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1. Introduction

• optimal approximation of the solution to

A(u) = f

A : H −→ G, H = Ht Sobolev space, G = H−t dual space
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1. Introduction

• optimal approximation of the solution to

A(u) = f

A : H −→ G, H = Ht Sobolev space, G = H−t dual space

• elliptic

‖A(u)‖H−t ∼ ‖u‖Ht, u ∈ Ht

example:

−4u = f in Ω ⊂ IRd Lipschitz

u = 0 on ∂Ω

A = 4 : H1
0(Ω) −→ H−1(Ω)
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Questions:

• How to measure optimality?

• What happens in the special case of elliptic PDEs?

• Do there exist optimal bases/methods?
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2. Basic Concepts

A(u) = f, A : H → G, H,G Hilbert spaces

Riesz basis B = {hi | i ∈ N}:

A
( ∑

k

|αk|2
)1/2

≤
∥∥∥∑

k

αk hk

∥∥∥
H
≤ B

( ∑
k

|αk|2
)1/2

, BC :=
{
B : B/A ≤ C

}
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2. Basic Concepts

A(u) = f, A : H → G, H,G Hilbert spaces

Riesz basis B = {hi | i ∈ N}:

A
( ∑

k

|αk|2
)1/2

≤
∥∥∥∑

k

αk hk

∥∥∥
H
≤ B

( ∑
k

|αk|2
)1/2

, BC :=
{
B : B/A ≤ C

}

• nonlinear mappings Sn

Nn := {SN : F → H, Sn(f) = un =
n∑
k=1

ck hik}
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e(Sn, F,H) := sup
‖f‖F≤1

‖A−1(f)− Sn(f)‖H

enon
n,C(S, F,H) = inf

B∈BC
inf

Sn∈Nn(B)
e(Sn, F,H), S := A−1

error of best n–term approximation
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e(Sn, F,H) := sup
‖f‖F≤1

‖A−1(f)− Sn(f)‖H,

enon
n,C(S, F,H) = inf

B∈BC
inf

Sn∈Nn(B)
e(Sn, F,H) S := A−1

error of best n–term approximation

• linear mapping

Ln := {Sn : F → H, Sn(f) =
n∑
i=1

Li(f) · h̃i}

elinn (S, F,H) = inf
Sn∈Ln

e(Sn, F,H) = inf
Sn∈Ln

sup
‖f‖F≤1

‖A−1(f)− Sn(f)‖H
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• continuous mapping Sn

Sn = φn ◦Nn, Nn : F → IRn, φn : IRn → H continuous

econt
n (S, F,H) = inf

Sn∈Cn
e(Sn, F,H)
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• continuous mapping Sn

Sn = φn ◦Nn, Nn : F → IRn, φn : IRn → H continuous

econt
n (S, F,H) = inf

Sn∈Cn
e(Sn, F,H)

Theorem 1.

elinn (S, F,H) = econt
n (S, F,H) ∼ enon

n,C(S, F,H)
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3. Elliptic Problems

A(u) = f, A : Hs
0(Ω) → H−s(Ω), Ω ⊂ IRd Lipschitz,

A boundedly invertible

example:

−4u = f in Ω

u = 0 on ∂Ω

A = 4 : H1
0(Ω) −→ H−1(Ω)
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3.1 General Facts

Theorem 2.

elinn (S,H−s+t(Ω),Hs(Ω)) ∼ enon
n,C(S,H−s+t(Ω),Hs(Ω)) ∼ n−t/d.

important difference

• if A : Hs
0(Ω) → H−s(Ω) is Hs+t-regular,

A : Hs
0(Ω) ∩Hs+t(Ω) → H−s+t(Ω) is isomorphism =⇒

optimal basis {gi, i = 1, . . . , n} independent of S

- easy to implement
- uniform methods sufficient, {Vn}n∈N uniformly refined, dimVn ∼ n,

u ∈ Hs+t(Ω) ⇐⇒
∞∑
n=1

[nt/dEn(u)]2
1
n
<∞, where En(u) := inf

g∈Vn
‖u−g‖Hs,
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• A not regular =⇒ S(gi) good basis, depends on S!

- precomputation necessary
- too expansive in practice
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• A not regular =⇒ S(gi) good basis, depends on S!

- precomputation necessary
- too expansive in practice

Question: Can we find a ”good” basis B ∈ BC such that

inf
Sn∈Nn(B)

e(Sn,H−s+t(Ω),Hs(Ω)) ∼ n−t/d ?
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• A not regular =⇒ S(gi) good basis, depends on S!

- precomputation necessary
- too expansive in practice

Question: Can we find a ”good” basis B ∈ BC such that

inf
Sn∈Nn(B)

e(Sn,H−s+t(Ω),Hs(Ω)) ∼ n−t/d ?

What about a wavelet basis?
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3.2 Wavelets

Multiresolution Analysis {Vj}j≥0

V0 ⊂ V1 ⊂ V2 ⊂ . . .

