Reconstruction of Radar Reflectivity Densities in a Narrowband Regime

Stephan Dahlke Philipps–Universität Marburg FB Mathematik und Informatik Hans Meerwein Str., Lahnberge 35032 Marburg Germany

Peter Maass, Gerd Teschke^∗ Fachbereich 3 Universität Bremen Postfach 33 04 40 28334 Bremen Germany July 31, 2003

Abstract This paper is concerned with reconstruction problems arising in the context of radar signal analysis. The goal in radar is to obtain information about objects by emitting certain signals and analyzing the reflected echoes. In this paper, we shall focus on the narrowband model for radar echoes and on the case of continuously distributed objects D (reflectivity density). Following the approach of H. Naparst [14] and L. Rebolla et al. [16] we suggest to treat this problem by transmitting not just one signal but a family of signals. Indeed, a reconstruction formula can be derived, provided that the set of outgoing signals forms a frame.

Keywords: Radar, reflectivity density, narrowband regime, frames, wavelets.

AMS Subject classification: 41A25, 42C15, 42C40, 65J22

∗Correspondence author, email: teschke@math.uni-bremen.de

1 Introduction

In recent years, wavelet analysis has been very successfully applied to many problems in signal/image analysis/compression and also in numerical analysis. Moreover, since the pioneering work of Naparst [14, 15], it is well–known that the specific features of wavelets can also be very efficiently used to treat certain problems in the context of radar signal analysis.

There one tries to gain information about an object by analyzing waves reflected from it. In practice, it may very often happen that the received echo can be described by means of a certain reflectivity density. Consequently, one task is often to reconstruct the density from the received echo. In Section 2, it turns out that the reflectivity density can be interpreted as the wavelet transform of some echo where the role of the analyzing wavelet is played by the transmitted signal. However, this interpretation does not tell the whole truth. Unfortunately, the wavelet transform in not surjective and therefore it is only invertible on its image. To our knowledge, there exists no physical principle that guarantees that the density is in fact contained in the image of the wavelet transform. Inspired by these problems, Naparst [14, 15] was the first one who suggested not to transmit just one signal but a family of signals. In his fundamental work, Naparst primarily studied the case that the transmitted signals form an orthonormal basis. However, this assumption is very restrictive in practice. Therefore, quite recently, Rebollo–Neira, Platino and Fernandez–Rubio generalized Naparst’s approach to the case of frames which is usually a much weaker setting, [16]. The present study is very much inspired by their results, however, we show that their approach can be applied to the narrow–band regime. In this regime we also present significantly shorter proofs of the basic reconstruction formulas.

This paper is organized as follows. In Section 2, we introduce the wide–band and the narrow–band regime. By the theory of groups both regimes can be related. Then, in Section 3, we introduce basics of frames. Finally, in Section 4 we establish a reflectivity density reconstruction formula for the narrow–band regime.

2 Radar Modeling

Suppose we want to find the location and velocity of an object, such as an airplane. One way to achieve this is to send out an electromagnetic wave in the direction of the object and observe the echo that is reflected to the source. As we shall now explain, a comparison between the outgoing signal and its echo allows an approximate determination of the distance R of the object and the radial velocity v along the line-of-sight. This is the problem of radar in its most elementary form. For a thorough treatment, we refer for instance to the classical book of Borden and Rihaczek [1, 17]. The wavelet–based analysis has been initiated by Naparst [14, 15]. In this paper, our major reference will always be the book of Kaiser [8].

To explain the basic radar setting, let us first assume that the object under consideration can be described as a point, moving with constant velocity v towards or away from a given source. The distance between object and source at time t = 0 is denoted by R. The emitted signal is denoted by h(t), then the wide-band model for the received echo f(t) is given by f(t) = √ |s| h(s(t − τ)), (2.1) where the Doppler scale factor s is obtained from the speed of light c and the object velocity v as s = c − v c + v , (2.2) and the delay τ is determined by the distance R between the object and the source as τ = 2R c − v . (2.3)

The so-called Doppler coordinates (s, τ) are in one–to–one correspondence to the desired values v and R. The multiplicative factor √ |s| is chosen such that the energy is conserved, i.e., we assume a perfectly reflecting object. For further information, the reader is referred, e.g., to [8, 9, 10].

