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ABSTRACT. We consider smoothness properties of the generator of a principal Gabor
space on the real line which is invariant under some additional translation-modulation
pair. We prove that if a Gabor system on a lattice with rational density is a Riesz basis
for its closed linear span, and if the closed linear span, a Gabor space, has any additional
translation-modulation invariance, then its generator cannot decay well in time and in
frequency simultaneously.

1. INTRODUCTION

The Balian-Low Theorem, a key result in time-frequency analysis, expresses the fact that
time-frequency concentration and non redundancy are essentially incompatible. Specifically,
if p € L2(R), A C R? is a lattice and the system (¢, A) = {2 p(x —u) : (u,n) € A} is a
Riesz basis for L?(R), then ¢ satisfies

(1) (/(x - a)2\<p(x)|2dx) : (/(w — )25 dw) =0, abeR.

This theorem was originally stated independently by Balian [Bal81] and Low [Low85] for
orthogonal systems, but both of their proofs contained a gap, which was later filled by
Coifman et. al [Dau90] who also generalized it to Riesz bases. For general references on the
Balian-Low Theorem we refer the reader to [BHW95, Hei07]. In [BHW95], the authors also
state and prove the so called Amalgam Balian Low Theorem, which states that if (o, aZx 87Z)
is a Riesz basis for L?(R), then ¢ cannot belong to the Feichtinger algebra So(R), a class of
functions decaying well in time and frequency. For a definition of Sy(R) see (2) below. Note
that the Amalgam Balian Low Theorem is seemingly weaker then Balian-Low Theorem, but
is not implied by it.

We define the unitary operators, translation T, : L*(R) — L2(R), T,,f(z) = f(z —
u), modulation M, : L?(R) — L*(R), M, f(z) = e*™7 f(z), and time-frequency shift
m(u,n) = M,T,, where u € R and 7 € R, the dual group of R which is isomorphic to R.
For ¢ € L*(R) and a lattice A = RZ? C R x R, R € R2*2 with density |det R|7!if R is
full rank and density 0 else, we define Gabor systems as (¢, A) = {m(A)¢p}rea and Gabor
spaces as G(p, A) = span {m(\)¢}, where V is the closure of V in L?*(R). For background
on Gabor systems we refer to the monograph [Gro01].
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This paper addresses the question whether there may exist a u € R x R \ A with 7(u)e €
G(p,A). Equivalently, for A’ being a subgroup of R x R containing A, under which conditions
on ¢ is it possible that G(p, A) = G(p, A')?

The case that u, A C R x {0} is discussed at length in terms of shift-invariant spaces in
the literature, see for example [ACHT10, ASW11, AKTW12]. Since the Fourier transform
is unitary, analogous results are implied for u, A € {0} X R. As we shall see in Remark 6
in Example 1, the case p € R x {0} and w(u)p € G(p, aZ x SZ) does not necessitate that
7(w)p is in the shift-invariant space G(p, aZ x {0}), so even the case with u € R x {0} is
not covered in the literature.

On the other hand, the existing Balian Low type results for shift-invariant spaces only
apply to principal shift-invariant spaces, that is, spaces that can be generated by just one
generator. Even though Gabor spaces are particular cases of shift-invariant spaces, except
for the case A = aZ x {0}, they are not principal shift-invariant spaces, so these results do
not apply in the setting considered here.

To state our result, we recall that the Feichtinger algebra So(R) is defined by

(2) So(R) = {f € L*(R): Vf(t,v) = /f(x)e’(””’t)Ze%m dr € L'(t, 1/)} .

Note that V f(t,v) € L?(t,v) N L>®(t,v) for all f € L?(R) and the requirement V f(t,v) €
L(t,v) essentially necessitates L' decay of f and of its Fourier transform f For details on
the Feichtinger algebra see [Fei81, FZ98, Gro01].

We establish the following theorem.

Theorem 1. If (p, A) is a Riesz basis for its closed linear span G(p, A) with ¢ € Sp(R) and
the density of the lattice A is rational, then w(u,n)p ¢ G(p,A) for all (u,n) ¢ A.

In the case A = oZ x BZ, then the condition ¢ € So(R) can be replaced with the weaker
condition that Zap(z,w) =Y, oy f(@ + na)e 2" s continuous on R x R.

Theorem 1 generalizes the Amalgam Balian Low Theorem stated above. Indeed, (¢, A)
being a Riesz basis for L?(R) implies that the density of A equals 1, that is, (¢8)"' =1 € Q
in case A = aZ x BZ, and G(p,A) = L*(R) implies that 7(u,n)¢ € G(¢,A) for all (u,n) €
R x R, so Theorem 1 implies that ¢ & So(R).

