Interpolating Scaling Functions with Smooth Duals

Interpolating scaling functions are needed for various applications, e.g. CAGD and collocation methods for operator equations. Moreover, they constitute the basic building blocks for constructing corresponding wavelet bases.

A function φ ∈ L^2(IR^d) is called an interpolating scaling function for the scaling matrix A if it is continuous and satisfies a two-scale-relation φ(x) = ∑ k∈Z^d a_k φ(Ax − k) , φ(k) = δ_{0,k}, k ∈ ZZ^d . Present research interest centers around the construction of smooth multi-dimensional duals φ̃ ∈ L^2(IR^d), which satisfy ⟨φ(·), φ̃(· − k)⟩ = δ_{0,k}, k ∈ Z^d . So far the best construction for the most important case (A quincunx matrix, d = 2, φ, φ̃ compactly supported) yielded a dual φ̃ ∈ C^α(R^2) with α = 0.3132, see Ji, Riemenschneider and Shen (1999).

primary mask (L = 2): properties of primary function L = 2: number of coefficients: 17 Strang–Fix conditions: order 3 Hölder exponent α: α = 1.515

regularity estimates for duals φ̃:

Strang-Fix conditions: order p

L 2 2 3 3 K 2 3 1 2 p 7 10 5 11 α_{sup} 0.729 1.823 0.204 1.952

dual φ̃ (L = 3, K = 2):

Our construction is based on a three step procedure:

• Choose a primary mask {a^L_k }, L = 2, 3 for a smooth interpolating scaling function, see Dahlke, Gröchenig, Maass (1998).

This construction utilizes the basic Lagrange interpolation polynomials ℓ_n for n ∈ {−L, −L + 1, .., L − 1}. With q_L(x) := ∑_{L−1} n=−L ℓn(−1/2)e −inx , we obtain the Fourier series of the primary

mask a(ω) a(ω) = 1 2 + 1 2 e^{−i(ω1+ω2)/2}q_L(ω_1 + ω_2)e^{−i(ω2−ω1)/2}q_L(ω_2 − ω_1).

• Compute the mask for the dual function φ̃, K = 1, 2, 3:

H_K (z) = a(z)^K T_K (z) = ∑ γ∈G_0 C^γ_{qK} a(z)^{γ0 −1} ∏ ρ̂∈{0,1}\{0} b^γ_{ρ̂} (z) + C^{(K,K)}_{qK} ∏ ρ̂∈R^T b^K_{ρ̂} (z)

according to the construction procedure in Ji, Riemenschneider, Shen (1999). • Estimate the Hölder regularity by the invariant subspace theory of Villemoes (1994).

This yields the first examples of continuously differentiable dual scaling functions of this type, e.g. L = 3, K = 2, α = 1.952, for details see Dahlke, Maass, Teschke (2000).

Arne Barinka Nicole Mulders IGPM, RWTH Aachen

Stephan Dahlke Philipps-Universität Marburg Fachbereich Mathematik

Mathias Lindemann Peter Maaß Gerd Teschke ZeTeM, Universität Bremen