In the presence of many objects the total echo is modeled as the superposition of the single echoes. More general, if we assume that we want to observe a reflecting continuum with varying reflectivity as described in Doppler coordinates by a reflectivity density D(τ, 1/s), then the total echo is given by f(t) = ∫ R ∫ R\{0} D(τ, s)|s|^{−1/2}h ( t − τ s ) dsdτ s^2

. (2.4)

Consequently, the task is to reconstruct the density D(τ, s) from the received echo. To treat this problem, let us first remark that formula (2.4) can be reinterpreted in the context of wavelet analysis: In general, the continuous wavelet transform W_ψ(F ) of a function F ∈ L_2(R) is given by

(W_ψF )(a, b) := ∫ R F (x) |a|^{−1/2}ψ ( x − b a ) dx. (2.5) This transformation is well–defined, provided that the analyzing wavelet ψ satisfies the admissibility condition C_ψ = ∫ R |ψ̂(ξ)|^2 |ξ| dξ < ∞, (2.6) where, as usual, the Fourier transform of a function g ∈ L_1(R) is defined by

ĝ(ξ) = ∫ R g(x)e^{−iξx}dx. The wavelet transform W_ψ is a multiple of an isometry whose inverse is given by the adjoint wavelet transform

F (x) = W^∗_ψ (W_ψF (a, b)) (x) (2.7) = 1 C_ψ ∫ R ∫ R\{0} (W_ψF )(a, b) |a|^{−1/2}ψ ( x − b a ) da a^2 db, see, e.g., [4, 8, 11] for details. Therefore a comparison of (2.7) with (2.4) yields the well– known and basic identity which links wide-band radar echoes to wavelet analysis, see e.g. [14, 13]: the echo f is identical with the inverse wavelet transform of the searched reflectivity distribution D where the transmitted signal h plays the role of the analyzing wavelet. This suggests to recover D by computing the wavelet transform of the echo f: D(τ, s) := 1 C_h [(W_hf)(τ, s)]. (2.8)

However, the null space N of an inverse wavelet transform is non trivial. Hence by this procedure one can only recover the component of D which lies in the orthogonal complement of N or equivalently one can recover the component of D in the range of the wavelet transform W_h. To our knowledge, there exists no physical principle that guarantees that D is in fact contained in the range of W_h, so that (2.8) only describes one part of the desired density D. Therefore the general solution reads as follows.

Theorem 2.1 The most general solution D(s, τ) in L_2(ds_0dτ_0/s^2_0) with respect to the total echo (2.4) is given by D(s, τ) = D(s, τ)^‖ + D(s, τ)^⊥ , where D(s, τ)^⊥ is any function in rg(W_h)^⊥, i.e., ∫ ∫ R(s, τ, s_0, τ_0)D(s, τ)^⊥ ds_0dτ_0 s^2_0

= 0 ,

where R(s, τ, s_0, τ_0) = ⟨h_{s,τ} , h_{s0,τ0} ⟩ is the so-called wide-band self–ambiguity function of h.

Inspired by these problems, Naparst [14, 15] was the first one who suggested not to transmit just one signal but a family of signals. In his fundamental work, Naparst primarily studied the case that the transmitted signals form an orthonormal basis. However, this assumption is very restrictive in practice. Therefore, quite recently, Rebollo–Neira, Platino and Fernandez–Rubio generalized Naparst’s approach to the case of transmitting a frame of signals, which is a much weaker restriction, [16].

However, the wide-band model, which describes echoes for arbitrary signals h, can be simplified for most real–life situations. The commonly used narrow–band approximation deals with signals of the form h(t) = e^{−iωct}η(t) , where the carrier frequency ω_c is assumed to be much larger then the comparatively narrow-banded frequencies of the modulation function η.

