(x, D —Do1(z,
‘8561’; < (')‘x’y + Ee 01(,y) < <€ e 4 E) e~ Doi( 9)7

so that by Lemma 8.4, for F' := D — Fwy,

n

c\" n C
‘ gc;‘ < <6D90+§) ((e_Dm(q’g))C,EeN)w < <6DQO+E) S;—le—Egl(x,y)‘

Hence for any ny € N it follows that

1 no C n - - N 1 00
Ipeyl < B <5x,y+ <Z (GDQO + E) Sh 1) o B ,y)> + = Z

n=1 n=ng+1

< i EQo_,_i Doo 4 — ¢ S 1) g Faley) | gt
= B\" T&\" 7B B(1—q)
0 no C 1 1 AN
(Bl ) e ) )
< o B A B B

Since
1 = P —Deo < ePeo—Feo < €DQOSF,

we can estimate

e(D+E)eo [ 10 o\" 1 1 A\
< Doo ~ n —Eo1(z,y) o _
Pyl = —5 (Z (6 + B) SF) ¢ + (A B) (1 B)

n=0
6(D+EQ ( Doo + )no-i-l Sno—i-l 1)

(e 5 11 AN™
— e~ Falzy) 4 (_ — _) (1 — _)
B (@ 551 ERZAN
c\"™ AN™
c, <(6DQO + E) Sgoe—Egl(x,y) 4 (1 _ E) ) ,

o e(D+E)eo ( Deo 4 )SF 1 1
T B (e 1 9) S —1) A B

IA

where

Now we choose

ng 1= b (x,y)| >0
0 = 210g((6D90—|—%)SF>p1 Y = Y

so that (115) follows by

B

n no
(6DQO 4 %) 0 Sgoe_Egl(x’y) + <1 - é) — 6n0log((eDgo-i—%)Sp)—E'gl(:c,y) + 6nolog(l—

< e—Dlgl(I,y).
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A crucial ingredient of the localization arguments is the validity of various triangle
inequalities:

Lemma 8.6. The function o, from (77) fulfills (68) for Ny = Ny = N3 = N,
02 = 03 = 01 and wo = 1.

Proof. As in [43], consider an analogy op to the Poincaré metric on the upper half
plane R? x R,

1
or((x,t), (x',t)) := Artanh 9 = log <%) : (116)

where

/ 2 / 2\ 1/2
x|, | —t
X' = Xl + 1 — 1] ) e 0,1). (117)

1% = x|[fa + [¢' + [

U= 9((x,1), (%, 1)) = (

op is indeed a metric. Like in [43], one observes that
Lo\ 14 (PN - (118)
11— 2 t't |t + t|2 '
We have the equivalence
1140\ \ﬁ\[ I = X 1+9\"?
i <V32|— 11
2(1—19) max( 7 )\ maxqn ey Vi) . 119
since by (117) and (118)
1+9 (1+19 \t’+t|2 LI |Ix = x|3a
1-9 |t + t|2

#/ t %' — x||ga ) >
< (249 i L
= (ﬁ *t')( T

vt I’ = x|[pa \?
< 4 o R
= max{t’t'}( T et )
AR
= 4| max{ /= /= ] =R
t vt max{t,t'}
N K = Xl )2
< 16(14+9)?2 [ /=+1/= ] (1+=—F
< 6(+)< .+ t,><+ ‘t,+t|)
t t 1% — x||34
< RA+I) [ —+2+- ) (1+ ——E
1+
= 128— .
1—9
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In the following, we use (119) at points of the form (x,¢) = (k;(277k),277). Since
(77) transforms into

Ql((Z j7 k)7 (ilnj/ak/))
= log <1—|—2mm HK,Z k) —/ii/(Q_jlk/)HRd) + |j—j’\log2+%log2

r o o, ki(279Kk) — Kk (279'K) H 4 or
- _1 9li=i'l(s/r=1/2)9li=j'l/2 H R 2 o2
Sog( max{27,277'} +250g’

(119) and the metric properties of gp yield for r < 2s
01 ((7'7]7 k) ( 7.] ) k”))

. —J — -1/ =31
= llog (2]"]’”<8/’“—1/2>2j—j”|/2 (1 + |27k (270 K )HR"’)> + P og2
S

max{27,277"} 2s

1/2
r 1+ 9((x,t), (x",t")) r 9r
< -1 V32 — "1 (1= =—)log2+ —log2
= 58 & <1—19((x,t),(x”,t”)) = |< 23) °8 +23 ©8
r (9791 979 (e (9T K'Y 93" (1o
< Zon((ki(27K),270), (ks (27K, 27)) +1j = 7] (1 - - ) log2

./ ./ -1/ -1/ 7
+Zop (ki (27K, 277, (rar(277K"),277)) 4 1 = 7 (1= ) log2 + L log 2
S S S

C i—4'l/2 H/-iZ 2 ]k)—/ﬁl (2 ]k HRd Ly _L
leg (2] ’ ( max{277,277'} i =71 <1 23>log2

T o 'L{’:Z 2 J k,) — K; //(2 ] k”)H r
| 2\] —35"1/2 H R4 (1 — ) oo 2
+s og( < max{2-7",2-7"} = |< 23) ©8

+9—rlog2
S
= Ql((i7j7k)7(i/7j,7k,)> +Ql((i,7.j/7k/) ( 7] 7k”>)

IA

Since the proof of Lemma 8.6 completely relies on the metric properties of op
and since the structure of the index sets N and N° from (72) is identical, one can
immediately prove the following:

Lemma 8.7. For any choice of Uy, ¥y, U3 € {U,U°} and appropriate definitions of
0i = 0w, w,, wherei € {1,2,3}, j,k € {1,2,3} and j <k, (68) is fulfilled.
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