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Motivation
Goal: Theoretical foundation of adaptive (wavelet) methods for Stochastic Partial Differential Equations (SPDEs)
on bounded Lipschitz domains O ⊆ R

d.
General setting ([3]):

nonadaptive methods y linear approximation

adaptive methods y nonlinear approximation

Target function u ∈ L2(O):

u ∈ W s
2 (O) y ‖u − uN‖L2(O) = O(N−s/d) for linear approximation

u ∈ Bα
τ,τ (O),

1

τ
=

α

d
+

1

2
y ‖u − uN‖L2(O) = O(N−α/d) for nonlinear approximation

Resulting Question: How high is the Besov Regularity of the solutions of SPDEs?
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Figure 1: Linear vs. nonlinear appoximation illustrated in a so called DeVore-Triebel-diagram.

SPDEs on Lipschitz Domains and Weighted Sobolev Spaces
The model equation:

du =

d
∑

i,j=1

aijuxixj dt +

∞
∑

k=1

gk dwk
t on (0, T ] ×O, u(0, .) = u0 on O, (1)

• O ⊆ R
d bounded Lipschitz domain and T ∈ (0,∞);

• {(wk
t )t∈[0,T ], k ∈ N} independent, real-valued Brownian motions w.r.t. a normal filtration (Ft)t∈[0,T ] on a

complete probability space (Ω,F ,P);

• (aij)1≤i,j≤d ⊆ R
d×d strictly positive symmetric matrix;

• p ∈ [2,∞); γ ∈ R; θ ∈ R;

• (gk)k∈N ∈ H
γ−1
p,θ (O, T ; ℓ2) and u0 ∈ U

γ
p,θ(O).

A solution of equation (1) in the class H
γ
p,θ(O, T ) is a stochastic process u ∈ H

γ
p,θ(O, T ) which fulfills equation

(4) (see Background ) with f replaced by
∑d

i,j=1 aijuxixj ∈ H
γ−2
p,θ+p(O, T ).

Theorem 1 ([4]). Let p ∈ [2,∞) and γ ∈ R. There exists a constant κ = κ(d, p, (aij),O) ∈ (0, 1)

such that if θ ∈ (d − κ, d − 2 + p + κ), then for any g ∈ H
γ−1
p,θ (O, T ; ℓ2) and u0 ∈ U

γ
p,θ(O) equation (1)

has a unique solution in the class H
γ
p,θ(O, T ). For this solution

‖u‖
p
H

γ
p,θ(O,T )

≤ C
(

‖g‖
p

H
γ−1

p,θ (O,T ;ℓ2)
+ ‖u0‖

p
U γ

p,θ(O)

)

, (2)

where the constant C depends only on d, p, γ, θ, (aij), T and O.

Main Result

Theorem 2 ([1]). Let p ∈ [2,∞) and let g ∈ H
γ−1
p,θ (O, T ; ℓ2), u0 ∈ U

γ
p,θ(O) for some γ ∈ N and

θ ∈ (d − κ, d − 2 + p + κ) with κ = κ(d, p, (aij),O) ∈ (0, 1) as in the Theorem 1.

Let u be the unique solution in the class H
γ
p,θ(O, T ) of equation (1) and assume furthermore that

u ∈ Lp(ΩT ,P ,P⊗ λ; Bs
p,p(O)) for some 0 < s ≤ γ ∧ (1 + d−θ

p ).
Then,

u ∈ Lτ (ΩT ,P ,P⊗ λ; Bα
τ,τ (O)),

1

τ
=

α

d
+

1

p
, 0 < α < γ ∧

sd

d − 1
,

and

‖u‖Lτ(ΩT ;Bα
τ,τ(O)) ≤ C

(

‖g‖
H

γ−1

p,θ (O,T ;ℓ2)
+ ‖u0‖U γ

p,θ(O) + ‖u‖Lp(ΩT ;Bs
p,p(O))

)

.

Proof: Wavelet Characterization of Besov Spaces (Idea of the proof from [2]) & Inequality (2)

Example
Here d = p = γ = θ = 2 and s = 1. Let g = (gk)k∈N be given by

gk(ω, t, · ) := λkek, k ∈ N, (ω, t) ∈ ΩT ,

where (ek)k∈N is an orthonormal basis of W 1
2 (O) (alternatively of H1

2,2(O)) and (λk)k∈N ∈ ℓ1(N). Then g is an

element of H1
2,d(O, T ; ℓ2). For every initial condition u0 ∈ U2

2,2(O) = L2(Ω,F0,P; H1
2,2(O)) equation (1) has a

unique solution u in the class H2
2,2(O, T ) ⊂ H

2
2,0(O, T ) = L2(ΩT ; H2

2,0(O)). As a trivial consequence,

u ∈ L2(ΩT ; W 1
2 (O)) = L2(ΩT ; B1

22(O)).

The above Theorem states that we have
u ∈ L2(ΩT ; Bα

τ,τ (O))

for every 0 < α < 2 and τ = 2
α+1. Note that in general u does not belong to L2(ΩT ; W r

2 (O)) for r ∈ (1, 2] since O
is an arbitrary bounded Lipschitz domain and thus the higher derivatives might explode near the boundary.