Furthermore, most objects of interest in radar travel with a speed much smaller than light. Thus |v|/c << 1 and τ ∼ 2R c . (2.9)

Now we have to treat the positive and negative frequencies of η separately. To this end, we introduce the projectors Q_P and Q_R by

(Q_P η)^∧(ω) := η̂_P (ω) = η̂(ω)χ_{[0,∞)}(ω), (Q_Rη)^∧(ω) := η̂_R(ω) = η̂(ω)χ_{(−∞,0]}(ω). (2.10) Removing the carrier frequency ω_c from both, the signal η and the echo f, and neglecting time independent scale factors leads to the standard narrowband model for the echo f of a single moving object f(t) = c { η_P (t − τ)e^{−iϕt} + η_R(t − τ)e^{+iϕt} } , where ϕ = 2ω_cv/c, see e.g. the classical textbooks [1, 17, 18] and [8] for details. The variables (τ, ϕ) are called the narrowband Doppler coordinates.

Consequently, the narrowband model for the echo produced by a reflectivity density D_{NB} (ϕ, τ) is given by f(t) = ∫ R ∫ R { η_P (t − τ)e^{−iϕt} + η_R(t − τ)e^{+iϕt} } D_{NB} (ϕ, τ)dϕdτ . (2.11) We may decompose the space L_2(R) as

L_2(R) ≃ L_{2,P} (R) ⊕ L_{2,R}(R) (2.12)

where

L_{2,P} (R) := {f ∈ L_2(R) | supp f̂ ⊂ [0, ∞), i.e., Q_P f = f}, (2.13) L_{2,R}(R) := {f ∈ L_2(R) | Q_Rf = f}. (2.14)

Then the goal is clearly to reconstruct the density D_{NB} (ϕ, τ) from the received echoes. It turns out that a suitable reconstruction formula can indeed be derived, provided that the families of outgoing signals form frames in the spaces L_{2,P} (R) and L_{2,R}(R), respectively. As in the wide-band case, a general echo is modeled by assuming a distribution of reflectors, now described as a function of the delay and Doppler shifts f(t) = ∫ ∫ Ψ_{ϕ,τ} (t)D_{NB} (ϕ, τ)dϕdτ , (2.15) where Ψ_{ϕ,τ} (t) = e^{iϕt}Ψ(t−τ). Equation (2.15) poses an inverse problem: given f, find D_{NB} . As wavelet analysis was used for the wide-band inverse problem, so can time-frequency analysis be used to do the same for the narrowband problem. Based on the windowed Fourier transform we obtain D^‖_{NB} (ϕ, τ) = ∫ f(t)Ψ̄(t − τ)e^{−iϕt}dt . (2.16) Hence, we can rewrite Theorem 2.1 for the narrowband case.

Theorem 2.2 The most general solution D_{NB} (ϕ, τ) in L_2(dϕ_0dτ_0) with respect to the echo (2.15) is given by D_{NB} (ϕ, τ) = D^‖_{NB} (ϕ, τ) + D_{NB} (ϕ, τ)^⊥ , where D_{NB} (ϕ, τ)^⊥ is any function in the orthogonal complement of the range of the windowed Fourier transform, i.e., ∫ ∫ R(ϕ, τ, ϕ_0, τ_0)D_{NB} (ϕ, τ)^⊥dϕ_0dτ_0 = 0.

As for the wide-band regime in [14, 15] and [16] derived, we are able to establish a similar reconstruction formula of D_{NB} , which is presented in Section 4.

The similar reconstruction results for the wide–band and the narrow–band regime can be explained by the similarities between the two radar models given by the theory of groups. To show the common group theoretical treatment one may start by a unitary irreducible representation U of a group G in a Hilbert space H. This representation is called square integrable if there exists a vector ψ in H such that ∫ G |⟨ψ, U(g)ψ⟩_H |^2 dμ(g) < ∞ , (2.17)

where dμ denotes the Haar measure on G. A vector satisfying (2.17) is called admissible. If ψ is admissible, then the mapping T_ψ : H → L_2(G, dμ) (2.18) f → ⟨f, U(g)ψ⟩_H is well-defined, see [6] for details. The 1-D continuous wavelet transform is performed by means of the so-called affine group A given by A : ( {(a, b) | (a, b) ∈ R^2, a ≠ 0}, ∘ ) with (a, b) ∘ (a^′, b^′) = (aa^′, b + ab^′) . (2.19)

A possesses a square integrable representation on L_2(R) given by U(a, b)f(x) := |a|^{− 12} f ( x − b a ) , (2.20)

and every admissible vector ψ ∈ L_2(R) induces a well-defined continuous wavelet transform, see, e.g., [4, 8, 11] for details. Representation (2.20) coincides with the wide–band model.

