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ABSTRACT. This papers examines structural properties of the recently developed shearlet coorbit
spaces in higher dimensions. We prove embedding theorems for subspaces of shearlet coorbit spaces
resembling shearlets on the cone in three dimensions into Besov spaces. The results are based on
general atomic decompositions of Besov spaces. Furthermore, we establish trace results for these
subspaces with respect to the coordinate planes. It turns out that in many cases these traces are
contained in lower dimensional shearlet coorbit spaces.

1. INTRODUCTION

This paper is concerned with the investigation of structural properties of shearlet coorbit spaces.
In recent years it has turned out that shearlets have the potential to retrieve directional information
so that they became interesting for many applications, see [13, 16, 18]. Moreover, quite surpris-
ingly, the shearlet transform has the outstanding property to stem from a square integrable group
representation [2]. This remarkable fact provides the opportunity to design associated canonical
smoothness spaces by applying the general coorbit theory derived by Feichtinger and Grochenig
[6, 7,8, 11]. Indeed, in [3, 4] the above relationships have been clarified and new smoothness spaces,
the so-called shearlet coorbit spaces, have been established. In particular, it has been shown that
all the conditions needed in the context of the coorbit space theory to obtain atomic decompositions
and Banach frames can satisfied by the shearlet setting.

However, once these abstract smoothness space are established some natural questions arise. Of
course one would like to know how these spaces look like and how they are related to other known
classical smoothness spaces such as Besov or Triebel-Lizorkin spaces. Moreover, one would like to
understand the structure of these new spaces. That is, it would be desirable to know how these
new scales of shearlet coorbit spaces behave under embeddings, trace and interpolation operations.

For the two-dimensional case, first results in this direction have been obtained in [5]. In [5] it has
been shown that shearlet coorbit spaces of function on R? can be embedded into Besov spaces and
that the traces on the real axes are also contained in Besov spaces. Moreover, a first embedding
result of Sobolev type has been established. The present paper can be interpreted as a continuation
of this work in the sense that we study similar questions in the three-dimensional setting. We will
prove that as in the two-dimensional case there exist embedding results for subspaces of shearlet
coorbit spaces resembling shearlets on the cone. However, the trace spaces turn out to be much
more involved. In the higher dimensional case it cannot be expected that all the trace spaces
are again contained in Besov spaces since the shear parameter plays a much more important role.
Indeed, we will see that certain traces of shearlet coorbit spaces are again shearlet coorbit spaces!
To establish these results new techniques become necessary since linear combinations of the traces of
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analyzing shearlets might not be again admissible shearlets. To overcome this difficulty we decided
to use the more general concept of coorbit molecules developed by Grochenig and Piotrowski in
[12]. Their concept of molecules provides more flexibility than atomic decompositions. It turns out
that specific linear combinations of traces of shearlets can be interpreted as coorbit molecules for
lower dimensional shearlet coorbit spaces.

Organization of the paper: In Section 2 we review the basic setting of the shearlet transform
and the associated coorbit space theory as it is needed for our purposes. Then, in Section 3 we
provide the concepts of atomic decompositions for Besov spaces and molecular decompositions for
shearlet coorbit spaces. The main results are contained in Section 4, where we use the machinery
explained in the previous sections to prove various trace results. Finally, in Section 5 we establish
three-dimensional embedding results of shearlet coorbit spaces into Besov spaces.

In the remaining paper, we use the notation f < g for the relation f < C'g with some generic
constant C' > 0, and the notation ‘~’ stands for equivalence up to constants which are independent
of the involved parameters.

2. SHEARLETS ON R?

In this section, we recall basic results about the shearlet group on R?, d > 2, its square integrable
representations and shearlet coorbit spaces from [4]. While [4] deals only with band-limited shear-
lets, we will see that also compactly supported shearlets can serve as so-called analyzing vectors
for shearlet coorbit spaces.

2.1. Shearlet Group and Shearlet Transform. For a € R* := R\ {0} and s € R4} let

a 0T 1 T
A, = d_ll and S5 := ( § >
Oa—1 sgn(a)lald Ig— Odg—1 Ig—1

be the parabolic scaling matriz and the shear matriz, respectively, where sgn (a) denotes the sign
of a. The (full) shearlet group S is defined to be the set R* x R4 x R? endowed with the group
operation

(a,s,t)(d,s,t') = (ad’, s + \a|1_1/ds',t + SsAqt’).
A left-invariant and right-invariant Haar measure of S is given by

da

da
ps, = W dsdt and ps, = dsdt,

|al
respectively, and the modular function of S by A(a,s,t) = 1/[a|?. In the following, we use the
left-invariant Haar measure ps = ps ;.

Recall that a unitary representation of a locally compact group G on a Hilbert space H is a
homomorphism 7 : G — U(H) from G into the group of unitary operators U(#H) on H which
is continuous with respect to the strong operator topology. For the shearlet group the mapping
7:S = U(Ly(RY)) defined by

m(a, s,t)(z) == |det Ag| 20 (A1 (2 — 1)) (1)

is a unitary representation of S. The representation (1) is also square integrable, i.e., it is irreducible
and there exists a nontrivial admissible function ¢ € Lo(S) fulfilling the admissibility condition

[ 1770, 09 a0 < .
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Let the Fourier transform be defined by

Fiw) = f(w) = [ | flae 0 g,

Then straightforward computation yields

Past(w) = [a] 20727 (ATSTw). (2)
More precisely it turns out that 1) € Ly(S) is admissible if and only if
T2
Cy :—/ |¢(w)d| dw < 0. (3)
Rd |wi

A function ¢ € Ly(R?) fulfilling the admissibility condition (3) is called an admissible shearlet and
the transform SHy : La(RY) — Lo(S) defined by

SHu)f(CL,S,t) = <f77T(CL,S,t)1/J>, (4)
continuous shearlet transform. It is known that there exist both bandlimited and compactly sup-
ported shearlets, see [2, 5, 15, 17].