Remark 2. The question of whether the condition ¢ € Sy(R) in Theorem 1 can be replaced
with having a finite uncertainty product (1) is left for further exploration. Similarly, we do
not discuss the case of A having irrational density in this paper.

To generalize our proof of Theorem 1 to a higher dimensional setting, that is, ¢ € L?(R%)
and A C R??, requires a restriction to A being a so-called symplectic lattices in order to
use intertwining operators to reduce the general problem to lattices of the form aZ x ... x
g X P17 x ... x p1Z [Gro0l].

Our investigation is motivated in part by the following. In orthogonal frequency division
multiplexing, short, OFDM, information in form of a coefficient sequence {cg ¢}rez ¢cr is
transmitted through a channel using the signal

Flere} =Y criToaMipep.
keZ tel

The index set I depends on the for transmission available frequency band and is therefore
finite in most OFDM applications. For F' to be boundedly invertible, ¢ is chosen so that
(¢, aZ x BZ) is a Riesz basis for its closed linear span. Moreover, to utilize a communications
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channel efficiently, it is beneficial to choose ¢ with good decay in time and in frequency,
that is, p € So(R), or better, ¢ is a Schwartz class function.

Theorem 1 then implies that under these conditions, 7(u,n)¢ ¢ G(p, aZ x SZ) whenever
(u,n) ¢ aZx BZ. Unfortunately, distortions that the signal undergoes are time-shifts (delays
of the signal) in case of time-invariant channels, or time-frequency shifts in case of mobile,
time-varying communications channels. Theorem 1 shows that we cannot choose ¢ € Sp(R)
so that the transmission space G(p,@Z x BZ) is invariant under perturbations (u,n) for
(u,n) ¢ aZ x BL.

In some cases, the leakage out of G(p,aZ x BZ) can be used to identify an unknown
channel operator H, in particular, if H is well approximated by a single time-frequency
shift 7(u,n) [KP06, PW06, Pfal3]. Unfortunately, 7(u,n)¢ ¢ G(p,A) for all (u,n) ¢ A
and (p,A) is a Riesz sequence for G(¢,A) does not imply that there is no f € G(p, A)
with 7w(u,n)f € G(p,A), so a receiver would not be able to know whether 7(u,n)f was
transmitted through the identity operator, or f was transmitted and then perturbed by the
operator (u,n).!

Related work. Aldroubi, Sun and Wang showed that if a principal shift-invariant space on
the real line is also translation-invariant, that is, invariant under ewvery translation oper-
ator, then any of its Riesz generators are non-integrable. Moreover, if the generator of
the shift-invariant space is also invariant under the translate by =, n € N\ {1}, then
[ |z|'T¢|¢(x)|? dz = oo for all e > 0 [ASW11].

Gabardo and Han showed that if A = aZ x SZ has integer density (a8)~! > 2 and
G(p,aZx BZ) # L*(R), then (1) holds. In the reciprocal case, they show that if a3 € N\ {1}
and (p, aZ x BZ) is not a Riesz system for its closed linear span, then again (1) holds. Note
that both cases do not represent the generic case [GH04]

Grochenig, Han, Heil, and Kutyniok show that if (¢, A) and (@, A) are biorthogonal Riesz
basis for G(g, A), then (1) holds for either ¢ or ¢ [GHHKO02].

For general Balian Low type results, we refer the reader to [BHW92, BHW95, BHW9S,
BW94, DL195, FG97, Jan08].

Organisation of the paper. In Section 2 we discuss our main tool, the Zak transform. We
then proceed to prove Theorem 1 in Section 3; and in Section 4 we construct functions that
generate Gabor spaces containing additional shifts of the generator.

2. THE ZAK TRANSFORM

The analysis offered below is based on the Zak transform which is densely defined on
L?(R) by
Zof(z,w) =" flw+ak)e ™ (z,0) e R xR,
keZ

where a > 0. We write Z f(z,w) = Z; f(z,w).
It is easily observed that

Zf(x+n,w) =" 7 f(x,w), Zf(z,w+m)=Zf(z,w),

IFor example, if g is a Gaussian, we have (g, Z X %Z) is a Riesz basis for G(g,7Z x %Z) since the density
of Z x %Z is % < 1, see [Hei07] and references therein. It is then not difficult to construct f # 0 such that
£,m(3,0)f € G(9,Z x 57).
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in short, Z f is quasiperiodic. Not only does Zf on [0, 1] x [0, 1] fully describe f, but we have
1Z fll2o.1)xj0,17) = IIfllz2(R), that is, Z is a unitary map onto the space of quasiperiodic

functions on R x R where the latter is equipped with the L2([0,1] x [0,1]) norm.
We shall utilize the fact that with 7(u,n) = M, T, we have

(Zr(u,n)f)(z,w) = Z (m(us ) f) (z + k) e~ 27k

kEZ

— Ze2ﬂi(x+k)nf(x +k— u) e—27rikw
keZ

— 2mian Z f((l? —u+ k) 6727rik:(w777)

kEZ

=27 f(r — u,w —n).
In particular, we have for k, ¢ € Z that
(Zr(k, 0)f)(z,w) = ™ Zf(x — k,w — () = il the) 7 (1 W),

where we used the quasiperiodicity of the Zak transform.

