COORBIT SPACE THEORY FOR THE TOEPLITZ SHEARLET TRANSFORM

STEPHAN DAHLKE, SOREN HAUSER, AND GERD TESCHKE

ABSTRACT. In this paper we are concerned with the continuous shearlet transform in arbitrary
space dimensions where the shear operation is of Toeplitz type. In particular, we focus on the
construction of associated shearlet coorbit spaces and on atomic decompositions and Banach frames
for these spaces.

1. INTRODUCTION

One of the most important tasks in modern applied analysis is the analysis and synthesis of
signals. To this end, usually the first step is to decompose the signal with respect to suitable
building blocks which are well-suited for the specific application and allow a fast and efficient
extraction of the relevant information. In this context, one particular problem which is currently in
the center of interest is the analysis of directional information. In recent studies, several approaches
have been suggested such as ridgelets [1], curvelets [2], contourlets [7], shearlets [14] and many
others. For a general approach see also [13]. Among all these approaches, the shearlet transform
stands out because it is related to group theory, i.e., this transform can be derived from a square-
integrable representation 7 : S — U(Lo(R?)) of a certain group S, the so-called shearlet group, see
[3]. Therefore, in the context of the shearlet transform, all the powerful tools of group representation
theory can be exploited.

So far, the shearlet transform and associated analysis and synthesis algorithms are well developed
for problems in R2. Quite recently, a first generalization to higher dimensions was given in [5].
This generalization is very close to the two—dimensional approach which is based on translations,
anisotropic dilations and specific shear matrices. It has been shown that the associated integral
transform originates from a square-integrable representation of a group, the full n-variate shearlet
group. Moreover, a very useful link to the important coorbit space theory developed by Feichtinger
and Grochenig [8, 9, 10] has been established, see [4], and the potential to detect singularities has
been demonstrated, see [5].

A different shearlet transform for arbitrary space dimensions was established in [6]. This ap-
proach deviates from [5] mainly by the choice of the shear component. Instead of the block form
used in [5], the authors of [6] deal with a suitable subgroup of Toeplitz matrices of the group of
upper triangular matrices. Moreover, in contrary to the anisotropic (parabolic) dilation employed
in [5], the dilation operation used in [6] is isotropic. Nevertheless, similar to [5], it could be shown
that the associated integral transform stems from a square-integrable group representation of a
specific group. Moreover, it was demonstrated that the established Toeplitz shearlet transform has
the potential to detect singularities. The goal of this paper is to develop for the Toeplitz shearlet
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transform the associated coorbit space theory including atomic decompositions and Banach frames
for them.

Organization of the remaining paper: We review in Section 2 the Toeplitz shearlet transform
and admissibility conditions established in [6]. In Section 3 we present our main results: Toeplitz
shearlet coorbit spaces and associated atomic decompositions and Banach frames.

2. THE TOEPLITZ SHEARLET TRANSFORM

The so-called Toeplitz shearlet transform on Lg(R%) uses upper triangular Toeplitz matrices as
shear matrices. For d = 2 this coincides with the usual shearlet transform. For a € R* := R\ {0}
and s € R, we set

1 s1 so ... Sg-1
a ... 0 0 1 s1 8o
Ag=1|: . | =alg and S,:=
0 a . 1 S1
O ... ... 0 1

The upper triangular Toeplitz matrix S5 will play the role of the shear matrix used in the ordinary
shearlet transform. Note that the inverse of an upper triangular Toeplitz matrix is again an upper
triangular Toeplitz matrix. The set R* x R?~! x R? endowed with the operation

(a,s,t) 0 (d',s,t") = (ad’, [SLST]1, t + AuSst))

where the bracket operation [-]; extracts the last d — 1 elements of the first column, is a locally
compact group S. We call this group Toeplitz shearlet group. The left and right Haar measures on
S are given by

1 1
du(a, s, t) = o[ dadsdt and du,(a,s,t)= al da dsdt.

In the following, we will apply only the left Haar measure and use the abbreviation du = dy;. For
f € La(RY), we define the mapping 7 : S — U(Lz(R?)) from S into the group U (Lo(RY)) of unitary
operators on Ly(R%) by

(w(a,5,0)f)(x) := fase(@) = |a|2FAT ST (@ 1), (1)
This mapping 7 is a unitary representation of S, i.e., a homomorphism 7 from S into the group

of unitary operators U(H) on H which is continuous with respect to the strong operator topology.
The Fourier transform of f, s is given by

A

(F(a,s,0)f)(w) = |a Y2 (F(ATIS7H—1)" (w)
la| =42 det(A; 15|71 (ST ATw)e2milte) (2)
’a‘d/2f(SZAg’w)6727ri(t,w).