2.2. Shearlet Coorbit Spaces. Let w be real-valued, continuous, submultiplicative weight on S,
ie., w(gh) < w(g)w(h) for all g, h € S. Furthermore, we assume that the weight function w satisfies
all the coorbit-theory conditions as stated in [11, Section 2.2]. A function contained in

Aw = { € Ly(RY) : SHy (1) = (¥, 7(-)) € L1,u(S)}.

of is called an analyzing vector. For an analyzing vector ¢ we can consider the space

Hiw = {f € La(R?) : SHy(f) = (f,7(-)¥) € L1,w(S)}, ()
with norm || f{/3, ,, == [[SHy fllL, . (s) and its anti-dual H{7,, the space of all continuous conjugate-
linear functionals on H1 4. The spaces H1, and HY ' Are - invariant Banach spaces with continuous

embedding H1,. < H < H{,,- Then the inner product on Ly (R%) x Ly (R?) extends to a sesquilinear
form on HY,, X H1,w- Therefore for 1 € H; w and f € HY,, the extended representation coefficients

SHTZJ(f)(av S, t) = <f7 ((L, S, t)w>7-t1~’w><?-ll,w

are well-defined.
Let m be a w-moderate weight on S which means that m(zyz) < w(z)m(y)w(z) for all z,y, z € S.
For 1 <p < oo, let
Ly (S) := {F measurable : Fm € L,(S)}.

We are interested in the following Banach spaces which are called shearlet coorbit spaces

SCpm = {f € HTw : SHy(f) € Lpm(S)},  Ifllscpm = ISHyfIIL,m(5)- (6)
Note that the definition of SCp, ,, is independent of the analyzing vector ¥ and of the weight w, see
[6, Theorem 4.2]. In applications, one may start with some sub-multiplicative weight m and use
the symmetric weight w(g) = m*(g) := m(g) + m(g~')A(g) for the definition of A,,. Obviously,
we have that such m is w-moderate.
To construct Banach frames in coorbit spaces, the following better subset 5,, of A, has to be
non-empty:
By = {¢ € La(R?) : SHy (1) € WE(Co, L1 )},

where W¥(Cy, L1 ,,) is the Wiener-Amalgam space

WH(Co, Liw) == {F : [[(Lax@)Fllso € Liw},  [(LoxQ)Fllec = SGUPQ|F(?J)|
yEx
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and Q is a relatively compact neighborhood of the identity element e in S, see [11]. Note that
in general B,, is defined with respect to the right version W#(Co, L1 4,) = {F : [|(ReXQ)F |l =
sup,c gzt |F(y)| € L1,w} of the Wiener-Amalgam space. Regarding that SHy(¢)(g) = SHy(g~)
and assuming that Q = O~ ! both definitions of B, coincide. We want to show that B, contains
shearlets with compact support. To this end, we need the following lemma.

Lemma 2.1. Lety >0, ¢ >0, 6 >0 and d € [—0,0]. Then, for r > 2 and f(z) :=
following estimates hold true

1
gy the

1
/f d:n<—+f and /\x]f dx<f+f
y?
Proof. For |x| < 20 we see that f(x) <
1
f(z) < e Hence, we have

1 o0 1 44 e 1
/ fla d:p</ dm+2/ ydx§+2/ ———da
25 C 5 (c+5o)r c” o (c+5x)r

46 4
<—+4+-C<o0, r>1.
c’ Y

and for |z| > 2§ we obtain with |z + d| > |x| that

_C'r

The second integral can be estimated as

/OO 2| f () dm</26 |5”|d$+2/oo”’“dm
—00 oo 0 (C+ %$)T

< (;) | e

0

By the following theorem, there exist compactly supported functions 1 € Lg(Rd) which are
contained in B, for certain weights w.

Theorem 2.2. Let ¢)(z) € Lo(R?) fulfill suppty € Qp, where Qp := [—D, D]%. Suppose that the
weight function satisfies w(a, s,t) = w(a) < |a|=* + |al?? for p1,p2 > 0 and that
. [ 1
[ (wr,w2)| S (7)
it o U G5y

for sufficiently large n and r. Then we have that ¥ € B,,.

Proof. To keep technicalities at a reasonable level, we restrict ourselves to the case w = 1. Let
1 1

Q=09 !'cClai ™t ai] x [~0,0] x [-7,7]?, where a > 1, ¢,7 > 0. In the following, we restrict

our attention to group elements of S with a > 0. The other case can be deduced in a similar way.
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Let (aq, 5¢,tq) € Q and

1
t1+atg1 + aﬁ(sﬂfq,lg + -+ Sa-1tgd)

(a', s 1) :=(a,s,t)(aq, sq.tq) = | aaq, s + al_%sq, bt C.LE fa.2
tg+ cﬁ tad
We are interested in
G(a,s,t):= sup |SHypy(d, s, )|
(aq,8q:tq)EQ
With the support property of ¢ and
(@) (21 — 1)) = s1(w2 —th) — ... — sa—1(za — t})))

[

Vo0 () 1= (¥ )p(a) = ()20
()4 wa = )

we obtain that SHy(a',s',t') = (1, ¢ ) # 0 implies (z1,...,24)T € [-D, D]* and

~D<(d) i(aj— ) <D, j=2....d, (9)
d

—a'D <xy—t) — Zs;_l(a}j —t;) <ad'D. (10)
j=2

With (8) it follows from (9) that

xj— aétq’j - (aaq)éD <tj<zj— aétqd + (aaq)eD, j=2,...,d, (11)
and from (10) that
d d
x] — 253—1(%’ —ti)—a'D <ty <wp— Zs;_l(acj —t;)+a'D
=2 =2

and with r := 7 — 2?22(8]-_1 + al_%sm_l)(acj —(tj + aétq,j)) —atg1 — ad 2?22 sj—1tq; further
r—aasD <t1 <r+aagD.

