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1. Introduction

e optimal approximation of the solution to

A: H— G, H = H' Sobolev space, G = H ' dual space
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1. Introduction

e optimal approximation of the solution to

Alu) = f

A: H— G, H = H' Sobolev space,

e elliptic
A+ ~ Nlull g,

example:

—Au = f in QcCIR* Lipschitz
u = 0 on 01

A = A: HyQ)— H ()
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G = H ' dual space
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Questions:

e How to measure optimality?
e What happens in the special case of elliptic PDEs?

e Do there exist optimal bases/methods?
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2. Basic Concepts

A(u) = f, A: H— G, H,G Hilbert spaces

Riesz basis B = {h; | i € N'}:

1/2

A(Z|ak|2>1/2§||ZakthH§B(Z|ak|2) | BC::{B:B/ASC}
k k k
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2. Basic Concepts

A(u) = f, A: H— G, H,G Hilbert spaces

Riesz basis B = {h; | i € N'}:

1/2

A(Z|ak|2>1/2§||ZakthH§B(Z|ak|2) | BC::{B:B/ASC}
k k k

e nonlinear mappings 5,

No:={Sx:F —H, Sp(f) =un= crhi}

k=1
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e(Sn, F,H) == sup [AT(f) = Su(f)lln

| fllrp<1

e’ (S, F H) = inf inf e(S,,F, H), S:=A""!
’ BeBo SpeNR(B)

error of best n—term approximation
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e(Sn, F,H) = sup [ATH(f) = Su(f)l,

| fllrp<1

el0 (S F H)= inf inf e(S,,F,H) S:=A""
’ BeBo SpeNR(B)

error of best n—term approximation

e linear mapping

Lo :={S,: F— H, Sy(f) :ZL@-(]")-EZ-}

(S F H)= inf e(S,,F,H)= inf sup |[A7Yf)-5,
n( ) Gumb. ( ) Sneﬁn”fHFpng (f) ()&
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e continuous mapping .S,

S, =o,0oN,, N,:F—IR", ¢,:IR"— H continuous

eSo™(S,F H) = inf e(S,,F, H)
Sn€Cn
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e continuous mapping .S,

S, =o,0oN,, N,:F—IR", ¢,:IR"— H continuous

eSo™(S,F H) = inf e(S,,F, H)
Sn€Cn

Theorem 1.

el S F H) = eSS, F, H) ~ et (S, F, H)
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3. Elliptic Problems

Aw)=f, A Hy(Q) — H *(Q),

A boundedly invertible

example:

—Au = f in Q
u = 0 on 0f)
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3.1 General Facts

Theorem 2.

en’ (S, H “TH(Q), H*(Q)) ~ e (S, H (), H () ~ n~7

important difference

o if A: H;(Q) — H °(Q) is H* " -regular,
A:Hy(Q)NHTHQ) — H “TYQ) is isomorphism —
optimal basis {g;,i = 1,...,n} independent of S

- easy to implement
- uniform methods sufficient, {V,, }.enr uniformly refined, dimV,, ~ n,

| - ,1
u € H Q) E t/dE — < 00, where E,(u):= m‘ﬁ |lu— gl g,
n cVn
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e A not regular = S(g;) good basis, depends on S

- precomputation necessary
- too expansive in practice
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e A not regular = S(g;) good basis, depends on S

- precomputation necessary
- too expansive in practice

Question: Can we find a "good” basis B € B¢ such that

inf S, H “THQ), H(Q)) ~n~ Y4 ?
Sneljr\l/n(B)e( (22),H*(2)) ~n
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e A not regular = S(g;) good basis, depends on S

- precomputation necessary
- too expansive in practice

Question: Can we find a "good” basis B € B¢ such that
inf  e(Sp, H “THQ),H(Q)) ~n~t/47

SnENR(B)

What about a wavelet basis?
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3.2 Wavelets

