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ABSTRACT. Boundedness results for multilinear pseudodifferential operators on products of
modulation spaces are derived based on ordered integrability conditions on the short-time
Fourier transform of the operators’ symbols. The flexibility and strength of the introduced
methods is demonstrated by their application to the bilinear and trilinear Hilbert transform.

1. INTRODUCTION AND MOTIVATION

Pseudodifferential operators have long been studied in the context of partial differential equa-
tions [39, 40, 42, 57, 59, 67, 69]. Among the most investigated topics on such operators are
minimal smoothness and decay conditions on their symbols that guarantee their boundedness
on function spaces of interest. In recent years, results from time-frequency analysis have been
exploited to obtain boundedness results on so-called modulation spaces, which in turn yield
boundedness on Bessel potential spaces, Sobolev spaces, and Lebesgue spaces via well estab-
lished embedding results. In this paper, we develop time-frequency analysis based methods in
order to establish boundedness of classes multilinear pseudodifferential operators on products
of modulation spaces.

1.1. Pseudodifferential operators. A pseudodiffrential operator is an operator T, formally
defined through its symbol o by

T,4(w) = [ olaF(© e,

where the Fourier transformation is formally given by (Ff) (§) = f(&) = Jgae 7T f(2) da.
Hoérmander symbol classes are arguably the most used in investigating pseudodifferential op-
erators. In particular, the class of smooth symbols with bounded derivatives was shown to
yield bounded operator on L? in the celebrated work of Calderén and Vaillancourt [11]. More
specifically, if o € 5’8’0, that is, for all non-negative integers c, 3 there exists C g with

(1.1) 020¢0 (2, &)| < Cays,
then T, maps L? into itself.

1.2. Time-frequency analysis of pseudodifferential operators. In [55], J. Sjostrand de-
fined a class of bounded operators on L? whose symbols do not have to satisfy a differentiability
assumption and which contains those operators with symbol in 5870. He proved that this class of
symbols forms an algebra under the so-called twisted convolution [30, 34, 55, 56]. Incidentally,
symbols of Sjostrand’s class operators are characterized by their membership in the modulation
space M1, a space of tempered distributions introduced by Feitchinger via integrability and
decay conditions on the distributions’ short-time Fourier transform [20]. Grochenig and Heil
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then significantly extended Sjostrands results by establishing the boundedness of his pseudodif-
ferential operators on all modulation spaces [35].

These and similar results on pseudodifferential operators were recently extended by Molaha-
jloo and Pfander through the introduction of ordered integrability conditions on the short-time
Fourier transform of the operators’ symbols [49]. Similar approaches have been used to derive
other boundedness results of pseudodifferential operators on modulation space like spaces [10].
The approach of varying integration orders of short-time Fourier transforms of, here, symbols
of multilinear operators lies at the center of this paper.

Today, the functional analytical tools developed to analyze pseudodifferential operators on
modulation spaces form an integral part of time-frequency analysis. They are used, for example,
to model time-varying filters prevalent in signal processing. By now, a robust body of work
stemming from this point of view has been developed [18, 35, 36, 37, 54, 60, 61, 63, 66], and has
lead to a number of applications to areas such as seismic imaging, and communication theory
[47, 58].

1.3. Multilinear pseudodifferential operators. A multilinear pseudo-differential operator
T, with distributional symbol ¢ on R(m+l)d, is formally given by

(1.2) (Tof) (z) = / 2T (S ) o (2, €) Fi(€0) FalEa) - - Fon(Em) dE.

Rmd

Here and in the following we use boldface characters as & = (£1,...,&y,) to denote products of
m vectors & € RY, and it will not cause confusion to use the symbol f for both, a vector of m
functions or distributions f = (f1,..., fm), that is, a vector valued function or distribution on
R?, and thAe rank one tensor L =f1®...0 ffb, a fungtion or di/s\tribution on R For example,
we write £(€) = Fi(€1) . fon(m), while F(€) = (Fi(), -, Fm(€)).

A trivial example of a multilinear operator is given by the constant symbol ¢ = 1. Clearly,
T,(f) is simply the product fi(z)f2(x)... fm(x). Thus, Holder’s inequality determines bound-
edness on products of Lebesgue spaces. On the other hand, when the symbol is independent of
the space variable z, that is, when o(z,&) = 7(&), the T, = T is a multilinear Fourier multipli-
ers. We refer to [2, 3, 17, 32, 48, 50] and the references therein for a small sample of the vast
literature on multilinear pseudodiffrential operators.

