Adaptive Wavelet Methods for Saddle Point Problems

Stephan Dahlke Fachbereich 3 Universität Bremen Postfach 33 04 40 28334 Bremen Germany

Wolfgang Dahmen, Karsten Urban Institut für Geometrie und Praktische Mathematik RWTH Aachen Templergraben 55 52056 Aachen Germany

Nijmegen, Mai ’01

1. Introduction 2. Wavelets 3. Discretization 4. Adaptivity 4.1. An Adaptive Uzawa Algorithm 4.2. The Building Blocks 5. Numerical Results

1. Introduction

• Numerical treatment of saddle point problems X, M Hilbert spaces, ⟨·, ·⟩_X ⟨·, ·⟩_M a(·, ·) : X × X −→ IR, b(·, ·) : X × M −→ IR |a(v, w)| <∼ ‖v‖_X‖w‖_X, a(v, v) ∼ ‖v‖^2_X, |b(v, q)| <∼ ‖v‖_X‖q‖_M a(u, v) + b(v, p) = ⟨f, v⟩_X ∀ v ∈ X, b(u, q) = ⟨g, q⟩_M ∀ p ∈ M,

inf_{p∈M} sup_{v∈X} b(v, p) ‖v‖_X‖p‖_M > β =⇒ unique solution U = (u, q) ∈ X × M • Example: Stokes problem −△u + ∇p = f in Ω ⊂ IR^d, u|_{∂Ω} = 0, ∇ · u = g, a(u, v) + b(v, p) = ⟨f, v⟩ ∀ v ∈ H^1_0 (Ω)^d, b(u, q) = ⟨g, q⟩ ∀ q ∈ L_{2,0}(Ω)

a(u, v) := ⟨∇u, ∇v⟩ = d∑ i,l=1 ∫ Ω ∂u_i ∂x_l (x) ∂v_i ∂x_l (x)dx,

b(v, q) := −⟨∇ · v, q⟩ = − d∑ i=1 ∫ Ω q(x) ∂v_i ∂x_i (x)dx.

• block operator equation B : X → M^′, b(v, p) = ⟨Bv, p⟩_M A : X → X^′, a(v, w) = ⟨Av, w⟩_X

LU := A B^′ B 0 ( u q ) = ( f g ) =: F,

c_L ( ‖v‖^2_X + ‖p‖^2_M )_{1/2} ≤ ‖L ( v p ) ‖_X′_{×M} ′ ≤ C_L ( ‖v‖^2_X + ‖p‖^2_M )_{1/2}

• Galerkin approach ⟨Lu_V , v⟩ = ⟨F, v⟩, v ∈ V Wavelets: Wavelet Galerkin approach

2. Wavelets

specific bases for X and M, Ψ_X = {ψ_{X,λ} : λ ∈ J_X}, Ψ_M = {ψ_{M,λ} : λ ∈ J_M } λ = (j, k), |λ| = j u = d^T Ψ_X := ∑ λ∈JX d_λψ_{X,λ}

(NE) c_X‖D_Xd‖_{ℓ2(JX)} ≤ ‖d^T Ψ_X‖_X ≤ C_X‖D_Xd‖_{ℓ2(JX)} c_M ‖D_M c‖_{ℓ2(JM )} ≤ ‖c^T Ψ_M ‖_M ≤ C_M ‖D_M c‖_{ℓ2(JM )} (L) suppψ_λ ⊂ Q_λ, diamQ_λ <∼ 2^{−|λ|} (CP) |⟨v, ψ_λ⟩| <∼ 2^{−|λ|(m+d/2)}‖v‖_W m_{(L∞(suppψλ))}

3. Discretization

scaled wavelet representations A := D^{−1}_X ⟨Ψ_X, AΨ_X⟩_XD^{−1}_X , B := D^{−1}_M ⟨Ψ_M , BΨ_X⟩_M D^{−1}_X , f := D^{−1}_X ⟨Ψ_X, f⟩_X, g := D^{−1}_M ⟨Ψ_M , g⟩_M , F := (f^T , g^T )^T u = D_Xd, q = D_M c =⇒ L ( u q ) = A B^T B 0 ( u q ) = ( f g )

(NE) =⇒

L : ℓ_2(J ) := ℓ_2(J_X) × ℓ_2(J_M ) → ℓ_2(J ),

is an isomorphism, i.e., c_L‖V‖_{ℓ2(J )} ≤ ‖LV‖_{ℓ2(J )} ≤ C_L‖V‖_{ℓ2(J )}, V := (u^T , q^T )^T ∈ ℓ_2(J ), ‖V‖^2_{ℓ2(J )} = ‖u‖^2_{ℓ2(JX)} + ‖q‖^2_{ℓ2(JM )} The original problem has been transformed to an equivalent ℓ_2–problem!