Note that Sp(R) is invariant under the Fourier transform, so ¢ € Sp(R) if and only if
» € Sp(R). The key property of Sp(R) that we use is that ¢ € So(R) implies Zp continuous.
Indeed, if ¢ is in the Wiener Amalgam space

W(C(R),1*(Z)) = {f € L*(R) continuous with Z Nl oo (e, ke1]) < 00} D So(R),
kEZ
then the sum defining the Zak transform converges uniformly, so the given continuity of
¢ € So(R) implies continuity of its Zak transform. Note that ¢ € W(C(R),I'(Z)) is not
necessary for the Zak transform to be continuous. In Theorem 1 we therefore offer the two
conditions ¢ € Sp(R) and, if A = aZ x SZ, more generally, the scaled Zak transform Z, ¢,
that is, the Zak transform adjusted to the lattice aZ x $Z, is continuous.

3. PROOF OF THEOREM 1

The proof is by contradiction. Let A € R x R be a discrete subgroup of rational density.
Assume there exists ¢ € Sy(R), such that (¢, A) is a Riesz basis for its closed linear span

G(p,A), and assume further that there is an element (u,n) € R x R\ A with m(u,n)p €
G, ).

Step 1. Without loss of generality A = éZ x PZ with P,Q € N. Clearly, any generic
full rank lattice A of density g can be written as A = A(5Z x PZ) with A € R**?,
det A = 1. Since any A € R?*? with det A = 1 is element of the symplectic group, there
exists a so-called metaplectic operator U = U(A) with U*r(5,nP)U = W(A(%,TLP)T)
[Gro01]. The metaplectic operator U is unitary, hence, (p, A) is a Riesz basis for its closed
linear span G(p, A) if and only if (U, éZ x PZ) is a Riesz basis for its closed linear span

G(Ue, éZ x PZ). Moreover, 7(u,n)¢ € G(p,A) implies for some sequence {cy} € £2(A)
U m(A ()" = m(AA™ () e = w(u,m)e = Y exm(N)g
AEA
= Z CmnT (A nP)T)p = Z CmnUm (G, nP)Usgp.

m,ne”Z m,n€”z
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We summarize that with (u,2) = A= (u,n)? ¢ éZ x PZ since (u,n) ¢ A, and ¢ = Up €
So(R) by invariance of Sp(R) under metaplectic operators [Gro01], we have 7w (u, )@ €
G(¢, 5L x PL).

If density A = 0, then we can increase A to a full rank lattice, maintaining the property
that (¢, A) is a Riesz sequence for its closed linear span. The argument above is then
applicable.

Step 2. Without loss of generality, we can choose u and n to be rational. Clearly, this is
equivalent to the existence of R € N with R - (u,n) € %Z x PZ.

We proceed by showing that if there exists (u,n) € R x R with m(u,n)p € G(p, %Z x PZ),
then exists also a rational pair (%,7) € R x R with 7 (%, 7)¢ € G(¢, %Z x PZ).

First, observe that m(u,n)p € G(yp, %Z x PZ) implies that G(p, %Z x PZ) is invariant
under both, 7(u,n) and 7(7,nP), m,n € Z, and therefore, G(¢p, éZ x PZ) is invariant
under 7(\) where A is in the group A generated by (v, n) and éZ x PZ. Moreover, we have

(N € G(p, A) for all A € closurgf\ CRxR.
If, u is irrational, then closure A contains R x {n} and we can replace (u,n) ¢ 52 x PZ

by (u,n) € closure /~\\ éZ x PZ with u € Q. With the same argument, we are able to replace
an irrational n with a rational number 7 ¢ PZ.

Step 8. The case @ = 1. Choose R € N with (Ru,Rn) € Z x PZ. Set My = Ru and
M; = Rn, by increasing R we can assume that Msn/2 is an integer and P divides M.
We have 7(u,n)p € G(p,Z x PZ) if and only if

6271—"79:2@(1' —u,w—n) = (Z7r(u,77)<p) (z,w) € ZG(p,Z x PZ).
But
ZG(p,Z x PZ) =span{Zm(\)p, A € Z x PZ}
= span {1 Ptk 7o (0 W), (k,{) € Z x L}.