One of the questions that has been repeatedly investigated relates to (minimal) conditions
on the symbols o that would guarantee the boundedness of (1.2) on products of certain func-
tion spaces, see [17, Theorem 34]. For example, one can ask if a multilinear version of (1.1)
exist. Bényi and Torres ([2]) proved that unless additional conditions are added, there exist
symbols which satisfy such multilinear estimates but for which the corresponding multilinear
pseudodifferential operators are unbounded on products of certain Lebesgue spaces. Indeed,
in the bilinear case, that is, when m = 2, the class of operators whose symbols satisfy for all
non-negative integers «, 3,7,

(1.3) 1050F 070 (2, &,m)| < Capy

contains operators that do not map L?xL? into L!.

Multilinear pseudodifferential operators in the context of their boundedness on modulation
spaces, were first investigated in [6, 7]. Results obtained in this setting have been used to
establish well posedness for a number of non-linear PDEs in these spaces [5, 9]. For example,
and as opposed to the classical analysis of multilinear pseudodifferential operators, it was proved
in [7] that symbols satisfying (1.3) yield boundedness from L? x L? into the modulation space
M1 a space that contains L'. The current paper offers some new insights and results in this
line of investigation.
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1.4. Our contributions. Modulation spaces are defined by imposing integrability conditions
on the short-time Fourier transform of the distribution at hand. Following ideas from Mola-
hajloo and Pfander [49], we impose various ordered integrability conditions on the short-time
Fourier transform of a tempered distribution o on R(™*tD4 which is a symbol of a multilinear
pseudodifferential operator. By using this new setting, we establish new boundedness results for
multilinear pseudodifferential operators on products of modulations spaces. For example, the
following result follows from our main result, Theorem 4.1.

Theorem 1.1. If 1 < po,p1,p2, q1, G2, 93 < o0 satisfy

1
p0—171+7 and 1—'—*3_(71"‘*

and if for some Schwartz class function ¢, the symbol short-time Fourier transform

Voo (st 9, 1, Ea, ) — / / / o(3, 61, 6o (3—F)p (61— &) p(Ea— ) €=MV =161 ~1262) 15 4, 4,

satisfies
(1.4) o] Ag(o0,1,1):(00,00,1) = / sup // sup | Voo (x,t1,t2,&1, &2, V)| dty dta dv < oo,
then the pseudodifferential operator T, initially defined on S(R?) x S(R?) by

Ty (f1, f2)(x // 2miz(E1+82) 6 (1, €1, €9) f1(€1) fa(Ea) dEs d

extends to a bounded bilinear operator from MPV9 x MP2:92 jnto MPo-% . Moreover, there exists
a constant C' > 0 that only depends on d, the p;, and q; with

| T5 (f1, f2)llmroras < C|lo|| pgioont)itoocery |[f1llamerar || fol 2o

We note that the classical modulation space M (R3?) can be continuously embedded into
M0 1:1):(00,00,1) (R3) implicitly defined by (1.4). Indeed,

I / s / / Sup Vo (i, 1, ta, €1, €0, )| dty dts dv
£1,62

/// sup |V 0' T tl,tg,fl,éb, )|dt1 dtgdl/: ||O'HMoo;1.

7§1 62

As a consequence Theorem 1.1 already extends the main result, Theorem 3.1, in [7].

The herein presented new approach allows us to investigate the boundedness of the bilinear
Hilbert transform on products of modulation spaces. Indeed, in the one dimensional setting,
d =1, it can be shown that the symbol of the bilinear Hilbert transform

oy € M(oo,l,r);(oo,oo,l) \M(oo,l,l);(oo,oo,l)

for all » > 1. Hence, oy ¢ M°! and existing methods to investigate multilinear pseudodif-
ferential operators on products of modulations spaces are not applicable. Using the techniques
developed below, we obtain novel and wide reaching boundedness results for the bilinear Hilbert
transform on the product of modulation spaces. For example, as a special case of our result, we
prove that the bilinear Hilbert transform is bounded from L? x L? into the modulation space
Mol for any € > 0.

The results established here aim at generality and differ in technique from the ground breaking
results about the bilinear Hilbert transformed as obtained by Lacey and Thiele [44, 43, 45, 46].
They are therefore not easily compared to those obtained using “hard analysis” techniques.
Nonetheless, using our results and some embeddings of modulation spaces into Lebesgue space,
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we discuss the relation of our results on the boundedness of the bilinear Hilbert transform to
the known classical results.

The herein given framework is flexible enough to allow an initial investigation of the trilinear
Hilbert transform. Here we did not try to optimize our results but just show through some
examples how one can tackle this more difficult operator in the context of modulation spaces.

