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Lésungen zum 12. Ubungsblatt zur Analysis I

12.1:
Zu (1): I, == fé’ z" exp(—z)dz = [—z" exp(—x)]g + nf(f " Lexp(—z)dz, also

I, = —b"exp(—b) + nl,_1 (1)

n=1: I;=—bexp(—b)+ Iy = —bexp(—b) + [— exp(—x)]g =1 — exp(—b) — bexp(—b)
n=2: IQ(T) —b% exp(—b) + 2(1 — exp(—b) — bexp(—b))

=2(1 — exp(—b) — b(exp(—b) — 36 exp(—b))
n=3: Ig(T) —b3 exp(—b) + 3(2(1 — exp(—b) — b(exp(—b) — £ exp(—b)))

- 3!((1 — (1+b+ 102+ Lb3) exp(—b))
Sei T:= {n > 1|1, =n! (1 — (ZZ:O I,’c—]:) exp(—b))} und n € T. Dann folgt

nt 1 Iz b ep(=b) + (n nt (1 (oo §) exp(-b))

=+ 11~ (S ) expl-0), dhmt 1€ T,
Folglich T'={n € N|n > 1}.

Zu (2): I, := [ sin" zdz = [ sin” ! z - sin zdz.
Setze u(z) := sin"~!
— cos z, folglich

n—2

z und v'(z) := sinz. Dann ist v/(z) = (n — 1)sin® *zcosz und v(z) =

I,= [-sin" 'z cos x}g + Jy (n—1)sin™2

= (n— DIpo — (n— 1)1,

zcos? zdz = (n — 1) [ sin" 2 z(1 — sin® z)dz

Daraus folgt fiir n > 2

n—1
I, = - I, o (2)

Mit Iy = [y dz = m und I = [ sin(z)dz = [—cosz]; = 2 folgt hieraus fiir n gerade, n = 2k,
bzw. n ungerade, n = 2k + 1,

2% — 1 k9j
Iy, = I = ...... I = -
2k 2k 26D T Sditie H 0=" H 27
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Zu (3): I, ,:= fol zP(1 — z)¥dz, p,q € Ny
Setze u(z) := 2P, v'(z)(1 — x)?. Dann ist u'(z) = pzP~! und v(z) = _q-1+_1(1 — x)?*1. Folglich

1 e
Ipq = [_¢141__1$p(1 - $)q+1] +f0 P~ 1qi1(1 —z)?ldz = q% Jy ##~1(1 — 2)7" dz. Daraus folgt
fiir p,q € Ny

p
Ipq = q+_1Ip—1,Q+1 (3)
L, %* o = p@=l . p-p=1-...-1 Toos
PO g+ 1T T (g4 1) (g +2) T piScitie (q+1) (@+2)-...-(g+p)
1g! 1 Iq! 1
__Pa /(1_$)p+qd$: pq - p+q+1]
(p+f'1)= 0 (p+9q)! p+q+1
_ pl¢!
C(ptq+1)!

12.2:
Zu (1): Mit u := ¢(z) := 2z + 3, ¢'(z) = 2 folgt

e(1)

! 1 [t 1 172 51
V20, — = 1/2 _ _/ 1/27., _ 1[%,3/2]° _ 1 (r3/2 _ q3/2
/0(2x+3) dx 2/0 (o(z)) "¢ (z)dz 2 /) u'*du 2[3u ]3 3(5 3%/2)
1
= 5(‘/125 —V/27)

Zu (2): Mit u:= ¢(z) :=logz, ¢'(z) = 1 folgt

% % (2e) log(2e
/ dx _ / L(pl(.'L‘)d.’E — / ldu = []og fu,] o8(2¢) = log(log(2e))
e € ® v '

zlog o(z) (e)

Zu (3): Nicht 16sbar mit Stoff der Vorlesung. Hétte “zdz“ im Zihler lauten missen.
Fall “zdz“ im Zihler: Mit u = p(z) := 1 — 222, ¢'(z) = —4z folgt

Vs v2/8 o(V2/8) .
/ &2 - _i/ (¢(2)) "¢ (2)dz = ‘i/ w = —3 Va8
0 V1 =252 0 o)
1 V5
T2 8
12.3:

Per Definition ist £ > 0. Aus der Voraussetzung

Z{t)=c-t-z(t), z(to) >0,¢c>0 (4)

t t
folgt (o > 0 vorausgesetzt) z(t) — o(t) = / S ()t = ¢ / ta(t)dt > 0, also 5(t) > w(ty) >
to to

0 fir alle ¢ > 0. Division der Gleichung (4) durch das positive z(t) liefert % = ct und damit



fir alle T' > t

/t ' ”Z((:)) dt = /t "t

T _ cror
log(a(®)], = FIFTh
c
log(z(T)) = log(z(to)) + E(TQ =)
c c
z(T) = exp (log(m(to)) + §(T2 — tg)) = z(to) exp <§(T2 — t%))
z(to) (c 2)
= — = =T7°), T2>0.
exp (53) 7 \2 )
12.4:
(1) ~ is an equivalence relation <= ~ is reflexive, symmetric and transitive.
reflexive: f ~ f holds because of lim M =0.
£

symmetric: f ~ g = g ~ f follows in a similar way because of |f(z) — g(z)| = |g(z) — f(z)|-
reflexive: f ~ g, g ~ h = f ~ h is a consequence of the triangular inequality: For all x # T we
have

< |1 =gte

It follows that lim / exists and equals 0, i.e. f ~ h holds.

T

TH#T
(2): uniqueness: Let L, L' be both affine linear and f ~ L, f ~ L. By (1) L ~ L' . L(x):=ax+Db,
L’(x)=a’x+b’. For all  # T we have

T—T

L -
0= tim [FO =L@ 3 i L) - D) = 1L@) - @] = (0 — d)F + (b b)),
=T T—T 2T
T#T THAT
hence

b—b =—(a—d)z

= Lz)-L(z)=(a—d)z+b-V)=(a—d)(z-T7)
= _L(ml__g(x_) =a—ad
I

= Ozlirrlw:|a—a'|

=T r—x

TFT
= a=ad
= b=V
= L=1I



Assume f ~ L, L(z) = ax + b.

=

44U

=
=

0= i 1) Ll
wil o

0= 1im | PO ZLO 21 timis@) — £ = 17@) a7
TH#T

b= f(z) —ax

L(z) =ax + b= f(T) + a(z — T)

o i [F@) - L@ _ (@)~ f@ —ale-7)| _ . |f@) - @)
“HEEECIE - R IR

li'_)nl % exists and equals a

THET

f is differentiable at T and Df(Z) = a
L(z) = f(z) + Df(z)(z — 7)

Now let f be differentiable at T and L : R — R, L(z) := f(z) + Df(Z)(z — 7).

By definition of differentiability we have f ~ L, with L affine linear. If also g ~ f, then,
by transitivity of ~, g ~ L, therefore, by the above arguments, g is differentiable at  and
L(z) = Dg(z) + (z —z) for all z € R. So 0 = (f(z) — 9(z)) + (Df(z) — Dg(z))(z — T) for all
z € R, hence

f(@) = g(z) and Df(z) = Dg(T).