A function 1 € Ly(R?) is admissible if and only if it fulfills the admissibility condition

0<Cy:= /R )l dw < 0. (3)

a Jwi|d

Then, for any f € Ly(RY), the following equality holds true:

/S U, ) P dia(ar 5,1) = Cop £, ma (4)
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In particular, the unitary representation 7 is irreducible and hence square integrable.
We call the transform SH : Ly(R?) — Ly(S) defined by

SHf<a7 S7t) = <f7 wa,s,t> - <f7 ’a‘idﬂw(A;lS;l(' - t))> =[x w;,s,o(t)ﬂ (5)

where ¥} () 1= Yast(—x), Toeplitz shearlet transform. It was shown in [6] that the Toeplitz
shearlet transform at hyperplane singularities has similar decay properties as the usual shearlet
transform.

3. TOEPLITZ SHEARLET COORBIT THEORY

Within this section we establish the coorbit space theory for the Toeplitz shearlet group and
its associated square integrable representation (1). We mainly follow the lines of [5]. For further
details on coorbit space theory, the reader is referred to [8, 9, 10, 11, 12].

3.1. Toeplitz Shearlet Coorbit Spaces. Let w be real-valued, continuous, submultiplicative
weight on S, i.e., w(gh) < w(g)w(h) for all g,h € S. Furthermore, we assume that the weight
function w satisfies all the coorbit-theory conditions as stated in [12, Section 2.2]. A function
contained in

Ay = { € Ly(R) : SHy(vp) = (4, w(-))) € L1,u(S)}.

of is called an analyzing vector. We want to show that A,, contains shearlets that are compactly
supported in Fourier domain. To this end, we need the following auxiliary lemma on the support

of 1.

Lemma 3.1. Let a; > ag > a >0 and b = (by,...,bg_1)" be a vector with positive components.
Suppose that supp C ([—a1, —ap] U [ag, a1]) X Qp where Qp := [—b1,b1] X -+ X [=bg—1,b4—1]. Then
&&a,s,o % 0 implies a € [—Z—é, —g—;’] U [g—?, Z—é} and s; € [—¢;,¢] for allei=1,...,d — 1, where

bi aq 1 :
. (1 + ao) + @ ij—l\sz‘—jﬂ\-
Jj=2

In other words: If a ¢ {—“—1 —@} U {“—0 “—1] or s; & |—ci,ci] for onei € {1,...,d—1} then

ap’ a1 a1’ ag

Qﬁqﬁa,s,o =0.
Proof. First we take a look at the case a > 0. By (2) the following conditions are necessary for
1&1[}0,,5,0 7_é 0:
(i) ap <w; < ap and ap < aw; < ap
or
—a1 <wi < —ap and —a; < awy < —ay,
(ii) —bi < Wi4+1 < bz‘ and —bi < a(wi+1 + Z}:l szi_j+1) < bi for all i = 1, e 7d — 1.

Let us first discuss the case ap < wj < a;. The second condition in (i) implies

a a
D™

w1 w1

Therefore, together with the first condition in (i) we get

a a
W<,
aj aq
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apg ai
ac |—,—]|.
a; agp

The second condition in (ii) is equivalent to

hence

i

bz’ bi
—, Swititwisit E Wjsi—jt1 S
=2
resp.
i i
bi bi
T Wit~ E WiSi—j+1 S w18 < o Wit T WiSi—jt+1-
=2 j=2
The interval becomes largest for a = Z—? so that
bial : bial :
— — Wiyl — g Wjsi—jy1 < wis; < — Wiyl — E WjSi—ji1, (6)
ao - ap -
]:2 ]:2
and therefore
i i
1 b;aq 1 biaq
—— +wit1 + E WiSi—j41 | <8 < — — Wig1 — E WjSi—j+1
w1 ag ! w1 ag o
J: ‘77

The first condition in (ii) is —b; < w;+1 < b;. On the left hand side the interval becomes largest
for wit1 = b; and w; = sgn(s;—j+1)bj—1 and on the right hand side for w;1 = —b; and w; =
—sgn(si—j4+1)bj—1, i.e.,

1 bial

w1 ao

7 7
1 { ba
+ b; + E bj_l\si_jH\ <5 < ;1 ;01 + b; + E bj—l’£i—j+1‘ . (7)

=2 j=2

Finally, we replace w; with its smallest value ag

bi al 1 : bl al 1 :
2 (ao + ) + ~ ;2 j—1]si—j1| | < s < a0 g +1)+ o ;2 j—1]8i—j+1]

=C;

Similarly, the result can be shown for the other cases. Regarding the case a < 0 we additionally
get

0

Based on this Lemma we can prove the required property of SHy (1) by following exactly the lines
in [5].

