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MOTIVATION

GOAL: Theoretical foundation of adaptive (wavelet) methods for Stochastic Partial Differential Equations (SPDEs)
on bounded Lipschitz domains O C R,
GENERAL SETTING ([3]):

nonadaptive methods N linear approximation
adaptive methods N nonlinear approximation

Target function u € Lo(O):

u € Wy (O) N u—un|,0) = O(N_S/d) for linear approximation
1 1
u € B%T(O), . % + 5 S U= UN| [,(O) = O(N_O‘/d) for nonlinear approximation

RESULTING QUESTION: How high is the Besov Regularity of the solutions of SPDESs?
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FIGURE 1: Linear vs. nonlinear appoximation illustrated in a so called DEVORE-TRIEBEL-diagram.
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SPDES oN LirPSCHITZ DOMAINS AND WEIGHTED SOBOLEV SPACES

The model equation:

d 00
du = Z aijuxixj dt + ng leé’C on (0,7T]x0O, wu,.)=uyg on O, (1)
i =1 k=1

e O C RY bounded Lipschitz domain and T' € (0, 00);

o {(wf)te[O,Tb k € IN} independent, real-valued Brownian motions w.r.t. a normal filtration (Ft)tep) on a
complete probability space (€2, F, P);

o (a)1<; jcq C R
epc 2,0); 7€ R; 0 €R;
—1
¢ (("ren € H) ) (O, T; by) and ug € U (O).
A SOLUTION of equation (1) in the class ' ,(O,T) is a stochastic process u € 9 ,(O,T) which fulfills equation
pae p,@

(4) (see BACKGROUND]J) with f replaced by Zgl,jzl at i € IHZ’;JQFP(O, T).

strictly positive symmetric matrix;

- -~ R
Theorem 1 ([4]). Letp € [2,00) and v € R. There exists a constant k = k(d, p, (a"),0) € (0,1)

such that if 0 € (d — k,d — 2+ p+ k), then for any g € ]H;EI(C’),T;EQ) and ug € U;Q(C’)) equation (1)
has a unique solution in the class 53;9(0, T). For this solution

p,0

p < p p )
0.1 = C (19510 720y * 10l 0)): 2

where the constant C' depends only on d, p, v, 6, (aij), T and O.
N J

MAIN RESULT

- )

Theorem 2 ([1]). Letp € [2,00) and let g € ]nggl((’),T; ls), ug € U;@((’)) for some v € N and

fc(d—rkd—2+p+r) with k = k(d,p,(a"),0) € (0,1) as in the Theorem 1.
Let u be the unique solution in the class ﬁgg(C’),T) of equation (1) and assume furthermore that

u € Lp(Qp, P,P @ A; By ,(O)) for some 0 < s <y A(1+ dT?@)

Then,
1 o 1 sd
L (9 P® X B (O —=—+-, 0 A
u < 7'( T?P7 & A; 7',7'( ))7 T d—I_pa <a <7 d_17
and
lullz, (7B (0)) < C(ngﬂgﬂl(o,T;éz) + lluollr o) + HuHLp@T?BS,p(O)))'
S J

Proof: [Wavelet Characterization of Besov Spaces (Idea of the proof from [2]) ] [ [nequality (2) ]

EXAMPLE

Hered=p=~v=0=2and s =1. Let g = (gk)ke]N be given by

Flwt, )= Mpep, ke, (w,t) e Qp,

where (e},)cny is an orthonormal basis of W.H(O) (alternatively of Hi,(0)) and (A)pen € 1(IN). Then g is an
element of ]H% (O, T l). For every initial condition ug € Us,(0) = Ly(Q, Fy, P; H 5(O)) equation (1) has a
unique solution u in the class f)% (0, T) C ]Hg 00, T) = Lo(Q; H22 0(0)). As a trivial consequence,

u € Lo(Qp; Wy (0)) = La(Qp; Biy(O).

The above Theorem states that we have
u € Lo(Qp; Br -(0))

for every 0 < o < 2 and 7 = &LH. Note that in general u does not belong to Lo(€Q27; W5 (O)) for r € (1, 2] since O

is an arbitrary bounded Lipschitz domain and thus the higher derivatives might explode near the boundary:.
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FIGURE 2: Our results for the paramter constellationd=p=~v=60=2and s =1
illustrated in a so called DEVORE-TRIEBEL diagram.

GENERAL LINEAR EQUATIONS

Our results can be extended to more general linear equations of the type

d 00
du = Z (augigs 4+ 'ugi + cu+ f) dt + Z (JZkuxz- +nFu+ gk) dwf,  w(0, -) = up, (3)
ii—1 k=1

k

including in particular the case of multiplicative noise. Here the coefficients atl : bi, c, o' : nk and the free terms

f and gk are random functions depending on ¢ and x. See |1, Appendix B] for details.

/BACKGROUNDJ WEIGHTED SOBOLEV SPACES

Let @ C R? be a bounded Lipschitz domain and p(z) := dist(z, 0) for = € O.
DETERMINISTIC ([5]). Fix ¢ > 1, ky > 0 and ¢, € C5°(Oy) for n € Z, where

Op={z €0 :c" M < pz)<c ) CO,

satisfying > . c7 Co(z) =1 and [D"'Cp(x)| < N(m)c"" for allm € Z, m € Ny and z € O.
For p € (1,00) and 7,60 € R.

Hy o(0) = {u € DN(O) - Jullfy, )= %cneuc_n@" Ju(e B ey < 00},
ne

where H) (RY) := (1 — A)~/ 2Lp(IRd) denotes the Bessel-potential space. If v € IN, we have:
H;Q(O) — {u - ploI Dy Lp(O,p(x)e_dd:L‘) for all o € ]Ng with |a| < v} ,
with the norm equivalence
P —d
ity o= X [ Jot@elpeut)|” pw .
p,0 @,
aeN? Ja|<y

Spaces Hg 9(O; o) of £y = l5(IN)-valued functions are defined similarly.

STOCHASTIC ([4]). Let P be the predictable o-algebra w.r.t. (Ft)iep 7 on (€2, F, P). Set Qp = x [0, T]. For
v, 0 € R and p € |2, 00) we set

H, 9(0,T) = Ly(Qp, P, P @ X H) y(0))  and  H, o(O, T;by) = Lyp(Qp, P, P @ X Hy4(0; £)),
. Y —2/p
5140.7) = {ucHl, (0.T): (0, ) € U)y(0) and du = fdt +g" duf

9 ]
for some f € ]H;’QJFP(O,T), g € ]HZ,Q (O,T;KQ)} :
equipped with the norm

ullsy 0.1 = el 0.2+ 1/ lir.2 0.1+ 191l 0 720y + 100, Dl o)

The equality du = f dt + ¢~ dwé€ above is shorthand for

t o t
(ult, ), 0) = @0, ), 0) + [ (f(s, ), 0)ds+ > [ (g"(s, ), ) duw (4)
0 L—1 0

for all ¢ € C§°(0), t € 0,T7.
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