2. Adaptivity

Concept of an adaptive strategy (updating) • choose index set • compute Galerkin approximation • estimate the current error • adapt: add indices to reduce the error

Goal: Adaptive wavelet algorithm + convergent + optimal, i.e., error rate comparable to best N-term approximation, i.e., u ⊏ u_n = ∑ λ∈Γn c_λψ_{X,λ} Γ_n ^= n biggest wavelet coefficients

State of the art:

convergent scheme for elliptic problems

S. D., W. Dahmen, R. Hochmuth, R. Schneider, Stable Multiscale Bases and Local Error Estimation for Elliptic Problems, Appl. Numer. Math. 23(1) (1997), 21–48.

asymptotically optimal scheme

A. Cohen, W. Dahmen, and R. DeVore, Adaptive Wavelet Methods for Elliptic Operator Equations — Convergence Rates, Math. Comp. 70 (2001), 27–75.

convergent scheme for saddle point problems

S. D., R. Hochmuth, and K. Urban, Adaptive Wavelet methods for saddle point problems, M2AN 34 (2000), 1003–1022.

Question: Optimal adaptive scheme for saddle point problems?

2.1 An Adaptive Uzawa-Strategy UZAWA: Given any q_0 ∈ ℓ_2(J_M ), compute for i = 1, 2, . . . Au_i = f − B^T q_{i−1},

q_i = q_{i−1} + ω(Bu_i − g)

[D./Hochmuth/Urban]: UZAWA converges when q < 1 q : = ‖id − ωS‖_{ℓ2(JM )} S := BA^{−1}B^T : ℓ_2(J_M ) → ℓ_2(J_M )

We need • Approximations of Bu, B^T q, u, q finitely supported

APPLY [η, C, v] → (w, Λ), w with finite support Λ ⊂ J such that ‖Cv − w‖_{ℓ2(J )} ≤ η.

• Adaptive solver for Aû = h

ADALG [A, v, h, ε] → (ū, Λ) Given data h ∈ ℓ_2(J_X) and approximation v to the solution û of Aû = h such that ‖û − v‖_{ℓ2(JX)} ≤ η, ε < η. Then ADALG produces ū with support Λ such that ‖û − ū‖_{ℓ2(JX)} ≤ ε.

• discard unsignificant coefficients

NCOARSE [η, v] → (v̄, Λ) v finitely supported −→ v̄ with smallest possible support Λ such that ‖v − w‖_{ℓ2(J )} ≤ η.

ADV [ū, q̄, δ] → (ũ, q̃, Λ_u, Λ_q) Given ū, q̄ such that ‖ū − u‖_{ℓ2(JX)} ≤ δ, ‖q̄ − q‖_{ℓ2(JM )} ≤ δ, ADV [ū, q̄, δ] produces new approximations ũ, q̃ as follows (i) Set i = 1, q̄_0 := q̄, ū_0 := ū. (ii) If i ≤ K go to (iii); else

NCOARSE [2δ/5, q̄_{i−1}] → (q̃, Λ_q); set ũ := ū_{i−1}, Λ_u := supp ū_{i−1}.

(iii) NCOARSE [γ_iq^iδ, f] → (f_i, Λ^f_i ); ∑_∞ i=1 γ_i < ∞ (iv) ADALG [A, ū_{i−1}, f_i−B^T q̄_{i−1}, γ_iq^iδ] → (ū_i, Λ^X_i ). (v) NCOARSE [γ_iq^iδ, g] → (g_i, Λ^g_i );

APPLY [γ_iq^iδ, B, ū_i] → (p_i, Λ^p_i ); set q̄_i = q̄_{i−1} + ω(p_i − g_i);

set i + 1 → i and go to (ii).

‖ū − u‖_{ℓ2(JX)} ≤ δ, ‖q̄ − q‖_{ℓ2(JM )} ≤ δ =⇒ ‖ũ − u‖_{ℓ2(JX)} ≤ δ/2, ‖q̃ − q‖_{ℓ2(JM )} ≤ δ/2 =⇒

Adaptive Uzawa–Algorithm:

UZAWA [A, B, f, g, ε] → (u(ε), q(ε)):

ε target accuracy, Λ^M_0 = Λ^X_0 = ∅ q_0 = q̄_0 = 0, ū = 0, δ_0 := c^{−1}_L ( ‖f‖^2_{ℓ2(JX)} + ‖q‖^2_{ℓ2(JM )} ) , J = 0.

(i) ADV [ū, q̄, δ_J ] → (ũ, q̃, Λ_u, Λ_q);

(ii) Set δ_{J+1} := δ_J /2.

If δ_{J+1} ≤ ε, stop and accept u(ε), q(ε) as solution.

Else, set ū = ũ, q̄ = q̃, J + 1 → J and go to (i).

Properties: Suitable (optimal) building block =⇒

• UZAWA converges • optimal convergence rate • (LBB)–condition not needed! =⇒ Adaptivity stabilizes!

(Quite recently: similar result by Bänsch et.al.) • A elliptic on KerB okay!