Theorem 3.2. Let 1 be a Schwartz function such that supp ) C ([—a1, —ap]Ulag, a1]) X Qp. Then
we have that SHy(v) € L1,u(S), i.e.,

{0, ()M L1, s) =/SISHw(w)(a,Sjt)lw(ajs,t) dp(a, s,t) < oc.
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For an analyzing vector 1) we now consider the space

Hl,w = {f € LQ(Rd) : SHI/J(f) = <f7 F()"‘ﬁ) € Ll,w(S)}a (8)
with norm || f{l#, ,, == [[SHy fllL, . (s) and its anti-dual H{7,, the space of all continuous conjugate-
linear functionals on H 4. The spaces H1 ., and H7,, are w-invariant Banach spaces with continuous

embedding Hy,, < H < H7,. Then the inner product on Ly (R%) x Lo (RY) extends to a sesquilinear
form on H7,, X H1,w. Therefore for ¢ € Hy,y and f € Hy, the extended representation coefficients

SHl/J(f)(aa S, t) = <fa ﬂ-(a7 S, t)¢>HinH1,w

are well-defined.
Let now m be a w-moderate weight on S which means that m(zyz) < w(z)m(y)w(z) for all
z,y,z €S. For 1 < p < oo, let

Lpm(S) := {F measurable : F'm € Ly(S)}.

We are interested in the following Banach spaces which are called shearlet coorbit spaces

SCpm = A{f € Hiw : SHy(f) € Lym(S)},  fllsc,m = ISHy fllL, m(s)- 9)

Note that the definition of SCp,,, is independent of the analyzing vector ¥ and of the weight w, see
[8, Theorem 4.2]. In applications, one may start with some sub-multiplicative weight m and use
the symmetric weight w(g) := m#(g) := m(g) + m(g~")A(g) for the definition of A,. Obviously,
we have that such m is w-moderate.

In the remaining parts of this paper, we will restrict ourselves to weights w that only depend on
a and s, but not on the translation parameter t, i.e., w = w(a, s).

3.2. Toeplitz Shearlet Banach Frames. The Feichtinger-Grochenig theory provides us with a
machinery to construct atomic decompositions and Banach frames for our shearlet coorbit spaces
SCpw- In a first step, we have to determine, for a compact neighborhood U of e € S with non-
void interior, so-called U-dense sets. A (countable) family X = ((a,s,t)x)rea in S is said to be
U-dense if Uyep(a,s,t)\U = S, and separated if for some compact neighborhood @ of e we have
(as, $i,t:)Q N (aj,s5,t)Q = 0,1 # j, and relatively separated if X is a finite union of separated sets.

Lemma 3.3. Let U be a neighborhood of the identity e = (1,0,0) in S, and let & > 1 and 3,7 >0
be defined such that
d—1
i1 at) BB -2 1)% 1
[ad ,d x[ 2,2> * |55 CU. (10)
Then the sequence

{(sozj,ﬁk, SgrAgiyn) 1 j € Tk € 297 n € 7% e € {~1, 1}} (11)
is U-dense and relatively separated.

Proof. Set
d—1
= [od 1 ad) x |-2 8 -7 z)d
Up := {ad ,ad)X[ 2,2> X 57 9) -
It is sufficient to prove that the sequence (11) is Up-dense.

For this, fix any (z,y,z) € S. In the following we assume that z € RT in which case we have to
set € = 1. If x < 0, the same arguments apply while choosing ¢ = —1. We have that

(o, Bk, SprAgiyn) o Uy = {(Oéju, (S0 SEl, SprAairn + SprAai@) : (u,0,@) € Uo}
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We have to prove that there are unique j € Z, k € Z%! and n € Z¢ such that
(2,9, 2) = (au, [Sy SEil1, SprAas (v + @) (12)

for some (u,v,w) € Up.
For given x € R* there exists a unique integer j € [log, = — é,logax +1- é) and for this j a

1

1 1 .
unique u € [ad "' ad) such that = a/u. For given y € R, we have

Y= [stgk]l
1 0
U1 1 0
=v+PBki | V2 [ +Bka| U1 |4+ Bhas
: : .