Another important example is the famous Weyl–Heisenberg group G := ({(ω, b, τ) | b, ω ∈ R, τ ∈ C, |τ| = 1}, ∘) with (2.21) (ω, b, τ) ∘ (ω^′, b^′, τ^′) = (ω + ω^′, b + b^′, τ + τ^′ + bω^′mod 2π) .

The Weyl–Heisenberg group possesses a unitary irreducible representation U in L_2(R) which is given by U(ω, b, τ)f(x) := e^{i(τ −ω(x−b))}f(x − b), (2.22) then definition (2.18) leads us to the windowed Fourier transform

(G_ψ f)(ω, b) := ∫ R f(x)ψ(x − b)e^{−iωx} dx , (2.23)

where we have neglected the toral component. In contrast to the affine group, which leads to the wide–band model, the Weyl-Heisenberg group leads by (2.22) to the narrow–band model.

3 Frame Theory

In this section, we briefly recall the general theory of frames as far as it is needed for our purposes. In general, a system {h_m}_{m∈Z} of functions is called a frame if there exist constants A and B, 0 < A ≤ B < ∞, such that

A‖F ‖^2_{L2 (R)} ≤ ∑ m∈Z |⟨F, h_m⟩|^2 ≤ B‖F ‖^2_{L2(R)}. (3.24)

The numbers A, B are called the frame bounds. Given a frame {h_m}_{m∈Z}, we may define the frame operator T as T (F ) := ∑ m∈Z ⟨F, h_m⟩h_m. (3.25) For later use, let us recall the following fundamental theorem which was proved in [5].

Theorem 3.1 Let {h_m}_{m∈Z} be a frame in L_2(R). Then the following holds.

i) T is invertible and B^{−1}I ≤ T^{−1} ≤ A^{−1}I.

ii) {h^m}_{m∈Z}, h^m := T^{−1}h_m is a frame with bounds A^{−1}, B^{−1}, called the dual frame of {h_m}_{m∈Z}. iii) Every F ∈ L_2(R) can be written as F = ∑ m∈Z ⟨F, h^m⟩h_m = ∑ m∈Z ⟨F, h_m⟩h^m. (3.26) 4 Reconstruction Formula for the Narrowband Approach

The goal is clearly to reconstruct the density D_{NB} (ϕ, τ) from the received echoes. It turns out that a suitable reconstruction formula can indeed be derived, provided that the families of outgoing signals form frames in the spaces L_{2,P} (R) and L_{2,R}(R), respectively.

Theorem 4.1 Let {h_m}_{m∈Z}, {g_m}_{m∈Z} be sets of outgoing signals in L_{2,P} (R) and L_{2,R}(R), respectively. Let us furthermore assume that {h_m}_{m∈Z}, {g_m}_{m∈Z} form frames in these spaces, and let {h^m}_{m∈Z} and {g^m}_{m∈Z} denote the corresponding dual frames. The echoes of {h_m}_{m∈Z} are denoted by f_{P,m}, the echoes of {g_m}_{m∈Z} are denoted by f_{R,m}. Let us assume that the reflectivity density D_{NB} (ϕ, τ) satisfies the following conditions h_m(t − τ)D_{NB} (ϕ, τ) ∈ L_1(dϕdτ), ^D_{NB} (·, τ)(ω) ∈ L_1(dω). (4.27) Then D_{NB} (ϕ, τ) can be reconstructed as follows D_{NB} (ϕ, τ) = 1 2π ∑ m∈Z ∫ R f_{P,m}(t)h^m(t − τ)e^{iϕt}dt + 1 2π ∑ m∈Z ∫ R f_{R,m}(−t)g^m(−t − τ)e^{iϕt}dt . (4.28)