1.5. Outline. We introduce our new class of symbols based on a modification of the short-
time Fourier transform in Section 2. We then prove a number of technical results including
some Young-type inequalities, that form the foundation of our main results. Section 3 contains
most of the key results needed to establish our results. This naturally leads to our main results
concerning the boundedness of multilinear pseudodifferential operators on product of modulation
spaces. Section 4 is devoted to applications of our results. In Section 4.1 we specialize our
results to the bilinear case, proving boundedness results of bilinear pseudodifferential operators
on products of modulation spaces. We then consider as example the bilinear Hilbert transform
in Section 4.2. In Section 4.3 we initiate an investigation of the boundedness of the trilinear
Hilbert transform on products of modulation spaces.

2. SYMBOL CLASSES FOR MULTILINEAR PSEUDODIFFERENTIAL OPERATORS

2.1. Background on modulation spaces. Let r = (ry,72,...,7) where 1 < 1; < 00, © =
1,2,...,m. The mixed norm space L" (]R{md) is Banach space of measurable functions F' on R™¢
with finite norm [1]

| Fllr = (/Rd”. </Rd (/Rd |F(z1,. .., 2m)|™ dwl)rg/m de..'>Tm/Tm_1 da:m>1/rm.

Similarly, we define L*(R™¢) where r; = oo for some indices i. For a nonnegative measurable
function w on R™? wee define L%, (R™?) to be the space all F' on R™ for which Fw is in L* (R™%),
that is, | F||zx = ||Fw||rr < co.

For the purpose of this paper, we define a mixed norm space depending on a permutation that
determines the order of integration. For a permutation p on {1,2,...,n}, the weighted mixed
norm space Ly’ (R™?) is the set of all measurable functions F' on R™? for which

IF || oo = (/Rd (/Rd ( (/Rd \F (21,22, ..., 20) w(T1, Tas . . ., 20)|7P®

Tp(2)/p(1) Tp(3)/Tp(2) /7 p(n)
) dzy(3)) )

dz (1) Tp(2)

is finite.
Let M, denote modulation by v € R namely, M, f(x) = €™ f(x), and let T} be translation
by t € RY, that is, T} f(z) = f(x —t). The short-time Fourier transform Vyf of f € §'(RY) with

respect to the Gaussian window ¢(z) = ellell” is given by

Vof(t,v) = F(fTio)(v) = (f, M, Typ) = / f(z) e P o(x —t) da .

The modulation space MP4(R%), 1 < p,q < oo, is a Banach space consisting of those f € S'(R%)

with
a/p 1/q
I£1ma = Wedlzws = ([ ([ Wastemlrar)™ )" < oo,

with usual adjustment of the mixed norm space if p = oo and/or ¢ = co. We refer to [20, 34]
for background on modulation spaces.
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In the sequel we consider weight functions w on R2™+t14 We assume that w is continuous

and sub-multiplicative, that is, w(z + y) < Cw(x)w(y). Associated to w will be a family of w-
moderate weight functions v. That is v is positive, continuous and satisfies v(z+y) < Cw(x)v(y).

2.2. A new class of symbols. The commonly used short-time Fourier transform analyzes
functions in time'; as symbols have time and frequency variables, we base the herein used short-
time Fourier transform on a Fourier transform that takes Fourier transforms in time variables
and inverse Fourier transforms in frequency variables. We then order the variables, first time,
then frequency. That is, we follow the idea of symplectic Fourier transforms F; on phase space,

FoF(t,v) = / / F(x, &) 2™ &) gedy,
R(m+1)d

For F € S'(R™D4) and ¢ € S(R(™+t19) we define the symbol short-time Fourier transform
Vo' of F' with respect to ¢ by

V¢F($, t, Ea V) =Fs (F T($,£)¢) (t, V) = <Fv M(—y,t)T(x,£)¢>
= / / 6727ri(iyit§)F(57 g) )QZS(5 -z, g_ €) dz dg
Rmd JRd

where z,v € R?, and t,& € R™?. Note that the symbol short-time Fourier transform is related
to the ordinary short-time Fourier transform by

VoF (x,t,&,v) = Vo F(x,&, v, —t).

