Generalized Coorbit Theory, Banach Frames, and the Relation to α–Modulation Spaces^∗

Stephan Dahlke, Massimo Fornasier, Holger Rauhut, Gabriele Steidl, Gerd Teschke

September 20, 2005

Abstract

This paper is concerned with generalizations and specific applications of the coorbit space theory based on group representations modulo quotients that has been developed quite recently. We show that the general theory applied to the affine Weyl–Heisenberg group gives rise to families of smoothness spaces that can be identified with α-modulation spaces.

Key Words: Square integrable group representations, time–frequency analysis, atomic decompositions, (Banach) frames, homogeneous spaces, weighted coorbit spaces, smoothness spaces.

AMS Subject classification: 57S25, 42C15, 42C40, 46E15, 46E35.

1 Introduction

In recent years, the construction and the application of frames has become a field of increasing importance [4, 11]. In general, given a Hilbert space H, a collection of elements {e_i}_{i∈}Z is called a frame if there exist constants 0 < A_1 ≤ A_2 < ∞ such that

A_1‖f‖^2_H ≤ ∑ i∈Z |⟨f, e_i⟩_H|^2 ≤ A_2‖f‖^2_H. (1.1)

In contrary to the classical Riesz basis setting, the representation of an element in the Hilbert space by means of the frame elements is not necessarily unique, i.e., the frame approach allows some redundancies. In some applications, these redundancies might be a disadvantage, however, usually this weak point is more than compensated by an enormous gain of flexibility.

∗The authors acknowledge the financial support provided through the European Union’s Human Potential Programme, under contract HPRN–CT–2002–00285 (HASSIP), and through Deutsche Forschungsgemeinschaft (DFG), Grants Da 360/4–2, Da 360/4–3, We 2602/2–1, Ma 1657/6–1, and Te 354/1–2. The second author also wants to thank the AG Numerik/Wavelet–Analysis Group, Philipps–Universität Marburg, and the ZeTeM, Universität Bremen, Germany, for the hospitality and the stimulating cooperations during the preparation of this work. Currently he is a Postdoc visitor at NuHAG, Universität Wien, Institut für Mathematik, Nordbergstraße 15, A–1090 Wien, Austria, supported by the Individual Marie Curie Fellowship with contract MEIF-CT-2004- 501018.

This higher flexibility which, e.g., allows very natural constructions of frames on manifolds, is one of the reasons why many people have been attracted by the frame approach for designing robust methods in innovative applications. The foundation of modern frame theory in Banach spaces was layed by Feichtinger and Gröchenig in a series of papers [16, 17, 18, 19]. Given a Hilbert space H, the first step is to find a suitable group G that admits a (square) integrable representation in H and therefore gives rise to a generalized (continuous) wavelet transform. Then, so–called coorbit spaces can be defined by collecting all functions for which this wavelet transform is contained in some weighted L_p–space. Finally, a judicious discretization of the representation produces the desired frames for the coorbit spaces. This approach works fine on the whole Euclidean plane and covers, e.g., the classical wavelet and Weyl–Heisenberg frames. In two recent papers [9, 10], three of us have developed a generalization of the Feichtinger/Gröchenig theory to quotient spaces. Moreover, [35] contains a generalization into a different direction, which covers classical coorbit spaces restricted to elements that are invariant under the action of symmetry groups. A further development that starts with a general abstract frame was provided by two of us in [25]. In [37] the classical coorbit theory was generalized with the aim to treat also quasi-Banach spaces.

The main ingredient in [9, 10] was the concept of representations modulo quotients as, e.g., developed by Ali et al. [1, 2, 3] and Torresani [42]. This approach can be used to construct Gabor frames and modulation spaces on the spheres, see again [9, 10]. However, there is another possible application of the general coorbit space theory modulo quotients that we want to discuss in this paper, namely the construction of new smoothness spaces. It is well– known that the coorbit spaces associated with the affine group are the Besov spaces [26, 43, 44], whereas the smoothness spaces related with the Weyl–Heisenberg group are the modulation spaces [29]. Therefore one natural idea would be to construct some mixed forms of smoothness spaces, i.e., spaces lying ‘somewhere in between’ Besov and modulation spaces. Following the Feichtinger/Gröchenig approach, the first step would be to find a group that contains both, the affine and the Weyl–Heisenberg group, and square integrable representations generated by combinations of dilations, translations, and modulations. One possible candidate would be the so–called affine Weyl–Heisenberg group. Unfortunately, as shown by Torresani [40], no representation of this group is ever square integrable. However, one possible remedy has been suggested in [9, 10, 32, 40, 41]: why not factoring out a suitable closed subgroup and work with quotients? Then, by varying the subgroup and/or specific Borel sections we obtain indeed some kinds of mixed spaces.

The aim of this paper is twofold. First, we want to generalize the coorbit theory in [9, 10] in order to fill some gaps that have been left before:

• We show that the whole analysis can be carried out even if the quotient space does not possess an invariant measure.

• As proposed in [25], we generalize the theory from the strictly square integrable to the square integrable setting.

• We explain how some technical assumptions made in [9, 10, 25] can be satisfied in practice.

Secondly, we want to apply the whole machinery to construct and to analyze certain mixed smoothness spaces:

• We show that factoring out a natural subgroup of the affine Weyl–Heisenberg group, equipped with specific sections, indeed produces a square integrable representation. Hence, the associated coorbit spaces, i.e., the mixed smoothness spaces, are well–defined.

• We prove that it is possible to construct suitable Banach frames for the coorbit spaces.

• We discuss the relations of these smoothness spaces to classical function spaces such as modulation spaces [29] and Besov spaces [26, 43, 44]. Moreover we show how α– modulation spaces [13, 14, 20, 23, 27, 32, 34, 38], that include Besov and modulation spaces as particular cases, are fully characterized by our construction.

Our paper is organized as follows. In Section 2, we collect some basic facts on square integrable group representations modulo quotients as far as they are needed for our purpose. Then, in Section 3, we introduce and discuss the associated coorbit spaces. The presentation essentially follows the lines of [9, 10], however, the nontrivial operator A_σ occurring in our setting requires special care. In particular, it turns out that two different scales of coorbit spaces have to be considered. Section 4 contains the main results of this paper. We state and prove a decomposition and a reconstruction theorem and establish the frame bounds. To this end, we have to introduce and to analyze certain approximation operators. We also show that specific coverings of the embedded quotient that are needed always exist. In Section 5, the abstract theory developed so far is applied to the affine Weyl–Heisenberg group. We show that factoring out a certain subgroup yields a square integrable setting. Then, we prove that all the integrability conditions on the kernel and the oscillating part can be satisfied, so that we have established the coorbit spaces and the associated Banach frames. Finally, in Section 6 we show that such coorbit spaces coincide with certain α-modulation spaces and derive corresponding Banach frames and atomic decompositions by an application of the general discretization machinery illustrated in Section 4.

2 General Theory

Let G be a locally compact group with left Haar measure ν and let H be a separable Hilbert space. A strongly continuous unitary representation of G on H is a mapping U from G into the unitary operators on H for which U(gg̃) = U(g)U(g̃) for all g, g̃ ∈ G and the mapping g → U(g)f is continuous for all f ∈ H. Further, we say that U is square integrable if there exists ψ ∈ H\{0} such that ∫ G |⟨ψ, U(g)ψ⟩_H |^2dν(g) < ∞.

For the classical integral transforms like the short time Fourier transform and wavelet transform related to the reduced Weyl-Heisenberg-group and the affine group, respectively, the representations in question are in fact square-integrable. However, for integral transforms related to group representations on L_2-spaces on manifolds, for example on the sphere, square integrability fails to hold. In other words, the corresponding group is too large.

A way to overcome this fact, is to make the group G smaller, i.e., to factor out a suitable closed subgroup H. In this way, we restrict the representation to a quotient X := G/H. The space X always carries a natural measure. There exists a G-invariant Radon-measure μ on X, which is unique up to multiplication with a constant, if and only if Δ_G|H = Δ_H , where Δ_G denotes the modular function of G. In the general case one still has a suitable substitute, called a quasi-invariant measure. Suppose that μ is a Radon measure on X. Then for g ∈ G the translate μ_g is defined by μ_g(E) = μ(gE) for a measurable set E. If all measures μ_g, g ∈ G are equivalent, i.e., they have the same null sets, then μ is called a quasi-invariant measure. If there exists a continuous function λ : G × X → (0, ∞) such that dμ_g(x) = λ(g, x)dμ(x) for all g ∈ G, x ∈ X then μ is called strongly quasi-invariant. The function λ satisfies the cocycle property [21, formula (2.60)]

λ(gg̃, x) = λ(g, g̃x)λ(g̃, x).

Every pair G, H admits a strongly quasi-invariant measure. For its construction we refer to [21]. In the following, we drop the indication of the measure μ when writing L_p(X).

Since the representation is not defined directly on X (unless H is a normal subgroup and the kernel of the representation) we need to introduce a section σ : X → G which assigns to each coset a point lying in it. In other words, if Π : G → X denotes the canonical projection then Π ∘ σ = id. In general the section σ cannot be chosen to be continuous but it is always possible to choose it measurable or even continuous on some dense open subset of X. However, in many examples the section will be continuous. The action of an element g ∈ G on σ(x) for x ∈ X can be written as

gσ(x) = σ(gx)h(g, x)

for some element h(g, x) ∈ H which clearly is given by

h(g, x) = σ(gx)^{−1}gσ(x). (2.1)

Let a quasi-invariant measure μ on X and a section σ be given. Then a unitary representation U of G on H is called square-integrable modulo (H, σ) if there exists a function ψ ∈ H such that the self-adjoint operator A_σ : H → H (dependent on σ and ψ) weakly defined by

A_σf := ∫ X ⟨f, U(σ(x))ψ⟩_H U(σ(x))ψ dμ(x),

i.e.,

⟨A_σf, g⟩_H = ∫ X ⟨f, U(σ(x))ψ⟩_H ⟨U(σ(x))ψ, g⟩_H dμ(x) for all f, g ∈ H (2.2)

is bounded and has a bounded inverse A^{−1}_σ . Then we have that

⟨A_σ f, f⟩_H = ∫ X |⟨f, U(σ(x))ψ⟩_H|^2dμ(x) < ∞ for all f ∈ H. (2.3)

The function ψ is called admissible. If A_σ is a multiple of the identity then ψ is called strictly admissible.

In [9, 10] the investigations have been carried through under the assumption that A_σ is a multiple of the identity. However, for many applications, e.g., the wavelet transform on the sphere, it turns out that this assumption is not necessarily true. Therefore one aim of this paper is to generalize the approach in [9, 10] to more general operators A_σ, see also [25].

The wavelet transform or voice transform is defined by

V_ψf(x) := ⟨f, U(σ(x))ψ⟩_H, x ∈ X.

By (2.3), we have that V_ψf ∈ L_2(X). The main ingredient in the coorbit space theory is a reproducing formula. In the case that A_σ is a multiple of the identity one uses V_ψ to define the reproducing kernel. In the general case we define a second transform

W_ψf(x) := V_ψ(A^{−1}_σ f)(x) = ⟨A^{−1}_σ f, U(σ(x))ψ⟩_H = ⟨f, A^{−1}_σ U(σ(x))ψ⟩_H, x ∈ X. Using A^{−1}_σ f and A^{−1}_σ g instead of f and g in (2.2), respectively, we obtain that ⟨f, g⟩_H = ⟨W_ψf, V_ψg⟩ = ⟨V_ψf, W_ψg⟩, f, g ∈ H, (2.4) where ⟨·, ·⟩ = ∫ X F (x)G(x)dμ(x) whenever the integral exists. By (2.4), we see that V_ψf(x) = ⟨f, U(σ(x))ψ⟩ = ⟨V_ψf, W_ψ(U(σ(x))ψ)⟩ = ⟨V_ψf, R(x, ·)⟩, W_ψf(x) = ⟨f, A^{−1}_σ U(σ(x))ψ⟩ = ⟨W_ψf, W_ψ(U(σ(x))ψ)⟩ = ⟨W_ψf, R(x, ·)⟩, where

R(x, y) = R_ψ(x, y) := W_ψ(U(σ(x))ψ)(y) = ⟨A^{−1}_σ U(σ(x))ψ, U(σ(y))ψ⟩. (2.5) Clearly, R(y, x) = R(x, y) for all x, y ∈ X. Moreover, we have for all x, y ∈ X that |R(x, y)| ≤ |||A^{−1}_σ ||| ‖ψ‖^2_H. (2.6) The following facts on square-integrable representations U modulo (H, σ) and admissible functions ψ are well-known, see [2, Theorem 7.3.1].

• The set S_σ := {U(σ(x))ψ : x ∈ X} (2.7) is total in H, i.e., S^⊥_σ = {0}. Since A_σ is continuously invertible, we see that also the set A^{−1}_σ (S_σ) = {A^{−1}_σ U(σ(x))ψ : x ∈ X} is total in H.

• The mappings V_ψ and W_ψ are bijective mappings of H onto the reproducing kernel Hilbert space M_2 := {F ∈ L_2(X) : ⟨F, R(x, ·)⟩ = F (x) a.e.}.

• By (2.4), the mappings Ṽ_ψ : L_2(X) → H and W̃_ψ : L_2(X) → H defined by Ṽ_ψF := ∫ X F (x)A^{−1}_σ U(σ(x))ψ dμ(x), W̃_ψF := ∫ X F (x)U(σ(x))ψ dμ(x), i.e., ⟨Ṽ_ψF, g⟩_H = ⟨F, W_ψ g⟩ , ⟨W̃_ψF, g⟩_H = ⟨F, V_ψg⟩ (2.8) fulfill

V_ψṼ_ψF (x) = ⟨F, R(x, ·)⟩, W_ψW̃_ψF (x) = ⟨F, R(x, ·)⟩ for all F ∈ M_2 and f = Ṽ_ψV_ψf, f = W̃_ψW_ψf for all f ∈ H.

Clearly, they are adjoint mappings, Ṽ_ψ = W^∗_ψ and W̃_ψ = V^∗_ψ .

3 Coorbit Spaces

The coorbit spaces that we will define are smoothness spaces on some manifold. In order to measure smoothness we will also need to plug in weight functions on X. For technical reasons we assume in the following that G and, hence, also X = G/H is σ-compact.

For some positive measurable weight function v on X and 1 ≤ p ≤ ∞, let L_{p,v}(X) := {f measurable : fv ∈ L_p(X)} with the natural norm ‖f‖_{Lp,v} := (∫ X |f(x)|^pv(x)^pdμ(x)

)_{1/p} , 1 ≤ p < ∞, ‖f‖_{L∞,v} := ess sup_{x∈X} |f(x)|v(x).

The generalized Young inequality (Schur test) for L_{p,v} will be a major tool in the sequel: Theorem 3.1. Let K be some kernel on X × X. We associate to K the integral operator K(F )(x) := ∫ X K(x, y)F (y)dμ(y).

If K satisfies ess sup_{x∈X} ∫ X |K(x, y)| v(x) v(y) dμ(y) ≤ C_K < ∞, (3.1) then K is a continuous operator on L_{∞,v}(X). If K satisfies ess sup_{y∈X} ∫ X |K(x, y)| v(x) v(y) dμ(x) ≤ C_K < ∞, (3.2) then K is a continuous operator on L_{1,v}(X). If K satisfies both (3.1) and (3.2) then K is a continuous operator on L_{p,v}(X), 1 ≤ p ≤ ∞, and satisfies ‖K(F )‖_{Lp,v (X)} ≤ C_K ‖F ‖_{Lp,v (X)}. (3.3) For the proof see e.g. [10].

First we need to introduce the “reservoir” for our coorbit spaces. To this end, let w be some weight function on X satisfying w(x) ≥ 1 for all x ∈ X. Throughout this paper, we impose the fundamental condition ess sup_{y∈X} ∫ X |R(x, y)| w(x) w(y) dμ(x) < ∞. (3.4) For ψ ∈ H with property (3.4) (for R = R_ψ) we define the spaces H_{1,w} := {f ∈ H : W_ψ(f) ∈ L_{1,w}(X)}, K_{1,w} := {f ∈ H : V_ψ(f) ∈ L_{1,w}(X)} with norms ‖f‖_{H1,w} := ‖W_ψf‖_{L1,w} , ‖f‖_{K1,w} := ‖V_ψf‖_{L1,w} , (3.5) respectively. By (3.4), the sets S_σ and A^{−1}_σ S_σ are contained in H_{1,w} and K_{1,w}, respectively. Since these sets are total in H, we conclude that H_{1,w} and K_{1,w} are dense in H. Moreover, we have by (2.4) that

‖f‖^2_H = ∫ X W_ψf V_ψf dμ(x) ≤ ∫ X |W_ψf| |V_ψf| dμ(x)

and since w(x) ≥ 1 and |V_ψf| ≤ ‖f‖_H‖ψ‖_H, |W_ψf| ≤ ‖f‖_H |||A^{−1}_σ ||| ‖ψ‖_H, we obtain that ‖f‖_H ≤ ‖ψ‖_H‖f‖_{H1,w} , ‖f‖_H ≤ ‖ψ‖_H |||A^{−1}_σ ||| ‖f‖_{K1,w} .

Thus, both H_{1,w} and K_{1,w} are continuousely embedded in H.

Remark 3.2. In particular, H_{1,w} and K_{1,w} are Banach spaces. In fact, if (f_n)_{n∈}N is a Cauchy sequence in H_{1,w}, then (F_n) = (W_ψf_n) is a Cauchy sequence in L_{1,w}(X). Therefore, there exists F ∈ L_{1,w}(X) such that F_n → F . Since f_n ∈ H we have ⟨F_n, R(x, ·)⟩ = F_n(x). By (3.4) and the generalized Young inequality, the application of the kernel R is a continuous operator on L_{1,w}(X) yielding F (x) = ⟨F, R(x, ·)⟩. (3.6) ¿From (3.6), (2.6), and the fact that w(y) ≥ 1 we obtain immediately that F ∈ L_∞(X) ∩ L_{1,w}(X) ⊂ L_2(X). Therefore there exists f ∈ H such that F = W_ψf and since F ∈ L_{1,w}(X) we have f ∈ H_{1,w}. Similarly it can be shown that K_{1,w} is a Banach space.

Introducing the anti-dual spaces H^′_{1,w} and K^′_{1,w} (the spaces of all bounded conjugate-linear functionals on H_{1,w} and K_{1,w}, respectively) we thus have the continuous embeddings H_{1,w} ⊂ H ⊂ H^′_{1,w}, (3.7) K_{1,w} ⊂ H ⊂ K^′_{1,w}.