So m(u,n)¢ € G(p,Z x PZ) if and only if there exist a sequence ¢ = (cx¢) € ¢*(Z*) with

€2ﬂinngp($ —u,w — 77) — Z Cht eQwi(P@erkw)Z@(I’ w)
k€T

= h(z,w)Zp(z,w), (z,w)€RxR,
where

h(x,w) — 2 Cht 627ri(P21+kw)
k€T

is a locally L? function which is 1/P periodic in # and 1 periodic in w. Note that the
construction of h is based on the assumption that (¢,Z x PZ) is a Riesz basis for its closed
linear span. Hence

(3) Zo(z,w) = e 2T (g 4y w4 n)Zo(x +u,w+1), (,w) €R X R.
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The above together with the quasiperiodicity of the Zak transform implies
Zo(x,w) = e 2T b 4w+ 1) Zp(x + u,w + 1)
= e 2m@H0) b (g 4oy, w + 1) e 2TIEE2 b 4 0w + 2n) Zo(x + 2u, w + 2n)

R R
=...=Zy(x + Ru,w + Rn) exp(—Zm'n(Rx—l—qu)) Hh(x—I—ru,w—l—rn)

r=1 r=1
R
_ p2miMaw Zo(z,w) exp(_ng(Mlgg+M2n (R+1) /2) H (x4 ru,w +1n)

R
2 i(Mew=Mhw) 705 () H Mz +ru,w+rn), (r,w)€Rx R,

r=1
where we used that Msyn/2 is an integer.
Hence h satisfies the quasiperiodicity condition

R
(4) H h(x + ru,w + ry) = 2™ Me=Mzw) (4 ) € supp Zp C R X R.

r=1
Equation (4) holds a-priori only on supp Zy, we shall now extend it to hold on all of

R x R based on the assumption that (p,aZ x BZ) is a Riesz sequence for its closed linear
span.
Indeed, a standard periodization trick gives

/‘ S dien(k, PO dm—/ / ‘ S dy e 2TIPIR) 7001, u)‘ dt dv

k€T kLeZ

1/P
/ / ’ Z d 27rz(PZt kw)‘ Z ’Z(P p’y dt dv,

k,LeZ

and, hence, we have that (p,Z x PZ) is a Riesz sequence if and only if
P-1

A< Z ‘Z(p(:L‘ - £
p=0

for some 0 < A < B < 00. So, for almost every zg,wp exists py € {0,1, ..

Zp(xo — %,wo) # 0.

Using the computations above, we have

., P —1} so that

Zgﬁ(l'o _ %7&}0) _ Z(p(xo _ %’wo)e%ri(MmJo—Ml(wo—*)) rl_ll h Ty — F + ru,wo + 7“"7)
» R
0 mi(Mawo— M1
_ Z(p(l‘o . F7w0)62 i(Mawo—Mixo) Eh(xo + ru, wo + ”7)7
where we used the fact that h is % periodic in 2 and P divides M;. As Zp(xo— 58, wo) # 0,

we have indeed
R

H h(mo + ru,wo + 7"17) = e27ri(Ml$0*M2w0).

r=1
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As (x9,wp) was chosen arbitrarily (a.e.), we conclude (4) holds for almost every (zg,wp).
Moreover, observe that (3) implies that the zero set of Z¢ is (u,n) periodic, hence if

(w0, wo) satisfies Zy(xo — B, wo) # 0, we have
0# Zp(xo — %,wo) = Zp(ro —u — %Mo -n)

= 72U B (g — 4 — % +u,wo —n+1n) Zp(xo —u — % + u,wo — 1 +1)

= e~ 2min(zo—"F) h(zo,wo) Zp(zo — %
Solving for h(z,wo) implies that h(z,w) is continuous on R x R, and therefore (4) holds on
all of R x R.
The proof of the case Q = 1 is completed, by proving in Step 4 that a function h as
constructed above does not exist.

,(U()).

Step 4. Periodicity vs quasiperiodicity and conclusion of the case () = 1. Proposition 3
below is an extension of the simple fact that if h(z) is a function satisfying e?™Me —=

Hle h(z 4+ r0) = h(z)®, then h(z) # 0 for all . If further h is 5-periodic, then

) 1 )
h(a’;) = h(,’E + %) = eQﬂl%(I+ﬁ) = 627(1% h($)7
and, hence, RP divides M.

Proposition 3. Let P, P, R € N, M1, Ms € Z, and u,n € R. If h(z,w) is continuous on
R x R, 1/P; periodic in x, 1/ Py periodic in w and
(5) e2riMiztMow) H h(z 4 ru,w +1n), (z,w) ER xR,
r=0
then RP; divides My and RPy divides M.

Before giving a proof, let us first use Proposition 3 to conclude the proof of Theorem 1
for A =7 x PZ.