Modulation spaces for symbols of multilinear operators are then defined by requiring the sym-
bol short-time Fourier transform of an operator to be in certain weighted LP spaces. To describe
these, we fix decay parameters 1 < po,p1,.--,Pm; 41,925 - - s Gm, Gm+1 < 00, and permutations
kon {0,1,...,m} and p on {1,...,m,m + 1}. The latter indicate the integration order of the
time, respectively frequency, variables. Put, p = (p1,p2,...,0m), 4 = (q1,92, - .., qm) and let w
be a weight function on R2m+1Dd, Thep LFoP)(@4m+1)p(R2(m+1)d) j5 the mixed norm space
consisting of those measurable functions F' for which the norm

”F||L(P0vp)m;(q,qm+1),p
w

=L L GO G CL L

|w(t07t17 cee 7tm7€17 ce 7§mag’m+l) F(t()vtlu o 7tm7§17 cee ’£m7§m+1)|pn(0)

Pr(1)/Pr(0) Pr(2)/Pr(1) 9o(1)/Pr(m) 4p(2)/2p(1)
iy ) ) b)) )
(pU ,p),li;(q,qm+1),p

is finite. The weighted symbol modulation space My, (R(m“)d) is composed of
those F € S'(R(™HD4) with

1/Qp(m+1)

€o(1) e dfp(mm)

K(m)

’|F||M1(50,p),f<;(q,qm+1),p = HVqﬁF”Li(fo,p),ﬂ;(q,qurU,p < 00.

When k and p are identity permutations, then we denote LpoP)ri(@amt1)p (R2(m+1)d) and

Mgo,r’),n;(q,qmﬂ)7P(R2(m+1)d) by Lgo,P);(q,tIo)(Rﬂmﬁ-l)d) and Mg07p);(q7QO)(R2(m+l)d) respectively.
The dependence of the norm on the choice of k, p, as well as the advantage of choosing a par-
ticular order will be discussed in Section 2.4.

Iror clarity, we always refer to the variables x,y,t as time variables, even though a physical interpretation of
time necessitates d = 1. Alternatively, one can consider multivariate x,y,t as spatial variables.
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For simplicity of notation, we set S(§) = >, &. For functions g and components of f in
S(RY), the Rihaczek transform R(f,g) of f and g is defined by

R(f.g)(x,&) = ¥ OF-FEF (&) - fn(m)g(x) = 2™ 5@ £(£)g(2).
Multilinear pseudo-differential operators are related to Rihaczek transforms by
(Tsf,9) = (o, R(f,9))

a-priori for all functions f; and g in S(R%) and symbols o € S(R(M+1)4),
Withz £+t =a % (t1,...,tm) = (x £ t1,...,2 £ t), it can be easily seen that

R(f,9)(2,8) = Fie (F(- +2)) g(x)

where
Fise(fC+a) (@ = [ ¥t(tran
Lemma 2.1. For ¢ real-valued, ¢ = (¢,...,0), f = (fi, f2, .., fm) € SRH™, and g € S(RY),
Viseop)Ta(f @ g)(z, =& t,v) = Vo fi(e —t1,61) ... Vi fn (@ — by Em) - Vipg (@, v — S(€)).

Moreover,

(Va7 R 9)) (@.6,0.) = €278 (Vp, (o) Ta(F © 9)) (2, ~,1,€),

and in particular,

’ ( R(QO 4,0 (f g)) (I7€7 V) t)‘ = ’VTA(QO@(P)TA(?@ g)(fL‘, _Ev _t7 V)|
Proof. We compute
VTA <P®LP)TA(f X g)) (l‘, _6) t) V)

_ / / “2mi@AHO T, (F @ g) (T, 0)Ta (@ ® @) (F —a,t —t) dTdE
Rmd JRd
= [ (LG Do - o = ) dF) (@)l - 0) i
R4 Rmd
/ F(8)g(@)e TN (s — (2 — ) (T — x) dT ds
d JRrRmd

— /Rm‘i e*2ni55f(s)<p(3 _ (1» _ t)) ds} {/Rd e—2wi(u+5(§))59(%)¢(§ _ :L') df}
= (Vof) (z = t,€) (Vog) (z,v + S(£)).

I
T

(Vi B(F-9)) (2.6 mt)
“THOR(f, g)(T,€)R(, ) (F — 2, & — £) dT dE

gy

IO F L (F(T - ) 9@) Frg_e (9T — 7 — ) p(E — z) dT dE

= /Rmd /Rd e—27ri(u§+t£~)]-‘t_>£ (f(@-1) g(?ﬁ)}‘{_}g_g(cp(i — 2 — )@ — z) d7 dE.