(Hereby we identify an element f ∈ H with a functional in H^′_{1,w} by ⟨f, g⟩_H′_{1,w ×H1,w} = ⟨f, g⟩_H, g ∈ H_{1,w}.) Moreover, H_{1,w} is norm dense in H and H is weak-∗ dense in H^′_{1,w}, and similarly for K_{1,w} and K^′_{1,w}. In other words, (H_{1,w}, H, H^′_{1,w}) and (K_{1,w}, H, K^′_{1,w}) form Gelfand triples. By definition, we see that H_{1,w} = A_σK_{1,w} and therefore K^′_{1,w} = A^∗_σH^′_{1,w}.

We can extend the operators V_ψ and W_ψ to H^′_{1,w} and K^′_{1,w}, respectively, by setting V_ψf(x) := ⟨f, U(σ(x))ψ⟩_H′_{1,w ×H1,w} , W_ψf(x) := ⟨f, A^{−1}_σ U(σ(x))ψ⟩_K′_{1,w ×K1,w} = ⟨(A^{−1}_σ )^∗f, U(σ(x))ψ⟩_H′_{1,w ×H1,w} .

By (3.4), these expressions are well-defined. Further, we conclude by the following inequality ‖V_ψf‖_{L∞,1/w} = ess sup_{x∈X} |V_ψf(x)| w(x)^{−1} = ess sup_{x∈X} |⟨f, U(σ(x))ψ⟩_H′_{1,w ×H1,w} | w(x)^{−1}

≤ ‖f‖_H′_{1,w} ess sup_{x∈X} ‖U(σ(x))ψ‖_{H1,w} w(x)^{−1}

= ‖f‖_H′_{1,w} ess sup_{x∈X} ∫ X |W_ψ(U(σ(x))ψ)(y)| w(y) w(x) dμ(y) ≤ C ‖f‖_H′_{1,w}

that V_ψ : H^′_{1,w} → L_{∞,1/w}(X) is a continuous operator, see also [25, Lemma 1]. In a completely similar way, we can show that W_ψ : K^′_{1,w} → L_{∞,1/w}(X) is a continuous operator. Now the operators Ṽ_ψ and W̃_ψ in (2.8) can be weakly extended to L_{∞,1/w}(X) by

⟨Ṽ_ψF, g⟩_H′_{1,w ×H1,w} := ⟨F, W_ψg⟩ , ⟨W̃_ψF, g⟩_K′_{1,w ×K1,w} := ⟨F, V_ψg⟩, F ∈ L_{∞,1/w}. (3.8)

By following the lines of the proof of Lemma 2 in [10], it can be shown that both, W̃_ψ and Ṽ_ψ, are bounded operators on L_{∞,1/w}(X). Then we obtain for F ∈ L_{∞,1/w}(X) that V_ψṼ_ψF (x) = ⟨Ṽ_ψF, U(σ(x))ψ⟩_H′_{1,w ×H1,w} = ⟨F, W_ψ (U(σ(x))ψ)⟩ = ⟨F, R(x, ·)⟩, (3.9) W_ψW̃_ψF (x) = ⟨W̃_ψF, A^{−1}_σ U(σ(x))ψ⟩_K′_{1,w ×K1,w} = ⟨F, V_ψ(A^{−1}_σ U(σ(x))ψ)⟩ = ⟨F, R(x, ·)⟩. By (3.8) we have for f ∈ H^′_{1,w} and g ∈ H_{1,w} that ⟨Ṽ_ψV_ψf, g⟩_H′_{1,w ×H1,w} = ⟨V_ψf, W_ψg⟩. (3.10) Now we introduce the coorbit spaces. Let v be a positive measurable weight function on X (not necessarily v(x) ≥ 1) and let

m(x, y) := max { v(x) v(y) , v(y) v(x) } . We impose the fundamental condition sup_{y∈X} ∫ X |R(x, y)| m(x, y) dμ(x) ≤ C_ψ < ∞. (3.11)

Remark 3.3. Since |R(x, y)| = |R(y, x)|, the condition that the left-hand side of (3.11) is uniformly bounded is equivalent to

sup_{y∈X} ∫ X |R(x, y)| v(x) v(y) dμ(x) < ∞ and sup_{x∈X} ∫ X |R(x, y)| v(x) v(y) dμ(y) < ∞. (3.12)

Indeed, it is obvious that (3.11) implies (3.12). For the converse observe that (3.12) implies

sup_{y∈X} ∫ X |R(x, y)| m(x, y) dμ(x) ≤ sup_{y∈X} ∫ X |R(x, y)| ( v(x) v(y) + v(y) v(x) ) dμ(x)

≤ sup_{y∈X} ∫ X |R(x, y)| v(x) v(y) dμ(x) + sup_{y∈X} ∫ X |R(y, x)| v(y) v(x) dμ(x) < ∞.

The conditions (3.12) imply by Theorem 3.1 that F → ⟨F, R(x, ·)⟩ is continuous on L_{p,v}, 1 ≤ p ≤ ∞. Additionally, we require that there exists a weight function w associated to v satisfying condition (3.4), w(x) ≥ 1 for all x ∈ X, and {⟨F, R(x, ·)⟩ : F ∈ L_{p,v}} ⊂ L_{∞,1/w} (3.13) for all 1 ≤ p ≤ ∞.

Remark 3.4. i) If v(x) ≥ 1 then the choice w(x) = 1 is valid. Indeed, if F ∈ L_{p,v} then Hölder’s inequality with 1/p + 1/q = 1 and (2.6) yield | ∫ X F (y)R(x, y) dμ(y)| ≤ ∫ X |F (y)| v(y) |R(x, y)| dμ(y) ≤ (∫ X |F (y)|^p v^p(y) |R(x, y)|dμ(y)

)_{1/p} (∫ X |R(x, y)| dμ(y)

)_{1/q}

≤ |||A^{−1}_σ |||^{1/p} ‖ψ‖^{2/p}_H ‖F ‖_Lp_v (∫ X |R(x, y)| m(x, y) dμ(y)

)_{1/q}

≤ C‖F ‖_Lp_v .

Moreover, (3.11) clearly implies (3.4) if w = 1.

ii) In the general case (no lower bound on v) we will show later in Lemma 4.5 that under some conditions on v and R needed also for the discretization method there exists a natural choice of a weight function w associated to v satisfying (3.13).

For 1 ≤ p ≤ ∞ we define the coorbit spaces H_{p,v} := {f ∈ K^′_{1,w} : W_ψf ∈ L_{p,v}(X)}, K_{p,v} := {f ∈ H^′_{1,w} : V_ψf ∈ L_{p,v}(X)} with norms ‖f‖_{Hp,v} := ‖W_ψf‖_{Lp,v} , ‖f‖_{Kp,v} := ‖V_ψf‖_{Lp,v} .

These are really norms since ‖f‖_{Kp,v} = 0 implies V_ψf = 0 which in turn implies f = 0 since {U(σ(x))ψ : x ∈ X} is total in H_{1,w} (see Theorem 1 in [16, 25]) and similarly for the second norm.

The basic ingredient in the coorbit theory is a correspondence principle between the spaces H_{p,v}, K_{p,v} and certain subspaces of functions on the coset space X, which are defined by means of the reproducing kernel R. For 1 ≤ p ≤ ∞ and ψ with property (3.11) let M_{p,v} := {F ∈ L_{p,v}(X) : ⟨F, R(x, ·)⟩ = F (x) a.e. }.

By the generalized Young inequality, the expression ⟨F, R(x, ·)⟩ defines a function in L_{p,v}(X). The correspondence principle can now be formulated analogously to Theorem 3.1 in [9] as follows.

Theorem 3.5. Let ψ ∈ H be given such that the corresponding kernel R satisfies (3.11).

i) The following relations hold true ⟨V_ψf, R(x, ·)⟩ = V_ψf(x), f ∈ K_{p,v}, ⟨W_ψf, R(x, ·)⟩ = W_ψf(x), f ∈ H_{p,v}, i.e., V_ψf, W_ψf ∈ M_{p,v}.

ii) For every F ∈ M_{p,v}, 1 ≤ p ≤ ∞, there exists a uniquely determined element f ∈ K_{p,v} such that F = V_ψf and a uniquely determined element f ∈ H_{p,v} such that F = W_ψf.

iii) Both (H_{p,v}, ‖ · ‖_{Hp,v} ) and (K_{p,v}, ‖ · ‖_{Kp,v} ) are Banach spaces.

Proof: i) Since K_{p,v} is a subspace of H^′_{1,w} and H_{p,v} is a subspace of K^′_{1,w} it is enough to prove the assertion for H^′_{1,w} and K^′_{1,w}. For these spaces, however, the result is shown in Lemma 3 in [25] (using the σ-compactness of X).

ii) By (3.13) we have that M_{p,v} ⊂ L_{∞,1/w}(X). By (3.9) we obtain that F = V_ψ(Ṽ_ψF ), where Ṽ_ψF ∈ H^′_{1,w} and since F ∈ L_{p,v}(X) also Ṽ_ψF ∈ K_{p,v}. The uniqueness condition follows by definition of K_{p,v}. To show the assertion for F = W_ψf, f ∈ H_{p,v}, we can follow the same lines.

iii) It follows from i) and ii), for example, as in the proof of [16, Theorem (Properties of coorbit spaces)] or [25, Proposition 2].

By (3.9) we see that V_ψṼ_ψ and W_ψW̃_ψ are identities on M_{p,v}. Since we have for f ∈ K_{p,v} that V_ψf ∈ M_{p,v} it follows V_ψṼ_ψV_ψf = V_ψf. Now V_ψ is injective on H^′_{1,w} so that Ṽ_ψV_ψ is the identity on K_{p,v}. Similarly we obtain that W̃_ψW_ψ is the identity on H_{p,v}.

Remark 3.6. i) (Equivalence of H_{p,v} and K_{p,v}) By [25, Proposition 3], if

ess sup_{x∈X} ∫ X |⟨U(σ(x))ψ, U(σ(y))ψ⟩|m(x, y)dμ(x) < ∞ (3.14) and ess sup_{x∈X} ∫ X |⟨A^{−1}_σ U(σ(x))ψ, A^{−1}_σ U(σ(y))ψ⟩|m(x, y)dμ(x) < ∞, (3.15)

then H_{p,v} = K_{p,v} for all p ∈ [1, ∞] with equivalent norms. In this case the continuous frame S_σ introduced in (2.7) is called intrinsically localized (with intrinsically localized canonical dual). We refer to [25] for details on the theory of localized continuous frames and their properties for the characterization of generalized coorbit spaces.

ii) (Independence of ψ) Let ϕ, ψ ∈ H \ {0}. Suppose that (3.14) and (3.15) hold both for ϕ and ψ, and additionally max { ess sup_{x∈X} ∫ X |⟨U(σ(x))ψ, U(σ(y))ϕ⟩| m(x, y) dμ(y),

ess sup_{y∈X} ∫ X |⟨U(σ(x))ψ, U(σ(y))ϕ⟩| m(x, y) dμ(x) } < ∞ then H_{p,v} (= K_{p,v}) does not depend on whether we take ϕ or ψ for its definition (with equivalent norms for ϕ and ψ), see [10, Lemma 3] and [25, Proposition 4].

4 Main Results

In this section, we state and prove the main results of this paper, i.e., we show that judicious discretizations of the continuous wavelet transform give rise to atomic decompositions and Banach frames for the coorbit spaces introduced in Section 3. The corresponding Theorems 4.6 and 4.7 are presented in Subsection 4.1. The proofs are based on certain discretizations and approximations which are also introduced in Subsection 4.1.

4.1 Discretizations and Approximations

The main aim of this section is to discretize the continuous transform V_ψ, i.e., to arrive at an atomic decomposition of the coorbit spaces or even to construct coherent Banach frames of the form {U(σ(x_i))ψ : x_i ∈ X}.

A major tool is that of a bounded uniform partition of unity. This tool is well-established on groups, see [12]. However, we need an adaption to homogeneous spaces. In the following we fix a section σ. A sequence (x_i)_{i∈I} ⊂ X is called U-dense if ⋃ i∈I σ(x_i)U ⊃ σ(X) (4.1)

for some relatively compact neighborhood U of e ∈ G with non–void interior and it is called relatively separated, if sup_{g∈G} #{i ∈ I : g ∈ σ(x_i)L} ≤ C_L < ∞ (4.2)

for all compact subsets L ⊂ G.

Remark 4.1. The finite overlap condition (4.2) is equivalent to

sup_{j∈I} #{i ∈ I : σ(x_i)L ∩ σ(x_j )L ≠ ∅} ≤ C_L, (4.3)

possibly with a different constant C_L from that of (4.2). Indeed, assume (4.2) and fix j. One has σ(x_i)L ∩ σ(x_j )L ≠ ∅ if and only if σ(x_j ) ∈ σ(x_i)LL^{−1}. Then by (4.2) the number of such i cannot exceed C_{LL}−1 . Conversely, assume (4.3) and let g ∈ σ(x_j )L. Then clearly g ∈ σ(x_i)L for at most C_L different indices i by (4.3). Thus, (4.2) is satisfied.

We have the following theorem.

Theorem 4.2. There exist relatively separated and U-dense sequences (x_i)_{i∈I} ⊂ X for all (σ–compact) locally compact groups G, all closed subgroups H and all relatively compact neighborhoods U ⊂ G of e ∈ G with non–void interior.

Proof: We adapt the proof in [33]. We assume here that G is σ–compact. For the general case one has to use Zorn’s lemma.

Consider G_0 := ⋃ n∈N U^n. This is an open and hence closed subgroup of G. Then G is the disjoint union G = ⋃ s∈S sG_0, where S ⊂ G is a countable set by the σ–compactness of G.

First we construct a covering

sU ∩ σ(X) ⊂

N_1⋃

i=1 σ(x_i)U ∩ σ(X)

by the following procedure: if L_1 := sU ∩ σ(X) ≠ ∅, then we choose a point x_1 ∈ X such that σ(x_1) ∈ L_1. Next we form L_2 := (sU \ σ(x_1)U) ∩ σ(X). If L_2 ≠ ∅, then we choose x_2 ∈ X such that σ(x_2) ∈ L_2 and so on. Let W^2 ⊂ U with W = W^{−1}. Then our process terminates after

N_1 ≤ ν((sU ∩ σ(X))W )/ν(W ) (4.4)

steps with (sU \

⋃_{N1} i=1 σ(x_i)U) ∩ σ(X) = ∅ by the following argument: we see that

σ(x_j )W ∩ σ(x_i)W = ∅, i ≠ j. (4.5)

The contrary would imply σ(x_j )w_1 = σ(x_i)w_2 for some w_1, w_2 ∈ W , i.e., σ(x_j ) ∈ σ(x_i)W^2 ⊂ σ(x_i)U which is not possible by construction. Further, we have by construction for all i = 1, . . . , N_1 that σ(x_i)W ⊂ (sU ∩ σ(X))W and consequently

N_1⋃

i=1 σ(x_i)W ⊂ (sU ∩ σ(X))W.

Together with (4.5) this implies (4.4).

Next we consider L_{N1+1} := (sU^2 \

⋃_{N1} i=1 σ(x_i)U) ∩ σ(X). If L_{N1+1} ≠ ∅, then we choose x_{N1+1} ∈ X such that σ(x_{N1+1}) ∈ L_{N1+1}. Continuing like this we obtain a covering of sG_0 ∩ σ(X) of the form sG_0 ∩ σ(X) ⊂ ⋃ i∈I_s

σ(x_i)U.

and performing this for all s ∈ S we get a covering of σ(X) of the form

σ(X) ⊂ ⋃ i∈I σ(x_i)U

with some countable index set I.

Finally we prove that (x_i)_{i∈I} is relatively separated. For an arbitrary compact set L let g ∈ σ(x_i)L. Then σ(x_i) ∈ gL^{−1} and σ(x_i)W ⊂ gL^{−1}W . If g ∈ σ(x_j )L for some j ≠ i then clearly σ(x_j )W ⊂ gL^{−1}W . Hence, regarding (4.5), the number of x_i’s such that σ(x_i)W fits into gL^{−1}W is bounded by C_L := ν(L^{−1}W )/ν(W ). This completes the proof.

Remark 4.3. Condition (4.3) means that the family {σ(x_i)U}_{i∈I} is an admissible covering in the sense of [20], Def. 2.1. Therefore, we may conclude from Lemma 2.9 in [20] that there exists a splitting I =

⋃_{r0}

r=1 I_r such that

σ(x_i)U ∩ σ(x_j )U = ∅ for i, j ∈ I_r and i ≠ j. (4.6)

It is standard to construct a bounded partition of unity corresponding to some U-dense and relatively separated sequence (x_i)_{i∈I} , i.e., a sequence of (continuous) functions ϕ_i, i ∈ I, on G such that

(a) 0 ≤ ϕ_i(g) ≤ 1 for all g ∈ G,

(b) supp ϕ_i ⊂ σ(x_i)U, (c) ∑ i∈I ϕ_i(σ(x)) = 1 for all x ∈ X.

For shorter notation we define τ_i := ϕ_i ∘ σ. Also we introduce the following subsets of X:

X_i := {x ∈ X : σ(x) ∈ σ(x_i)U}.

Clearly, these sets form a covering of X with uniformly finite overlap. Moreover, we observe that x_i ∈ X_i and supp τ_i ⊂ X_i.

Lemma 4.4. i) It holds X_i ⊂ σ(x_i)Π(U). ii) If σ(σ(x_i)Π(U)) ⊂ σ(x_i)U then σ(x_i)Π(U) = X_i.

Proof: i) Let x ∈ X_i. Then there exists u ∈ U such that σ(x) = σ(x_i)u. Thus, with h as defined in (2.1) we obtain

u = σ(x_i)^{−1}σ(x) = σ(σ(x_i)^{−1}x)h(σ(x_i)^{−1}, x).

Since Π ∘ σ = id and h(σ(x_i)^{−1}, x) ∈ H, application of Π yields Π(u) = σ(x_i)^{−1}x, i.e., x = σ(x_i)Π(u).

ii) We only need to prove σ(x_i)Π(U) ⊂ X_i. Let x = σ(x_i)Π(u) for some u ∈ U. Then our condition implies σ(x) = σ(σ(x_i)Π(u)) = σ(x_i)u^′ for some u^′ ∈ U. Thus, x ∈ X_i.

