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1. Motivation

e Classical problem: analyze/decompose/approximate... a given signal /function
Basic step: decomposition into suitable building blocks

Examples:

- Fourier transform
- windowed Fourier transform, Gabor transform
- wavelet transform....
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1. Motivation

e Classical problem: analyze/decompose/approximate... a given signal /function
Basic step: decomposition into suitable building blocks

Examples:

- Fourier transform
- windowed Fourier transform, Gabor transform

- wavelet transform....

e common thread: square integrable group representations

H: Hilbert space, G: Lie group, U : G — L(H)
U is square-integrable if d ¢ € H such that

/ (8, U ()}l dig) < oo

g
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Such a function 9 is called admissible (analyzing wavelet).

Examples:
- Weyl-Heisenberg group Gi¢%,, 'H = Lo(IR)

Gty 2R xS (p,g,0)0(0,d,¢)=(@+D,q+d 0+ ¢ +Dq),
U(p,q,¢)f(x) = exp(i(Ap + q(x — Ap))) f(z — Ap)
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Such a function 9 is called admissible (analyzing wavelet).

Examples:

- Weyl-Heisenberg group Gi¢%,, 'H = Lo(IR)
Gt =R xS (p,,0) 0 (0, ¢) = (p+1 a+d, ¢+ ¢ +pq),
Up: ¢ 9)f(x) = exp(i(Ad + q(x — Ap))) f(z — Ap)

- affine group, H = L2(IR)

A= {(a,b) € IR*, a # 0}, (a,b) o (a’,b') = (ad’, ab’ + b)

Umb><>|m1ﬂf( b)

a
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e integral transform

Ve 1 H— La(G)  Vyf(h) = (f,Uh")¥)n

Q%;{?C}{ ~» Gabor transform, affine group ~» wavelet transform

(Vi () * V() (h) = Vi () (h)
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e integral transform

Ve 1 H— La(G)  Vyf(h) = (f,Uh")¥)n

Gred, ~» Gabor transform, affine group ~» wavelet transform

(Vi () * V() (h) = Vi () (h)

e smoothness spaces, coorbit spaces

Co(Y):={f I Vu(f) €Y}, |flleoryy = IV ()lly

G - Co(L,(G)) modulation spaces Mgp

affine group : Besov spaces B;/p_l/Q(Lp(ZR))
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e integral transform

Ve 1 H— La(G)  Vyf(h) = (f,Uh")¥)n

Gred, ~» Gabor transform, affine group ~» wavelet transform

(Vi () * V() (h) = Vi () (h)

e smoothness spaces, coorbit spaces

Co(Y):={f I Vu(f) €Y}, |flleoryy = IV ()lly

G - Co(L,(G)) modulation spaces Mgp
affine group : Besov spaces B;/p_l/Q(Lp(ZR))

weighted coorbit spaces

ga%l{ :Co(Lpw(G)), w(qg,p)=(1+ |p|)28 modulation spaces Mz‘jp
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e Discretization necessary!

f= ZCiU(hfl)w = Zciwi

optimal: (stable) basis! Example: affine group, a =277, b =27k ~»

advantages:

- non—-redundant representation, efficient decomposition and reconstruction algo-
rithms

- characterization of function spaces

feH — Z 227 Z ¢ kl* < o0,

JEZ kEZ
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—> preconditioning strategies

- vanishing moments,
/ % (x)dx = 0, a<r
R

—> compression strategies

- locality,
suppjk C Qjk, |Qj k| < C277

disadvantages:

- lack of flexibility

- problem of adaptation to domains and manifolds not satisfactorily solved

10
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e way out: frames: a system {h,,}mcz is called a frame, if

AlfIB < ST AR <BIFIZ  f= 3 cnhm

mexZ =y

S(f) = Z (f,hm)hy frame operator S

meX

Theorem 1. Let {h,,}mcz be a frame. Then
i) S is invertible and B~'I < 8§71 < A™I;

i) {h"™}mez, K™ = S th,, is also a frame, the dual frame;

iii) every f € H has an expansion

F=Y (£.S i)=Y (f,hm)S™"

MmEXZL meZ

11
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disadvantage:

- redundancy

advantage:

- gain of flexibility!