[N
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On the other hand, by using Parseval identity we have
(VTA(<P®<9)TA(? ® g)) (l’, t7 v, 6)

= / / e 2O T, (F @ g) (7, 0)Ta (9 ® @) (T — 2,E — t) dT dE
Rd JRmd

= / </ e_%itzf@' — (T —x—t+t) df) e~ () p(T — x) dT
R4 Rmd

=  (f(F— . —1 —omite, ([~ . —OmiTY N, (e ~
= /Rd e ]:,Hg (f(:c )) ]:{_@ (e pr—x+1t )) e 9(T)p(T — ) d€ dx.
But,
‘ng)g (6727‘.“6@(% — T+ t— )) = ei2ﬂit(£7£)‘7—‘.y*>£7g(4p(% —r— )) ,
therefore,

(Vrypon Ta(f ®9)) (x,t,v,€) =
ezt [ [ g (7@~ ) Frg_g (0@~ = ) a(@el@ — a) dF €. D

2.3. Young type results. The following results are consequences of Young’s inequality and
will be central in proving our main results. We use the convention that summation over the
empty set is equal to 0.

Lemma 2.2. Suppose that 1 < pg,rp < oo for k=0,1,...,m and
(Al) PE < Tk, k:177m7

k
1 1 1 1
(A2)Z———§———, k=0,....,m—1;
De Ty o  Pk+1
m
1 1 1 1
(A3) 3~ -~ =
Ezlpe Ty o  Po

then F(z,t) = f(x —t)g(x) satisfies
IEN Loy < llgllzeo || Fllze-

Proof. For simplicity, we use capital letters for the reciprocals of pg, 7, that is, P, = 1/py,
Ry = 1/rg, k = 0,...,m. Recalling that summation over the empty set is defined as 0, our
assumptions (A1) — (A3) are simply
(Al) Po > Rp, k=1,...,m;
k

(A2) Ro—Pey1>» Pi—Ry k=0,...,m—1;
/=1

(A3) Y Re=> P
/=0 /=0

Define 1/by = By = Ry + Ry — P1, and for k =2,...,m,

1/by = By, = Bp_1 + Ry — Py,
k

= Ry —I—ZRg — b
/=1
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The first application of Young’s inequality below requires that
p1/ro, /70, bi/ro =1 and 1/(p1/ro) +1/(b1/ro) =1+ 1/(r1/r0).
This translates to Ry > Ry, B1, P, and P, + By = Ry + Ry which is equivalent to
Ry > Ry, P1, Ro+ Ry —

But, condition (A1) of the hypothesis implies that P; > R;. Thus we have, Ry > Ry, P; and
P > Ry, that is, Ry > P, > R;. Similarly, the successive applications of Young’s inequality
follow by replacing p1,71,b1,70 by Pk, %, bg, bp_1, respectively. That is, we require

By_1 > Ry, By—1+ R — Py, Py

which is equivalent to Bx_1 > Py > Ry, which follows from (A1).
We shall also use the standard fact that for 0 < a, 8,7,d < oo,

A1 s = |Hf|a6HLa/a,
and set f(:c) = f(—z). We compute

T2

/]Rd </]Rd |filx —t1) ... f(z —tm) g(x )|r0d1‘) :édtl)” ..,)rmdtm

1 2

L (1R =0T Ra@) - Ti Fula) gla)) o) )™ )

/]R <|f~1’m #Tiafa-. ﬂmfm9|m(t1)> %dh) o -)detm

d
r1Lr2 r3

L2 o
o dt2> "2 ) dt.,
L’"l/TO

- 3 .
L AP oy 1T Ty ol ) )

'r3

] 0
LRI Tife T gl ) )
7‘3

0 [ (L (L (1t =) e =t o) Fa) ) o

< Il ~--!fm—1|!2’$m_1/ </ Ifm(x—tm)g(w)lb’"‘ldx) =t g
Rd ]Rd

(
(
(
.(/ |17l < 1T o To gl
(
(

T™m
= 1l - W fmetn MFon Pt  g P
ot
< AN - M fmall o | fn o 10117
= ullZme - Wl e N9l R0

where each inequality stems from an application of Young’s inequality for convolutions. In the
final step, we used b,, = pg which follows by combining the definition of b,, with hypothesis
(A3). O
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Remark 2.3. Observe that if we would add the condition pg < 7o in hypothesis (Al) of
Lemma 2.2, then (A1) and (A3) would combine to imply py = ri for £k =0,...,m. Indeed, the

strength of Lemma 2.2 lies in the fact that po < rg and pp = for K =0,...,m are not implied
by the hypotheses. Setting Ay = X — L fork=0,...,m, (Al) in Lemma 2.21is A1,...,A,, >0

and condition (A3) becomes Ag + Zk:l A =0, a condltion that allows Ag to be negative, that
is pg > ro- In short, all Ax > 0 contribute to compensate for Ag = rg — pg being negative
Let us now brleﬂy discuss condition (A2) in Lemma 2.2. For k = 0, we have 0< = 1"0 pll

To satisfy condition (A2) for k = 1, we increase the left hand side by Ay = p—l - E > 0, add
1

to the right hand side the possibly negative term p—l ~ 0 and require that the sum on the left
remains bounded above by the sum on the right. For k = 2, we increase the left hand side by
Ay = i — == >0 and add to the right hand side p— — pi maintaining that the right hand side
domlnates the left hand side. This is illustrated in Figure 1 below.