∞⋃
j=0

Vj = L2(Ω)

Vj = span{ϕj,k, k ∈ Ij}

Vj+1 = Vj ⊕Wj+1 V0 = W0 L2(Ω) = ⊕∞j=0Wj

Wj = span{ψj,k, k ∈ Jj}

λ = (j, k), |λ| = j, J =
∞⋃
j=0

({j} × Jj)
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(L) diam (suppψλ) ∼ 2−|λ|, λ ∈ J
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(L) diam (suppψλ) ∼ 2−|λ|, λ ∈ J

(CP) |〈v, ψλ〉| <∼ 2−|λ|(m+d/2)‖v‖Wm(L∞(suppψλ))
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(L) diam (suppψλ) ∼ 2−|λ|, λ ∈ J

(CP) |〈v, ψλ〉| <∼ 2−|λ|(m+d/2)‖v‖Wm(L∞(suppψλ))

(NE) ‖f‖Bsq(Lp(Ω)) ∼

 ∞∑
|λ|=j0

2j(s+d(
1
2−

1
p))q

 ∑
λ∈J ,|λ|=j

|〈f, ψ̃λ〉|p
q/p


1/q

,

where Ψ̃ = {ψ̃λ : λ ∈ J } satisfies 〈ψλ, ψ̃ν〉 = δλ,ν, λ, ν ∈ J

f ∈ Lp(Ω), f ∈ Bsq(Lp(Ω)) ⇐⇒ |f |Bsq(Lp(Ω)) <∞,

|f |Bsq(Lp(Ω)) :=
(∫ ∞

0

[t−sωr(f, t)Lp(Ω)]qdt/t
)1/q

, 0 < q <∞, r > s
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Ω = IR :
ψj+1,k(x) = 2j/2ψ(2jx− k), ϕj,k(x) = ϕ(2jx− k)
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3.3 The Poisson Equation

−4u = f in Ω ⊂ IRd Lipschitz (∗)
u = 0 on ∂Ω

A = 4 : H1
0(Ω) −→ H−1(Ω)
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3.3 The Poisson Equation

−4u = f in Ω ⊂ IRd Lipschitz (∗)
u = 0 on ∂Ω

A = 4 : H1
0(Ω) −→ H−1(Ω)

Problem (∗) is not regular!
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3.3 The Poisson Equation

−4u = f in Ω ⊂ IRd Lipschitz (∗)
u = 0 on ∂Ω

A = 4 : H1
0(Ω) −→ H−1(Ω)

Problem (∗) is not regular!

f ∈ L2(Ω) =⇒ u ∈ H3/2 =⇒ uniform methods ”bad”
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3.3 The Poisson Equation

−4u = f in Ω ⊂ IRd Lipschitz (∗)
u = 0 on ∂Ω

A = 4 : H1
0(Ω) −→ H−1(Ω)

Problem (∗) is not regular!

f ∈ L2(Ω) =⇒ u ∈ H3/2 =⇒ uniform methods ”bad”

Can wavelet algorithms, e.g. best n–term wavelet approximation, do better?
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Theorem 3. For the problem (∗), best n-term wavelet approximation produces the
worst case error estimate:

e(Sn,Ht−1(Ω),H1(Ω)) ≤ C n−(
(t+1)

3 −%)/d for all % > 0,

provided that 1
2 < t ≤ 3d

2(d−1) − 1.

• uniform methods: <∼ n−1/2d

• n–term wavelet: <∼ n−(
(t+1)

3 )/d

• optimal: <∼ n−t/d

Proof: It is known that

‖u− Sn(f)‖Hs ≤ C|u|Bατ (Lτ(Ω))n
(α−s)/d,

1
τ

=
(α− s)
d

+
1
2
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The DeVore–Triebel Diagram, d = 2
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• estimate in Bsτ(Lτ(Ω)), 1
τ = s

d + 1
2 : [D./DeVore] =⇒

‖u‖Bt+1−ε
τ (Lτ(Ω)) ≤ C‖f‖Ht−1(Ω), t+ 1 ≤ 3d

2(d− 1)

• estimate in Bs2(L2(Ω)) = Hs(Ω) : [Jerison/Kenig] =⇒

u ∈ H3/2(Ω), ‖u‖H3/2(Ω) ≤ C‖f‖H1/2(Ω) ≤ C‖f‖Ht−1(Ω).
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The DeVore–Triebel Diagram, d = 2
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• interpolation between Bt+1−ε
τ (Lτ(Ω)) and H3/2(Ω) =⇒

u ∈ Bs
∗−%
τ (Lτ(Ω)),

1
τ

=
s∗ − %− 1

d
+

1
2
, s∗ =

t+ 1
3

+ 1,

‖u‖
B
s∗−%
τ (Lτ∗(Ω))

≤ C‖f‖Ht−1(Ω)
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• estimate in Bsτ(Lτ(Ω)), 1
τ = s

d + 1
2 : u = ũ+ v,

−4ũ = f̃ = E(f) in Ω̃ ⊃ Ω

ũ = 0 on ∂Ω̃

4v = 0

v = g = Tr(ũ)