Using all assumptions, we have established the existence of a continuous h(x,w) which
satisfies (4) and is 1/P periodic in z, and 1-periodic in w. Therefore (5) is satisfied with

M1 = Rn, M2 = —Ru, P1 =P and Pg =1

Then Proposition 3 implies My /(RPy) € Z, that is, n = My /R € PZ, and u = —My/R € Z.
We conclude that (u,n) € A =Z x PZ, a contradiction.

Proof of Proposition 3.
We have
R—1 R
Mz + Myw = Z argh(z + ru,w+rn) mod 1, (r,w)e€ R xR,
r=0
where by continuity of h, we can choose argh(z,w) to be continuous as well. (Note that
this necessitates the values of arg h to be real numbers, not only values in [0,1).)
For x = w = 0, we have Zf;ol arg h(ru,rn) =p € Z.
As arg h(z,w) is continuous, we have

ny]
—

arg h(z + ru,w +rn) = p + Mix + Mow, z,w€R x R.

\,
Il
=)
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Indeed, by varying w (or z) by a small value, Zfz_ol arg h(x +ru,w+rn) — Myxz — Mow can
only vary marginally and not jump by an integer value. We conclude in particular that (for
z=1,w=0and z = 0,w = 1 respectively)

R—1 R—1
Zargh(l—l—ru,rn)zp—&—Mh Zargh(ru,1+r77):p+M2.
r=0 r=0

But, now, argh(0,0) — argh(1/P;,0) = q1 € Z by 1/P; periodicity of arg h(z,w) in .
Similarly to before, arg h(z,w)—argh(x+1/P;,w) is an integer, and, this time by continuity
in x and w, we must have arg h(z,w) —argh(z + 1/P;,w) = ¢q1 for all z,w € R X R. Hence,
arg h(z,w) —argh(z + 1,w) = Pi¢1. Similarly, arg h(z,w) — arg h(z,w + 1) = Page for all
r,w € R x R where q2 € Z.

We conclude

S
L
T

p= arg h(ru,rn) = (argh(ru+1,m)+P1q1) =p+ M, + RPyqq,
r=0 r=0
and
R-1 R-1
p= arg h(ru,rn) = (arg h(ru,rp+1) + qug) =p+ Ms + RPsqo,
r=0 r=0
that is, RPiq1 + My = 0 = RP>qs + M, and the conclusion follows since ¢, ¢2 € Z. O

Remark 4. If we drop the assumption that Zy is continuous but maintain the assumption
that (¢, A) is a Riesz sequence, then the arguments above allow to construct an L? function
h satisfying (4) a.e. on R x R. Then, Proposition 3 implies that h is discontinuous, so h is
neither a trigonometric polynomial nor an absolutely convergent Fourier series. We conclude
that whenever 7(u,n)e € G(p,A), (o, A) is a Riesz sequence, and (u,n) ¢ A, then 7(u,n)p
has a slowly convergent series expansion in (p, aZ X 7).

Step 5. The rational case g ¢ N. We choose again R € N with (Ru, Rn) € Z x PZ. Set

M = Ru and My = Rn, by increasing R we can assume that Msn/2 is an integer and P
divides M;.
We have 7(u,n)p € G(p, §Z x PZ) if and only if

XN Zo(x — uy,w — 1) = (ZW(UW)SO)(@"»W) € ZG(e, éZ x PZ).
But

ZG(p, 7 x PZ) =span{Zr(Ng, \ € $Z x PL}
= span {e?™ P Zp(x — %,w —¢P), (k,0) e ZxZ}

= span {*" " Zp(x — 5 w), (k,0) € Z x Z}.
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That is, if and only if there exist a sequence ¢ = (cg ) € £*(Z?) with

T Zo(w —u,w —n) = > cre ™ Zp(w — 5, w)
k,LeZ
Q-1

Z Z CatkQuL 627ri(ZPz+kw)Z<p(:L, o %,w)
q=0 kLEZ
1

Q_
S holww) Zo(e — §,0), () ERXR,
0

q

that is
Q-1

(6) Zyp(x,w) = e 2mnletu) Z he(z +u,w+n) Ze(z+u—g,w+n), (z,w) ERxR,
q=0

where

_ 27i(Plx+k
he(w,w) = Y cqrrguee™ T
k(€7

are locally L? functions which are 1/P periodic in « and 1 periodic in w. (Note that we can
assume that all h, are locally in L?, since (o, A) is a Riesz system.)
Following Zeevi and Zibulski (see [KZZ04, ZZ97, ZZ93])we set

_ T
Zp(w,w) = (Zple.w), Zo( — §,w), Zola — Z,w),..., Zola — 5t w)),

but extend it quasiperiodically to an infinite vector Z°p(z,w), that is, for p = sQ + r,
ref{0,1,...,Q — 1}, s € Z, we have

Zip(r,w) = Zop(z — §w) = e AW Z0(1 W) = e 2TV Z (1, w).