In order to carry through the discretization machinery we have to impose the following condition on the weight function v. We require that

v(x) v(y)

≤ D for all x, y ∈ X_i, i ∈ I (4.7) for some constant D < ∞ that is independent of i ∈ I. In particular, v is bounded on X_i. In the terminology of Feichtinger and Gröbner [20] this means that v is moderate with respect to the covering {X_i}_{i∈I} .

For some relatively compact set U we further introduce the kernel dependent on ψ osc_U (x, y) := sup_{u∈U} |⟨A^{−1}_σ U(σ(x))(Id − U(u^{−1}))ψ, U(σ(y))ψ⟩|, (4.8)

which can be viewed as an adapted version of a modulus of continuity of the kernel R.

Under a condition on osc_U needed later in the discretization Theorems 4.6 and 4.7 we can determine a weight function w such that (3.13) is satisfied. Lemma 4.5. Let v satisfy (4.7) and let

w(x) := max { 1, ∑ i∈I v(x_i)^{−1} max{1, μ(X_i)^{−1}}χ_{Xi} (x) } (4.9)

with χ_{Xi} denoting the characteristic function of X_i fulfill (3.4) and

ess sup_{x∈X} ∫ X osc_U −1_U (y, x) w(y) w(x) dμ(y) < ∞. (4.10)

Then (3.13) is satisfied. In particular, assuming (3.11), the space M_{p,v} is continuously embedded into L_{∞,1/w}(X).

Moreover, if μ(X_i) ≥ C > 0 for all i ∈ I, then the weight w is equivalent to x → max{1, v^{−1}(x)} and (3.11) already implies (3.4). Proof: For R_i(x, y) := R(x, y)τ_i(y) we have that

|⟨F, R_i(x, ·)⟩| = | ∫ X_i

R(x, y)F (y)τ_i(y)dμ(y)| ≤ ‖χ_{Xi} F ‖_L1 sup_{z∈Xi} |R(x, z)|. (4.11)

Let us first treat the first factor on the right hand side. We fix some index k ∈ I. ¿From (4.7) it follows 1 ≤ D(ess sup_{x∈Xk} v(x)^{−1})v(y) for all y ∈ X_k. Since μ(X_k) < ∞ we conclude by Hölder’s inequality that ‖χ_{Xk} F ‖_{L1} ≤ D sup_{x∈Xk} v(x)^{−1}‖χ_{Xk} F v‖_{L1} ≤ C_k‖F v‖_{Lp} = C_k‖F ‖_{Lp,v} (4.12)

for some constant C_k depending only on X_k. We define the kernel K_i(x, y) := μ(X_k)^{−1}χ_{Xk} (x)χ_{Xi} (y), x, y ∈ X, i ∈ I.

Setting K^∗_i (x, y) := K_i(y, x) we obtain ∫ X K^∗_i (x, y)χ_{Xk} (y)dμ(y) = μ(X_k)^{−1} ∫ X χ_{Xk} (y)χ_{Xk} (y)χ_{Xi} (x)dμ(y) = χ_{Xi} (x) and further using K_i(F ) as integral operator with kernel K_i applied to F and (4.12) ‖χ_{Xi} F ‖_{L1} = ⟨K^∗_i (χ_{Xk} ), |F |⟩ = ⟨χ_{Xk} , K_i(|F |)⟩ = ‖χ_{Xk} K_i(|F |)‖_{L1} ≤ C_k‖K_i(|F |)‖_{Lp,v} .

Let us estimate the operator norm of K_i on L_{p,v} by the generalized Young inequality. By (4.7), we obtain for the integral with respect to x ∫ X K_i(x, y) v(x) v(y) dμ(x) = μ(X_k)^{−1} ∫ X χ_{Xk} (x)χ_{Xi} (y) v(x) v(y) dμ(x) ≤ D^2 v(x_i) v(x_k) , and for the integral with respect to y ∫ X K_i(x, y) v(x) v(y) dμ(y) = μ(X_k)^{−1} ∫ X χ_{Xk} (x)χ_{Xi} (y) v(x) v(y) dμ(y) ≤ D^2μ(X_k)^{−1}μ(X_i) v(x_k) v(x_i) . Now (3.3) implies

‖K_i(|F |)‖_{Lp,v} ≤ C̃_k v(x_i)^{−1} max{1, μ(X_i)} ‖F ‖_{Lp,v} .

As k was arbitrary we have altogether shown that

‖χ_{Xi} F ‖_{L1} ≤ C‖F ‖_{Lp,v} v(x_i)^{−1} max{1, μ(X_i)} for all F ∈ L_{p,v}

with some constant C > 0. Now we consider the second term on the right hand side of (4.11). For all y, z ∈ X_i the triangle inequality yields

|R(x, z)| ≤ |R(x, z) − R(x, y)| + |R(x, y)| = |⟨A^{−1}_σ (U(σ(z)) − U(σ(y))ψ, U(σ(x))ψ⟩| + |R(x, y)|.

Moreover, y, z ∈ X_i imply σ(z) ∈ σ(y)U^{−1}U. Thus,

sup_{z∈Xi} |R(x, z)| ≤ sup_{u∈U −1U} |⟨A^{−1}_σ U(σ(y))(U(u^{−1}) − Id)ψ, U(σ(x))ψ⟩| + |R(x, y)|

= osc_U −1_U (y, x) + |R(x, y)|

for all y ∈ X_i. This shows

sup_{z∈Xi} |R(x, z)| ≤ μ(X_i)^{−1} ∫ X χ_{Xi} (y) (osc_U −1_U (y, x) + |R(x, y)|) dμ(y).

Pasting the pieces together and using ∑ i∈I τ_i(y) = 1 we obtain

|⟨F, R(x, ·)⟩| = | ∑ i∈I ⟨F, R_i(x, ·)⟩| ≤ ∑ i∈I ‖χ_{Xi} F ‖_{L1} μ(X_i)^{−1} ∫ X χ_{Xi} (y) (osc_U −1_U (y, x) + |R(x, y)|) dμ(y)

≤ C‖F ‖_{Lp,v} ∫ X (osc_U −1_U (y, x) + |R(x, y)|) ( ∑ i∈I v(x_i)^{−1} max{1, μ(X_i)}μ(X_i)^{−1}χ_{Xi} (y) ) dμ(y).

Clearly, the function x → ∑ i∈I v(x_i)^{−1} max{1, μ(X_i)}μ(X_i)^{−1}χ_{Xi} (x) is contained in L_{∞,1/w} by definition (4.9) of w. Thus, by our assumption on R and osc_U −1_U , the generalized Young inequality shows that ⟨F, R(x, ·)⟩ is contained in L_{∞,1/w}.

The assertion that w is equivalent to max{1, v^{−1}} provided μ(X_i) ≥ C > 0 follows immediately from (4.7). Moreover, by checking different cases we see that

max{1, v^{−1}(x)} max{1, v^{−1}(y)}

≤ max { v(x) v(y) , v(y) v(x) } , which shows that (3.11) implies (3.4) for our choice of the weight w.

For simpler notation we introduce the numbers

a_i := μ(X_i).

Let ℓ_{p,va}1/p denote the space of sequences over I for which

‖(η_i)_{i∈I} ‖_{ℓp,va1/p} := ‖(η_iv(x_i)a^{1/p}_i )_{i∈I} ‖_{ℓp(I)} < ∞.

The space ℓ_{p,va}1/p−1 is defined analogously. Clearly, if (a_i)_{i∈I} is bounded from above and below then ℓ_{p,va}1/p = ℓ_{p,va}1/p−1 = ℓ_{p,v} with equivalent norms. In particular, this is the case if μ is an invariant measure and the condition in Lemma 4.4 ii) is satisfied (implying X_i = σ(x_i)Π(U)).

Now we are ready to state our main results. The first one is a decomposition theorem which says that discretizing the representation by means of an U–dense set indeed produces an atomic decomposition of H_{p,v}.

Theorem 4.6. Let G be a locally compact, topological Hausdorff group with closed subgroup H and let v be a weight function on X = G/H. Further, let U be a square integrable representation of G mod (H, σ) with admissible function ψ. Assume that the kernel R fulfills (3.11) and (3.4) with an associated weight w(x) ≥ 1 satisfying (3.13). Let a relatively compact neighborhood U of the identity in G be chosen such that ∫ X osc_U (y, x) v(x) v(y) dμ(x) ≤ γ and ∫ X osc_U (y, x) v(x) v(y) dμ(y) ≤ γ, (4.13)

where γ < 1. Let (x_i)_{i∈I} be a U–dense, relatively separated family and assume that v satisfies (4.7).

Then H_{p,v}, 1 ≤ p ≤ ∞, has the following atomic decomposition: if f ∈ H_{p,v}, 1 ≤ p ≤ ∞, then f can be represented as f = ∑ i∈I c_iU(σ(x_i))ψ,

where the sequence of coefficients (c_i)_{i∈I} = (c_i(f))_{i∈I} ∈ ℓ_{p,va}1/p−1 depends linearly on f and satisfies ||(c_i)_{i∈I} ||_{ℓp,va1/p−1} ≤ A||f||_{Hp,v} . (4.14)

If (c_i)_{i∈I} ∈ ℓ_{p,va}1/p−1 , then f = ∑ i∈I c_iU(σ(x_i))ψ is contained in H_{p,v} and

||f||_{Hp,v} ≤ B||(c_i)_{i∈I} ||_{ℓp,va1/p−1} . (4.15)

Given such an atomic decomposition, the problem arises under which conditions a function f is completely determined by its moments and how f can be reconstructed from these moments. This question is answered by the following theorem which shows that {ψ_i := A^{−1}_σ U(σ(x_i))ψ : i ∈ I} indeed give rise to Banach frames.

Theorem 4.7. Impose the same assumptions as in Theorem 4.6 with ∫ X osc_U (x, y) v(x) v(y) dμ(x) ≤ γ̃ C_ψ and ∫ X osc_U (x, y) v(x) v(y) dμ(y) ≤ γ̃ C_ψ

, (4.16) where γ̃ < 1, instead of (4.13)

Then the set {ψ_i := A^{−1}_σ U(σ(x_i))ψ : i ∈ I}

is a Banach frame for H_{p,v}. This means that

i) f ∈ H_{p,v} if and only if (⟨f, ψ_i⟩_K′_{1,w ×K1,w} )_{i∈I} ∈ ℓ_{p,va}1/p ;

ii) there exist two constants 0 < A^′ ≤ B^′ < ∞ such that

A^′ ‖f‖_{Hp,v} ≤ ‖(⟨f, ψ_i⟩_K′_{1,w ×K1,w} )_{i∈I} ‖_{ℓp,va1/p} ≤ B^′ ‖f‖_{Hp,v} ; (4.17)

iii) there exists a bounded, linear reconstruction operator S from ℓ_{p,va}1/p to H_{p,v} such that S ( (⟨f, ψ_i⟩_K′_{1,w ×K1,w} )_{i∈I} ) = f.

Remark 4.8. i) By interchanging the roles of H_{p,v} and K_{p,v} and of U(σ(x))ψ and A^{−1}_σ U(σ(x))ψ, similar decomposition and reconstruction theorems can also be developed for the spaces K_{p,v}. ii)Further information concerning Banach frames can be found in [28] and in [4].

The proofs of the Theorems 4.6 and 4.7 consist of several parts that will be presented in the sequel. The main ingredient of the following is that the operator which maps F ∈ M_{p,v} onto the function ⟨F, R(x, ·)⟩ is the identity on M_{p,v}. The idea now is to approximate this operator (which is given by an integral) by a sum. As in [10] we use the following two approximation operators

T_ϕF (x) := ∑ i∈I ⟨F, τ_i⟩R(x_i, x) = ∑ i∈I ∫ X F (y)τ_i(y) dμ(y)R(x_i, x),

S_ϕF (x) := ∑ i∈I F (x_i)⟨τ_i, R(x, ·)⟩ = ∑ i∈I ∫ X F (x_i)τ_i(y)R(y, x) dμ(y).

We have to prove that these operators are invertible under certain conditions and afterwards we use the correspondence principle (Theorem 3.5) to obtain an atomic decomposition of the coorbit space or even a Banach frame.

Lemma 4.9. i) Suppose that there exists γ < 1 such that (4.13) holds. Then ‖Id−T_ϕ‖_{Mp,v →Mp,v} ≤ γ < 1. In particular, T_ϕ is bounded with bounded inverse.

ii) Suppose that R fulfills (3.11) and that there exists γ̃ < 1 such that (4.16) holds where C_ψ is the constant in (3.11). Then ‖Id − S_ϕ‖_{Mp,v →Mp,v} ≤ γ̃ < 1. In particular, S_ϕ is bounded with bounded inverse.

Proof: We proceed analogously as in the proof of Theorem 4 in [10]. Using the reproducing formula on M_{p,v} and the fact that (τ_i)_{i∈I} is a partition of unity on X we obtain for F ∈ M_{p,v}

F (x) = ∫ X F (y)R(x, y)dμ(y) = ∑ i∈I ∫ X F (y)τ_i(y)R(y, x) dμ(y).

It follows immediately that F (x) − T_ϕF (x) = ∑ i∈I ∫ X F (y)τ_i(y)[R(y, x) − R(x_i, x)] dμ(y),

F (x) − S_ϕF (x) = ∑ i∈I ∫ X [F (y) − F (x_i)]τ_i(y)R(y, x) dμ(y). (4.18)

Let us first consider F − T_ϕF . By definition of R we obtain

|F (x) − T_ϕF (x)| ≤ ∑ i∈I ∫ X |F (y)| τ_i(y) |R(y, x) − R(x_i, x)| dμ(y) = ∑ i∈I ∫ X |F (y)| τ_i(y) |⟨A^{−1}_σ ( U(σ(y)) − U(σ(x_i)) ) ψ, U(σ(x))ψ⟩| dμ(y).

Since supp ϕ_i ⊂ σ(x_i)U we are only interested in those y ∈ X such that σ(y) ∈ σ(x_i)U which implies σ(y) = σ(x_i)u for some u ∈ U or equivalently σ(x_i) = σ(y)u^{−1}. Hence, we have |F (x) − T_ϕF (x)| ≤ ∑ i∈I ∫ X |F (y)|τ_i(y) sup_{u∈U} |⟨A^{−1}_σ ( U(σ(y)) − U(σ(y)u^{−1}) ) ψ, U(σ(x))ψ⟩| dμ(y) = ∑ i∈I ∫ X |F (y)|τ_i(y) osc_U (y, x) dμ(y) = ∫ X |F (y)| osc_U (y, x) dμ(y).

By (4.13) and the generalized Young inequality, we obtain ‖F − T_ϕF ‖_{Mp,v} = ‖(Id − T_ϕ)F ‖_{Mp,v} ≤ γ‖F ‖_{Mp,v} .

Hence, ‖Id − T_ϕ‖_{Mp,v →Mp,v} ≤ γ < 1 and thus T_ϕ is boundedly invertible on M_{p,v}.

Let us now consider F − S_ϕF . Since F ∈ M_{p,v}, we obtain using the reproducing formula and the definition of R

|F (y) − F (x_i)| ≤ ∫ X |F (r)||⟨A^{−1}_σ (U(σ(y)) − U(σ(x_i))) ψ, U(σ(r))ψ⟩| dμ(r).

By (4.18) we only need to consider those y with σ(y) ∈ σ(x_i)U, i.e., σ(x_i) = σ(y)u^{−1} for some u ∈ U. Hence, we have

|F (y) − F (x_i)| ≤ ∫ X |F (r)| sup_{u∈U} |⟨A^{−1}_σ ( U(σ(y)) − U(σ(y)u^{−1}) ) ψ, U(σ(r))ψ⟩| dμ(r) = ∫ X |F (r)| osc_U (y, r) dμ(r).

Since (ϕ_i) is a partition of unity, by (3.11), (4.16) and the generalized Young inequality we deduce ‖F − S_ϕF ‖_{Mp,v} ≤ C_ψ‖ ∑ i∈I |F (·) − F (x_i)|τ_i(·)‖_{Lp,v} ≤ γ̃‖F ‖_{Mp,v}

which completes the proof.

We further need some auxiliary statements.

Lemma 4.10. Let 1 ≤ p ≤ ∞. There exist constants 0 < C_1 ≤ C_2 < ∞ such that

C_1‖(η_i)_{i∈I} ‖_{ℓp,va1/p} ≤ ‖ ∑ i∈I |η_i| χ_{Xi} ‖_{Lp,v} ≤ C_2‖(η_i)_{i∈I} ‖_{ℓp,va1/p} (4.19)

for all sequences (η_i)_{i∈I} .

Proof: Since (x_i)_{i∈I} is a relatively separated family, there exists a splitting I =

⋃_{r0}

r=1 I_r such that X_i ∩ X_j = ∅ for i, j ∈ I_r and i ≠ j. Using (4.7) we obtain for 1 ≤ p < ∞ ‖ ∑ i∈I |η_i| χ_{Xi} ‖_{Lp,v} = ‖

r_0∑

r=1 ∑ i∈I_r

|η_i| χ_{Xi} ‖_{Lp,v} ≤

r_0∑

r=1 ‖ ∑ i∈I_r

|η_i| χ_{Xi} ‖_{Lp,v}

= r_0∑

r=1 (∫ X ∑ i∈I_r

|η_i|^p χ_{Xi} (x)v(x)^pdμ(x)

)_{1/p} = r_0∑

r=1 ( ∑ i∈I_r

|η_i|^p ∫ X_i

v(x)^pdμ(x)

)_{1/p}

≤ D r_0∑

r=1 ( ∑ i∈I_r

|η_i|^p μ(X_i)v(x_i)^p

)_{1/p}

≤ CD ( ∑ i∈I |η_i|^p v(x_i)^pa_i

)_{1/p} .

On the other hand, we obtain ( ∑ i∈I |η_i|^p v(x_i)^pa_i

)_{1/p} ≤ D r_0∑

r=1 ( ∑ i∈I_r

|η_i|^p ∫ X_i

v(x)^pdμ(x)

)_{1/p} = D r_0∑

r=1 ‖ ∑ i∈I_r

|η_i| χ_{Xi} ‖_{Lp,v}

≤ CD‖ ∑ i∈I |η_i| χ_{Xi} ‖_{Lp,v} .

The proof for p = ∞ is similar.

The following lemma is taken from [25, Lemma 3(b)], compare also [17] or [36, Lemma 4.5.8(b)].