- estimation of ũ: elliptic regularity =⇒

ũ ∈ Ht+1(Ω̃), ‖ũ‖Ht+1(eΩ)
<∼ ‖E‖‖f‖Ht−1(Ω)

Ht+1(Ω̃) ↪→ Bt+1−ε
τ (Lτ(Ω̃)) =⇒

‖ũ‖Bt+1−ε
τ (Lτ(eΩ))

<∼ ‖ũ‖Ht+1(eΩ)
<∼ ‖E‖‖f‖Ht−1(Ω)
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- estimation of v: [Jerison/Kenig], trace theorems =⇒

‖v‖Hρ+1/2(Ω)
<∼ ‖g‖Hρ(∂Ω) = ‖Tr(ũ)‖Hρ(∂Ω)

<∼ ‖Tr‖‖E‖‖f‖Ht−1(Ω), ρ < 1

[D./DeVore]: v harmonic, v ∈ Bβp (Lp(Ω)) =⇒

v ∈ Bsτ(Lτ(Ω)), 0 < s <
βd

(d− 1)
,

1
τ

=
(
s

d
+

1
p

)
, ‖v‖Bsτ(Lτ(Ω)) <∼ ‖v‖

B
β
p (Lp(Ω))

Bs2(L2(Ω)) = Hs(Ω), t+ 1 ≤ 3d
2(d− 1)

=⇒

‖v‖Bt+1−ε
τ (Lτ(Ω))

<∼ ‖Tr‖‖E‖‖f‖Ht−1(Ω)
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more special domains?

Theorem 4. For problem (∗) in a polygonal domain in IR2, best n-term wavelet
approximation is almost optimal in the sense that

e(Sn,Ht−1(Ω),H1(Ω)) ≤ Cn−(t−%)/2, for all % > 0.
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Proof: [Grisvard] =⇒ f ∈ Ht−1(Ω) =⇒ u = uR + uS, uR ∈ Ht+1(Ω),

uS =
∑
j

∑
m<tωj/π

cj,mSj,m,

Sj,m(rj, θj) = ηj(rj)r
mπ/ωj
j sin(mπθj/ωj), ηj : C∞ truncation function

• estimate uR: Ht+1 ↪→ Bt+1−%
τ (Lτ(Ω)), % > 0 =⇒

uR ∈ Bt+1−%
τ (Lτ(Ω))

1
τ

=
(t− %)
d

+
1
2

for all % > 0

• estimate uS: [D.] =⇒

Sl,m(rl, θl) ∈ Bατ (Lτ(Ω)),
1
τ

=
(α− 1)

d
+

1
2

for all α > 0
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best n–term wavelet approximation is

• suboptimal for general domains, but superior to uniform schemes

• optimal for polygonal domains
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4. Numerical Realization: Adaptive Wavelet Schemes

Galerkin scheme

. . . Sj−1 ⊂ Sj ⊂ Sj+1 ⊂ . . . , dimSj = nj <∞

〈A(uj), v〉 = 〈f, v〉 for all v ∈ Sj

Λ ⊂ J, SΛ := span{ψλ : λ ∈ Λ}
AΛcΛ = FΛ, AΛ = (〈A(ψλ′), ψλ〉)λ,λ′∈Λ

(FΛ)λ = 〈f, ψλ〉, λ ∈ Λ

uΛ =
∑
λ∈Λ

cλψλ
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adaptive scheme: updating strategy

- SΛ depend on u

- self–regulating

solve − estimate − refine

AΛcΛ = FΛ ‖u− uΛ‖ =? add functions
a posteriori if necessary

error estimator
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• error estimator

‖u− uΛ‖Hs ∼ ‖A(u− uΛ)‖H−s

∼ ‖f −A(uΛ)‖H−s

∼ ‖rΛ‖H−s

∼

 ∑
λ∈J\Λ

2−2s|λ||〈rΛ, ψλ〉|2︸ ︷︷ ︸
δ2
λ


1/2

(NE)

• adaptive refinement strategy

find Λ̃ such that
‖u− uΛ̃‖ ≤ κ‖u− uΛ‖, κ ∈ (0, 1)
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catch the bulk of the residual:∑
λ∈Λ̃\Λ

2−2s|λ||〈rΛ, ψλ〉|2 >∼ γ
∑
λ∈J\Λ

2−2s|λ||〈rΛ, ψλ〉|2

This adaptive strategy

• is guaranteed to converge [D./Dahmen/Hochmuth/Schneider];

• has optimal order of convergence, i.e., the same as best n–term approximation
[Cohen/Dahmen/DeVore];

• realizes the optimal order of Theorem 3 and 4 without any precomputation;

• gains efficiency compared to uniform schemes;

Optimal Approximation II 38



Philipps-Universität Marburg

• is based on estimates of the residual;

• requires knowledge of the right–hand side, e.g., best n–term approximation of f .

IBC–model:

• algorithm uses functionals L1(f), L2(f), . . . of the right–hand side

• if Lk depends on L1(f), . . . , Lk−1(f), the algorithm uses adaptive information
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