Since Q C [aé_l,aé] x [~0,0]4"! x [~7,7]% we obtain from (11) that

=

—C(l4a1)<t; <C(l+ai) j=2,....d, C:=max{D,Dai+r}. (12)
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For estimating ¢; we need an estimate for r:

d d
1
r=1 — Z(Sj—l +a dSqJ )z — (¢ + adtqa)) —atg) —ad Zsj—ltq,j
j=2 J=2
d 1 1 1 1
=21 —atgr — | ) sj-1j — sjoity el Tasg iz —al s ity —a'Tdsg  1adty
j=2
1 1 d 1
<D+ra+0D(d—1)a"" 7 +0(d—1)Ca'"a +o(d—1)Ca+or(d—1)a+ ) |sj-1/(D+C + Caa)
j=2
1 1
ad) Z|53 1| | Pi(ad)

where Py € Il are polynomials with nonnegative coefficients depending on «, o, 7 and D. Similarly
we conclude

1 1
r>—Py(az) = | Y |s;1| | Pi(a2).
j=2
To keep the notation simple we use Py for Pd(aé) + aayD again (just pointing to the degree of the
polynomial) such that

d

1 1
—Pd( E — Z‘SJ 1| Pl( E)<t1<Pd
7j=2

m»—‘

Z|s] 1] Piad). (13)

With Plancherel’s equality and the decay property of 1/} (7) we obtain

‘S,wa(a? S, t)‘ = ‘(77/)7 wa,s,tﬂ = ‘(77/}7 %a,s,t)’ = - 1/3(0))1&&78’15((#)6100

awq
é(slwl + wg)
< / l(w)lal=3 | | e
R4 .

1
ad (Sd 1w1 + wd)

n
< Ca1_21d/ 7]@)1\
re (1+Jwi])”

d 1 |awy|™ d 1
1
X dw
kl_[Q (1 + |wg|)" (1 + awr])" ,}_[2 (1+ a%‘wlSk—l + wi|)"
< Ca121d+n/ jwr|" jwr|"
- R (1+|W1D7" (1+ |aws[)”

1
% dwy, | dwy.
H (/ (14 fwr])" (1+aé’0~)13k71+wk‘|)r )

The inner integrals can be estlmated using [5, Lemma 3.1], which results in
[SHyy(a,s,1)] < CJ(a,s)
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where

d
1 |y |™ |ewr | 1 1
J(a,s) = at 2d+"/ + dwy
R (1+ [wi])" (1 + |aw|)" kHQ ai(1+ |lwisp1])” (14 ad|wisp1])"

oo n n d
:2a1_2ld+”/ 1 - “1 H - ! + - ! dws.
o (I4w)" (1+aw)" ai(l+wi|sp_1])” (14 adwi|sp_q|)"
!/

Hence, we obtain for G(a, s, t) that |G(a,s,t)| < C’J(a
show that the following integral is finite:

s"). To conclude that G € L; ,, we have to

I —/\Gast)\dtds| i

Since |G(a, s,t)| is zero, except the t; are in the intervals given by (12) and (13), we have that

d
> 1 1 14 da
I§/0 /Rd_l(Pd(ad)—i— Z]Sj_ﬂ P1(ad))(1—|—ad)d Ly, s')ds sy

J=2
d 2n

0 1 1 1 o0 w
< P a o P P n+1—d/ 1
N/O /Rdl( bd—1(ad) + E |sj—1l | Pa(ad))(aay) L TFey (1 + aagoon)”

Jj=2

1 1 d
1 _1 + 1 11 dwrds 5
e \(aaq)d (L +wi|sp—1 +a “dsgp1])" (1 + (aaq)dwilsg—1+a " dsgp_1])" a@

00 [ee] 2n
</ an—Q—ld—d wy
~Jo Jo (1 +w1)"(1 + aaqwr)”

d ) .
8 / H F 1-3 + 1 1-1

R~ ;70 \(aag)d (1 +wilsp—1+a " dsgp1])" (14 (aaq)dwi|sg—1 +a  dsqp1])"
X (P2d 1 % Z\SJ 1] | Pa( é) ds da dw;.

We consider the inner 1ntegral I* given by

l l
Rd—

d
1 1
o \(aaq)d(1+wi|sp—1+a “dsgp_1])" (14 (aaq)dwi|sp—1+a ~dsqp_1|)"
Setting

1 1
Aj(x) == T T and Ay(x) := T T )
(aaq)a (1 +wilz +a " awy|)" (1 + (aaq)dwi|z +a " dz,|)"
we obtain with the symmetry in s and Lemma 2.1 the following estimates
o _1 1—1 1 1
Aij(x) + Ay(z)dx Sa d (a  do+
—00

)
— | +a do+
w1

1
wiad
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and

o 2
| laltste) + As(o)yds S a7 ((a1‘50)2+<i>2>*(“1_5“)2+< 1;) '

—00
We can rewrite I* in the following way

d

1 1
r= [ Pt + [ X lsial | Puta)
.