Lemma 4.11. A bounded sequence (f_n)_{n∈}N in K^′_{1,w} is weak-∗ convergent to f ∈ K^′_{1,w} if and only if W_ψf_n converges pointwise to W_ψf.

4.2 Proof of Theorem 4.6 First we take care of the bounds (4.14) and (4.15).

Lemma 4.12. Suppose that the assumptions of Theorem 4.6 are fulfilled. Let F ∈ L_{p,v}. Then there exists a constant A < ∞ such that the following inequality holds true ‖(⟨F, τ_i⟩)_{i∈I} ‖_{ℓp,va1/p−1} ≤ A‖F ‖_{Lp,v} .

Proof: Lemma 4.10 yields ‖(⟨F, τ_i⟩)_{i∈I} ‖_{ℓp,va1/p−1} ≤ ‖(⟨|F |, τ_i⟩)_{i∈I} ‖_{ℓp,va1/p−1} ≤ 1 C_1 ‖ ∑ i∈I ⟨|F |, τ_i⟩χ_{Xi} a^{−1}_i ‖_{Lp,v} .

Further, we see for an arbitrary fixed x ∈ X that ∑ i∈I ⟨|F |, τ_i⟩χ_{Xi} (x)a^{−1}_i = ∑ i∈I_x

⟨|F |, τ_i⟩μ(X_i)^{−1} ,

where I_x := {i ∈ I : x ∈ X_i}. Since (x_i)_{i∈I} is a relatively separated family, we see, by using the notation of the proof of Lemma 4.10, that #I_x ≤ r_0 and consequently ∑ i∈I_x

⟨|F |, τ_i⟩μ(X_i)^{−1} ≤ ⟨|F |, K(x, ·)⟩

with K(x, y) := ∑ i∈I_x

μ(X_i)^{−1}χ_{Xi} (y) = ∑ i∈I μ(X_i)^{−1}χ_{Xi} (x)χ_{Xi} (y).

Let us check the Schur type conditions for K. Using (4.7) the integral with respect to x yields ∫ X K(x, y) v(x) v(y) dμ(x) = ∑ i∈I χ_{Xi} (y) v(x_i) v(y) μ(X_i)^{−1} ∫ X χ_{Xi} (x) v(x) v(x_i) dμ(x) ≤ D ∑ i∈I χ_{Xi} (y) v(x_i) v(y)

≤ C_U D^2,

where C_U is the constant from (4.2). The estimation for the integral with respect to y is almost the same.

Therefore the weighted Young inequality implies that ‖(⟨F, τ_i⟩)_{i∈I} ‖_{ℓp,va1/p−1} ≤ C ‖⟨|F |, K(x, ·)⟩‖_{Lp,v} ≤ C ‖F ‖_{Lp,v} .

Lemma 4.13. Under the assumptions of Theorem 4.6 there exists a constant B < ∞ such that for any sequence (c_i)_{i∈I} ∈ ℓ_{p,va}1/p−1 , 1 ≤ p ≤ ∞, the following inequality holds true ‖ ∑ i∈I c_iR(x_i, ·)‖_{Lp,v} ≤ B ‖(c_i)_{i∈I} ‖_{ℓp,va1/p−1} .

If 1 ≤ p < ∞ then the sum on the left hand side converges in norm, and if p = ∞ then it converges pointwise.

Proof: First observe that for all y ∈ X_i we have σ(x_i) = σ(y)u^{−1} for some u ∈ U. Thus we get |R(x_i, x)| ≤ |R(x_i, x) − R(y, x)| + |R(y, x)| = |⟨A^{−1}_σ (U(σ(y)u^{−1})ψ − U(σ(y))ψ), U(σ(x))ψ⟩| + |R(y, x)| ≤ osc_U (y, x) + |R(y, x)|. (4.20) Further we obtain | ∑ i∈I c_iR(x_i, x)| = | ∑ i∈I c_iR(x_i, x)μ(X_i)^{−1} ∫ X_i

dμ(y)| ≤ ∑ i∈I |c_i|μ(X_i)^{−1} ∫ X χ_{Xi} (y)(osc_U (y, x) + |R(y, x)|)dμ(y)

= ∫ X (osc_U (y, x) + |R(y, x)|) ( ∑ i∈I |c_i|μ(X_i)^{−1}χ_{Xi} (y) ) dμ(y). (4.21)

Using the conditions (3.11) and (4.13) on R and osc_U we conclude by the generalized Young inequality ‖ ∑ i∈I c_iR(x_i, ·)‖_{Lp,v} ≤ (γ + C_ψ)‖ ∑ i∈I |c_i|μ(X_i)^{−1}χ_{Xi} ‖_{Lp,v}

and by Lemma 4.10 that ‖ ∑ i∈I c_iR(x_i, ·)‖_{Lp,v} ≤ B ‖(c_iμ(X_i)^{−1})_{i∈I} ‖_{ℓp,va1/p} = B ‖(c_i)_{i∈I} ‖_{ℓp,va1/p−1} .

If 1 ≤ p < ∞ then the finite sequences are dense in ℓ_{p,va}1/p−1 and it is easy to see from the last inequality that the sum ∑ c_iR(x, x_i) converges in the norm of L_{p,v}. If p = ∞ then it follows once more from (4.21) and conditions (3.11) and (4.13) that sup_{x∈X} | ∑ i∈I c_iR(x_i, x)|v(x) < ∞, in particular the series converges pointwise.

Let us now prove Theorem 4.6.

Proof of Theorem 4.6: Assume f ∈ H_{p,v} so that W_ψf ∈ L_{p,v}. Further, by Lemma 4.9, the operator T_ϕ is bounded with bounded inverse. By definition of T_ϕ we obtain

W_ψf(x) = T_ϕT^{−1}_ϕ W_ψf(x) = ∑ i∈I ⟨T^{−1}_ϕ W_ψf, τ_i⟩R(x_i, x). (4.22)

Applying Lemma 4.12 with F := T^{−1}_ϕ W_ψf ∈ M_{p,v} yields

‖(⟨T^{−1}_ϕ W_ψf, τ_i⟩)_{i∈I} ‖_{ℓp,va1/p−1} ≤ A ‖T^{−1}_ϕ W_ψf‖_{Lp,v} ≤ A |||T^{−1}_ϕ ||| ‖W_ψf‖_{Lp,v}

≤ A |||T^{−1}_ϕ ||| ‖f‖_{Hp,v} .

Now assume 1 ≤ p < ∞. Then it follows from Lemma 4.13 that the series on the right hand side of (4.22) converges in the norm of L_{p,v}. Since R(x_i, x) = W_ψ(U(σ(x_i)ψ))(x) and W̃_ψW_ψ is the identity on H_{p,v}, equation (4.22) yields

f = W̃_ψ ( ∑ i∈I c_i(f)W_ψU(σ(x_i))ψ )

with c_i(f) := ⟨T^{−1}_ϕ W_ψf, τ_i⟩. As W̃_ψ is continuous on L_{p,v}, we obtain f = ∑ i∈I c_i(f)U(σ(x_i))ψ

and the series on the right hand side is norm convergent.

If p = ∞ then the series on the right hand side of (4.22) is pointwise convergent by Lemma 4.13. As H_{∞,v} is a subspace of K^′_{1,w} it follows from Lemma 4.11 that the partial sums of ∑ i∈I c_i(f)U(σ(x_i))ψ converge to f in the weak-∗ topology of K^′_{1,w}. Finally, we conclude from Lemma 4.13 that for (c_i)_{i∈I} ∈ ℓ_{p,va}1/p−1 ‖ ∑ i∈I c_iU(σ(x_i))ψ‖_{Hp,v} = ‖ ∑ i∈I c_iR(x_i, x)‖_{Lp,v} ≤ B‖(c_i)_{i∈I} ‖_{ℓp,va1/p−1} .

This shows (4.15) and we are done. ■

4.3 Proof of Theorem 4.7 We first prove the frame bounds.

Lemma 4.14. Suppose that the same assumptions of Theorem 4.7 are fulfilled. For i ∈ I, let ψ_i := A^{−1}_σ U(σ(x_i))ψ. Then, for f ∈ H_{p,v}, there exists a constant B^′ < ∞ such that || ( ⟨f, ψ_i⟩_K′_{1,w ×K1,w} ) i∈I ||_{ℓp,va1/p} ≤ B^′||f||_{Hp,v} .

Proof: Let F := W_ψf. Then the assertion is equivalent to || (F (x_i))_{i∈I} ||_{ℓp,va1/p} ≤ B^′||F ||_{Lp,v} . (4.23)

We want to use Lemma 4.10 for the proof. By the reproducing property of R we obtain ∑ i∈I |F (x_i)|χ_{Xi} (x) = ∑ i∈I | ∫ X F (y)R(x_i, y)dμ(y)|χ_{Xi} (x) ≤ ∫ X |F (y)| ∑ i∈I |R(x_i, y)|χ_{Xi} (x)dμ(y). (4.24)

This suggests to investigate the kernel

K(x, y) := ∑ i∈I |R(x_i, y)|χ_{Xi} (x).

Similarly as in (4.20) we obtain for all x ∈ X_i that

|R(x_i, y)| = |R(x_i, y) − R(x, y)| + |R(x, y)| ≤ osc_U (x, y) + |R(x, y)|. Thus,

K(x, y) ≤ ∑ i∈I (osc_U (x, y) + |R(x, y)|)χ_{Xi} (x) ≤ C_U (osc_U (x, y) + |R(x, y)|).

Using (3.11) and (4.16) we see by the generalized Young inequality that the integral operator associated to the kernel K acts as a bounded operator on L_{p,v}. Hence we conclude together with Lemma 4.10 that ‖(F (x_i))_{i∈I} ‖_{ℓp,va1/p} ≤ C_2‖ ∑ i∈I |F (x_i)|χ_{Xi} ‖_{Lp,v} ≤ B^′‖F ‖_{Lp,v} .

Lemma 4.15. Let the assumptions of Theorem 4.7 be true. Suppose that (4.16) and (3.11) are satisfied and that v and w are related by (3.13). Let f ∈ K^′_{1,w} and ψ_i := A^{−1}_σ U(σ(x_i))ψ for i ∈ I. If ( ⟨f, ψ_i⟩_K′_{1,w ×K1,w} ) i∈I ∈ ℓ_{p,va}1/p , then f ∈ H_{p,v} and there exists a constant A^′ > 0 such that ||f||_{Hp,v} ≤ 1 A^′ || ( ⟨f, ψ_i⟩_K′_{1,w ×K1,w} ) i∈I ||_{ℓp,va1/p} .

Proof: By Lemma 4.9 and (4.16) the operator S_ϕ is boundedly invertible and we obtain

‖f‖_{Hp,v} = ‖W_ψf‖_{Lp,v} = ‖S^{−1}_ϕ S_ϕW_ψf‖_{Lp,v} ≤ |||S^{−1}_ϕ ||| ‖S_ϕW_ψf‖_{Lp,v} .

Setting c_i := ⟨f, ψ_i⟩_K′_{1,w ×K1,w} = W_ψf(x_i) we obtain by definition of S_ϕ that

S_ϕW_ψf(x) = ∑ i∈I c_i ∫ X τ_i(y)R(x, y)dμ(y) = ∫ X R(x, y) ∑ i∈I c_iτ_i(y)dμ(y).

Applying the generalized Young inequality with (3.11) and Lemma 4.10 we obtain

‖S_ϕW_ψf‖_{Lp,v} ≤ C_ψ‖ ∑ i∈I |c_i|τ_i‖_{Lp,v} ≤ C_ψ‖ ∑ i∈I |c_i|χ_{Xi} ‖_{Lp,v} ≤ C_ψC_2‖(c_i)_{i∈I} ‖_{ℓp,va1/p} . (4.25)

Altogether, this proves the assertion.

Proof of Theorem 4.7: It remains to prove the existence of a linear bounded reconstruction operator (part (iii) of Theorem 4.7). By Lemma 4.9 the operator S_ϕ is boundedly invertible on M_{p,v}. Thus for f ∈ H_{p,v} we obtain

W_ψf = S^{−1}_ϕ S_ϕW_ψf = S^{−1}_ϕ ( ∑ i∈I W_ψf(x_i)⟨τ_i, R(x, ·)⟩ ) .

As W̃_ψW_ψ is the identity on H_{p,v} and W_ψf(x_i) = ⟨f, ψ_i⟩_K′_{1,w ×K1,w} we obtain

f = W̃_ψS^{−1}_ϕ ( ∑ i∈I ⟨f, ψ_i⟩_K′_{1,w ×K1,w} ⟨τ_i, R(x, ·)⟩ ) .

Clearly, this is a reconstruction of f from the coefficients (⟨f, ψ_i⟩_K′_{1,w ×K1,w} )_{i∈I} ∈ ℓ_{p,va}1/p . Moreover, it is not difficult to see that W̃_ψ is a continuous operator from M_{p,v} onto H_{p,v}. Thus, it follows from the continuity of S^{−1}_ϕ and Lemma 4.15 (resp. its proof) that

S(c_i)_{i∈I} := W̃_ψS^{−1}_ϕ ( ∑ i∈I c_i⟨τ_i, R(x_i, ·⟩) )

is bounded from ℓ_{p,va}1/p into H_{p,v}.

We finally remark that we may actually reconstruct f by a series if 1 ≤ p < ∞. Indeed, it follows from the density of the finite sequences in ℓ_{p,va}1/p and (4.25) that the series ∑ i∈I c_i⟨τ_i, R(x_i, x)⟩ is norm convergent in M_{p,v}. This allows to interchange the series with the application of the operator W̃_ψS^{−1}_ϕ to obtain f = ∑ i∈I ⟨f, ψ_i⟩_K′_{1,w ×K1,w} e_i

where e_i = W̃_ψ(E_i) and E_i(x) := S^{−1}_ϕ (⟨τ_i, R(x, ·)⟩). This completes the proof of Theorem 4.7. ■

4.4 Reformulation of the Integrability Conditions In order to apply the results of the previous sections we have to prove that the kernels K = R, osc_U fulfil

sup_{y∈X} ∫ X |K(x, y)|m(x, y)dμ(x) ≤ C, sup_{y∈X} ∫ X |K(y, x)|m(y, x)dμ(x) ≤ C. (4.26)

For symmetry reasons both integrals are the same in case K = R. By Remark 3.6 also the kernels

Z_0(x, y) = ⟨U(σ(x))ψ, U(σ(y))ψ⟩, Z_2(x, y) = ⟨A^{−1}_σ U(σ(x))ψ, A^{−1}_σ U(σ(y))ψ⟩ = ⟨A^{−2}_σ U(σ(x))ψ, U(σ(y))ψ⟩, Z^{ψ,ϕ}(x, y) = ⟨U(σ(x))ψ, U(σ(y))ϕ⟩ are of interest. Observe that these kernels and R can be written as Z^{ψ,ϕ}_κ (x, y) = ⟨A^{−κ}_σ U(σ(x))ψ, U(σ(y))ϕ⟩ (4.27) with κ = 0, 1, 2 and possibly ϕ = ψ. We remark that the definition of A_σ is dependent on ψ, so here it is meant that A_σ is formed with respect to ψ and not with respect to ϕ. For x ∈ X, let B^κ_σ (x) = U(σ(x)^{−1})A^{−κ}_σ U(σ(x)), κ = 0, 1, 2. (4.28) As A^{−1}_σ is a self-adjoint operator also B^κ_σ (x) is self-adjoint for all x ∈ X. Clearly, B^0_σ(x) = Id. For simplicity we set B_σ(x) := B^1_σ(x).

Using the fact that we are working on a homogeneous space and that our kernels are related to some group representation we may reformulate these conditions under the assumption that μ is an invariant measure.

Lemma 4.16. Assume that μ is an invariant measure on X.

i) It holds ∫ X |Z^{ψ,ϕ}_κ (x, y)|m(x, y)dμ(x) = ∫ X |⟨U(σ(x)k(x, y))ψ, B^κ_σ (y)ϕ⟩|m(σ(y)x, y)dμ(x), (4.29) where k(x, y) := (σ(y)σ(x))^{−1}σ(σ(y)x) = h(σ(y), x)^{−1} ∈ H, (4.30) with h ∈ H defined by (2.1).

ii) It holds ∫ X osc_U (x, y)m(x, y)dμ(x) = ∫ X sup_{u∈U} |⟨U(σ(x)k(x, y))(Id − U(u^{−1}))ψ, B_σ (y)ψ⟩|m(σ(y)x, y)dμ(x) (4.31) and ∫ X osc_U (y, x)m(y, x)dμ(x) = ∫ X sup_{u∈U} |⟨B_σ(y)(Id − U(u^{−1}))ψ, U(σ(x)k(x, y))ψ⟩|m(σ(y)x, y)dμ(x). (4.32)

Proof: i) We first rewrite the kernel Z^{ψ,ϕ}_κ in the following way Z^{ψ,ϕ}_κ (x, y) = ⟨A^{−κ}_σ U(σ(x))ψ, U(σ(y))ϕ⟩ = ⟨U(σ(y)^{−1})A^{−κ}_σ U(σ(x))ψ, ϕ⟩ = ⟨B^κ_σ (y)U(σ(y)^{−1}σ(x))ψ, ϕ⟩ = ⟨U(σ(y)^{−1}σ(x))ψ, B^κ_σ (y)ϕ⟩.

Integrating and using the invariance of the measure μ yields ∫ X |Z^{ψ,ϕ}_κ (x, y)|m(x, y)dμ(x) = ∫ X |⟨U(σ(y)^{−1}σ(x))ψ, B^κ_σ (y)ϕ⟩|m(x, y)dμ(x) = ∫ X |⟨U(σ(y)^{−1}σ(σ(y)x)ψ, B^κ_σ (y)ϕ⟩|m(σ(y)x, y)dμ(x) = ∫ X |⟨U(σ(x)k(x, y))ψ, B^κ_σ (y)ϕ⟩|m(σ(y)x, y)dμ(x).

The latter integral equals the right hand side of (4.29).

ii) We have osc_U (x, y) = sup_{u∈U} |⟨A^{−1}_σ U(σ(x))(Id − U(u^{−1}))ψ, U(σ(y))ψ⟩| = sup_{u∈U} |⟨U(σ(x))(Id − U(u^{−1}))ψ, A^{−1}_σ U(σ(y))ψ⟩| = sup_{u∈U} |⟨U(σ(x))(Id − U(u^{−1}))ψ, U(σ(y))B_σ (y)ψ⟩| = sup_{u∈U} |⟨U(σ(y)^{−1}σ(x))(Id − U(u^{−1}))ψ, B_σ (y)ψ⟩|.