In the case m = 1, the conditions A; > 0 and Ag + Ay = 0 from Lemma 2.2 are amended
by the requirement rg < p1, and, for example, if rg = 1, py = 2, then Lemma 2.2 is applicable
whenever 1 > p% = % + %, that is, if 1 < py = r?-ﬂﬁz'

If m = 2, then A1,Ay > 0 and Ap + A1 + Ay = 0 from Lemma 2.2 are combined with the
condition rg < p; and A < % — piz. It is crucial in what follows to observe that these conditions
are sensitive to the order of the p, and the r,. For example, the parameters rog = 1, pg = 2,
ry =1 =p1, po = 1, ro = 2 satisfy the hypothesis, while rg = 1, pg = 2, 19 = 1 = po, p1 = 1,
r1 = 2 do not.

Indeed, if for some k, A, = pik — % is much smaller than p—k Pk+
more from this if k is a small index, that is, the respective summands play a role early on in the
summation.

Below, we shall use this idea and reorder the indices. This allows us to first choose k(1) =

, then we would profit

ki € {1,...,d} with A,y = L L1 gmall, and then x(2) = ko so that -
Pk(1) Tr(1) (1) Pr(2)
large. Clearly, the feasibility of x(2) also depends on the size of A 3) = ﬁ - (2) , so finding

an optimal order cannot be achieved with a greedy algorithm. Moreover, note that the spaces
M@op)ri(@ami1).0 and M(Po-p)idi(@amia)id are not identical, hence, we cannot choose x and p
arbitrarily.

0 .5 1 1.5 2 2.5 3 35

FIGURE 1. Depiction of condition (A2) in Lemma 2.2. After adding a pair of
colored fields, the top row must always exceed the lower row, with the lower row
finally catching up in the last step, see Remark 2.3.

Remark 2.4. Note that conditions (A1) and (A3) follow from (but are not equivalent to) the
simpler condition

(A) 1<ro<p1<rm<p2<... <71 <P <1y < 00
Equality (A3) can then be satisfied by choosing an appropriate pg > 1.

The inequalities in (A1) imply that the LHS of (A2) is positive and, hence, always 1o < pp < ry,
for all k. Also, (Al) and (A2) necessitate pr < rg < prmti-
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Similarly to Lemma 2.2, we show the following.

Lemma 2.5. Suppose that 1 < qi,sp < oo fork=1,....,m+1 and
(B1) G > Sk, k=1,...,m;

1 1
(B2) E ———2 k=1,....,m;
€k+1 Sm+1 Qk
m
1 1 1 1
(B3) —— — = —

— ¢ St Sm+1 Qm-i-l’
then for G(t,z) = f(t)g(z + S(t)) we have
1GllLesmer < (| fllza llgllpomer.

Proof. As before, our computations involve the introduction of an auxiliary parameter by. We
start with a formal computation, namely,

G175,

L7¥m+1
) /Rd (/Rd </]Rd |f1(t1)"'fm(tm)9($+t1+...+tm)‘sldtl>zf-..dtm> r
= /]Rd </]Rd ’fm(tm)|8m< ../Rd ‘ﬁ(tZ)Sz(/Rd ‘ﬂ(tl)g(x —t—to— ... _tm)|81dt1)s?dt2>sg | ) m .

- /Rd </]Rd i ()1 < B /Rd | Fa(t2) 52 (| ful* = [g]* (z — to—ts— ... _tm))%dm) zgdt3>;3 » .>de

g _sm | Sm+l

- /Rd(|fm|8m*(|fm1|5m1*(. (1Fal 5 (Fufor # lgal) )2 ) t) 7 d
I (AR G (T (P o R e [l
<l e | (Fcatt o (o (1B g hot) 7))
T e [T GO (T A (AT ) I e

Sm+41
S S
= [l et - 2 ll o (LA gl e,
Sm+1 Sm+1
S Sm
< mllgm® - el o A ey NI o ey
= || fmllZam" - Il gl o -