=2

H (A1(sk-1) + AQ(Sk—l))] ds

k=2
L d
— Pou_1(ah) (Ar(sp_1) + As(sk_1)) ds
2d—1 /Rd—ll]l 1\9k—1 2\9k—1
) d d
—i—Pd(ad)/Rd_l S sl | T (Ar(snor) + As(sp_1)) ds

j=2 k=2

1 d >
= Pyg_1(ad) H / (A1(sp—1) + Aa(sp—1)) dsp—1
k=27~

) d o d 00
P 3 [ fsyal(atsin) + As(sia) dsia TT [ (isnn) + Aa(sin)) dsion.
j=2 /= jm ) o0

k]
Together with the above estimates we obtain
) ) d—1
I*,SPgd_l(a%) a"d (al da+) +a'Tdo + .
w1 wiad
d—2
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We then have for I that

d—1
00 00 w2n 2
15/ / a”_ﬁ_d( : - Paq_1(at) <a1_flo+a1_clia+ )
o Jo

14+ w1)"(1 + aaqw)

wiad

d—2
2 1 1
+ Pd(aé) <a1_30—|—a1_}ia+ 1) <a2_302+21+a2_302+ 5 2) da dwy

Substituting b := aw; with db = wida we finally get
& /ooo &%‘T:j)rpdl(wfl) /OOO (Ofl)n_;d_d_ddl MPd%rd—l ((51) lli) db dur
+ /0°° de2<wfl) /0°° (fl)n_;d_d_l (alq_li_b)rpd%d <<i>é> db dwy
+ /0°° deﬂwf) /0°° (fl)n_;d_d_l Mpd2—d+1 <<i>é> db dwy
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n—ss+d 1 4 1
00 wy 2d 00 pntzg—d—1 b\ d
< 1 ____p - / ———Pp.g4 () db dw
N/o (e ) )y e (G :
0 n+d+ﬁ 00 pn—as—d—1 1
Wy 1 b" " 2a b\¢
+ —— Py o(w / — P, ( db dw
n—2+d+ 55

00 w; ) 00 bn—;—d—d—l b
+ — P o(wy / ——F P > db dw, .
/0 (1+wp)" d—2(wy ) 0 (i+b) d2—d+1 w1 1

Since Py € II; are polynomials we see that the integrals are finite for sufficiently large n > fi(d)
and r > fa(n,d). O

A (countable) family X = {g; = (a;,s,t;) : i € I} in S is said to be U-dense if | J;c7 9:U = S,
and separated if for some compact neighborhood @ of e we have ¢;Q Ng;Q = 0,7 # j, and relatively

separated if X is a finite union of separated sets. Let o > 1 and 8,7 > 0 be defined such that
[1/a,a) x [, 8)* x Q; C U. Then it was shown in [4] that for a neighborhood

U Do, ad) x [— gg) L 2.0y a>1, 8,7>0 (14)

of the identity, the set
i (11 . _
X = {(m /8o Dk S, oy, AasTl) i€ Lk €20 1€ 2 e € {1, 1}} (15)
is U-dense and relatively separated. The following theorem collects results about the existence of
atomic decompositions and Banach frames from [3, 6].

Theorem 2.3. Let 1 < p < oo and ¢ € By, ¥ # 0. Then there exists a (sufficiently small)
neighborhood U of e so that for any U-dense and relatively separated set X = {g; = (ai, s;,t;) 11 €
T} the set {m(gi)y)} provides an atomic decomposition and a Banach frame for SCp -

Atomic Decompositions: If f € SCp,, then

F=>clH)m(g)e, (16)

i€l
where the sequence of coefficients depends linearly on f and satisfies
[(ci(f))iezlleym S I fllsCpm (17)
with £, m being defined by
bpm = {c = (ci)iez : lIclle,,, = llemlle, < oo},
where m = (m(g;));cz. Conversely, if (ci(f))iez € Lpm, then f =,y cim(g:) is in SCpom and
| fllscpm S ci(f))iezlle, - (18)

Banach Frames: The set {m(g;)y : i € I} is a Banach frame for SCp , which means that
i)
[fllscym ~ 1 m(90) D) rz s 1 Diez g m (19)

ii) there exists a bounded, linear reconstruction operator R from €y, to SCp such that

R ((F: 9(90)0) 5, s, )iex ) = .
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3. CHARACTERIZATION OF COORBIT SPACES AND BESOV SPACES

In the next section, we will show that traces of shearlet coorbit spaces onto certain hyperplanes
are contained in Besov spaces or again in shearlet coorbit spaces. The proof of these trace theorems
will heavily rely on the characterization

e of Besov spaces via atomic decompositions,
e of coorbit spaces via expansions of molecules.

The following subsections provide the results which will be necessary for our analysis.
3.1. Atoms in Besov Spaces. We start by the characterization of homogeneous Besov spaces
By, from [9], see also [14, 20]. For inhomogeneous Besov spaces we refer to [19]. For a > 1, D > 1

and K € Ny, a K times differentiable function ¢ on R? is called a K-atom if the following two
conditions are fulfilled:

A1) supp¢ C DQ]-J(]Rd) for some [ € R?,
where DQ;;(R?) denotes the cube in R? centered at a~/ with sides parallel to the coor-

dinate axes and side length 2077 D.
A2) DY¢(x)| < alV for || < K.

Now the homogeneous Besov spaces can be characterized as follows.

Theorem 3.1. Let D > 1 and K € Ny with K > 1+ |c|, 0 > 0 be fized. Let 1 < p < oo. Then
I € By, if and only if it can be represented as

fx) =33 A Do), (20)
JE€EZ 1e7d
where the ¢;; are K-atoms with supp ¢;; C DQjJ(]Rd) and
1
. O’—é . q\ =
I7llmg,, ~ inf (32”2132 AG.DP)?)*
JEL lezd

where the infimum is taken over all admissible representations (20).