Using the invariance of the measure μ we obtain ∫ X osc_U (x, y)m(x, y)dμ(x) = ∫ X sup_{u∈U} |⟨U(σ(y)^{−1}σ(x))(Id − U(u^{−1}))ψ, B_σ (y)ψ⟩|m(x, y)dμ(x) = ∫ X sup_{u∈U} |⟨U(σ(y)^{−1}σ(σ(y)x))(Id − U(u^{−1}))ψ, B_σ (y)ψ⟩|m(σ(y)x, y)dμ(x) = ∫ X sup_{u∈U} |⟨U(σ(x)k(x, y))(Id − U(u^{−1}))ψ, B_σ (y)ψ⟩|m(σ(y)x, y)dμ(x).

This yields (4.31). On the other hand, we have osc_U (y, x) = sup_{u∈U} |⟨A^{−1}_σ U(σ(y))(Id − U(u^{−1}))ψ, U(σ(x))ψ⟩| = sup_{u∈U} |⟨U(σ(y))B_σ (y)(Id − U(u^{−1}))ψ, U(σ(x))ψ⟩| = sup_{u∈U} |⟨B_σ(y)(Id − U(u^{−1}))ψ, U(σ(y)^{−1}σ(x))ψ⟩|.

Using once more the invariance of μ and the symmetry of m we obtain ∫ X osc_U (y, x)m(y, x)dμ(x) = ∫ X sup_{u∈U} |⟨B_σ (y)(Id − U(u^{−1}))ψ, U(σ(y)^{−1}σ(x))ψ⟩|m(y, x)dμ(x) = ∫ X sup_{u∈U} |⟨B_σ (y)(Id − U(u^{−1}))ψ, U(σ(y)^{−1}σ(σ(y)x))ψ⟩|m(y, σ(y)x)dμ(x) = ∫ X sup_{u∈U} |⟨B_σ (y)(Id − U(u^{−1}))ψ, U(σ(x)k(x, y))ψ⟩|m(σ(y)x, y)dμ(x).

5 A Coorbit Theory on Homogeneous Spaces Associated to the Affine Weyl-Heisenberg Group

In this section, we will need the following unitary operators of modulation, translation and dilation on L_2(R) and their Fourier transformed versions: M_ωf(t) = e^{2πiω·t}f(t), (M_ωf)^(ξ) = T_ωf̂(ξ), T_xf(t) = f(t − x), (T_xf)^(ξ) = M_{−x}f̂(ξ), D_af(t) = |a|^{−1/2}f(t/a), (D_af)^(ξ) = D_{1/a}f̂(ξ).

We limit the analysis to the one–dimensional case, i.e., we consider the group with the generic element g = (x, ω, a, φ), where x, ω, φ ∈ R and a ∈ R_+, and the group law (x, ω, a, φ) ∘ (x^′, ω^′, a^′, φ^′) = (x + ax^′, ω + a^{−1}ω^′, aa^′, φ + φ^′ + ωax^′).

This group is called the affine Weyl-Heisenberg group and is denoted by G_{aW H} . The inverse element of g ∈ G_{aW H} is given by g^{−1} = (−a^{−1}x, −aω, a^{−1}, −φ + xω).

The affine Weyl-Heisenberg group is topologically isomorphic to G_{aW H} ≃ R^{2+1} × R_+ and is a unimodular group with Haar measure dν(x, ω, a, φ) = dxdω^{da}_a dφ. The representation of G_{aW H} on L_2(R) given by U(x, ω, a, φ)f(t) = e^{2πiφ}T_xM_ωD_af(t) (5.1) = a^{−1/2}e^{2πi(ω(t−x)+φ)}f ( t − x a )

is called the Stone-von-Neumann representation. Unfortunately, this representation U is not square integrable. Therefore, several homogeneous spaces of G_{aW H} were considered, see, e.g., [31, 39, 40]. Here we restrict our attention to the homogeneous space G_{aW H} /H with H := {(0, 0, a, φ) ∈ G_{aW H} }. (5.2)

Since G is unimodular and H as an Abelian group is also unimodular the natural measure dμ = dxdω on G_{aW H} /H is G_{aW H} –invariant. Let β : G_{aW H} /H → R_+ be a Borel function and σ(x, ω) = (x, ω, β(x, ω), 0) the corresponding Borel section. By [30], it is more convenient to consider sections independent of x, i.e.,

σ(x, ω) = (x, ω, β(ω), 0). (5.3)

In this case, for ψ ∈ L_2(R), the operator A_σ in (2.2) can be written as a Fourier multiplier operator, i.e., (A_σ f)^ = m_β f̂ in the weak sense with the symbol

m_β(ξ) := ∫ R |ψ̂ ( β(ω)(ξ − ω) ) |^2β(ω)dω. (5.4)

Moreover, one can check that A_σ is bounded with bounded inverse if and only if m_β(ξ) is bounded from above and below, i.e.,

C_1 ≤ m_β(ξ) ≤ C_2 a.e. (5.5)

for constants 0 < C_1, C_2 < ∞. In other words, ψ is admissible if and only if (5.5) is fulfilled. Here we refer also to [30, 32, 39, 40, 41].

In the following, we are interested in the specific section σ given by the function

β(ω) = β_α(ω) = (1 + |ω|)^{−α}, α ∈ [0, 1). (5.6)

We want to verify the admissibility of some special functions ψ. To this end, we prove the following auxiliary lemma for the argument of ψ̂ in (5.4).

Lemma 5.1. Let r_ξ(ω) := β(ω)(ξ − ω) = (1 + |ω|)^{−α}(ξ − ω).

Then, for any fixed A > 0, there exists ξ_A > 0 such that for all ξ ≥ ξ_A the function r_ξ is invertible on A := {ω : r_ξ(ω) ∈ [−A, A]}. The inverse function r^{(−1)}_ξ of r_ξ on [−A, A] has the form r^{(−1)}_ξ (x) = −xg(ξ, x) + ξ with some function g(x, ξ) satisfying

xg(ξ, x) + g(ξ, x)^{1/α} = 1 + ξ . (5.7)

Furthermore, g fulfills lim_{ξ→∞} ξ^{−α}g(ξ, x) = 1 (5.8)

uniformly in x ∈ [−A, A].

Proof: Since α ∈ [0, 1), there exists ξ_A > 0 such that for ξ ≥ ξ_A the set A contains only positive values of ω. Now we have for ω > 0 that

r^′_ξ(ω) = −(1 + ω)^{−α} ( 1 + α ξ − ω 1 + ω ) and it is easy to check that the right-hand side is negative for ω > −(1 + αξ)/(1 − α) and hence for ω > 0. Thus, r_ξ is monotonically decreasing on A and has therefore an inverse.

We see that indeed

r_ξ(−xg(ξ, x) + ξ) = (1 − xg(ξ, x) + ξ)^{−α}(ξ + xg(ξ, x) − ξ) = (g(ξ, x)^{1/α})^{−α}xg(ξ, x) = x

such that r^{(−1)}_ξ has the claimed form. Since r^{(−1)}_ξ has only function values in A we have that

0 < r^{(−1)}_ξ (x) = −xg(ξ, x) + ξ = g(ξ, x)^{1/α} − 1,

so that g(ξ, x) > 1 for all ξ ≥ ξ_A and all x ∈ [−A, A]. Together with (5.7) this implies for x ∈ [−A, A] and α ∈ (0, 1) that

1 ≤ (1 + A)^{1−α} g(ξ, x)^{1/α−1} (1 + ξ)^{1−α}

. (5.9)

Furthermore, we obtain

g(ξ, x)^{1/α}

1 + ξ = | | |1 − x g(ξ, x) 1 + ξ | | | ≤ 1 + |x| g(ξ, x) 1 + ξ

(1 + A)^{1−α} g(ξ, x)^{1/α−1} (1 + ξ)^{1−α}

≤ 1 + |x| 2A g(ξ, x)^{1/α} 1 + ξ

provided that ξ ≥ (2A)^{11−α} (1 + A) − 1. This shows that 1 ≥ ( 1 − |x| 2A ) g(ξ, x)^{1/α} 1 + ξ ≥ 1 2 g(ξ, x)^{1/α} 1 + ξ

, x ∈ [−A, A],

and consequently g(ξ, x)/(1 + ξ)^α ≤ 2^α. Hence we obtain

g(ξ, x) 1 + ξ = 1 (1 + ξ)^{1−α} g(ξ, x) (1 + ξ)^α

≤ 2^α 1 (1 + ξ)^{1−α}

→ 0, ξ → ∞

uniformly in x ∈ [−A, A]. By (5.7), we have for all x ∈ [−A, A] that

x lim_{ξ→∞} g(ξ, x) 1 + ξ

+ lim_{ξ→∞} g(ξ, x)^{1/α} 1 + ξ

= 1 (5.10)

which implies lim_{ξ→∞} g(ξ, x)^{1/α}/(1 + ξ) = 1 uniformly in x ∈ [−A, A]. This is equivalent to (5.8).

Now we can prove our admissibility condition.

Theorem 5.2. Let the Borel section σ be given by (5.3) with β defined by (5.6). Further, let ψ be a non-zero L_2 function whose Fourier transform is compactly supported. Then ψ is admissible, i.e., it satisfies (5.5).

Proof: We will only perform the analysis for ξ tending to +∞. A simple integral transform shows that m_β(−ξ) = ∫ R |ψ̂(β(ω)(ω − ξ))|^2β(ω)dω.

So the analysis for ξ tending to −∞ will require only slight changes. Note that if |ψ̂| is an even function then m_β(−ξ) = m_β(ξ) anyway.

Assume that supp ψ̂ ⊂ [−A, A]. Then, by Lemma 5.1, we may substitute x = r_ξ(ω) in (5.4) for ξ ≥ ξ_A > 0. This yields

m_β(ξ) = ∫ R |ψ̂(r_ξ(ω))|^2β(ω)dω = − ∫ R |ψ̂(x)|^2β(r^{(−1)}_ξ (x))(r^{(−1)}_ξ )^′(x)dx. (5.11)

As in the previous lemma, for ξ ≥ ξ_A only positive values of ω will contribute to the first integral. Further, for ω > 0, we have

r^′_ξ(ω) = β^′(ω)(ξ − ω) − β(ω) = −β(ω)(α(1 + ω)^{−1}(ξ − ω) + 1) (5.12)

which gives ( r^{(−1)}_ξ

)_′

(x) = 1 r^′_ξ(r^{(−1)}_ξ (x))

= −β(r^{(−1)}_ξ (x))^{−1} α ξ − r^{(−1)}_ξ (x) 1 + r^{(−1)}_ξ (x) + 1 −1 . (5.13)

Thus, for ξ ≥ ξ_A > 0, we have

m_β(ξ) =

∫_A −A |ψ̂(x)|^2 G(ξ, x)dx (5.14)

with

G(ξ, x) := (1 + αL(ξ, x))^{−1}, L(ξ, x) := ξ − r^{(−1)}_ξ (x) 1 + r^{(−1)}_ξ (x)

= xg(ξ, x)^{1−1/α}, (5.15)

where the last equality follows by Lemma 5.1. Now (5.8) shows that

lim_{ξ→∞} G(ξ, x) = lim_{ξ→∞} 1 1 + αxg(ξ, x)^{1−1/α}

= lim_{ξ→∞} 1 1 + αxξ^{α(1−1/α)}

= 1 (5.16)

uniformly in x ∈ [−A, A] and consequently

lim_{ξ→∞} m_β(ξ) =

∫_A −A |ψ̂(x)|^2dx

for any L_2 function ψ with compact support in the Fourier domain. As m_β is always positive and continuous this shows that m_β is bounded from below and above for any ψ with supp ψ̂ compact.

In the following, we will consider coorbit spaces with respect to the following weight functions on X = G_{aW H} /H ≃ R^2,

v(x, ω) = v_s(ω) = (1 + |ω|)^s, s ∈ R. (5.17)

We will see later that v_s satisfies (4.7). Associated to the weights v_s we define the functions m_s by

m_s((x, ω), (x̃, ω̃)) = m_s(ω, ω̃) = max { v_s(ω) v_s(ω̃) , v_s(ω̃) v_s(ω) } = max {( 1 + |ω| 1 + |ω̃| ) , ( 1 + |ω̃| 1 + |ω|

)}_{|s|} .

5.1 Integrability of the Kernels In order to establish coorbit spaces, we need to verify the integrability of R and osc. The integrability conditions needed for the definition of the coorbit spaces and for the descretization are settled in the following theorems.

Theorem 5.3. Let the Borel section σ be given by (5.3) with β defined by (5.6). Further, let ψ, ϕ be non-zero L_2 functions whose Fourier transforms are compactly supported C^2-functions. Then the kernels Z^{ψ,ϕ}_κ , κ = 0, 1, 2, defined by (4.27), satisfy sup (x̃,ω̃)∈R^2 ∫ R ∫ R |Z^{ψ,ϕ}_κ ((x, ω), (x̃, ω̃))|m_s(ω, ω̃)dxdω < ∞, (5.18)

In particular, R = R_ψ = Z^{ψ,ψ}_1 satisfies the integrability condition (3.11). Theorem 5.4. Let the Borel section σ be given by (5.3) with β defined by (5.6). Further, let ψ ∈ L_2 with supp ψ̂ compact and ψ̂ ∈ C^2. Denote by osc_U the associated kernel defined in (4.8). For any δ > 0 there exists some neighborhood U of e ∈ G such that sup (x̃,ω̃)∈R^2 ∫ R^2 osc_U ((x, ω), (x̃, ω̃)) m(ω, ω̃)dxdω < δ, (5.19) sup (x̃,ω̃)∈R^2 ∫ R^2 osc_U ((x̃, ω̃), (x, ω)) m(ω̃, ω)dxdω < δ. (5.20)

We will develop the proofs of these theorems in several steps. A basic ingredient is Lemma 4.16. So let us investigate B^κ_σ and k(x, y) with respect to the setting of this section. Lemma 5.5. Let the Borel section σ be given by (5.3). Then the operator B^κ_σ (x, ω) in (4.28) is a Fourier multiplier, i.e., (B^κ_σ (x, ω)f)^(ξ) = h^κ_{x,ω}(ξ)f̂(ξ) (5.21) with h_{x,ω}(ξ) := m^{−1}_β ( β(ω)^{−1}(ξ + ωβ(ω)) ) (5.22) Consequently, if ψ is admissible, then we have 0 < 1/C_2 ≤ h_{x,ω}(ξ) ≤ 1/C_1 < ∞ a.e. with the constants C_1, C_2 from (5.5).

Proof: Using the notation ~D_af(t) = f(t/a) we have

(B^κ_σ (x, ω)f)^ = (T_{−β(ω)}−1_xM_{−β(ω)ω} D_{β(ω)}−1 A^{−κ}_σ T_xM_ωD_{β(ω)}f)^e^{2πixω} = M_{β(ω)}−1_xT_{−β(ω)ω} D_{β(ω)} ( m^{−κ}_β M_{−x}T_ωD_{β(ω)}−1f̂ ) e^{2πixω} = ( T_{−β(ω)ω} ~D_{β(ω)}m^{−κ}_β ) M_{β(ω)}−1_xT_{−β(ω)ω} M_{−β(ω)}−1_xT_{β(ω)ω}f̂e^{2πixω} = ( T_{−β(ω)ω} ~D_{β(ω)}m^{−κ}_β ) f̂ The last term is exactly the right hand side of (5.21).

Lemma 5.6. Let the Borel section σ be given by (5.3). Then the kernel k in (4.30) fulfills

k((x, ω), (x̃, ω̃)) = ( 0, 0, β(ω̃)^{−1}β(ω)^{−1}β ( ω̃ + β(ω̃)^{−1}ω ) , ∗ ) , where ∗ denotes some function in x, ω, x̃, ω̃. Proof: A simple computation shows [σ(x̃, ω̃)σ(x, ω)]^{−1} = [(x̃, ω̃, β(ω̃), 0) · (x, ω, β(ω), 0)]^{−1} = [(x̃ + β(ω̃)x, ω̃ + β(ω̃)^{−1}ω, β(ω̃)β(ω), ∗)]^{−1} = (−β(ω̃)^{−1}β(ω)^{−1}(x̃ + β(ω̃)x), −β(ω̃)β(ω)(ω̃ + β(ω̃)^{−1}ω), β(ω̃)^{−1}β(ω)^{−1}, ∗).

Moreover, we have σ(x̃, ω̃)(x, ω) = (x̃ + β(ω̃)x, ω̃ + β(ω̃)^{−1}ω) (5.23) and hence, σ(σ(x̃, ω̃)(x, ω)) = (x̃ + β(ω̃)x, ω̃ + β(ω̃)^{−1}ω, β(ω̃ + β(ω̃)^{−1}ω), 0).

Thus, we obtain k((x, ω), (x̃, ω̃)) = [σ(x̃, ω̃)σ(x, ω)]^{−1}σ(σ(x̃, ω̃)(x, ω)) = ( 0, 0, β(ω̃)^{−1}β(ω)^{−1}β ( ω̃ + β(ω̃)^{−1}ω ) , ∗ ) . This concludes the proof.

We remark that for the expression appearing in the integrals (4.29), (4.31) and (4.32) this shows σ(x, ω)k((x, ω), (x̃, ω̃)) = ( x, ω, β(ω̃)^{−1}β ( ω̃ + β(ω̃)^{−1}ω ) , ∗ ) . (5.24) Thus, it seems useful to define θ(ω, ω̃) := β(ω̃)^{−1}β(ω̃ + β(ω̃)^{−1}ω). (5.25) Choosing β as in (5.6) we have the following auxiliary result.

Lemma 5.7. Let β be defined by (5.6). Then for any A > 0 there exists ω_0 > 0 such that for all |ω| > ω_0 and all ω̃ ∈ R A(1 + θ(ω, ω̃)^{−1}) ≤ |ω|. (5.26) Moreover, there exists ω_1 > 0 such that θ(ω, ω̃) ≤ C for all |ω| ≤ ω_1 < ∞ with a constant C independent of ω̃.

Proof: For our special choice of β we obtain

θ(ω, ω̃)^{−1} = ( 1 + |ω̃ + (1 + |ω̃|)^αω| 1 + |ω̃|

)_α

≤ ( 1 + |ω| (1 + |ω̃|)^{1−α}

)_α ≤ (1 + |ω|)^α.