To justify the first application of Young’s inequality, we require

1 1 1 b s
q7m+b7_1+5m+17 qm, m, m+1>1
Sm ﬁ Sm Sm Sm Sm

Using reciprocals, this is equivalent to

Qm + By = Sm + Sm—i—ly Sm > Qma Bmv Sm-i—lv
that is,

By = Sm - Qm + Sm+17 Sm > Qma Bma Sm+1-
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The subsequent application of Young’s inequality requires

1 1 1 dm—1 bmfl bm
Gt T,y Lt

m

> 1.

b b
Sm—1 Sm—-1 Sm-—1

Sm—1 Sm—1 Sm—1

Using reciprocals, this is equivalent to

m
Bm—l = Sm—l - Qm—l + Bm = Om+1 + Z SE - Qf: Sm—l > Qm—h Bm—l; Bm
l=m—1

In general, for Kk =1,...,m — 2, we require

m
Bk =Sm—k = Qm-t + Bmit1=Smi1+ > Se=Qut St > Qm—t: Bt Bmkt1,
l=m—k
and finally, for the last application of Young’s inequality, we require

m
Qmi1 =51 —Q1+Bo=Smi1+ Y Se—Qu S1>Q1,Qmi1, Ba
l=m—k
Now, Si > Qg for k =1,...,m implies
OSSm—i-l SBm SBm—l S SB?) SBQ SQm—i—h
hence, it suffices to postulate aside of S > Q. for k¥ = 1,...,m the conditions S, > By for
k=2...,mand S1 > Qn+1,B2. For k =2, ..., m, we use that Zggl Se — Q¢ = 0 implies
Sk Se— Qo= —Smi1+ Qmi1 — E?;ll Sy — Qg in order to rewrite S, > By, in form of

m k—1
Sk > Bi=Smi1+ Y S —Qr=Qmi1— Y S —Q
=k =1

which is

k-1
Qmi1— Sk <Y Se— Q.
=1

For k =1, the above covers the condition Q11 < S7.

In summary, for kK =1,...,m + 1 we obtained the sufficient conditions
(BY) gp > sk, k=1,....m
k
1 1 1 1
(B2) Y ———=> — . k=0,...,m—1;
— 5t W dm+1l Skt

1
B3’ — -
Forming the difference of (B3’) and (B2’) gives
G | 1 1

(B2”) —— —< — , k=0,...,m—1.
=kt 1 Sy qe Sk+1 Sm+1

1 1

1
qe dm+1 Sm+1 ‘

Reindexing leads to

m
1 1 1 1
B2) > ———<— - . k=1,...,m,
—r St 2 Sk Smtl

and adding i - i to both sides, and then multiplying both sides by -1 gives
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m

1 1 1 1

(B2) ———2 ——, k=1,...,m.
e st Smy1 gk
O

Remark 2.6. The conditions (B1)—(B3) are similar to those in (A1)—(A3). Indeed, a change
of variable k — m + 1 — k, that is, renaming q¢x = Gma1-% and s = Spma1-k, K =1,...,m+ 1,
turns (B2) into

= 1 1 1 1 1 1

~ - = > = - = == — = s k:1,...,m.
1 qm+1—2¢ Sm+1—¢ Sm4-1—(m+1) dm+1—k S0 Am+1—k
We have
WA I mz‘:’“ 11
I—kt1 am—&-l—ﬁ gm—i—l—ﬁ =1 (A]JE’ gf”

hence, we obtain for &' = m — k the conditions

We conclude that difference between the conditions in Lemma 2.2 and in Lemma 2.5 lies —
aside of naming the decay parameters — simply in replacing < in (A1) and (A2) by > in (B1)
and (B2). Hence, it comes to no surprise that (B1) and (B2) follow from, but are not equivalent
to

B4) 1<s1 <1 <s50< ... < @m-1<5m < ¢m < Spmy1 < 0.

1 1
Moreover, (B1) implies Z — — — <0, and, hence, g,11 > q for k=1,.
e 4

2.4. Young type results with permutations. As observed in Remark 2.3, condition (A2)
in Lemma 2.2 and, similarly, (B2) in Lemma 2.5 are sensitive to the order of the p, r¢, qx, and
Sk-

To obtain a bound for operators as desired, we may have to reorder the parameters. This
motivates the introduction of permutations x and p. In addition to the flexibility obtained at
cost of notational complexity, we observe that the permutation of the integration order will allow
us to pull out integration with respect to some variables. In fact, setting t{y = x and choosing
j = k~1(0), we arrive at
T

k(1) "rk(2)