3.2. Molecules in Shearlet Coorbit Spaces. Further, we will make use of the recently intro-
duced molecules in general coorbit spaces, see [12]. We summarize the results needed from [12]
for our shearlet coorbit spaces. Let ¢ € By, ¥ # 0 and let X := {g;}iez be a U-dense, relatively
separated family in S. A collection of functions {¢;}iez from Ly(R%) is called a set of molecules, if
there exists an envelope function H € WR(LOO, L, ) such that

[SHyei(9)l < H(g;'g), i€T.

This definition of the molecules does not depend on the particular choice of ¢ € B,,. For a fixed
Y € By and H € WR(Loo, L1,4), let

Ci={¢ € Lo(R") : |SHyo(g)] < H(9)}.
Then, for ¢; € C, the family {m(g;)¢; : © € Z} is a set of molecules since
[SHy(m(9:)0i)(9)) = [(m(9:) i, w(9)0)| = [SHyi(g; ' 9)| < H(g; ' g).
The following synthesis property was proved in [12] for general coorbit spaces.

Theorem 3.2. Let {¢i}icz be a set of molecules subordinated to H € WHE(Lgo, Ly w). If (¢i)iez €
lpm, D € [1,00], then [ =3 7ci¢; € SCpm and

1fllseym S I1(ci)iezlle, m -
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4. TRACES OF SHEARLET COORBIT SPACES

In this section, we are interested in traces of shearlet coorbit spaces. Traces of shearlet coorbit
spaces on R? onto the real axes were considered in [5]. It turned out that such traces of subspaces of
shearlet coorbit spaces resembling shearlets on the cone are contained in Besov spaces. We will see
that in higher dimensions the shear parameter will play an important role. More precisely, traces
onto d — 1-dimensional hyperplanes containing the x;-axis will be contained in shearlet coorbit
spaces again.

To keep the technicalities at a reasonable level, we restrict ourselves to the practically most
important case of three dimensions. Moreover, we are only interested in weights

m(a, s, t) =m(a) :=|a|"",r >0
and use the abbreviation
SCpr = SCpm.
By (15), the set
{(ca™9,Ba 3k, S 25 Ayy7l):j €L ke TP ec{-1,1}}. (21)
Ba 3 k
is U-dense and relatively separated for U defined as in (14). We restrict ourselves to the case a > 0
such that ¢ = +1. The case @ < 0 (and ¢ = —1) can be handled analogously. For a := a7/,
s = Ba_%(kl,kg)T and t = Sﬁ ;?’QikAa—jTl we use the abbreviation ;; := 7(a,s,t)y. By
(63

straightforward computation we obtain that

adxy — 7l — a%ﬂ(lﬁxg + koxs)
Yini(x) = ad e by — Tly . (22)
05%393 - Tlg

Replacing f(z) by f7(z) := f(rz) and ¥ (z) by " (z) := ¢(7z), we see that we can work without
loss of generality with 7 := 1. In the following, we restrict our attention to this case. Note that if
Y7 (z) has support in [~D, D] then v has support in [~7D, 7D]3.

By Theorem 2.3, any f € SCp, can be written as

F@) =YY el kD pa(z). (23)

JEZL k€72 173

To derive reasonable trace and embedding theorems, it is necessary to introduce the following
subspaces of SCp,,. For fixed v € B,, we denote by SC](DZE, n € {0,1}? the closed subspace of

2
SC, , consisting of those functions which are representable as in (23) but with integers |k;| < a3 if

n; = 1. We want to investigate the traces of functions lying in the subspaces SC;(;?Q with respect to

the coordinate planes. For symmetry reasons we can restrict our attention to the x;x2-plane and
to the xzoxs-plane. We start with the latter one, where we prove that the traces are contained in
Besov spaces.

Theorem 4.1. Let Tr,, f denote the restriction of f to the xoxs-plane, i.e., (Try, f)(x2,x3) =
f(0,z9,x3). Then the embedding Trml(SCﬁll)(R?’)) C BI‘;ED(RZ) + B;;%(]R% holds true, where o1 +
2\_01J :3T—271+% and02:3r—%—%+%.
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Proof. We split f into f = f1 + fo as follows:

fi(z1, 2, x3) Z Z Z Z (4, k, D ka1, 22, 23) (24)

720 |k1|<a29/3 |ko|<a2i/3 1€Z3

folwr, wa, w3) =Y Y e, 0,1)1hjpa(a1, w2, 73). (25)

Jj<01ez3

By Theorem 2.2, the analyzing function 7 can be chosen compactly supported in [—D, D]? for some
D > 1. For our o, i = 1,2 defined in the statement of theorem, let K; := 1+ |o;], i = 1,2 and
K := max{K;, K2}. We normalize ¢ such that its derivatives of order 0 < |y| < K are not larger
than 1/ max{1, 3%}. By the support assumption on 1) we have that

a3(l3— D) < w3 < a”3(l5+ D)
a”3(ly— D) <23 < a 3 (ly + D)
—-D — Oé%,B(kle + ]{?2$3) < ll < D — a%ﬁ(kl‘rz + k2$3)-

Consequently, we obtain that
—ﬁ(kllg + kglg) — D(l + ﬁ(’kly + |k2|)) <l < —ﬂ(kllg + ]{?ng) + D(l + ,3(|k31| + ‘kz‘))