Multiresolution Analysis {V;},>0

VoCcViC Vo ... U‘/j:LQ(Q>
§=0

Vi =span{p;k, k€l;}

Viei =V ®@ Wi Vo=Wo  Ly(Q) = &2 W

Wj = span{wj,k, k € \7]}

A= Gk, =4 T=UW)*x )

7=0
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(L) diam (suppypn) ~ 271N, Ae g
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(L) diam (suppy) ~ 27 Xe g

(CP) Koy o)l S 27+ ol (1 (aumprin))
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(L) diam (suppyy) ~ 27 Xe g

(CP) ‘ <U7 ¢>\> ’ < 2~ IAl(m+d/2) ”U H W7 (Lo (supptpy))

a/p\ /4

(NE)  (fllByzpy ~ | D 20T N () :

| A|=Jjo AET | A=)

where W = {i): A€ J} satisfies (x,10,) =0xrp, ANvET

feLp(fY), feBi(Ly() = |flB;L,2) < o0,

00 1/q
|f‘B§(Lp(Q)) = (/0 t w(f, t)Lp(Q)]th/t> , 0<g<oo, 7>s5
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Viv1e(T) = 29220 — k),  ¢jr(z) = 20z — k)

Verschobene und skalierte Wavelets Verschobene und skalierte Wavelets
20 T T T T T 25 T T T T T
2 i
15 b
15F B
101 b 1k i
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-10F i
o+ i
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3.3 The Poisson Equation

—Au = f in Qc R? Lipschitz (%)
u = 0 on 0N

A = A: HyQ) — H '(Q)
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3.3 The Poisson Equation

—Au = f in Qc R? Lipschitz (%)
u = 0 on 0N

A = A: HyQ) — H '(Q)

Problem (x) is not regular!
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3.3 The Poisson Equation

—Au = f in Qc R? Lipschitz (%)
u = 0 on 0N

A = A: HyQ)— H ()

Problem (x) is not regular!

f € Ly(Q) = u € H3'? = uniform methods "bad"
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3.3 The Poisson Equation

—Au = f in Qc R? Lipschitz (%)
u = 0 on 0N

A = A: HyQ)— H ()

Problem (%) is not regular!

f € Ly(Q) = u € H3'? = uniform methods "bad"

Can wavelet algorithms, e.g. best n—term wavelet approximation, do better?
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Theorem 3. For the problem (x), best n-term wavelet approximation produces the
worst case error estimate:

e(Sn, H1(Q), HL(Q)) < Cn~ 50/ forall >0,

provided that % <t< 2(3—51) — 1.

e uniform methods: < n—1/2d

(t+1)
o n—term wavelet: < n—(—=)/d

e optimal: < n~t/d

Proof: It is known that

_ 1 o — 1
[o = Sl Al < Clul g (rpopnt™ ™", _:i__l+§
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The DeVore—Triebel Diagram, d = 2

0000000000000 00000

| =

|
DO
_|_
DO —

0000000000000 000000 0000000000000 0000

D=
p—t
(\)

3=
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e estimate in Bi(L,(2)), f=23+1: [D./DeVore] =

7'_

3d
‘|UHB7t_+1_E(L7-(Q)) S CHfHHt_l(Q)7 t+ 1 S 2(d _ 1)

e estimate in B5(L2(2)) = H(Q) : [Jerison/Kenig]| =

wue€ H(Q),  ullgerg) < Cllfllm o) < Cllfla-1a)-
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The DeVore—Triebel Diagram, d = 2

S
0 B%/2(L1/2(Q))
HY2(Q)
v/ 7T
1 : 1
;1 2 T
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e interpolation between Bt1=¢(L.(Q)) and H3/2(Q) =

st —po—1 1 ., t+1
- d 2 -3

' 1
u€ By "L, (&), -

HuHBf.*_Q(LT*(Q)) < CHfHHt—l(Q)
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The DeVore—Triebel Diagram, d = 2