Since α < 1, the right-hand side grows less than linearly in |ω| independently of ω̃. This yields the first assertion.

The last assertion of the lemma is easy to see by the explicit form of θ.

Let us now consider the function m_s.

Lemma 5.8. Let β be given by (5.6) and v_s by (5.17). Then m_s can be estimated by

m_s(σ(x̃, ω̃)(x, ω), (x̃, ω̃)) ≤ (1 + |ω|)^{|s|1−α}

for all x̃, ω̃, x, ω ∈ R and s ∈ R.

Proof: By (5.23) and definition of m_s we obtain

m_s(σ(x̃, ω̃)(x, ω), (x̃, ω̃)) = max {( 1 + |ω̃ + β(ω̃)^{−1}ω| 1 + |ω̃|

)_{|s|} , ( 1 + |ω̃| 1 + |ω̃ + β(ω̃)^{−1}ω|

)_{|s|}} . As in the previous proof we see that ( 1 + |ω̃ + β(ω̃)^{−1}ω| 1 + |ω̃|

)_{|s|} ≤ ( 1 + |ω| (1 + |ω̃|)^{1−α}

)_{|s|} ≤ (1 + |ω|)^{|s|} ≤ (1 + |ω|)^{|s|1−α} .

We claim that sup_{ω̃∈} R 1 + |ω̃| 1 + |ω̃ + β(ω̃)^{−1}ω|

≤ (1 + |ω|)^{11−α} .

Of course, this would prove the assertion. The substitution ω̃ → −ω̃ shows that it suffices to prove the claim for ω < 0. It can be easily seen that in this case the supremum is attained for some ω̃ > 0. Consequently, it remains to consider

f_ω(ω̃) :=

1 + ω̃ 1 + |ω̃ − β(ω̃)^{−1}ω|

, ω, ω̃ > 0.

For ω̃ − β(ω̃)^{−1}ω ≥ 0, i.e., ω̃/(1 + ω̃)^α ≥ ω, we obtain that

f^′_ω(ω̃) =

−(1 − α)ω(1 + ω̃)^{−α} ((1 + ω̃)^{1−α} − ω)^2 < 0 and for ω̃ − β(ω̃)^{−1}ω < 0 that

f^′_ω(ω̃) =

2 + (1 − α)ω(1 + ω̃)^α (1 − ω̃ + ω(1 + ω̃)^α)^2

> 0.

In other words, for fixed ω > 0, the function f_ω is strictly monotonically decreasing in the first case and strictly monotonically increasing in the second case. Consequently, since ω̃/(1 + ω̃)^α is monotonically increasing, the function f_ω attains its maximum for the positive solution ω̃ of ω̃/(1 + ω̃)^α = ω and the maximum is given by 1 + ω̃. Finally, we conclude for ω, ω̃ > 0 that ω = ω̃ (1 + ω̃)^α

= (1 + ω̃)^{1−α} − 1 (1 + ω̃)^α , so that 1 + ω = (1 + ω̃)^{1−α} + 1 − 1 (1 + ω̃)^α

≥ (1 + ω̃)^{1−α} ,

and hence 1 + ω̃ ≤ (1 + ω)^{11−α} .

This finishes the proof.

The proof of the following auxiliary lemma is quite technical and, hence, postponed to the appendix.

Lemma 5.9. Let ψ ∈ L_2 such that supp ψ̂ ⊂ [−A, A] and ψ̂ is twice continuously differentiable. Then it holds |(m^{−1}_β )^′(ξ)| ≤ C min{1, |ξ|^{−2+α}}, (5.27) |(m^{−1}_β )^{′′}(ξ)| ≤ C min{1, |ξ|^{−3+α}}. (5.28) Lemma 5.10. Let ψ ∈ L_2 with supp ψ̂ compact and ψ̂ ∈ C^2. Form the corresponding multiplier symbol m_β = m_{β,ψ} by (5.4) and the function h_{x,ω} = h^ψ_{x,ω} by (5.22). Then it holds sup ξ∈[−A,A]

|h^{(k)}_{x,ω}(ξ)| ≤ C, k = 0, 1, 2

for any A > 0 and constants C independent of x, ω. ( Here h^{(k)}_{x,ω} denotes the k-th derivative of h_{x,ω}. ) Proof: The condition for k = 0 is satisfied since m_β is bounded. Using (5.27) and (5.28) we obtain sup t∈[−A,A]

|h^{(k)}_{x,ω}(t)| = sup_{t∈[−A,A]} β^{−k}(ω)|(m^{−1}_β )^{(k)}(β(ω)^{−1}t + ω)| ≤ C sup_{t∈[−A,A]} min{β^{−k}(ω), β^{−k}(ω)|β(ω)^{−1}t + ω|^{−(k+1−α)}} ≤ C sup_{t∈[−A,A]} min{(1 + |ω|)^{kα}, (1 + |ω|)^{−α(1−α)} |t + (1 + |ω|)^{−α}ω|^{−(k+1−α)}} ≤ C̃, the constant C̃ being independent of ω.

Now, we are prepared to prove the Theorems 5.3 and 5.4.

Proof of Theorem 5.3: We assume that supp ψ̂ and supp ϕ̂ are contained in [−A, A]. By (5.24) we have U(σ(x, ω)k((x, ω), (x̃, ω̃))) = e^{2πi∗}T_xM_ωD_{θ(ω,ω̃)} with θ(ω, ω̃) defined in (5.25). Using Lemma 4.16 i), Lemma 5.8, the Plancherel theorem and Lemma 5.5 we can estimate the integral in (5.18) by sup (x̃,ω̃)∈R^2 ∫ R ∫ R |Z^{ψ,ϕ}_κ ((x, ω), (x̃, ω̃))|m_s(ω, ω̃)dxdω = ∫ R ∫ R |⟨T_xM_ωD_{θ(ω,ω̃)}ψ, B^κ_σ (x̃, ω̃)ϕ⟩| m_s(σ(x̃, ω̃)(x, ω), (x̃, ω̃))dxdω ≤ ∫ R ∫ R |⟨M_{−x}T_ωD_{θ(ω,ω̃)}−1ψ̂, h^κ_{x̃,ω̃}ϕ̂⟩|(1 + |ω|)^{|s|1−α} dxdω.

The scalar product in the last integral equals K(x, ω, x̃, ω̃) := F((T_ωD_{θ(ω,ω̃)}−1ψ̂) h^κ_{x̃,ω̃} ϕ̂)(x). (5.29) It holds supp T_ωD_{θ(ω,ω̃)}−1ψ̂ ⊂ [ω − θ(ω, ω̃)^{−1}A, ω + θ(ω, ω̃)^{−1}A]. Choose ω_0 as in Lemma 5.7. Then for all |ω| > ω_0 it holds supp ϕ̂ ∩ supp T_ωD_{θ(ω,ω̃)}−1ψ̂ = ∅ by (5.26) and the expression in (5.29) vanishes. Consequently, as a function of ω the kernel K has support contained in a compact set which is independent of x, x̃, ω̃ and the integration with respect to ω is only over this compact set. Furthermore, the inequality

|f̂(x)| ≤ min { ‖f^{(2)}‖_{L1} |x|^2

, ‖f‖_{L1} } (5.30)

suggests to consider the L_1-norm of

G_{x̃,ω̃,ω}(t) := (T_ωD_{θ(ω,ω̃)}−1ψ̂)(t)h^κ_{x̃,ω̃}(t)ϕ̂(t)

and of its derivatives. In particular, the L_1-norm of this function and its second derivative have to possess a bound which is uniform in x̃, ω̃, ω. Since ψ̂ and ϕ̂ are twice differentiable, G_{x̃,ω̃,ω} is a product of three C^2 functions. By the rule for the derivative of a product of functions it suffices to prove that the derivative of order k = 0, 1, 2 of one of the factors has a uniform L_1-bound and the others have uniform L_∞-bound with respect to x̃, ω̃, ω. For the last factor ϕ̂ the uniform L_1-bound of all of its derivatives is clear by assumption on ϕ and since it does not depend on x̃, ω̃, ω. For the first factor it holds

(T_ωD_{θ(ω,ω̃)}−1ψ̂)^{(k)}(t) = θ(ω, ω̃)^{1/2+k} ψ̂^{(k)}(θ(ω, ω̃)(t − ω)).

Since we only need to consider |ω| ≤ ω_0 and since θ(ω, ω̃) ≤ C for all ω̃ ∈ R and |ω| < ω_0 by the second part of Lemma 5.7, we clearly have

‖(T_ω D_{θ(ω,ω̃)}−1ψ̂)^{(k)}‖_{L∞} ≤ C‖ψ̂^{(k)}‖_{L∞} ≤ C_k (5.31)

for a constant C_k independent of ω and ω̃. Since supp ϕ̂ ⊂ [−A, A] we only need L_∞ bounds for (h^κ_{x,ω})^{(k)} on [−A, A], k = 0, 1, 2. These bounds follows from Lemma 5.10. (If κ = 2 then (h^2_{x,ω})^′ = 2h^′_{x,ω}h_{x,ω} and (h^2_{x,ω})^{′′} = 2(h^{′′}_{x,ω}h_{x,ω} + (h^′_{x,ω})^2) so the bounds for h^2_{x,ω} follow from the ones for h_{x,ω}.) Hence, it holds

|K(x, ω, x̃, ω̃)| ≤ χ_{[−ω0,ω0]}(ω) min { C_1,

C_2 |x|^2 } . Thus, we finally obtain sup (x̃,ω̃)∈R^2 ∫ R ∫ R |Z^{ψ,ϕ}_κ ((x, ω), (x̃, ω̃))|m_s(ω, ω̃)dxdω

≤ sup

(x̃,ω̃)∈R^2 ∫ R ∫ R |K(x, ω, x̃, ω̃)|(1 + |ω|)^{|s|1−α} dxdω

≤ ∫_{ω0}

−ω_0

(1 + |ω|)^{|s|1−α} dω ∫ R min { C_1,

C_2 |x|^2 } dx < ∞.

Proof of Theorem 5.4: Using Lemma 4.16 ii) and proceeding as in the proof of Theorem 5.3 we have to integrate with respect to x, ω the two kernels

K_1(x, ω, x̃, ω̃) := sup_{u∈U} |F ( (T_ωD_{θ(ω,ω̃)}−1 F(ψ − U(u^{−1})ψ))h_{x̃,ω̃}ψ̂ ) (x)|,

K_2(x, ω, x̃, ω̃) := sup_{u∈U} |F ( h_{x̃,ω̃}F(ψ − U(u^{−1})ψ)(T_ωD_{θ(ω,ω̃)}−1ψ̂) ) (x)|.

Now we have for u^{−1} := (x̂, ω̂, â, φ̂) ∈ U^{−1} that F ( U(u^{−1})ψ ) (t) = e^{2πiφ̂}F (T_{x̂}M_{ω̂}D_âψ) (t) = e^{2πiφ̂}M_{−x̂}T_{ω̂}D_â−1ψ̂(t) = â^{1/2} e^{2πiφ̂} e^{−2πix̂t}ψ̂(â(t − ω̂)). (5.32)

Let supp ψ̂ ⊂ [−A, A]. Then supp T_ωD_{θ(ω,ω̃)}−1ψ̂ behaves as in the previous proof and

supp F ( U(u^{−1})ψ ) ⊂ [ω̂ − â^{−1}A, ω̂ + â^{−1}A], supp T_ωD_{θ(ω,ω̃)}−1 [F ( U(u^{−1})ψ ) ] ⊂ [ ω + θ^{−1}ω̂ − â^{−1}θ^{−1}A, ω + θ^{−1}ω̂ + â^{−1}θ^{−1}A ] . Both kernels vanish for |ω| > ω_U if for those ω

i) supp ψ̂ ∩ supp T_ωD_{θ(ω,ω̃)}−1ψ̂ = ∅,

ii) supp ψ̂ ∩ supp T_ωD_{θ(ω,ω̃)}−1 [F ( U(u^{−1})ψ ) ] = ∅

iii) supp F ( U(u^{−1})ψ ) ∩ supp T_ωD_{θ(ω,ω̃)}−1ψ̂ = ∅.

Property i) is fulfilled for |ω| > ω_0 with ω_0 related to A as in Lemma 5.7. Let U^{−1} ⊂ [−ε_x, ε_x] × [−ε_ω, ε_ω ] × [1 − ε_a, 1 + ε_a] × [−ε_φ, ε_φ]. Then it can be checked that we can modify Lemma 5.7 as follows: for any A > 0 there exists ω_1 > 0 such that for all |ω| > ω_1 it holds A + θ^{−1}(^A_{1−εa} + ε_ω) < |ω|. Then ii) is fulfilled for |ω| > ω_1. Finally, iii) holds for |ω| ≥ ε_ω + A(θ^{−1} +^1_{1−εa} ). Once again, by using a modification of Lemma 5.7, it can be shown that this is satisfied for |ω| > ω_2. Now we can choose ω_U as the maximum of the right-hand sides.

Following further the arguments in the previous proof, in particular (5.30), it remains to consider

G^1_{x̃,ω̃,ω}(t) := (T_ωD_{θ(ω,ω̃)}−1 F(ψ − U(u^{−1})ψ))(t)h_{x̃,ω̃}(t)ψ̂(t), G^2_{x̃,ω̃,ω}(t) := h_{x̃,ω̃}(t)F(ψ − U(u^{−1})ψ)(t)(T_ωD_{θ(ω,ω̃)}−1ψ̂)(t).

Again we use that G^i, i = 1, 2, is a product of three C^2 function so that it suffices to prove L_∞, resp. L_1 estimates for the derivatives of the three factors. By Lemma 5.10, we have ‖h^{(k)}_{x̃,ω̃}‖_∞ ≤ C, k = 0, 1, 2. Since ψ̂ is a C^2 function with compact support, ‖ψ̂^{(k)}‖_p, k = 0, 1, 2; p = 1, ∞ are uniformly bounded. Moreover, for |ω| ≤ ω_U , we see by (5.31) and since supp(T_ωD_{θ(ω,ω̃)}−1ψ̂)^{(k)} is finite that ‖(T_ωD_{θ(ω,ω̃)}−1ψ̂)^{(k)}‖_p, k = 0, 1, 2, p = 1, ∞, are uniformly bounded. Let us finally consider ‖F(ψ − U(u^{−1})ψ)^{(k)}‖_{L∞} and ‖(T_ωD_{θ(ω,ω̃)}−1 F(ψ − U(u^{−1})ψ))^{(k)}‖_{L∞} . By (5.31) we have for |ω| ≤ ω_U that

‖(T_ωD_{θ(ω,ω̃)}−1 F(ψ − U(u^{−1})ψ))^{(k)}‖_{L∞} ≤ C‖F(ψ − U(u^{−1})ψ)^{(k)}‖_{L∞}

so that it remains to consider ‖F(ψ − U(u^{−1})ψ)^{(k)}‖_{L∞} . We claim that lim u^{−1}→e

‖(F(ψ − U(u^{−1})ψ))^{(k)}‖_{L∞} = 0, k = 0, 1, 2. (5.33)

We obtain

‖F(ψ − U(u^{−1})ψ)^{(k)}‖_{L∞} = ‖ψ̂^{(k)} − e^{2πiφ̂}[M_{−x̂}T_{ω̂}D_â−1ψ̂]^{(k)}‖_{L∞} ≤ |1 − e^{2πiφ̂}| ‖[M_{−x̂}T_{ω̂}D_â−1ψ̂]^{(k)}‖_{L∞} + ‖ψ̂^{(k)} − [M_{−x̂}T_{ω̂}D_â−1ψ̂]^{(k)}‖_{L∞} and replace the derivatives by

[M_{−x̂}T_{ω̂}D_â−1ψ̂]^{(1)} = âM_{−x̂}T_{ω̂}D_â−1ψ̂^{(1)} − 2πix̂M_{−x̂}T_{ω̂}D_â−1ψ̂,

[M_{−x̂}T_{ω̂}D_â−1ψ̂]^{(2)} = â^2M_{−x̂}T_{ω̂}D_â−1ψ̂^{(2)} − 4πix̂âM_{−x̂}T_{ω̂}D_â−1ψ̂^{(1)} + (2πix̂)^2M_{−x̂}T_{ω̂}D_â−1ψ̂. Using the triangle inequality and the fact that for a continuous function f with compact support

lim_{φ→0} |1 − e^{2πiφ}| = lim_{x→0} ‖T_xf − f‖_{L∞} = lim_{ω→0} ‖M_ωf − f‖_{L∞} = lim_{a→1} ‖D_af − f‖_{L∞} = 0

we deduce (5.33). This finishes the proof.

Remark 5.11. The proof shows also that for any choice of U the integrals (5.19) and (5.20) containing osc_U are finite (but not necessarily less than δ).

5.2 U-Dense Sets Associated to α-Coverings We want to discuss the geometry of suitable U-dense sets associated to the section defined with β(ω) = (1 + |ω|)^{−α} as in (5.3). In particular, we want to provide a set

X := {(x_{j,k}, ω_j)}_{(j,k)∈}Z2 ⊂ R × R ≃ X

such that the covering property (4.1) and the finite overlap property (4.2) are satisfied. As stated in Remark 4.1 condition (4.2) is equivalent to (4.3).

Theorem 5.12. Assume α ∈ [0, 1). For all ε > 0 small enough and for suitable constants c, ℓ > 0 independent of ε > 0 (to be determined in the proof) denote U(ε) := (−ε, ε) × (−2εc, 2εc) × ((1 + ℓε)^{−1}, 1 + ℓε) × (−ε, ε) ⊂ G_{aW H} a relatively compact neighborhood of e := (0, 0, 1, 0) ∈ G_{aW H} with non-void interior. Let us denote ω_j := p_α(εj) and x_{j,k} := εβ(ω_j )k, where p_α(ω) := sgn(ω) ( (1 + (1 − α)|ω|)^{1/(1−α)} − 1 ) . Then the set X has the properties

C1) σ(X) ⊂ ⋃ (j,k)∈Z^2 σ(xj,k, ωj )U(ε),

C2) sup_{(j′,k′)∈}Z2 #{(j, k) ∈ Z^2 : σ(x_{j,k}, ω_j )L∩σ(x_j′_{,k}′ , ω_j′ )L ≠ ∅} ≤ C_L < ∞, for all relatively compact L ⊂ G_{aW H} with non-void interior.