Let
I:= I(k‘l,kg,ll,lg) = {n IS/ |n + ﬁ(k‘llg + k213)| < D(l + ﬂ(|k‘1| + |k‘2|))}

For j > 0, we set
) 5+4K7p . .
AGilasdg) i=a o 7 " 3 N e, k, D)

|k1|<a2i/3 |ko|<a2i/3 li€]

and

2K . 2K .
Bjdads (T2, 73) = A(j, Ia,13) T30 Y ST D el ka3 440, 32, 23)

|k‘1‘§a2j/3 |k2|§a21/3 lhel
if A(4,12,13) # 0 and for j < 0 analogously
A(]7l2al3 %jZ| ]70 l
hel

and

Bjdods (02, 23) 1= A(J, Lo, 13) ™" Y (4,0, D)1 £4(0, w1, 2)
lhel

if ;1,5 7 0. In both cases we set ¢, 1, := 0 if A(j,l2,13) = 0. Now we can write
Trl’lf(x27$3) == f(07 x27 x3)

=5 Y Y Y el b Dgea(0, 22, 21)

JEL |k | <a23/3 k| <2313 (o La)€22 Ll

=3 D Al B)bnis(wTa) + Y D Al 1)y 1y (22, w3)
720 (I2,l3)€Z2 J<0 (I2,l3)€Z?

= Try, fi(xe, x3) + Try, fo(xe, 3).
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We want to show that the ¢;, ;, are Kj-atoms. First, we have that

—04%5(1431?62 + koxz) — [y
supp ¥j x,1(0, x2, x3) = supp 1) a%xQ — Iy C DQjy 15 (R?)
Oé%xg — l3

with respect to the side length 273 D. Since we sum over finite sets, this support property is also

2‘. . . . .
true for ¢;, 1, Next, we conclude by |k;| < oz%, i = 1,2 that for j > 0 the derivatives of ¢;, 1,
can be estimated as

;
i —asfB(kizy + kexs) — Iy i g .
— ] K%, 1 21 Z
a6 a67D7¢ asmzy — Iy ‘ <aMF (ata®) <ashl | < K

Oé%.tg — l3
For 7 < 0 we have similarly that
I
2ipy g ih
ad’D7Y [ adze —lp || < a3 |y < K.

J
33 — 13

5 .
o~ 67

Thus, by their definition, the ¢;, n, are K;-atoms. By Theorem 3.1 and Theorem 2.3 we get

J(gr_2 ‘
‘|Trx1f1||%;1p(R2) 5 ZO‘B( ! p)p Z ’)‘(]7127l3)|p

Jj=0 (I2,l3)€Z?
j 2 +4K
ST a8 (Y Y Sidk)
Jj=0 (I2,13)€Z2  |k1|<a2i/3 |ky|<a2i/3 €I

and since (le\il |zi])P < NP1 |2|P further

L B e L e DD DI S S < (A N )

j=0 (I2,l3)€22 |k1|<a2i/3 |ko|<a2i/3 Li€l
S oy > D el k0P
§>0 k1 |<a29/3 |ko|<a2i/3 el

<A o

with 7 = (o1 4+ 2[01] + & — 7) Analogously we can compute
p 1(0272)1’ . p
HTrmeHBg?p(Rz) S;Zas P Z |/\(]7l27l3)|
7<0 (I2,l3)€Z?
I(gy_2 p

ST ot Prair Y (Tlik)
7<0 (l27l3)€Z2 el

S AN
7<0

<1715, @o)

WlthT—%(O’g—i—*—%). O
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Let us now turn to traces on the zixs-plane. In this case the shear parameter will play an
additional role so that the traces will again be contained in shearlet coorbit spaces. For the proof
of the theorem, we need the following auxiliary lemma.

Remark 4.2. Consider the representation 7((a,s,t)|R?)y(x) = |a]7%1/J(AngS_1(x —t)) of the
shearlet group on Ly(R?) with

a 0 1 s
Ao = (0 sgn(aﬂa\é) and 5= (0 1)

) -2 ail(:vl—tl—lb’(m—h))
(s Rt =lot o (* SO

which is slightly different from (1). The representation (26) can be interpreted as the restriction of
(1) for d = 3 to the two dimensional case. This representation preserves all the properties shown
in Section 2, in particular, we have that for a neighborhood

U2latad)x -5 5 x -5, 07 ax 18>0

such that
(26)

of the identity, the set
X = {(Eaj,aggﬂkl,s %o Aytl) €Lk €LIET? € € {—1,1}}
o 1

is U-dense and relatively separated.

Proof. The group properties, the representation and the U-density can be obtained by straightfor-
ward computation.

Another way to see this is by identifying R? ~ R? x 0 (and Z? ~ Z? x 0) and using these sets
with the original setting in Section 2 omitting the third components (i. e. rows and columns). [

Using the setting from Lemma 4.2 to define our shearlet coorbit spaces on R?, we can prove the
following theorem.

Theorem 4.3. Let Tr,, f denote the restriction of f to the xixe-plane, i.e., (Try, f)(x1,22) =
f(z1,22,0). Then Try, (SCS,)}I)(RS)) C SCpry (R?)+8Cp 1, (R?), where 71 = r—%+% andry =r—%.

