Two{Dimensional Interpolating Lagrange Wavelets

The construction of interpolating Lagrange wavelets and scaling functions for scaling matrices A, |det(A)| = 2 or det(A) odd, is based on trigonometric polynomials m(ω_1, ω_2) satisfying

m(ω_1, ω_2) + ∑ ρ∈D\{0} m(ω + A^{−t}ρ) = 1

m(ω_1, ω_2) = 1 |det(A)| + 1 |det(A)| ∑ ρ∈D\{0} e^{2πiρ·ω} ∑ k∈T s_k(−Aρ)e^{2πiAk·ω} Integer grid AZZ^2, index set T ⊂ ZZ^2, set of representatives D ^=A^tZZ^2/ZZ^2, s_k interpolating Lagrange polynomial: s_k(k^′) = δ_{kk}0 for all k, k^′ ∈ T

Example: quincunx grid A = ( 1 −1 1 1 ) , T = {(l_1, l_2) | − L ≤ l_1 ≤ L − 1 , −L + 1 ≤ l_2 ≤ L }

coefficient mask (L = 2): properties: number of coefficients: 17 Strang–Fix conditions: order 3 regularity in H^s(IR^2): s = 1.415 Hölder exponent α: α = 0.415

regularity function: F (ω) =^2 ∏ j=0 m((A^t)^jω)/C((A^t)^jω)

C(ω_1, ω_2) = [ sin^2( !^{1+}!^2_2 )+sin^2( !^1�!^{2)}_2 )

2(sin^2(ω1/2)+sin^2(ω2/2)) ]2

symbol m(ω_1, ω_2):

The resulting compactly supported, interpolating scaling function (ρ = (1, 0), h_0 = 1/2, h_{Ak+ρ} = s_k(−1/2, 1/2)/2, k ≠ 0 : h_{Ak} = 0)

x ∈ IR^2 : φ(x) = ∑ k∈ZZ^2 h_k φ(Ax − k)

regularity function F (ω_1, ω_2): scaling function φ(x):

Karl-Heinz Gröchenig Stephan Dahlke Peter Maass Josip Derado IGPM Zentrum für Technomathematik University of Connecticut RWTH Aachen Universität Bremen Storrs, CT–06269–3009, USA 52056 Aachen, Germany 28334 Bremen, Germany

Gestaltung: M. Lukaschewitsch

Potsdam, 24.7.97