The above translates then into

Q—1+p
o —2mi 1—£+u o
Zop(z,w) = e n(z—35+u) Z hg-p(x = & + w0 +n) Z90(x + u,w + 1)

a=p
which leads to the biinfinite matrix equation
(7) Z°p(x,w) = e NI H (g 4w, w + 1) Z2°0(x 4 u,w + 1)
where
Hpyy(z,w) = ezﬂn% hg—p(z — %,w) ifg—pe{0,1,...,Q — 1} and 0 else.

The above and quasiperiodicity of the Zak transform implies similarly as in the case Q = 1
that

R R

Z°p(z,w) = exp < —2min(Rx +u Z r) : H H(z +ru,w+1n)Z°p(r + Ru,w + Rn)
r=1 r=1
= 2ri(Mzw—M,z) H H(x 4 ru,w+mm)Z2°p(z,w), (z,w)eRxR.
r=1

where we used as before that Msn/2 is an integer.
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Using the fact that H(x,w) is 1/P periodic in z and that P divides M; we have in
addition that

R
Z°p(x + B,w) = 2ri(Maw—Miz) H H(x+ru,w+1n)Z°p(x + g,w), p=0,...,P—1.
P st P
Hence, for fixed (z,w), we have
‘ R
(8) emiMe—Maw) [ — H H(z +ru,w+rn), ae (z,w)€RXR,
r=1

for every quasiperiodic sequence in the span of Z°p(z + %,w), p = 0,...,P — 1. The
following lemma implies that (8) is an identity of operators on (-quasiperiodic sequences
for a.e. (z,w) .

Lemma 5. If ¢ € Sp(R) and (o, éZ x PZ) is a Riesz basis for its closed linear span, then
Z°p(x 4+ B,w), p=0,...,P =1, spans the space of Q-quasiperiodic sequences for almost
every (z,w) € R x R.

Proof. For any d = (di ) € (*(Z?), we have

[[{dk.e}ez < || Z die T( 5, AP)pllL2(r) = | Z di.e Z?T LP)oll z2(j0,11x[0,1]) -

k,leZ kLEZ

We compute as above

Z di.e Zﬂ(%,fP)g@(m,w) = Z die GQWiZPxZSO(x - %M)

k€L k€T
Q-1
= Z D dgrrqe ™) Zo(w — & w)
=0 k,l€Z
Q 1
= me(z,w) Zp(z — &, w), (z,w) ERxR.
q=0
We conclude that for some A > 0 and all my(z,w), ..., mg—1(z,w) that are 1 periodic in w
and 1/P periodic in x, we have
Q-1 Q-1
Al{dr Y7 = A Imagll oy < 11D ma(x,w) Zo( — & ) 2q0.1x[0.1))
q=0 q=0
2
w)Zo(x — 5 — §,w)| dwdx
2
9) zT,w) L Gw)| dwdx
F 1! 2
(10) §/ / Z |mg(z, w) Z ‘Z(p )‘ dw dx:
o Jo



TIME-FREQUENCY SHIFT INVARIANCE AND THE AMALGAM BALIAN LOW THEOREM 11

From (10) we conclude that for ¢ =0,...,Q — 1 we have

2

P—1
A< Z‘Zap(x—%—%,w) a.e. (z,w) € [0,1/P] x [0, 1].
p=0
P—
As szol ‘Zcp(m -5 - %,w)
(r,w) € R x R. Moreover, (9) implies that for ¢ =0,...,Q — 1, the C" vectors

(Zso(x— Gw)Zplx — & — pw), Zplx — & — 3w, -, Zo(a — & — PPl’w))

are linearly independent for a.e. (z,w) € [0,1/P] x [0, 1], indeed, else we could find L?(R?)
functions mg(z,w), not all my(x,w) = 0, such that (9) equals 0. We conclude that the
matrix

2
‘ is 1/P periodic in z, this inequality holds in fact for a.e.

Zep(x,w) ZSO(QC:% w) Z@(Z‘I%,Qw) Z@(xsz?;,lw)
Zgo(x—g,w) Zw(x—g—? ,w) Zap(x—g—g,w) Z(p(x—g—PTzl,w)
Zp(z—5,w) Zo(r—5—5,w) Zo(a—5—5,w) .. Zola—5—F,w)

Z@(m—%ﬂu) Z(p(m—@—%,w) Z(p(x——l—%,w) Z@(m—%—%,w)
is full rank for a.e. (z,w) € [0,1/P]x[0,1], so its P columns are a spanning set of C? for a.e.
(z,w) € [0,1/P] x [0,1]. Note that replacing x by z — 45 in the matrix above corresponds to

a circular shift of the columns of the matrix by pg, with the possible appearance of a non-
zero scalar factor 2™ due to the quasiperiodicity of the Zak transform. This allows us to
extend the observation on the columns spanning C? to hold for almost every (z,w) € R x R.