Proof. We split f into f = f1 + fo as follows:
fil@ime,ms) =Y > Y Y ek, Dypa(an, w, w3), (27)

720 k1 €2 [ky| <a29/3 €73
folwr,ma,w3) =Y > > el k1, 0,008 p, 00(w1, @2, w3). (28)
j<0 k1€Z1e73

Now Tr,, f can be written as
Trx3f(x17x2) = f(ﬂfl,ﬂfg,O)

; J
oﬂxl — ll — a35k1:c2

=30 X Yclkbate | atm -1

JEL k1 €L |kp|<a?i/3 I€T? s

»j k1 (21,22,0)
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By Theorem 2.2 we can choose 1) compactly supported in [—D, D]? for some D > 1. Consequently,
we obtain

Trog f(z,22) =) > > DD el bk Dk, x2,0)

JEL k1€Z |ko|<a23/3 (I1,l2)€Z2 |13|<D

= Z Z Z Ay k1, 015 12) By g 00 + Z Z Z A5 k1, 11, 12) B kg o 0o

§>0 k1 €Z (11 lo) €72 J<0 k1€Z (I1,l2)€Z?
= Tra, f1(21) + Tray fo(21),

where for j > 0,

‘ ajafl — ll — a%,Bklmg
¢j,k1,ll,l2($la 1"2) = )‘(]7 kl) llu l?)—la% Z Z j) k l O[ 3 a%xz — l2

k| <a23/3 13| <D Is
if
Aokt lo) s=ab > > (G, kD] #0

|ka|<a?i/3 |I3|]<D

and for j < 0,
Oéjl’l — ll — a%ﬁk:lzm
: 2 ;
Bjensin da (1, 72) 1= A(j o1, 11, 1) Lo Z (4, k1,0, )3 9 iz — Iy

|ls|<D I

if

NG kil lo) == af Z (4, k1,0,1)| # 0.
l3|<D

In both cases we set @k, 1, 1, (21, 22) = 0 if A(j, k1,11,12) = 0.
The functions ¢; i, i, 1, are molecules by the following reasons: We restrict our attention to a > 0
and 7 = 1. With

: : I ~I1yBk
a=a’, s:= a*%]ﬁlﬁ and (2) =S5 5 Ay (g) = <a ! +_Ozé 20 1> (29)

(0% T,Bk’l o 3[2
representation (26) reads as
. o g
(a5, ) R2)(z) = aFyp [ ©0 7 h o% Bk 22
a3:c2 — s

With g; = (as, i, t;) defined by (29) the functions ¢; k, 1, 1,(x1,22) (for j > 0) can be written as

¢j,k1,l1,l2(x17x2) - )‘(jv kl7l17l2)_1a% Z Z j)k m gl’R ) ($1,$27l3)

|ka|<a2i/3 |I3| <D
= W(9i|R2)(A(jvkl,lhlz)*la% oY ek Dy 3317562,13))
|ka|<a2i/3 |I3]<D

= ﬂ'(gi‘RQ)(ﬁi(xla .’EQ),
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with ¢s(w1,22) 1= A(j, k1, 11, 12) 1 af Y, < a2 Sppgiep €U ks DY (w1, w0, 13). Let @b := (1,29, 0)
and H (g) := max)j;<p |[SH ;¥ (-, 13)(g)|- Then we know by Theorem 2.2 that H € WHE(Loo, L1 ).
Further we obtain

SH; (6) (@] < MGk bnl) tas ST N el kD] [SH (- 15)(9)]

ko|<a?i/3 |I3|<D ~
2] <H(g)

< [H(g)l-

Hence, ¢;, 1,1, is a molecule for j > 0. For j < 0 it can be shown similarly that ¢;x, i,1, is a
molecule.
Finally, we obtain by Theorem 3.2 and Theorem 2.3 the desired trace estimate for f SCI(,?;l) (R3)):

1T fillle, gy S 3000 S0 @A byl lo)P

720 k1€Z (11,l2)€2?

Szajp(rﬁé) Z Z ‘ Z Z |c(j,/€1,k2,l)\p7

j=0 k1€Z (11,12)€Z? |ky|<a?i/3 |I3|<D
; 1y 2, ,
< Z aIP(ri+5) o5 (1) Z Z le(f, k1, ka, DIP
Jk1,lal2 |ko|<a2i/3 |I3|<D

<171, o

with r =71 + % — %. In the same way we obtain
H’I‘rm:‘sf?”gcp’w(]}@) S Z Z Z ajprz‘)\(j, k17l17l2)‘p
J<O0 k1€Z (I1,l2)€Z2
) p
S Y aHON N (e h, ko, )
j’k17l1»l2 |l3|§D
S > af#(r2+s) > e,k ko, DIP
Jiki,l1,l2 lIs|<D
<712, s
with r =79 + é. This completes the proof. ]

5. EMBEDDINGS INTO BESOV SPACES

In this section, we prove the following embedding result of certain subspaces of shearlet coorbit
spaces in three dimensions into (sums of) homogeneous Besov spaces. We like to mention that
embedding results in Besov spaces have also been shown for the curvelet setting by Borup and
Nielsen [1]. However, the technique used by these authors is completely different since they work
in the frequency domain.

Theorem 5.1. The embedding SC]()%;D(R?’) C BgL(R?) + BS2(R?), holds true, where

21 2
01+2{01J:3T—2+§ and UQ—SLUQJ:r—i-;;—i-;.
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Proof. By (23) we know that f € SC;()%;}) can be written as

F@=>> > > el kb Dk

JEL |ky|<a3/3 |ky| <a9/3 1€T2

By Theorem 2.2, the analyzing function ) can be chosen compactly supported in [—~D, D]® for
some D > 1. For our o;, i = 1,2 defined in the theorem, let K; := 1+ |o;], i = 1,2, and
K := max{Ki, K»}.