B%/Q(LI/Q(Q))
1 _s—1 1
T 2 2 o
H3/2 41
T 2
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e estimate in B (L,(Q)), %: 4+

SH ¥
N

“AG = f=&(f) in QDQ

~

u = 0 on 02

Av = 0
v = g=Tr(u)
- estimation of u: elliptic regularity =
i€ HYQ), il e < HENF oo

Ht—l—l(ﬁ) < Bf__H_e(LT(Q)) .

||@HB§+1—6(LT(§)) . ||@HHt+1(§) N ||gHHfHHt—1(Q)

Optimal Approximation Il

30



Philipps-Universitat Marburg

- estimation of v: [Jerison/Kenig], trace theorems —>

1ol oo S llgllmeoo) = ITr(@)| a0 o0)
S ITlEN Al 1), <1

[D./DeVore]: v harmonic, v € BS(L,(Q)) =

,, d 1 1
veE BI(L (), 0<s< 0 — = <3+—), |v]

By(L2(Q)) = H*(),  t+1< —

||U||B§+1—€(LT(Q)) S HTrHHgHHfHHt—l(Q)
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more special domains?

§24

-~
NI

Theorem 4. For problem (%) in a polygonal domain in IR?, best n-term wavelet
approximation is almost optimal in the sense that

(S, H7H(Q), HY(Q)) < Cn~(t79)/2, for all o> 0.
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Proof: [Grisvard] = f € H' '(Q) = u = ug + us, ur € H'(Q),
us=2, D cimSim
J m<1‘w
S;m(ri,05) =n; (rj)r;m/w*’ sin(mmf;/w;), mn;: C°° truncation function

o estimate up: H'™!'— BFl=o(L (Q)), o0>0=—=

1 t— 1
ur € BE1 2L (Q)) — = Ul + — forall 0 >0
T d 2
e estimate ug: [D.] =
. 1 (a—1) 1
Sim(r1,0;) € BX(L-(Q)), - = + 5 forall o >0
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best n—term wavelet approximation is

e suboptimal for general domains, but superior to uniform schemes

e optimal for polygonal domains

Optimal Approximation Il 34



Philipps-Universitat Marburg

4. Numerical Realization: Adaptive Wavelet Schemes

Galerkin scheme
...Sj_1CSjCSj_|_1C..., dimSj:nj<oo

(A(uj),vy = (f,v) forall veS;

A CJ, Sa :=span{yy : A € A}
Ajcpy = Fy, Ax = ((A(Px), ¥a))anea
(Fa)x=(f,¥r), €A

upn = Y ey

AEA
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adaptive scheme: updating strategy

- S depend on u

- self-regulating

solve — estimate — refine
Aprcp = Fy |lu — upl| =7 add functions
a posteriori if necessary

error estimator
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® error estimator

lu—uallms ~ AW —up)|[g--

~ |f = Alua)|l g+

~ lrallg -

1/2
~ > 2 25'”\ Ny (NE)
AET\A 52
e adaptive refinement strategy
find A such that
lu—ugl < 6llu—wual, £ €(0,1)
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catch the bulk of the residual:

Z 2_2 |A|‘<TA7¢>\>|2 z Y Z 2_2 |>\||<TA,¢>\>|2

AEA\A AEJ\A

This adaptive strategy

e is guaranteed to converge [D./Dahmen/Hochmuth/Schneider];

e has optimal order of convergence, i.e., the same as best n—term approximation
[Cohen/Dahmen/DeVore];

e realizes the optimal order of Theorem 3 and 4 without any precomputation;

e gains efficiency compared to uniform schemes;
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e is based on estimates of the residual;

e requires knowledge of the right—hand side, e.g., best n—term approximation of f.

IBC—model:

e algorithm uses functionals Li(f), La(f),... of the right—hand side

o if L depends on Li(f),...,Lr_1(f), the algorithm uses adaptive information
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