12
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e foundations of modern frame theory: Feichtinger/Grochenig theory, since 1986

Banach frames

f=2_eUh =2 e
1 < < 1
Slflleoz,y < ML, < I lleoz,

Attention: no automatic reconstruction!

13
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Questions:

e How can Gabor/wavelet transforms on manifolds and associated coorbit spaces be
defined?

e |s it possible to obtain Banach frames for these coorbit spaces?
e Convergence order of best N—term approximation?

e Applications, e.g., to the spheres?

14
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Strategy: Combine the following building blocks:

e representations involving quotient groups [B. Torresani, J.—P. Antoine..]
e Feichtinger—Grochenig theory

e nonlinear approximation by frames [K. Grochenig/S. Samarah],[R. DeVore/V.
Temlyakov...]

e local Fourier analysis on spheres [B. Torresani]

15



Philipps-Universitat Marburg

e (2002): program works for Co(L,)!

e Question: what about weighted spaces?

16
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2. Coorbit Spaces

N manifold, H = La(N)

e First step: find group G with representation in Lo(N)

17
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2. Coorbit Spaces

N manifold, H = Lo(N)
e First step: find group G with representation in Lo(N)

e In many cases (e.g. for the spheres): no square integrable representation available!

18
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2. Coorbit Spaces

N manifold, H = La(N)

e First step: find group G with representation in Lo(N)
e In many cases (e.g. for the spheres): no square integrable representation available!

e Way out: quotients G/Gr, Gr closed subgroup

I1:G—G/Gr, 0d:G/Gr — G Borel section
U is strictly square integrable mod (Gx, o), if 3y € Lo(N) such that

Viof (k) := (£ U0 () ™)) Lywy
IS an isometry.

19
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e Problem: no group structure, no convolution, no reproducing kernel....

R(h,1) = (U(a(h)™ )¢, U(a(l)™)%) Ly
= (@, U(a(h)o() ™)) Ly

c > / RLDldp(l) (%)

G/GF

Proposition 1. Let U be strictly square integrable —

<V¢f7 R(h7 ')>L2(g/g}‘) — V@Df(h)a f - LZ(N)

20
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e weighted coorbit spaces

~ ~

weight function w(g o g) < w(g) w(g)

LylG/Gr) = {f - / F)Pw(e ()P du(h) < oo} (1< p < o)

Loow(G/GF) :=A{f : ess Jup [f(h)w(a(h)) < oo}

21
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e weighted coorbit spaces

~ ~

weight function w(g o g) < w(g) w(g)

LylG/Gr) = {f - / F)Pw(e ()P du(h) < oo} (1< p < o)

Loow(G/GF) :=A{f : ess Jup [f(h)w(a(h)) < oo}

Hip:={f€LaN): Vyuf € L1,(G/GF)},

||fHH1,w .= ||V¢fHL1,w(g/g}—)
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e weighted coorbit spaces

~ ~

weight function w(g o g) < w(g) w(g)

LylG/Gr) = {f - / F()Pw(o(h)P du(h) < oo}

Loow(G/GF) :=A{f : ess Jup [f(h)w(a(h)) < oo}

Hip:={f€LaN): Vyuf € L1,(G/GF)},

||fHH1,w .= ||V¢fHL1,w(g/g}—)

Hy ., — Ly(N)— H;,  Hj, :=dual space

(1 <p <)

23
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~

R(h,1) := R(h, Z)Z(J(l))

02/ IR(h,1)|dp(l) and C > / IR(h,D)|du(R) (%)
g/g}“ g/g]:

(xx) = U(o(h) ") € Hiw = Vyf(h):=(f,U(c(h) ")),  fe€H,

24
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~

R(h,1) := R(h, Z)Z(J(l))

02/ IR(h,1)|dp(l) and C > / IR(h,D)|du(R) (%)
g/g}“ g/g]:

(k%) = U(o(h) ™) € Hy o = Vuf(h) = (f,U(a(h)" 1)), feH !