O

In the @ dimensional model, that is, choosing ﬁ(m,w) € C9*? 50 that for any Z € C?
and any (z,w) € R x R we have

(H(x,w)Zo) _<Ef(z,w)z)p, p=0,1,...,Q -1

P
we have equivalently (with I now denoting the identity matrix in C#*@

R
e?riMiz—Maw) 1 H H(z +ru,w+rn), ae (z,w)€R xR
r=1
Taking h(z,w) = det H(z,w) we conclude
e?2miQ(Miz=Mzw) _ H hz+ru,w—+rn), ae. (z,w) ERXR,
r=1
It remains to argue that h(z,w) is continuous, since then, Proposition 3 and the 1/P peri-
odicity of h(z,w) in x and the 1 periodicity in w implies first that R divides QMs. Hence
RL = QM for some L € Nand u = My/R =L/Q € éZ. Second, we have RP divides
QM;, that is, n$ = 9% (P,Q)=1,s0n € PL.
However, since by assumption (u,m) & %Z X PZ, this is a contradiction.

We conclude by showing that H and therefore h depends continuously on (x,w). To this
end, observe that ¢ € Sp(R) implies that both, Z°p(z,w) and Z¢(x,w) are continuous in
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(z,w). Let ®(z,w) € C2*¥ be the frame synthesis matrix with columns Z¢(z + 5, w),
=0,...,P— 1. Equation (7) implies that

T Zp(x — u,w — 1) = H(z,w) Zp(z,w).
Inserting = + % for 2 and using that H(:v w) is 1/P periodic in z, we obtain

™ Oz —u,w —n) D(n) = H(z,w) ®(z,w),

—2min/P _—27in2/P —2min (P—-1)/P
R .

where D(n) is the diagonal matrix with entries 1,e ,e ,e

The columns of ®(z,w) form a frame that depends continuously on (z,w). Hence, the
rame operator S(z,w) = ®(z,w)®(z,w)* € CO*? and its inverse S(z,w)” ' depend con-
tinuously on (x,w). Similarly, the matrix consisting of the dual frame elements ¥ (z,w) =
S(z,w)"1®(z,w) depends continuously on (z,w). Clearly, ¥(x,w)* is a right inverse of
®(z,w), The equality

e B(x —u,w —n) D(n) ¥(z,w)" = H(z,w) d(x,w) U(r,w)" = H(z,w)
shows that H (z,w) depends continuously on (z,w). The proof is complete.

4. CONSTRUCTION OF (GABOR SPACES WITH ADDITIONAL SHIFT INVARIANCE

In this section, we study the case 7(5,0)¢ € Q(gp,Z x PZ), gcd(P, R) = 1, and give a
complete characterization of those ¢ Wthh satisfy 7(%,0)¢ € G(p,Z x PZ).

Recall that m(%,0)¢ € G(p,Z x PZ) if and only if there exists a sequence ¢ = (cg,¢) €
(?(Z?) with

Z(p(x _ %,OJ) — Z Cht €2ﬂi(P£z+kw)Z<p(l‘,w)
k(€L

(11) = h(z,w)Zp(z,w), (z,w)€RxR.

Our strategy is to construct a quasiperiodic function F(x,w) and a function h(z,w) so
that (11) holds with F' in place of Zy. Then we use the fact that the Zak transform is onto

the space of quasiperiodic functions, and, using a Zak transform inversion formula [Gr601].
we construct

1 1 14u
(p(x):/ th(x,w)dwz/ F(z,w)dw:/ F(z,w), ae. xz€eR.
0 0 u
In order to construct the quasiperiodic function F'(z,w), we shall show that the conditions
(S) F(x — 11%, ) = h(z,w)F(z,w), z€[l/R,1], we0,1];
2’”“’—Hhx+R, ,  (z,w) €1[0,1/P]x[0,1] Nsupp F};

(P) h(z,w) is 1/P periodic in  and 1 periodic in w,

characterize the pairs F(z,w) = Zp(z,w) and h(z,w) that satisfy (11).
First, note that (11) implies that the zero set £ of Zy is 1/R periodic. Indeed, clearly
Zp(z,w) = 0 implies Zyp(x — 5,w) = 0. But also, Zy(x,w) = 0 implies

0=Zp(z+1l,w)=Zp(x+1—Fw) =Zplz+1- 2 w)=...=Zp(z + &,w).