0 1
0

1

2

1
p̃

s̃

b

1
2

W 1
2 (O)

bc

3
2

B2
1/2,1/2

(O)

1
p̃ = s̃

2 + 1
2

Figure 2: Our results for the paramter constellation d = p = γ = θ = 2 and s = 1
illustrated in a so called DeVore-Triebel diagram.

General Linear Equations
Our results can be extended to more general linear equations of the type

du =

d
∑

i,j=1

(

aijuxixj + biuxi + cu + f
)

dt +

∞
∑

k=1

(

σikuxi + ηku + gk) dwk
t , u(0, · ) = u0, (3)

including in particular the case of multiplicative noise. Here the coefficients aij, bi, c, σik, ηk and the free terms
f and gk are random functions depending on t and x. See [1, Appendix B] for details.

Background Weighted Sobolev Spaces

Let O ⊆ R
d be a bounded Lipschitz domain and ρ(x) := dist(x, ∂O) for x ∈ O.

Deterministic ([5]). Fix c > 1, k0 > 0 and ζn ∈ C∞
0 (On) for n ∈ Z, where

On := {x ∈ O : c−n−k0 < ρ(x) < c−n+k0} ⊆ O,

satisfying
∑

n∈Z ζn(x) = 1 and |Dmζn(x)| ≤ N (m)cmn for all n ∈ Z, m ∈ N0 and x ∈ O.
For p ∈ (1,∞) and γ, θ ∈ R:

H
γ
p,θ(O) :=

{

u ∈ D′(O) : ‖u‖
p
Hγ

p,θ(O)
:=

∑

n∈Z

cnθ‖ζ−n(cn · )u(cn · )‖
p
Hγ

p (Rd)
< ∞

}

,

where H
γ
p (Rd) := (1 − ∆)−γ/2Lp(R

d) denotes the Bessel-potential space. If γ ∈ N, we have:

H
γ
p,θ(O) =

{

u : ρ|α|Dαu ∈ Lp(O, ρ(x)θ−ddx) for all α ∈ N
d
0 with |α| ≤ γ

}

,

with the norm equivalence

‖u‖
p
Hγ

p,θ(O)
≍

∑

α∈Nd
0
, |α|≤γ

∫

O

∣

∣

∣
ρ(x)|α|Dαu(x)

∣

∣

∣

p
ρ(x)θ−d dx.

Spaces H
γ
p,θ(O; ℓ2) of ℓ2 = ℓ2(N)-valued functions are defined similarly.

Stochastic ([4]). Let P be the predictable σ-algebra w.r.t. (Ft)t∈[0,T ] on (Ω,F ,P). Set ΩT := Ω × [0, T ]. For

γ, θ ∈ R and p ∈ [2,∞) we set

H
γ
p,θ(O, T ) := Lp

(

ΩT ,P ,P⊗ λ; H
γ
p,θ(O)

)

and H
γ
p,θ(O, T ; ℓ2) := Lp

(

ΩT ,P ,P⊗ λ; H
γ
p,θ(O; ℓ2)

)

,

U
γ
p,θ(O) := Lp

(

Ω,F0,P; H
γ−2/p
p, θ+2−p(O)

)

and

H
γ
p,θ(O, T ) :=

{

u ∈ H
γ
p,θ−p(O, T ) : u(0, · ) ∈ U

γ
p,θ(O) and du = f dt + gk dwk

t

for some f ∈ H
γ−2
p,θ+p(O, T ), g ∈ H

γ−1
p,θ (O, T ; ℓ2)

}

,

equipped with the norm

‖u‖H
γ
p,θ(O,T ) := ‖u‖

H
γ
p,θ−p(O,T ) + ‖f‖

H
γ−2

p,θ+p(O,T )
+ ‖g‖

H
γ−1

p,θ (O,T ;ℓ2)
+ ‖u(0, · )‖U γ

p,θ(O).

The equality du = f dt + gk dwk
t above is shorthand for

〈u(t, · ), ϕ〉 = 〈u(0, · ), ϕ〉 +

∫ t

0
〈f (s, · ), ϕ〉 ds +

∞
∑

k=1

∫ t

0
〈gk(s, · ), ϕ〉 dwk

s (4)

for all ϕ ∈ C∞
0 (O), t ∈ [0, T ].

References

[1] P.A. Cioica, S. Dahlke, S. Kinzel, Lindner, T. Raasch, F., K. Ritter, and R.L. Schilling. Spatial Besov Regularity for SPDEs on Lipschitz Domains. In preparation,
2010.

[2] S. Dahlke and R. DeVore. Besov Regularity for Elliptic Boundary Value Problems. Comm. Partial Differential Equations, 22(1&2):1–16, 1997.

[3] R. DeVore. Nonlinear approximation. Acta Numerica, 7:51–150, 1998.

[4] K.-H. Kim. An Lp-Theory of SPDEs on Lipschitz Domains. Potential Anal., 29:303–326, 2008.

[5] S.V. Lototsky. Sobolev Spaces with Weights and Boundary Value Problems for Degenerate Elliptic Equations. Methods Appl. Anal., 7(1):195–204, 2000.

Supported by:

www.dfg-spp1324.de