Vd—2 Vd—3

Starting with y; = v; + Ok1 we see that vy € [—g, g), k1 € Z are uniquely determined. In general

we have
i—1

yi— B kjvioj = vi + Bk

j=1
such that v; € [—g, g) and k; € Z are uniquely determined by y1, ..., v;-
Finally, we consider z = Sgr A, (yn+w) or Z := A;jl Sﬁjclz = yn+w. Clearly there exists unique
w; € [-3,3) and n; € Z such that myy + w; = %, i =1,...,d — 1. O

Next we define the U-oscillation as

oscy (a, s, t) == 31615 |SHy () (uo (a,s,t) = SHy(Y)(a, s, t)]. (13)

Then, the following decomposition theorem, which was proved in a general setting in [8, 9, 10,
11, 12], says that discretizing the representation by means of an U-dense set produces an atomic
decomposition for SCp ..

Theorem 3.4. Assume that the irreducible, unitary representation m is w-integrable and let ¢ €
Lo(RY) which fulfills

M(,m(a,s,t)) == sup [, m(u)y)] € L1,w(S) (14)

u€(a,s,t)U
be given. Choose a neighborhood U of e so small that
loscy,u Iz, < 1. (15)

Then for any U-dense and relatively separated set X = ((a,s,t)x)ren the space SCpp, has the
following atomic decomposition: If f € SCp ., then

F=Y ex)m(a,s,02)0 (16)

A€A

where the sequence of coefficients depends linearly on f and satisfies

lex(f)realleym < Cliflisc, m (17)
with a constant C' depending only on v and with £y, being defined by

lym = {e = (ex)ren : llellry,n = llemlle, < oo},
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where m = (m((a, s,t)x))\er- Conversely, if (cx(f))ren € lpm, then f =" cpeam((a,s,t)\)Y is
in SCpm and

£ llscpm < Cll(ea(f))realley,n- (18)

Given such an atomic decomposition, the problem arises under which conditions a function f is
completely determined by its moments (f, m((a, s,t)x)¥) and how f can be reconstructed from these
moments. This is answered by the following theorem which establishes the existence of Banach
frames.

Theorem 3.5. Impose the same assumptions as in Theorem 3.4. Choose a neighborhood U of e
such that

losey,ur |y wis) < VNSHu ()L, w0)- (19)

Then, for every U-dense and relatively separated family X = ((a, s,t)x)ren in 'S the set {mw((a,s,t)x) :
X € A} is a Banach frame for SHy . This means that

i) f€8Cpm if and only if ((f, w((a, s, 0)\)V) 1y, xHiw)red € bpw;
ii) there exist two constants 0 < D < D' < oo such that

D fllscpm < 1({fsm((@s s, )00 r5, x11w)renlltym < DI fllsCpms (20)
iii) there exists a bounded, linear reconstruction operator S from €y, ., to SCp . such that

S (U0 ((@ 5, 00)8)r5 71, nen ) = .

To apply the whole machinery of Theorems 3.4 and 3.5 to our Toeplitz shearlet group setting
it remains as in [5] to prove that || oscy v [z, ,(s) becomes arbitrarily small for a sufficiently small
neighborhood U of e.

Theorem 3.6. Let ¢ be a function contained in the Schwartz space S with suppi/AJ C ([~a1, —ao]U
[ap, a1]) X Qp. Then, for every e > 0, there exists a sufficiently small neighborhood U of e so that

loscyu |z, <& (21)

Proof. By Theorem 3.2 we have that SHy (1) € L1,,(S). Moreover, it is easy to check that SHy(v))
is continuous on S. It remains to show that oscy, i € L1, (S) for some compact neighborhood of e.
By definition of oscy 7 and Parseval’s identity we have that

OSCdJ,U(aa S, t) = Sup ‘<12)7 &a,s,t> - <¢a Q;Z)(a,ﬂ,'y)(a,s,t)ﬂ

(o,8,7)€U
d A~ Sy d A =
= sup \MﬂfwaﬁAasfdw)U)—IWMEJ%wCAmxsﬁquldwﬂv-%SbAaﬂ-
(a,B,7)EU N