In addition, since R € N, the quasiperiodicity conditions

e?miMe — Hh T+ 5w, (7,w) € supp Zp C R x R,
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FIGURE 1. Functions as constructed in Example 1 and Example 2

are just the M-th power of the equation where M = 1, that is, the set of equations is
equivalent to

R
2w — H h(z + f,w), (z,w) €suppZp CR x R.
r=1

We conclude that the three conditions given above follow from (11). To observe that these
conditions are also sufficient, note first that as argued above, quasiperiodicity of F' implies
that the zero set of F is 1/R periodic. Hence, condition (b) extends to all (z,w) € R x R.
Now, (b) together with (a) implies that

h(z,w)F(z,w) = F(z — §,w) = e R (x4 Bl w), x€[0,1/R]x[0,1].

Indeed, it suffices to check this on supp F' where we have

R—1
e~ (g 4 Bl w) = H h(z + 5, w)F(z + £21 w)
r=0

h(z,w)h(z + %,w)F(x + %,w)
h(z,w)F(z,w),

which concludes our proof of sufficiency.
In our first example, we construct a discontinuous window function which generates a
Gabor space that features an additional shift invariance.

Example 1. We choose R = 2 and P = 3. Let I;, = [k/6,(k +1)/6] x R for k € Z. We
define the function h(z,w) = 2 on |, Iox and h(z,w) = €™ /2 on (J, lok+1. Clearly, h
satisfies (Q) and (P). We set F(z,w) =1 for z € [1/2,1] and

Flr,w)=Flx+1/2-1/2,w) =h(r+1/2,w)F(z+1/2,w) = h(x +1/2,w), x€]0,1/2],

and extend the function quasiperiodically. In the following, let [ = [ 1/2

Ry Motivated by

the Zak transform inversion formula, we define for x € R,
[ e2mime = §y(m), x €[m+1/2,m+1],
o(z) = /F(m,w) dw = ¢ [2e*™™ = 260(m), x € [m, m+1/6|U[m+1/3,m+1/2],
[ fermitmtbe = 150(m +1), z€[m+1/6,m+1/3],
= 1/2x[-5/6,—2/3] + 2X[0,1/6] + 2X[1/3,1/2] + X[1/2,1]-
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2
Clearly, ¢ ¢ So(R). Moreover, note that 9/4 < Z;:o Zy(t—E,v)| <9 forall tand v
implies that (p,Z x PZ) is a Riesz basis for G(p,Z x PZ).
In addition, we would like to point out once more that h(t,v) = ch’ge%i(mw_k”) not
being continuous implies that 7(1/2,0)¢ = > cxem(k, P{)¢ converges rather slowly, for
example, we do not have absolute convergence.

Remark 6. Note that the shift-invariant space G(p,Z x {0}) is constant on the intervals
[m—+1/2,m+1], m € Z, but the half shift p(z — 1/2) does not satisfy this property. Hence,
7(1/2,0)¢ = T} /2 is not a member of the shift-invariant space G(p, Z x {0}), showing that
membership of translates to Gabor spaces cannot be reduced to membership of translates
to respective shift-invariant spaces.

In the following, we construct a smooth window ¢ which has an additional shift invariance
and which generates therefore not a Riesz basis for the Gabor space it spans. Note that
mollifying h in the example above leads to a a continuous function which does not satisfy

property (Q).
Example 2. We consider again R = 2 and P = 3 and construct a Schwartz class function
¢ such that Ty € G(p, Z x 3Z).
To this end, choose a function u(x) on [0,1/2] with
(1) w has only values in [1,2], u(0) = 1 but u not constant 1;
(2) w is smooth;
(3) w(z)u(z +1/6) =1 for z € [0, §].
Now, set h(z,w) = u(z) for z € [0, 3] and h(z,w) = > /u(z — 1/2) for x € [1,2]. So h
periodically extended is smooth away from the set %Z x R and satisfies (Q).
Now, we define F'(z,w) = v(z) for x € [1/2,1] where v(1/2) = v(1) =0, v(x) € [0,1], and
v smooth. Further, define
Fz,w)=F(x+1/2—-1/2,w) =h(z+ 1/2,w)F(z + 1/2,w)
=™ y(x +1/2)/u(z), = €][0,1/2].

Clearly, F is smooth away from 17 x R, but by choosing v (0) = v(™(1/2) = 0 for all
n € N ensures that F is smooth on R x R.
We compute

1/2
—1/2

B fe27rimwv($) = do(m)v(z), x€m+1/2,m+1],
fﬂ%%gaemam+nw::ﬂ%%¥@5dnz+1% x € [m,m+1/2],

[ wel-1,-1/2),
o(@),  zell/2,1),

We conclude that ¢ is supported on [—1, 1] and smooth.
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