We split f € SCS;I) as in (27) and (28) into fi and fy and restrict our attention to 7 = 1 and
B = 1. We normalized 1 such that its derivatives of order 0 < |y| < K are not larger than 1. With
the index transform l; = r; — (k1le + kal3) we obtain

@) => Y > Y D> ek ko, — kaly — kals, I, Is)
520 [k |<a23/3 k| <23/ (2 l3)€Z? 1 €L 11 €1 (1)
y alzy — 1 + kilo + kol — a%(k1$2 + koxg)
X a?]I/J Oé%.fg — 12 )

a%xg —13
where I(j,n1):={rez: a%(nl -1)<r< a%nl}. For j > 0 we set

5+4Kq .
Bt () =M1, D, I3) "l 6 ) > > >l ki ke, — kala — kals, 1o, 1)

|k1|<a2i/3 |ka|<a2i/3 r1€l(j,n1)

adxy — 11+ kilo + kol — 04%(/?1332 + koxs)
X Oé_Tj’QZJ 04%1'2 - lQ )
04%1'3 — l3
if XM(j,n1,12,13) # 0 and @, 1,1, (x) := 0 otherwise, where
544K .
/\(jvnlal27l3) =a 6 g Z Z Z ’C(jv klkaarl _kll2_k2l3712>l3)|‘

|k1|<a?i/3 |ko|<ai/3 T1€1(j,n1)

@ =337 3" AU, 13)bjn da is (2)-

J>0n1€Z (I,l3) €22

Then we see that

By the support assumption on v, the functions appearing in the definition of ¢; ,, 1,1, can only be
non-zero if the following conditions are satisfied:

2

—D<aba;—; <D, ie, a$(li—D)<wz;<a $(;+D), i=23
—D<dxy =11+ kyly + kols — Oé%(kilﬂfg — koxs) < D
such that
< alr + a_jkl(a%:ng —ly) + Oé_jk‘g(Oé%{L‘g —I3)4+a /D
<aIr + of%(3D) < a*%nl + OF%(3D)
and similarly z1 > o Jr; — of%(3D) > a_%nl — of%(4D). And together

a_%nl — 04_%(4D) <z <a3ng 4+ a_%(SD)
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Thus, ¢; 1, 1,1, is supported in 8DQ); n, 1,15, Where the cube is considered with respect to side length

2a3. The bounds DY Gjim iz 15| < o3Pl |y| < K; can be derived as in the proof of Theorem 4.1.
Hence the functions ¢; ,, 1,1, are Ki-atoms. Now we obtain by Theorem 3.1 that

1l <SS QAT ST ST NGl )P

JEZ ni1€Z (12, lg)EZQ
i _3 54+4K7 N - ; P
< Z o3P (L )p Z ‘ Z Z le(g, k1, ko, 1 — k1lo — kals, 2, 13)]
i€z (n1,82,03) €23 | | [ k2| <a23/3 T €1 (jyma)
I(oy—3 j ji(p— ]
S Zoﬂ o1= (S )ip 25 (p-1) > > > el by ko, — kala — kols, 12, 13) [P
jez (n1,02,13)€Z [k | ko] <a21/3 T €1(G,m1)
SOICUDDED DEND SEN LR LN
JEZ 1EZ3 k1| <a23/3 |ky|<a2i/3

<71, oy

with r = (o1 + 2|01 + & — f) In the case j < 0 we obtain with J(j,n;) :=={r:a 3 (n;, —1) <

)
r < of?Jni}, i = 2,3, that

OéjZL‘l - ll
. 55 J
= Z Z E E c(4,0,0,11,l2,I3)6 ¢ | a3ay — o
J<O0 U1 EZI€ZIIET 04%1'3 _ l3
odry — 1
. 55 J
=333 3 > > 0.0t | adey —r
j<0 l1€Zn2€Zn3€Z7"2€J(j,n2)7'36J(j7n3) O{%,ZS — g
- Z Z )\(j’ ll’n2’n3)¢j»ll7n2,n3 ($)7
J<0 (l1,n2,n3)€Z3
where
aj:nl — ll
. Ly 5Ky J
Bjrnans () = A, l1,m2,m3) a6 E E c(5,0,0,11,7r9,73)% alzy — 1o
ro€J(j,n2) rs€J(j,nz) OJ%JE?) g

5—4Kq .
A(janlal27l3) =« 6 2] Z Z |C(j,0,0,l1,7‘2,7"3)|

ro€J(j,n2) r3€J(jn3)

if A(j,n1,12,13) # 0 and @; 5, 1515 (x) := 0 if A(j,n1,l2,13) = 0. By the support assumption on ¢ we
get
a (= D)<z <a (i, + D)

and since a~7/% < a7 for j < 0 we further get for i = 2,3
af%(ri —D)<z; < cf%(ri +D) = « J(nl —2D)<z; <a” (nl + D).

Consequently, ¢;,, 1,1, is supported in 4DQ); p, 1,1, With respect to side length 207, Since 1 >
/3 > @il > 03Kz for 0 < |y| < Ky and j < 0 we obtain that |DY 11 ,n0ms] < adh1/3a2iK2/3 <
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oMl 0 < |y| < K; so that ®j.11nams are Ko-atoms. Thus,

. _3 .
1fallfyes S D077 37 NG b na,ma)P

JEZ (ll,nz,N3)€Z3
jloa—2)p 3=z, ; b
SZOZ P 6 Z Z Z C(],0,0,ll,nz,ng)
j<0 (I1,n2,n3)EZ3 rocJ(j,n2) r3cJ(j,ns)
. 3 5—4Ko . i
< Zaj(gz_i)pa 6 2”704_4?](73_1) Z le(4,0,0,0)P
j<0 1€z3
SN el kDI
JEZ keZ? €73
<1,
wherer:ag—aagj—%—%. O
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