In other words, X is U(ε)-dense and relatively separated.

Proof: We split the proof into different steps.

Step 1. Frequency decomposition. The function p_α(ω) is a continuous and monotone bijection of R. Therefore it maps admissible coverings of R into admissible coverings of R. This implies that Ω̃^α_j (ε) := {p_α(ω) : ω ∈ (ε(j − 1), ε(j + 1))} defines an admissible covering for R. Now, observe that s_α(ω) :=^{dpα}_{dω} (ω) = (1 + (1 − α)|ω|)^{α/(1−α)} , and it is immediate to show that s_α(ω) = (β(p_α(ω)))^{−1}. (5.34)

Figure 1: Example of admissible covering and U-dense set in the time-frequency plane for α = 1/2.

By the mean value theorem one therefore has diam(Ω̃^α_j (ε)) = |p_α(ε(j + 1)) − p_α(ε(j − 1))| = 2εs_α(ξ), for some ξ ∈ (ε(j − 1), ε(j + 1)). Clearly, for all ξ, ω ∈ ε(j − 1, j + 1) it holds ( 1 + (1 − α)ε|j − 1| 1 + (1 − α)ε|j + 1|

)_{α/(1−α)} ≤ ( 1 + (1 − α)|ω| 1 + (1 − α)|ξ|

)_{α/(1−α)} ≤ ( 1 + (1 − α)ε|j + 1| 1 + (1 − α)ε|j − 1|

)_{α/(1−α)}

and therefore, for all ξ ∈ (j − 1, j + 1) we have s_α(εξ) ∼ s_α(εj), uniformly with respect to j ∈ Z and ε > 0. Thus, diam(Ω̃^α_j (ε)) ∼ 2εs_α(εj) and Ω^α_j (ε) := (p_α(εj)−2εcs_α(εj), p_α(εj)+2εcs_α(εj)) defines an equivalent admissible covering [15] for R for a suitable constant c > 0 (independent of j and ε), and thus sup_{i∈} Z #{j ∈ Z : Ω^α_i (ε) ∩ Ω^α_j (ε) ≠ 0} ≤ N, (5.35)

for some N ∈ N. Denoting ω_j := p_α(εj), one can rewrite

Ω^α_j (ε) := (ω_j − 2εc(β(ω_j ))^{−1}, ω_j + 2εc(β(ω_j ))^{−1}). (5.36)

Step 2. Time decomposition. For any fixed j ∈ Z let us consider x_{j,k} := εβ(ω_j )k, k ∈ Z. It is immediate to show that for N ∈ N

sup_{j,k∈} Z #{h ∈ Z : x_{j,k} ≤ x_{j−N,h} ≤ x_{j,k+1}} ≤ C_N . (5.37)

Define T^α_{j,k}(ε) := (x_{j,k} − εβ(ω_j ), x_{j,k} + εβ(ω_j )).

Step 3. Time-Frequency decomposition. Combining (5.35) and (5.37) one can show that Ω^α_{j,k}(ε) := T^α_{j,k}(ε) × Ω^α_j (ε) (5.38) defines an admissible covering for R × R ≃ X (see Figure 1), and sup i,h∈Z×Z

#{j, k ∈ Z : Ω^α_{i,h}(ε) ∩ Ω^α_{j,k}(ε) ≠ ∅} ≤ M, (5.39)

for some M ∈ N.

Observe now that Ω^α_{i,h}(ε) ∩ Ω^α_{j,k}(ε) = ∅ implies ( Ω^α_{i,h}(ε) × V_1 ) ∩ ( Ω^α_{j,k}(ε) × V_2 ) = ∅ for all V_1, V_2 ⊂ R_+ × R. Moreover, by a straightforward application of the group law in G_{aW H} we obtain

σ(x_{j,k}, ω_j)U(ε) = Ω^α_{j,k}(ε)×β(ω_j )((1+ℓε)^{−1}, 1+ℓε)×(−ε(1+ω_j β(ω_j)), ε(1+ω_j β(ω_j))). (5.40)

Assume that (x, ω) ∈ X ≃ R × R, then there exists (j, k) ∈ Z × Z such that (x, ω) ∈ Ω^α_{j,k}(ε). We want to show that β(ω) ∈ β(ω_j )((1 + ℓε)^{−1}, 1 + ℓε) for some ℓ > 0 independent of |j| ≥ 1 and ε > 0. Since ω ∈ Ω^α_j (ε) and by (5.36), it holds ( 1 + |ω_j| 1 + |ω_j + sgn(ω_j )2εc(β(ω_j ))^{−1}| ) ≤ 1 + |ω_j | 1 + |ω| ≤ ( 1 + |ω_j| 1 + |ω_j − sgn(ω_j)2εc(β(ω_j ))^{−1}| ) . Since both the left and right estimates are finite (at least for all ε > 0 small enough), strictly positive, and tending to 1 for j tending to ∞, certainly there exists a constant ℓ > 0 independent of j and ε such that (1 + εℓ)^{−1} ≤ β(ω) β(ω_j)

≤ (1 + εℓ).

This implies that β(ω) ∈ β(ω_j)((1+ℓε)^{−1}, 1+ℓε) and by (5.40) that σ(x, ω) = (x, ω, β(ω), 0) ∈ σ(x_{j,k}, ω_j )U(ε). This together with (5.39) finally implies that {σ(x_{j,k}, ω_j)U(ε)}_{(j,k)∈}Z2 is an admissible covering for σ(X) and that C1) and C2) hold with L = U(ε).

It remains to prove that C2) holds for all relatively compact L with nonvoid interior. By Remark 4.3 there exists a splitting Z^2 =

⋃_{r0} r=1 I_r such that σ(x_{j,k}, ω_j )U(ε)∩σ(x_j′_{,k}′ , ω_j′ )U(ε) = ∅ for all (j, k), (j^′ , k^′) ∈ I_r, (j, k) ≠ (j^′, k^′). Therefore, as in the proof of Theorem 4.2, if g ∈ σ(x_{j,k}, ω_j)L then σ(x_{j,k}, ω_j )U(ε) ⊂ gL^{−1}U(ε) and

#{(j, k) ∈ I_r : g ∈ σ(x_{j,k}, ω_j )L} ≤ ν(L^{−1}U(ε)) ν(U(ε)) , where ν denotes the Haar measure of G_{aW H} . Since {(j, k) ∈ Z^2 : g ∈ σ(x_{j,k}, ω_j )L} = ⋃_{r0}

r=1{(j, k) ∈ I_r : g ∈ σ(x_{j,k}, ω_j)L}, we conclude #{(j, k) ∈ Z^2 : g ∈ σ(x_{j,k}, ω_j )L} ≤ C_L := r_0^{ν(L−1U(ε))}

U(ε) .

Remark 5.13. The previous proof showed that actually

X_{j,k} = {(x, ω) : σ(x, ω) ∈ σ(x_{j,k}, ω_j)U(ε)} = σ(x_{j,k}, ω_j )Π(U(ε)).

Since the measure μ on X is invariant this means that

a_{j,k} = μ(X_{j,k}) = μ(Π(U(ε))) = const.

Lemma 5.14. The weight functions v_s in (5.17) satisfy the condition (4.7).

Proof: Since v_s depends only on ω and since v_s = v^s it suffices to show that max ω,ω^′∈Ω^α_j

1 + |ω| 1 + |ω^′|

=: m_j

has a uniform bound with respect to j ∈ Z. For symmetry reasons we may restrict to j > 0. By (5.36) we obtain

m_j =

1 + |w_j + 2εc(1 + |ω_j |)^α| 1 + |w_j − 2εc(1 + |ω_j |)^α| . Since 0 ≤ α < 1 and ω_j → ∞ as j → ∞ we have lim_{j→∞} m_j = 1. In particular, m_j is uniformly bounded with respect to j.

5.3 Coorbit Spaces

Now we are prepared to introduce the coorbit spaces with respect to the sections associated to β_α(ω) = (1 + |ω|)^{−α}, 0 ≤ α < 1 and the weight functions v_s(ω) = (1 + |ω|)^s, s ∈ R.

Indeed, Lemma 5.14 states that the moderateness condition (4.7) is satisfied for the weight function v_s. Choose a Schwartz function ψ with compactly supported Fourier transform. Then by Theorem 5.3 the kernel R = R_ψ satisfies the integrability condition (3.11).

If s ≥ 0 then by Remark 3.4 the weight function w(x, ω) ≡ 1 satisfies the embedding condition (3.13), and also the integrability condition (3.4) with respect to w ≡ 1 is fulfilled. If s < 0 then by Lemma 4.5 a valid choice for the weight w is w(x, ω) = v_s(ω)^{−1} = v_{|s|} = (1 + |ω|)^{|s|}. The integrability condition (4.10) on osc_U −1_U is satisfied by Theorem 5.4 and Remark 5.11. The numbers a_{j,k} = μ(X_{j,k}) are constant, in particular bounded from below, see Remark 5.13. Moreover, also in the case s < 0 the integrability condition (3.4) on R with respect to w = v_{|s|} is satisfied, once again by Theorem 5.3. For convenience we define

w_s(ω) := { 1 if s ≥ 0, (1 + |ω|)^{|s|} if s < 0.

The arguments above imply that the spaces H_{1,ws} and K_{1,ws} , and hence also their duals H^′_{1,ws} and K^′_{1,ws} , are well-defined for any s ∈ R. When emphasizing the dependence on α we add an index, e.g. H^′_{1,ws,α}. Also, it is clear now from the above reasoning that the general coorbit spaces are well defined, i.e.,

H_{p,vs} = H_{p,vs,α} = {f ∈ K^′_{1,ws,α} : V^α_ψ ∈ L_{p,vs} }, K_{p,vs} = K_{p,vs,α} = {f ∈ H^′_{1,ws,α} : W^α_ψ ∈ L_{p,vs} }.

Moreover, it follows from Remark 3.6 and Theorem 5.3 that

H_{p,vs,α} = K_{p,vs,α},

and different choices of the Schwartz function ψ with compact support in the Fourier domain define the same spaces H_{p,vs,α} with equivalent norms. In the next section we will identify the coorbit spaces with α-modulation spaces.

6 The Frame Theory of α-Modulation Spaces M^{s,α}_{p,q}

The α–modulation spaces are usally defined by means of the flexible Gabor–wavelet transform

V^α_ψ (f)(x, ω) = ⟨f, U(σ(x, ω))ψ⟩ = ⟨f, T_xM_ωD_{β(ω)}ψ⟩. (6.1)

It is easily verified that for α = 0, i.e., β(ω) = 1, the family

{U(σ(x, ω))ψ = T_xM_ωψ : (x, ω) ∈ X}

is in fact a Gabor system and V^0_ψ f := ⟨f, U(σ(x, ω))ψ⟩ coincides with the classical short time Fourier transform (STFT), while for α → 1 the family tends to the situation encountered in the wavelet context, where V^1_ψ is just a slight modification of the continuous wavelet transform (CWT). The intermediate case α = 1/2 appears in the literature as the Fourier-Bros-Iagolnitzer (FBI) transform [6, 32].

The introduction of a new class of function spaces defined as retract of weighted L_{p,q} spaces by means of V^α_ψ has been suggested already in [32, 30, 31, 14, 23]. An application of [13, Theorem 4.3] shows that this class coincides with the family of so called α-modulation spaces M^{s,α}_{p,q} introduced independently by Gröbner [27, 15] and Päivärinta/Somersalo [38] as an “intermediate” family between modulation [29] and inhomogeneous Besov spaces [26, 43, 44]. In particular, one characterizes α-modulation spaces as follows. For s ∈ R, for all 1 ≤ p, q ≤ ∞, and for α ∈ [0, 1]

M^{s+α(1/q−1/2),α} p,q (R) = {f ∈ S^′(R) : V^α_ψ (f) ∈ L^s_{p,q}(R^2)}, (6.2)

‖f‖_M s+α(1/q−1/2),α p,q ≍ ‖V^α_ψ (f)‖_Ls_{p,q} ,

where ψ is a suitable Schwartz function and L^s_{p,q}(R^2) is the space of functions F on R^2 such that

‖F ‖_Ls_{p,q} := (∫ R (∫ R |F (x, ω)|^pdx

)_{q/p} (1 + |ω|)^{sq}dω

)_{1/q}

< ∞.

For α = 0, the space M^{s,0}_{p,q} (R) coincides with the modulation space M^s_{p,q}(R). For α → 1 the space M^{s,1}_{p,q} (R) coincides with the inhomogeneous Besov space B^s_{p,q}(R).

Interesting analysis has been recently developed on the scale of such function spaces. The mapping properties on α-modulation spaces of pseudodifferential operators in certain Hörmander classes have been studied by Holschneider and Nazaret [32] and Borup [5] as generalizations of classical results of Cordoba and Fefferman [7]. Characterizations of α-modulation spaces by brushlet unconditional bases have been given by Nielsen and Borup [34], while a corresponding characterizing family of intermediate Banach frames and atomic decompositions between Gabor and wavelet frames was defined in [14, 23].

We want to show that the frames appearing in [14, 23] can also be derived by an application of our coorbit space theory. Therefore, let us finally apply our abstract discretization theorems to α-modulation spaces.

Theorem 6.1. Let 1 ≤ p ≤ ∞, 0 ≤ α < 1 and s ∈ R. Let ψ ∈ L_2 with supp ψ̂ compact and ψ̂ ∈ C2. Then the following holds true.

1) The coorbit spaces H_{p,vs−α(1/p−1/2),α} can be identified with the α–modulation spaces M^{s,α}_{p,p} .

2) There exists ε_0 > 0 with the following property: Let {(x_{j,k}, ω_j)}_{j,k∈}Z denote the point set associated to any 0 < ε ≤ ε_0 as constructed in Theorem 5.12.

i) (Atomic decomposition) Any f ∈ M^{s,α}_{p,p} can be written as f = ∑ (j,k)∈Z^2

c_{j,k}(f)T_{xj,k} M_{ωj} D_{βα(ωj )}ψ

and there exist constants 0 < C_1, C_2 < ∞ (independent of p) such that

C_1‖f‖_M s,α_{p,p} ≤ ∑ (j,k)∈Z^2

|c_{j,k}(f)|^p(1 + (1 − α)|j|)^{s−α(1/p−1/2)1−α p} 1/p ≤ C_2‖f‖_M s,α_{p,p} .

ii) (Banach Frames) The set of functions {ψ_{j,k}}_{j,k∈}Z := {T_{xj,k} M_{ωj} D_{βα(ωj )}ψ}_{j,k∈}Z2 forms a Banach frame for M^{s,α}_{p,p} . In particular, there exist constants 0 < C_1, C_2 < ∞ (independent of p) such that

C_1‖f‖_M s,α_{p,p} ≤ ∑ (j,k)∈Z^2

|⟨f, ψ_{j,k}⟩|^p(1 + (1 − α)|j|)^{s−α(1/p−1/2)1−α p} 1/p ≤ C_2‖f‖_M s,α_{p,p} .

Proof: We start by showing part 1). Let us consider the functions ψ_{j,k} = T_{xj,k} M_{ωj} D_{βα(ωj )}ψ as in 2) and let us define H_0 as the space of finite linear combinations of these functions. Observe that Theorem 5.12 states that the point set {(x_{j,k}, ω_j)} in 2) is U(ε)-dense and relatively separated. Therefore, the abstract Theorems 4.6 and 4.7 (resp. Remark 4.8 i)) in connection with the Theorem 5.4 about the integrability of the osc_U kernel imply the existence of an atomic decomposition and of Banach frames with respect to the associated ℓ_{p,vs−α(1/p−1/2)} – spaces. Especially, this means that the functions in H_0 are dense (weak*-dense for p = ∞) in H_{p,vs−α(1/p−1/2)} . Since the space H_{p,vs−α(1/p−1/2)} is complete with respect to its norm, this

implies H_{p,vs−α(1/p−1/2)} = H_0^{‖·‖Hp,vs−α(1/p−1/2)} . But the bandlimited functions in H_0 are also dense in M^{s,α}_{p,p} : In fact one can show that any bandlimited L_p -function f can be expressed as a series of elements in H_0 that is convergent in the M^{s,α}_{p,p} norm. Since L_p bandlimited functions are certainly dense (weak*-dense for p = ∞) in M^{s,α}_{p,p} (see [27] and [23]) this shows immediately that M^{s,α}_{p,p} = H_0^{‖·‖Ms,αp,p} . Moreover M^{s,α}_{p,p} is again a complete space with respect to its norm (6.2) which is equivalent to that of H_{p,vs−α(1/p−1/2)} for every function in H_0, i.e., ‖f‖_M s,α_{p,p} ≍ ‖f‖_{Hp,vs−α(1/p−1/2)} for all f ∈ H_0. This implies that H_{p,vs+α(1/p−1/2)} = M^{s,α}_{p,p} It remains to prove part 2). Essentially, this part of the theorem follows from the abstract theory outlined above since by 1) we know that the α-modulation spaces can be identified with coorbit spaces. Indeed, the abstract Theorems 4.6 and 4.7 (resp. Remark 4.8 i)) can be applied and yield an atomic decomposition and Banach frames with respect to the associated ℓ_{p,vs−α(1/p−1/2)} –spaces. We are only left with computing the sequence space norm of ℓ_{p,vs−α(1/p−1/2)} explicitly. It is easy to see by Theorem 5.12 that

v_s(ω_j) = (1 + |p_α(εj)|)^s = (1 + (1 − α)|εj|)^{s1−α} ≍ (1 + (1 − α)|j|)^{s1−α} .

Thus, it follows

‖(c_{j,k})‖_{ℓp,vs−α(1/p−1/2)} = ∑ j,k∈Z

|c_{j,k}|^pv_{s−α(1/p−1/2)}(ω_j)^p 1/p

≍ ∑ j,k∈Z

|c_{j,k}|^p(1 + (1 − α)|j|)^{s−α(1/p−1/2)1−α p} 1/p . This concludes the proof.