Proof: We proceed by following the lines of the proof of Theorem 2.2 in [3]. Using (2.11) yields f_{P,m}(t) = ∫ R ∫ R e^{−iϕt}h_m(t − τ)D_{NB} (ϕ, τ)dϕdτ = ∫ R h_m(t − τ) (∫ R e^{−iϕt}D_{NB} (ϕ, τ)dϕ ) dτ = ∫ R h_m(t − τ) ^ D_{NB} (·, τ)(t)dτ = ∫ R h_m(τ) ^ D_{NB} (·, t − τ)(t)dτ = ⟨h_m(·), ( ~D_{NB} (t, ·))_P ⟩_{L2(R)}, where ~ D_{NB} (t, τ) := ^ D_{NB} (·, t − τ)(t). (4.29) Consequently, by using the reciprocal frame {h^m}_{m∈Z} and exploiting the fundamental reconstruction formula (3.26), we obtain ( ~ D_{NB} (t, τ))_P = ∑ m∈Z ⟨( ~ D_{NB} (t, ·))_P , h_m(·)⟩_{L2 (R)}h^m(τ) = ∑ m∈Z f_{P,m}(t)h^m(τ), and therefore ( ^ D_{NB} (·, τ)(t))_P = ∑ m∈Z f_{P,m}(t)h^m(t − τ). (4.30)

A similar calculation yields (D_{NB} (t, τ))_R = ∑ m∈Z ⟨(D_{NB} (t, ·))_R, g_m(·)⟩_{L2 (R)}g^m(τ) = ∑ m∈Z f_{R,m}(t)g^m(τ) where D_{NB} (t, τ) := ^ D_{NB} (·, t − τ)(−t). (4.31) Consequently, we obtain ( ^ D_{NB} (·, τ)(−t))_R = ∑ m∈Z f_{R,m}(t)g^m(t − τ) (4.32) so that ( ^ D_{NB} (·, τ)(t))_R = ∑ m∈Z f_{R,m}(−t)g^m(−t − τ) (4.33) and ^ D_{NB} (·, τ)(t) = ( ^D_{NB} (·, τ)(t))_R + ^D_{NB} (·, τ)(t)_P = ∑ m∈Z f_{P,m}(t)h^m(t − τ) + ∑ m∈Z f_{R,m}(−t)g^m(−t − τ). Now the result follows by applying the inverse Fourier transform D_{NB} (ϕ, τ) = 1 2π ∫ R ^ D_{NB} (·, τ)(t)e^{iϕt}dt = 1 2π ∑ m∈Z ∫ R f_{P,m}(t)h_m(t − τ)e^{iϕt}dt + 1 2π ∑ m∈Z ∫ R f_{R,m}(−t)g^m(−t − τ)e^{iϕt}dt. ■

We finish this section by giving some examples of outgoing signals meeting the conditions of Theorem 4.1.

i) The first example is given by means of the Haar function H(x) = χ_{[0,1/2)}(x) − χ_{[1/2,1)}(x).

It is well-known that the set of all dilated and integer translated versions of H form an orthonormal basis for L_2(R), hence, the sets {H_{m(j,k)} = 2^{j/2}H(2^j · −k)}_{k≥0,j∈Z} and {H_{m(j,k)} = 2^{j/2}H(2^j · −k)}_{k<0,j∈Z} form orthonormal bases and therewith frames in L_2(R_+) and L_2(R_−), respectively. Then, frames for L_{2,P} (R) and L_{2,R}(R) can be obtained by applying the inverse Fourier transform {h_{m(j,k)} = 2πF^{−1}(H_{m(j,k)})}_{k≥0,j∈Z} and {g_{m(j,k)} = 2πF^{−1}(H_{m(j,k)})}_{k<0,j∈Z}. In this case, primal and dual frame clearly coincide.

ii) For the second example we choose the Cauchy kernel

C(x) = (1 − ix)^{−1}.