2.2 Building Blocks

• APPLY: Approximation of Cv!

(L), (CP) =⇒ A, B compressible:

A_J : = (a^′_{λ,λ}′)_{λ,λ}′_{∈JX}

ã_{λ,λ}′ := a_{λ,λ}′, ||λ| − |λ^′|| ≤ J/d, 0, else

a^′_{λ,λ}′ := ã_{λ,λ}′, 2^{min(|λ|,|λ′|)}dist(Q_λ, Q_λ′) ≤ 2^{J/d−||λ|−|λ′||}γ(||λ| − |λ^′||) 0, else ∑ n γ(n)^d < ∞

has at most 2^J nonzero entries per row and column and ‖A − A_J ‖_{ℓ2} <∼ ν_J 2^{−Js}

Fast matrix–vector multiplication: FMVM (A ⊙⋆ v)_J := A_J v_{[0]} + A_{J−1}(v_{[1]} − v_{[0]}) + · · · + A_0(v_{[J]} − v_{[J−1]}) v_{[j]} := best N–term approximation for N = 2^j v^∗ := nonincreasing rearrangement

· · ·

v∗4 v∗5 v∗6 v∗7 v∗2 v∗3 v∗1 v∗0

· · ·

(j,k)4 (j,k)5 (j,k)6 (j,k)7

(j,k)2 (j,k)3

(j,k)1 (j,k)0

v_{[3]} − v_{[2]} v_{[2]} − v_{[1]} v_{[1]} − v_{[0]} v_{[0]}

‖Av − (A ⊙⋆ v)_J ‖_{ℓ2(J )} <∼ 2^{−sJ}

# supp(A ⊙⋆ v)_J <∼ 2^J Av ⊏ A ⊙⋆ v, 2^{−sJ} < η !

• NCOARSE discard unsignificant coefficients, find smallest k such that k∑ l=1 |v^∗|^2 > ‖v‖^2_{ℓ2(J )} − η^2

• ADALG Adaptive solver for Aû = h General strategy: Given Λ_j, find (small) Λ_{j+1} ⊃ Λ_j s.t. ‖û − ū_{j+1}‖ ≤ θ‖û − ū_j‖, θ ∈ (0, 1).

Key idea: Choose Λ_{j+1} s.t. for fixed α ∈ (0, 1) ‖r_j|_{Λj+1}‖_{ℓ2(JX)} ≥ α‖r_j‖_{ℓ2(JX)} r_j = h − Aū_j Note: residual has infinitely many coefficients. Approximation of the residual: use FMVM! r_j ⊏ r̃_j = h − A ⊙⋆ ū_j

ADALG i) Target accuracy: ε, Λ_0 = ∅, r_0 = h, ε_0 := ‖h‖_{ℓ2(JX)}. ii) For j = 0, 1, 2, . . . , determine (Λ_{j+1}, ū_{j+1}) from (Λ_j, ū_j) as follows

- ε_{j+1} := 2^{−(j+1)}‖h‖_{ℓ2(JX)}, Λ_{j,0} := Λ_j, ū_{j,0} := ū_j;

- For k = 1, 2, . . . , K

∗ Apply Galerkin-solver. Determine approximative solution ū_{j,k−1} on index set Λ_{j,k−1}

∗ Determine coefficients of the approximated residual r̃_{j,k−1} = h − A ⊙⋆ ū_{j,k−1}

∗ If ‖r̃_{j,k−1}‖ > c(A)ε_{j+1}: apply GROW, find Λ_{j,k} smallest set s.t. ‖r̃_{j,k−1}|_{Λj,k}‖_{ℓ2(JX)} ≥ 1 2 ‖r̃_{j,k−1}‖_{ℓ2(JX)}, else return

- Apply NCOARSE, (Λ_{j,k}, ū_{j,k}) −→ (Λ_{j+1}, ū_{j+1}) if ε_{j+1} ≤ ε stop

• [D./Dahmen/Hochmuth/Schneider] ADALG converges

• [Cohen/Dahmen/DeVore] ADALG converges with optimal order!

5. Numerical Results

Stokes problem −△u + ∇p = f in Ω ⊂ IR^d, u|_{∂Ω} = 0, ∇ · u = g,

Exact solution, velocity components (left and middle) and pressure (right)

First/second velocity component (left/middle), pressure (right)

reentrant corner ⊏ singular solutions!

Exact solutions, velocity components (left and middle) and pressure (right).

Adaptivity pays, if the Besov regularity of the exact solution is higher than its Sobolev regularity!

Sobolev regularity ←→ uniform refinement ←→ nonadaptive schemes

Besov regularity ←→ best N–term approximation ←→ adaptive schemes

for singular solutions:

Besov regularity ≫ Sobolev regularity =⇒ Adaptivity helps!

Summary

• adaptive schemes for saddle point problems • convergent adaptive Uzawa algorithm based on wavelets • building blocks • numerical experiments