Remark 6.2. i) This result already appears in a slightly different form in [23, Theorem 3.2], where it has been derived by a combination of decomposition methods [13, 15, 14], a suitable generalization of the theory of instrinsic localization of frames [24, 25], and certain stability/perturbation results for Banach frames and atomic decompositions. In particular, once the characterization Theorems 6.1 i) and ii) for a bandlimited function ψ are established, by an application of the perturbation argument in [23, Theorem 3.2], one can extend the results to atoms that are not necessarily bandlimited, even though at least sufficiently time-frequency localized, e.g., any Schwartz function. Theorem 6.1 allows to characterize α-modulation spaces by means of frames with different densities (ε > 0) even of the (scale-frequency) parameter j, while in [23, Theorem 3.2] only the density of the (time-shift) paramenter k has been considered.

ii) Observe that for α = 0 the U-dense sets {(x_{j,k}, ω_j)} = {(εk, εj)} define a regular lattice in X ≃ R^2 with density governed by ε > 0. This situation coincides with the wellknown case of uniform Gabor frames [29]. For α → 1 one shows that the points have a limit (x_{j,k}, ω_j) = (εke^{−ε|j|}, sgn(j)e^{ε|j|}). In particular, if ε = ϵ ln(2), for ϵ > 0 small enough, then (x_{j,k}, ω_j) = (εk2^{−ϵ|j|}, sgn(j)2^{ϵ|j|}), which are the typical dyadic sampling points of the classical continuous wavelet transform in order to form wavelet frames [11]. Again here the parameter ε > 0 is interpreted as governing the density of the set.

iii) For α = 0, it is well known that no frames can be generated by sampling on a set of points (x_k, ω_j) = (ak, bj) for any positive lattice constants a, b > 0 for which ab > 1 [11, 29]. In particular for the case (x_{j,k}, ω_j ) = (εk, εj) one cannot expect that frames can be derived for ε > 1. Then one may investigate for α ∈ (0, 1) the shape of the set Ω_α ⊂ R^2_+ of all parameters (a, b) such that no frames can be derived by sampling on (x_{j,k}, ω_j) = (aβ(p_α(bj))k, p_α(bj)), see also [8]. Of course, by Theorem 6.1 we know already that R^2_+\Ω_α contains at least an open neighborhood of (0, 0) in R^2_+.

iv) For α → 1 one has formally (x_{j,k}, ω_j) = (εke^{−ε|j|}, sgn(j)e^{ε|j|}) and

T_{xj,k} M_{ωj} D_{(1+|ωj |)}−1 ψ(t)

= (1 + |ω_j|)^{1/2}e^{2πiωj (t−ε(1+|ωj |)−1k)}ψ ( (1 + |ω_j |)(t − ε(1 + |ω_j|)^{−1}k) ) = (1 + |ω_j|)^{1/2}e^{−2πi sgn(ωj )(t−ε(1+|ωj |)−1k)}e^{2πi sgn(ωj )(1+|ωj |)(t−ε(1+|ωj |)−1k)}ψ ((1 + |ω_j |)t − εk))

= e^{−2πi sgn(ωj )(t−ε(1+|ωj |)−1k)}D_{(1+|ωj |)}−1 T_{εk} ( e^{2πi sgn(ωj )t}ψ(t) ) . As for classical wavelets, dilations and translations remain the sole relevant operators, while the modulation contribution almost disappears, except for the phase factor in front of the dilation. We conjecture that Theorem 6.1 can be formulated also for the limit case α → 1 to characterize inhomogeneous Besov spaces B^{s−1/p−1/2}_{p,p} (R) where the discrete weights appearing in Theorem 6.1 i) and ii) will be (formally) of the type lim_{α→1}(1 + (1 − α)|j|)^{s1−α} = e^{s|j|}. For the characterization of B^{s−1/p−1/2} p,p (R) by pure wavelet expansions in the context of the coorbit space theory we refer to [16, 19, 25].

v) The theorem can also be formulated with the discretization of the (continuous) canonical dual frame involving the Fourier multiplier A^{−1}_σ .

A Appendix

A.1 Proof of Lemma 5.9 We consider m_β in the form (5.14) with G, L given by (5.15). The function g in (5.7) is implicitly given by J(ξ, x, g(ξ, x)) = 0 (A.1) with J(ξ, x, z) = xz + z^{1/α} − 1 − ξ.

Using (5.7) we obtain

∂_3J(ξ, x, g(ξ, x)) = x+α^{−1}g(ξ, x)^{1/α−1} = x+α^{−1}

−xg(ξ, x) + 1 + ξ

g(ξ, x)

= x−α^{−1}x+α^{−1}

1 + ξ g(ξ, x) . Since g(ξ, x) behaves like ξ^α when ξ → ∞ the latter expression is always strictly positive if ξ is large enough and x ∈ [−A, A]. Thus, by the implicit function theorem g(ξ, x) is uniquely determined by (A.1) (or (5.7), respectively). In this case, and since J is C^∞ also g is infinitely differentiable.

Clearly, we have ∂ ∂ξ G(ξ, x) = −α(1 + αL(ξ, x))^{−2} ∂ ∂ξ L(ξ, x) = −αG(ξ, x)^2 ∂ ∂ξ L(ξ, x),

∂^2 ∂ξ^2

G(ξ, x) = −αG(ξ, x)^2

∂^2 ∂ξ^2

L(ξ, x) − 2αG(ξ, x) ∂ ∂ξ G(ξ, x) ∂ ∂ξ L(ξ, x)

= αG(ξ, x)^2 ( 2αG(ξ, x) ( ∂ ∂ξ L(ξ, x)

)_2 − ∂^2 ∂ξ^2

L(ξ, x) ) . So let us compute the partial derivatives of L with respect to ξ. To do this we will need the derivatives of g. We obtain 0 = ∂ ∂ξ J(ξ, x, g(ξ, x)) = ∂_1J(ξ, x, g(ξ, x)) + ∂_3J(ξ, x, g(ξ, x)) ∂g ∂ξ (x, ξ).

This implies that ∂g ∂ξ (x, ξ) = −∂_1J(ξ, x, g(ξ, x)) (∂_3J(ξ, x, g(ξ, x)))^{−1} = ( x + 1 α g(ξ, x)^{1/α−1}

)_{−1} , and ∂^2g ∂ξ^2

(ξ, x) = − 1 α ( 1 α − 1)g(ξ, x)^{1/α−2} ( x + 1 α g(ξ, x)^{1/α−1}

)_{−3} . For L this yields ∂L ∂ξ (ξ, x) = (1 − 1 α )x ∂g ∂ξ (ξ, x)g(ξ, x)^{−1/α} = (1 − 1 α )x ( x + 1 α g(ξ, x)^{1/α−1}

)_{−1} g(ξ, x)^{−1/α}

∂^2L ∂ξ^2

(ξ, x) = (1 − 1 α )x ( ∂^2g ∂ξ^2 g^{−1/α} − 1 α ( ∂g ∂ξ )_2

g^{−1/α−1} ) (ξ, x)

= (1 − 1 α )x ( ( 1 α − 1 α^2

)g(ξ, x)^{−2}(x + 1 α g(ξ, x)^{1/α−1})^{−3} − 1 α g(ξ, x)^{−1/α−1}(x + 1 α g(ξ, x)^{1/α−1})^{−2} ) . Together with (5.8) we obtain

lim_{ξ→∞} ξ^{2−α} ∂L ∂ξ (ξ, x) = lim_{ξ→∞}(1 − 1 α )x ( ξ^{−1+α}x + 1 α ξ^{−1+α}g(ξ, x)^{1/α−1}

)_{−1}

ξg(ξ, x)^{−1/α}

= lim_{ξ→∞}(1 − 1 α )x ( ξ^{−1+α}x + 1 α (ξ^{−α}g(ξ, x))^{1/α−1}

)_{−1}

(ξ^{−α}g(ξ, x))^{−1/α}

= α(1 − 1 α )x = (α − 1)x,

lim_{ξ→∞} ξ^{3−α}

∂^2L ∂ξ^2

(ξ, x) = lim_{ξ→∞}(1 − 1 α )x ( α − 1 α^2 ξ^{2α}g(ξ, x)^{−2}(ξ^{−1+α}x + 1 α ξ^{−1+α}g(ξ, x)^{1/α−1})^{−3} − 1 α ξ^{1+α}g(ξ, x)^{−1/α−1}(ξ^{−1+α}x + 1 α ξ^{−1+α}g(ξ, x)^{1/α−1})^{−2} )

= lim_{ξ→∞}(1 − 1 α )x ( α − 1 α^2

(ξ^{−α}g(ξ, x))^{−2}(ξ^{−1+α}x + 1 α (ξ^{−α}g(ξ, x))^{1/α−1})^{−3} − 1 α (ξ^{−α}g(ξ, x))^{−1/α−1}(ξ^{−1+α}x + 1 α (ξ^{−α}g(ξ, x))^{1/α−1} )^{−2} )

= (1 − 1 α )((α − 1)α − α)x = (α − 1)(α − 2)x.

This gives

lim_{ξ→∞} ξ^{2−α} ∂G ∂ξ (ξ, x) = α(1 − α)x,

lim_{ξ→∞} ξ^{3−α}

∂^2G ∂ξ^2

(ξ, x) = 2α^2 lim_{ξ→∞} ξ^{3−α} ( ∂L ∂ξ (ξ, x)

)_2

=0 −α lim_{ξ→∞} ξ^{3−α}

∂^2L ∂ξ^2

(ξ, x) = −α(1 − α)(2 − α)x.

Moreover, these limits hold uniformly in x ∈ [−A, A]. This implies

lim_{ξ→∞} ξ^{2−α}m^′_β(ξ) = lim_{ξ→∞} ξ^{2−α}

∫_A −A |ψ̂(x)|^2 ∂ ∂ξ G(ξ, x)dx = α(1 − α)

∫_A −A |ψ̂(x)|^2xdx.

(If |ψ̂| is even then the last integral even vanishes). Since m^′_β is continuous we deduce that |m^′_β(ξ)| ≤ C min{1, |ξ|^{−2+α}}.

In the same way we obtain

lim_{ξ→∞} ξ^{3−α}m^{′′}_β(ξ) = −α(1 − α)(2 − α)

∫_A −A |ψ̂(x)|^2xdx. and |m^{′′}_β(ξ)| ≤ C min{1, |ξ|^{−3+α}}.

Observe that (m^{−1}_β )^′(ξ) = −m^′_β(ξ)m^{−2}_β (ξ), (m^{−1}_β )^{′′}(ξ) = 2(m^′_β (ξ))^2m^{−3}_β (ξ) − m^{′′}_β(ξ)m^{−2}_β (ξ).

Since m_β is bounded away from zero and α ∈ [0, 1), we finally deduce (5.27) and (5.28), and the proof of Lemma 5.9 is completed.

References

[1] S. T. Ali, J.–P. Antoine, J.–P. Gazeau, and U.A. Mueller, Coherent states and their generalizations: A mathematical overview, Reviews Math. Phys. 39 (1998), 3987–4008.

[2] S. T. Ali, J.–P. Antoine, and J.–P. Gazeau, Coherent States, Wavelets and Their Generalizations, Springer, New York, 2000.

[3] S. T. Ali, J. P. Antoine, and J. P. Gazeau, Continuous frames in Hilbert spaces, Annals of Physics 222 (1993), 1-37.

[4] O. Christensen, An Introduction to Frames and Riesz bases, Birkhäuser, Boston, 2003. [5] L. Borup, Pseudodifferential operators on α-modulation spaces, J. Func. Spaces and Appl., 2, no. 2 (2004), 107–123.

[6] J. Bros, D. Iagolnitzer, Support essentiel et structure analytique des distributions, in Seminaire Goulaouic-Lions-Schwartz, exp. no. 18, 1975.

[7] A. Cordoba and C. Fefferman, Wave packets and Fourier integral operators, Comm. Part.

Diff. Eq. 3 (1978), 979–1005.

[8] W. Czaja, G. Kutyniok, and D. Speegle, The geometry of sets of parameters of wave packet frames, to appear in: Appl. Comput. Harmon. Anal., 2005 [9] S. Dahlke, G. Steidl, and G. Teschke, Coorbit spaces and Banach frames on homogeneous spaces with applications to analyzing functions on spheres, Adv. Comput. Math. 21(1–2) (2004), 147–180 [10] S. Dahlke, G. Steidl, and G. Teschke, Weighted coorbit spaces and Banach frames on homogeneous spaces, J. Fourier Anal. Appl. 10/5 (2004) 507–539.

[11] I. Daubechies, Ten Lectures on Wavelets, SIAM, 1992.

[12] T. Dobler, Wiener amalgam spaces over locally compact groups, master thesis, University of Vienna, 1989.

[13] H. G. Feichtinger, Banach spaces of distributions defined by decomposition methods II, Math. Nachr. 132 (1987), 207–237.

[14] H. G. Feichtinger and M. Fornasier, Flexible Gabor-wavelet atomic decompositions for L^2 Sobolev spaces, to appear in Ann. Mat. Pura Appl., 2005.

[15] H. G. Feichtinger, P. Gröbner, Banach spaces of distributions defined by decomposition methods I, Math. Nachr. 123 (1985), 97–120.

[16] H. G. Feichtinger and K. Gröchenig, A unified approach to atomic decompositions via integrable group representations, Proc. Conf. “Function Spaces and Applications”, Lund 1986, Lecture Notes in Math. 1302 (1988), 52–73.

[17] H. G. Feichtinger and K. Gröchenig, Banach spaces related to integrable group representations and their atomic decomposition I, J. Funct. Anal. 86 (1989), 307–340.

[18] H. G. Feichtinger and K. Gröchenig, Banach spaces related to integrable group representations and their atomic decomposition II, Monatsh. Math. 108 (1989), 129–148.

[19] H. G. Feichtinger and K. Gröchenig, Non–orthogonal wavelet and Gabor expansions and group representations, in: Wavelets and Their Applications, M.B. Ruskai et.al. (eds.), Jones and Bartlett, Boston, 1992, 353–376.

[20] H. Feichtinger and P. Gröbner, Banach spaces of distributions defined by decomposition methods, I., Math. Nachr. 123 (1985), 97–120.

[21] G. B. Folland, A Course in Abstract Harmonic Analysis, CRC Press, 1995. [22] G. B. Folland, Harmonic Analysis in Phase Space, Princeton Univ. Press, no. 122 in Annals Math. Studies 1989.

[23] M. Fornasier, Banach frames for α-modulation spaces, arXiv:math/FA0410549, 2004. [24] M. Fornasier and K. Gröchenig, Instrinsic localization of frames, to appear in Constr.

Approx., 2005.

[25] M. Fornasier and H. Rauhut, Continuous frames, function spaces, and the discretization problem, J. Fourier Anal. Appl. 11, 245–287, 2005.

[26] M. Frazier, B. Jawerth, Decomposition of Besov spaces, Indiana Univ. Math. J. 34 (1985), 777–799.

[27] P. Gröbner, Banachräume glatter Funktionen und Zerlegungs–Methoden, Ph.D. thesis, University of Vienna, 1992.

[28] K. Gröchenig, Describing functions: Atomic decompositions versus frames, Monatsh.

Math. 112 (1991), 1–42.

[29] K. Gröchenig, Foundations of Time-Frequency Analysis, Birkhäuser, Boston, 2000.

[30] J. A. Hogan and J. D. Lakey, Extensions of the Heisenberg group by dilations and frames, Appl. Comp. Harmonic Anal. 2 (1995), 174–199.

[31] J. A. Hogan and J. D. Lakey Embeddings and Uncertainty Principles for Generalized Modulation Spaces, In: Modern Sampling Theory, J.J. Benedetto and P. Ferreira (eds.), Birkhäuser Boston, 2001.

[32] M. Holschneider and B. Nazaret, An interpolation family between Gabor and wavelet transformations. Application to differential calculus and construction of anisotropic Banach spaces, in: Advances in Partial Differential Equations, Albeverio, Demuth, Schrohe, Schulze (eds.), Wiley 2003, 363–394.

[33] P. Milnes and J. V. Bondar, A simple proof of a covering property of locally compact groups, Proc. AMS 73 (1979), 117–118.

[34] M. Nielsen, L. Borup, Nonlinear approximation in α-modulation spaces, to appear in Math. Nachr., 2005.

[35] H. Rauhut, Banach frames in coorbit spaces consisting of elements which are invariant under symmetry groups, Appl. Comput. Harm. Anal. 18 (2005), 94–122.

[36] H. Rauhut, Time-Frequency and Wavelet Analysis of Functions with Symmetry Properties, Logos Verlag, 2005.

[37] H. Rauhut, Coorbit Space Theory for Quasi-Banach Spaces, Preprint, 2005.

[38] L. Päivärinta, E. Somersalo, A generalization of the Calderon-Vaillancourt theorem to L^p and h^p, Math. Nachr. 138 (1988), 145–156.

[39] G. Teschke, Waveletkonstruktion über Unschärferelationen und Anwendungen in der Signalanalyse, Dissertation, Bremen, 2001.

[40] B. Torresani, Wavelets associated with representations of the Affine Weyl-Heisenberg group, J. Math. Phys. 32 (1991), 1273–1279.

[41] B. Torresani, Time-frequency representation, wavelet packets and optimal decomposition, Ann. Inst. H. Poincaré 56 (1992), 215–234.

[42] B. Torresani, Position–frequency analysis for signals defined on spheres, Signal Process.

43(3) (1995), 341–346.

[43] H. Triebel, Theory of Function Spaces, Birkhäuser, 1983.

[44] H. Triebel, Theory of Function Spaces II, Birkhäuser, 1992.

Stephan Dahlke Universität Marburg Fachbereich Mathematik und Informatik Hans–Meerwein–Str., Lahnberge

35032 Marburg Germany email: dahlke@mathematik.uni-marburg.de WWW: http://www.mathematik.uni-marburg.de/∼dahlke

Massimo Fornasier Università “La Sapienza” in Roma Dipartimento di Metodi e Modelli Matematici per le Scienze Applicate Via Antonio Scarpa, 16/B 00161 Roma Italy and Universität Wien, Fakultät für Mathematik, NuHAG Nordbergstrasse 15 A-1090 Wien Austria email: mfornasi@math.unipd.it WWW: http://www.math.unipd.it/∼mfornasi

Holger Rauhut Universität Wien, Fakultät für Mathematik, NuHAG Nordbergstrasse 15 A-1090 Wien Austria

e-mail: rauhut@ma.tum.de
WWW: http://homepage.univie.ac.at/holger.rauhut

Gabriele Steidl Universität Mannheim Fakultät für Mathematik und Informatik D7, 27 68131 Mannheim Germany email: steidl@math.uni-mannheim.de

Gerd Teschke Fachbereich 3 Universität Bremen Postfach 33 04 40 28334 Bremen Germany email: teschke@math.uni-bremen.de WWW: http://www.math.uni-bremen.de/∼teschke