—QT QT
=ST57

From Lemma 3.1 we can conclude that for «, 5 in a sufficient small neighborhood of (1,04_1) both
summands become zero except for a in two finite intervals away from zero and s in a finite interval.
Thus, it remains to show that [pq 0scy v(a,s,t)dt < C(a,s) with some finite constant C(a, s). We
split the integral into three parts

/ oscy v(a, s, t)dt < a2 (I + I + Is),
R4
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where

I = /R L 11— o |7 ((AuST D) (1)t

a,B,7)eU

I ::/ sup a%
R? (a,B8,7)€U

I3 :—/ sup a%
Re (o,8,7)€U

The integrals I; and I3 can be handled in the same way as in [5]. Only for Is the proof has to be
modified. We consider

~

F(AaST ) () — F(AaSTD) (7 + SpAat)| dt,

~

F(P(AaST D)y + SAat) = F($(AaaSy S§)9) (v + SpAat) | dt.

~

Gas(t) = G(t) = F((AuST)P)(t) € 5.
By Taylor expansion we obtain
|G(v + SgAat) — G(t)| = [VG(t + 0(y + SgAat — 1)) (v + SgAat — )]
< |VG(t+0(y + SpAat = )T [l2lly + SpAat — t|2
< |[VG(t+0(y + SpAat — )T (1S540 = Il2lltll2 + 17]l2)

where 6 € [0,1). For any £ > 0, there exists a sufficiently small neighborhood U of e such that
|SgAa — I|l2 < € and ||v||2 < € for all (o, 5,7) € U. Thus, since [|[VG|2 < [|[VG]1, we conclude
that

I < / sup ol (Zd: G;(t+0(SpAat —t + 7))) (IItll2 + 1)dt,
R (afm)el  \ i
where Gj(t) := %G. Now Gj € S, j=1,...,d implies for all » > 0 and sufficiently small v that
|G(t+0(SgAat =t +7))| < Cjla,s)(1+ ||t + 0(SpAat — t +7)[13) "
< Cj(a,s)(1+ [t + 0(SgAat —)|13) "
To show that Iy < C(a, s), it is sufficient to prove that

sup (L4 ||t +6(SpAat — )|[3) 7" < CL+|JE]3) T,
(a,ﬁ,Od)eU

resp., that
Co + Culltll5 <1+t + 6(SpAat — )3
for some Cy, C7 > 0 and for all (¢, 3,0,) € U. Now
[t +8(SpAat =13 = [I(I — O(I — aSp))t|3 = [|Tu,stll3

with
1-0(1—a) Oapy --- OaBy_1

)

K OBy
0 1-0(1 -«
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Since 0 € [0,1) and « is in the neighborhood of 1 we have that 1 — 6(1 — «) > 0 so that T, g is an
invertible upper triangular Toeplitz matrix. Now we get

|Tostll3 > s 113
IT, 5H2

We set p:=1—0(1 —a) and q := fa. With recursively defined by := % and b; := —%(,Blbi_l +
Bob;_o9 + - +ﬁlb0) fori=1,...,d — 1 we obtain

bo b1 -+ ba1
, L :
Taﬂ = ,
. 1
0 bo

and consequently

I 5ll2 < Vd|IT, glloo—\/EZIbl-

Let U be chosen such that |3;| < B foralli=1,...,n—1 with some fixed sufficiently small 3.
Using the fact that (1+2)¢ =1+24+2(1+z)+2(1+ )2+ -+ 2(1 + 2)7 we get recursively
that

bo| = 1
p
bl <i5. 2= 23
b p b
‘b2|§q5.(1+q5 1>:f125.(1+q5>7
b b p b b b
2
\b3|<q5~(q25 <1+q3>+qﬂ 1+1>=‘§B <1+ 95+ ﬂ<1+q/3>)=q2ﬁ <1+ g)
b b b b b p p b

1—1
b < L5 <1+qﬁ) .
p D

Hence, we obtain

such that
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Since]%<1,wegetwithaﬁxed6,0<5<1anda€[1—5,1+5] that

1 1-946
>

— = =:(C].
ITo sl — /g (1 + B)

d—1

Hence 1+ ||t + 0(SgAat —)]|2 > 1+ —L—||t[|3 > 1 + C1||t]|3 and we are done.

[1]

—1
1T, Iz
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