1w
coorbit spaces:

My ={f€Hy,: Vpf €L, 1(G/GF)}, fllag,. = IVafllz, 6o

1
w

25
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~

R(h,1) := R(h, Z)Z(JU))

02/ IR(h,)|du(l) and C > / IR(h,D)|du(R) (%)
g/g}“ g/gj:

(#x) = U(o(h) ™) € Hi,w = Vi f(h) :=(f,U(a(h)")),

coorbit spaces:

feH

My ={f€Hy,: Vpf €L, 1(G/GF)}, fllag,. = IVafllz, 6o

1
w

My = {F €L, 1(G/5) : (F,R(h,)) = F}

1
w

/

!

1w

26
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Proposition 2. (Correspondence Principle) Let U be a strictly square integrable
representation of G mod (Gr,0) = M, ,, and M, ., are isometrically isomorphic,

e, Vf € My
(Vi (f), B(Rs ) = Vip(f)

. _ /
Moreover: Mo o = Hy -

27
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ecU CG, X = (x;);cr is called U-dense if U Uz; =G
i€T

Io:={i€l: 0(G/Gr)NUx; 0}, x; =0(hy)

28
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3. Banach Frames
ecU CG, X = (x;);cr is called U-dense if U Uz; =G

€1

Io:={i€l: 0(G/Gr)NUx; 0}, x; =0(hy)

oscl, (I, h) := sup | (0, U(a(D)a(h) "D — U(u " o(l)o(h) )|

ueU

oscy/ (1, h) == sup | (¢, U(a(D)a(h) ™y — U(a(Do(h) tu)p)|

ueU

29
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3. Banach Frames

ecU CG, X = (x;);cr is called U-dense if U Uz; =G
i€T

I, ={i€T: o(G/Gr)NUz; # 0}, =z =0(hi)

oscl, (I, h) := sup | (0, U(a(D)a(h) "D — U(u " o(l)o(h) )|

ueU

oscy/ (1, h) == sup | (¢, U(a(D)a(h) ™y — U(a(Do(h) tu)p)|

ueU

osclu’w(l, h) := osci,(l, h)’w(a(h))

osca,w(l, h) := oscl (1, h)w<‘7(h))

30
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Decomposition:

Theorem 2. Let U be a strictly square integrable representation of G mod (G, o)
in Lo(N').Choose U so small that

/ osczl/,’w(l, h)du(l) < 1 and / osclu’w(l,h)d,u(h) <1 (C).
g/g}" g/g]:

Technical conditions => any f € M, ,,, 1 < p < 0o, has an expansion

where
1

1
Il = leiiezslle , < —lfllag,..

1
YW

31
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Idea of Proof:

Atomic decomposition:

T,F(h) := Z (F,p;00) R(hi,h), (v:)ier partition of unity
€T,

(C) = T, invertible on M,, ,,,

F(h) =T, T,'F(h) = > (T;'F,¢;o0)R(h;h)
1€Ly

correspondence principle =

f=> aU(h)™ M,  c=clf)=(T,"Vu(f),pio0).

1€Ly

32
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frame bounds:

| fllagy 0 < BT, Vi, pi 0 0))iez, lle , = Bll(eiiez, lle,

1 1
W w

33
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frame bounds:

| flla, 00 < BIUT, Vi 050 0))iez,lle , = Bll(eiiez, lle

Tw Tw

direct check:

Iy U "Dl =11 Y cR(hi, b, 1(9/95) = Cill(e)iez,lle,
1€Ly 1€LS

1D c(o(h) ™l = 1| Y ciR(Rs b1 1(6/95) = CallCi)iezlle
1€Ly 1€,

34
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frame bounds:

| flla, 00 < BIUT, Vi 050 0))iez,lle , = Bll(eiiez, lle

"W Psw

direct check:

Iy U "Dl =11 Y cR(hi, b, 1(9/95) = Cill(e)iez,lle,
1€Ly 1€LS

1D c(o(h) ™l = 1| Y ciR(Rs b1 1(6/95) = CallCi)iezlle
1€Ly 1€,

complex interpolation =
1
Lws Loosw)ie) = Lpw  and — (brw, boow)ip) = bpws — =10

Riesz—Thorin Interpolation Theorem —

1ty < BICT, Vi frpi00))iezolle, o 1<p<oo

35
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Reconstruction:

Theorem 3. Impose the same assumptions as in Theorem 2 with oscj, (I, h) instead

ofosczl/,’w(l, h). Then the set
(i :=U(o(h) W ie L}
is a Banach frame for M, ,,. This means that
(i) T € My i and only if ((f.00))iez, € £, 1
(ii) there exist two constants 0 < A" < B’ < oo such that

AN sty < NS i))iezs e < Bl a0

1
"W

(iii) there exists a bounded, linear reconstruction operator S from £ 1 to M, ., such

that S (((f,Vi))icz,) = [

36
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4. Nonlinear Approximation

Quality of approximation schemes based on Banach frames? Especially, best N—term
approximation

Ypi={5eM,: S= Zaiwi, J C7,, cardJ < n}
ieJ

En(f)y, = jnf |If =S, -

e wavelet transform: [DeVore/Jawerth/Popov] ~» Besov spaces

e Gabor transform: [Grochenig/Samarah] ~» modulation spaces

Theorem 4. Let {¢; : i € I,} be a Banach frame for M,, 1 < p < oco. If
1<p<gq, a:=1/p—1/q and f € M, then

00 1/p
(Zi (nO‘En(f)Mq)p> < c| f|la, where ¢ < 00,

n=1

37
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5. Applications
5.1 Gabor Frames on the Spheres
Aims:

e construction of a windowed Fourier transform on spheres [B. Torresani]

e modulations spaces

e associated Banach frames

39
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not square integrable!

St GFr={(0,0,p2) €G}, I1:G — G/Gr
flat section o(0,p1) = (0, p1,0)

Lemma 1. [B. Torresani] supp ¢ C [—7/2,7/2] and

/2
2
27 / V()] dao =1 —
COS X
—7/2

Ly(SY) 3 g— Vyg € La(G/GF)

IS an isometry.

40
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Example:

Y(a) = cos™(@) - X[—n/2,x/2)(c))

ljJ((X)=COS(G)4COS(25Sin((X))

0.8

0.6

04

0.2

-0.21

-0.4| B
* S

-0.8F

e so far: Banach frames for generalized modulation spaces M, established!

e M, ., is under construction

41
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5.2 Mixed Smoothness Spaces
Aim:
e mixed forms of Besov and modulation spaces

e affine Weyl-Heisenberg group

d
gaWH — g;[é/zH X R—l—

(p,q,a,0) 0 (p',q,a',¢) =p+ap,q+a ¢ ad, ¢+ ¢ + qap’)

U(p,q,a,0)f(z) = a/2el@=P)f (37 ;p)

representations of G,y not square integrable [Kalisa/Torresani, 1993]!

42
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e way out: use quotients!

g}" = {(0707a7 ¢) S gaWH}7 0(]9, Q) — (pa @Lﬁ(pa Q)vo}

square integrable

Gred, modulation spaces
affine group : Besov spaces

(Gawr/GF,0) something in between!

43
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Perspectives:

e numerical schemes, higher—dimensional spheres
e wavelet frames, generalized Besov spaces on spheres
e more general manifolds

e mixed smoothness spaces

44
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Summary

e Banach frames for coorbit spaces

e integrability modulo subgroups

e generalized reproducing kernels, generalized coorbit spaces
e (weighted) U—oscillation = Banach frames

e applications to spheres
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