The Fourier transform of C belongs to L_{2,P} . Then, for some l > 0 and a suitable choice of a_0 and b_0 the family {h_{m(n,k)} = a^{−n/2}_0 C^{(l)}(a^{−n}_0 · −b_0k)}_{n,k∈Z} forms a frame for L_{2,P} (R), see, e.g., [4]. By involving a reflexion in Fourier space we obtain a frame {g_m} for L_{2,R}(R). The dual frames {h^m} and {g^m} can be constructed by applying the inverse frame operator T^{−1} as outlined in Theorem 3.1.

iii) In principle, further examples can be obtained by constructing boundary adapted biorthogonal or frame systems on R_+ and R_−, respectively, see, e.g., [2], followed by applying the inverse Fourier transform.

Finally, we want to emphasize that the approach outlined here has at least the potential for practical realizations. Indeed, in contrary to earlier developments, we can work with a very small frequency band, and, moreover, it is only necessary to transmit a frame of signals which is much less restrictive than the approach suggested by Naparst [14, 15].

Acknowledgments: This work has been supported by Deutsche Forschungsgemeinschaft, Grants Da 117/13–1, Da 360/4–1, and Ma 1657/6–1, and by BMBF, Grant 03MAM1HB.

References

[1] Borden, B. (1999). Radar imaging of airborne targets : a primer for applied mathematicians and physicists. Bristol, Philadelphia : Institute of Physics Pub.

[2] Cohen, A., Daubechies, I., and Vial, P. (1993). Wavelets on the interval and fast wavelet transforms. Appl. Comput. Harmon. Anal., 1: 54-81.

[3] Dahlke, S., Maass, P., and Teschke, G. (2003). Reconstruction of reflectivity densities by wavelet transforms. Adv. Comput. Math., 18(2-4): 189-209.

[4] Daubechies, I. (1992). Ten Lectures on Wavelets. Philadelphia: CBMS–NSF Regional Conference Series in Applied Math. 61, SIAM.

[5] Duffin, R.J., and Schaefer, A.C. (1952). A class of nonharmonic Fourier Series.

Trans. Amer. Math. Soc., 72: 341–366.

[6] Grossmann, A., Morlet, J., and Paul, T. (1985). Transforms associated to square integrable group representations, I. General results, J. Math. Phys., 26: 2473–2479.

[7] Heil, C.F., and Walnut, D.F. (1989). Continuous and discrete wavelet transforms, SIAM Reviews, 31(4): 626–666.

[8] Kaiser, G. (1994). A Friendly Guide to Wavelets. Boston, Basel, Berlin:

Birkhäuser.

[9] Kaiser, G. (1996). Physical wavelets and radar – a variational approach to remote– sensing. IEEE Antennas and Propagation Magazin, 38: 15–24.

[10] Kelly, E.J., and Wishner, R.P. (1965). Matched–filter theory for high–velocity targets. IEEE Trans. Military Elect., 9: 56–59.

[11] Louis, A.K., Maass, P., and Rieder, A. (1997). Wavelets. Theory and Applications.

Chichester: John Wiley.

[12] Maass, P. (1989). Wideband Radar: The Hyp-Transform. Inverse Probl., 5: 849– 857.

[13] Maass, P. (1990). Wideband approximation and wavelet transform. Proceedings of the IMA 39, (Grünbaum, F.A. et al., eds.), Springer.

[14] Naparst, H. (1988). Radar signal choice and processing for dense target environment. PhD thesis, University of California, Berkeley.

[15] Naparst, H. (1991). Dense target signal processing. IEEE Trans. Information Theory, 37(2): 317–327.

[16] Rebollo–Neira, L., Plastino, A., and Fernandez–Rubio, J. (2000). Reconstruction of the joint time–delay Doppler–scale reflectivity density in a wide–band regime. A frame theory based approach. J. Math. Phys., 41(8): 5325-5341.

[17] Rihaczek, A.W. (1969). High Resolution Radar. New York: McGraw–Hill.

[18] Wilcox, C.H. (1960). The synthesis problem for radar ambiguity functions. Technical Summary Report 157, United States Army, University of Wisconsin.