= /Rd (/Rd"' (/Rd (/Rd |f1(to —t1) ... fm(to —tm)g(t0)|’“»a<o>dtﬁ(0))Txm) dtn(n)"’"“) N ) “<m)dtﬁ(m)
m Th(l) Tr(2) -
- /Rd ( /Rd o < /Rd ( /Rd H [fuiey(to = tﬁ(e))g(to)\’””(@dtn(o)) () dtﬁ(1)> TR ) ( >dtﬁ(m)

Tr(m)

- an(O)HLPn(o)Hf/@ HL’;’H(l) an] 1 ||L';(:(L]) 1) X

(i) u(i42) o
/(/ .- (/(ﬁfﬂ(]+l)( N(]+1 ) fﬁ (m) (1‘ - tn(m))g(‘r)lrn(j)dx> 0 dt/ﬁ(j—&-l)) SRR ) dtn(m)'

We can then apply Lemma 2.2 to the iterated integral on the right hand side.
This observation leads us to the following result.
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Lemma 2.7. Let  be a permutation on {0,1,...,m}, z = x~1(0), and let 1 < pg, 7 < 00,
k=0,1,...,m, satisfy

(AO) Pre) = Tr(0); t=0,...,2-1;

(Al) Px(e) < Tk(e)s b=z, ... , My

1 1 1 1
< - _

Pr(e)  Th()  TO  DPr(k+1)
1 1

Then for F(x,t) = f(x — t)g(x) it holds

1E N Liromre < Nlgllzeo [ ]|z
Remark 2.8. Loosely speaking, the decay of a function F(z,t1,...,ty) in the variables (z,t1,...,tq)
is given by the parameters (pg, p1, . . ., pq), that is, LP°-decay in x, LP'-decay in t1, ..., LPi-decay
in t4. As we then use the flexibility of order of integration, it is worth noting that Minkowski’s
inequality for integrals implies that integrating with respect to variables with large exponents

last, increases the size of the space.
For example, if ¢ > p, we have

a/p 1/q p/q 1/p
1Flnon = ([ ([ 1F@eoras) )™ < ([ [1F@wmae)dn)"” =100

which implies L®9:0.1) ¢ pea:1.0) if ¢ > p for example, L(1:0k01) C [(1,00):(1.0)  Thig
inclusion is strict in general, for example, choose F(z,t1) = g(x — t1) € L120)(L0) \ L1 ) (0.1)
for any function g € L!.

Similarly to Lemma 2.7, we formulate the following.

Lemma 2.9. Let p be a permutation on {1,...,m+ 1}, w = p~t(m+1), and 1 < g, sp < 0
bek=1,...,m+ 1 satisfy

(BO) Gu(ey = sk, L =w,...,m;

(BY) o) = o0y, k=1,...,w—1;
w—1

T D S
f=k41 qp(g) Sp(e) Sm+1 qp(k)

w—1
1 1 1 1
B3) P — - —=— - ——.
=1 B0 Spey  Smtl dmid

Then G(&,v) = f(&§)g(v+ S(§)) satisfies

HG||L(svSm+1)xP < HfHLq Hg”Lqm+1 .

3. BOUNDEDNESS ON MODULATION SPACES

When applying Lemmas 2.2, 2.5, 2.7, and 2.9 in the context of modulation spaces, we can use
the property that MP1% embeds continuously in MP2% if p; < po and q; < q2. To exploit this
in full, the introduction of auxiliary parameters p and s is required as illustrated by Example 3.2
below.

Proposition 3.1. Given 1 < po, p, D, 4, q, @m+1,70,7, S, Sm+1 < 0o withp < p < r and s,q < q.
Let k be a permutation on {0,...,m} and let z = k= 1(0). Similarly, let p be a permutation on
{1,2,....m+1} and w = p~Y(m +1). Assume
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k
1 1 1 1
(1) Z~ - < ——-= , k=z,...,m—1;
ity Pee)y  Tk(e) To  DPr(k+1)
m
1 1 1 1
(2) Z ~ - r 2 7 -
f—t1 Pk k(0) 0 Po
w—1
1 1 1 1
3) Y — - > — = k=1,...,w—1;
i1 oy Spey  Sme1 Gk
w—1
1 1 1 1
(4) — - > - :
—1 o) Spe) Sm4+1 Gm4+1
Let v be a weight function on R2M+TDd gnd assume that wg, wi, . . ., wy, are weights on R4 such
that
(31) ’U(:E,t,g, V) < ’wo(l‘, v+ S(f))wl(x - tlaél) et wm(x - tmuém)'

For ¢ € S(RY) real valued, f € ME™TP(R™), and g € Mpy ™™ (RY), we have Vr, (o0 Ta(f ©
g) € Liromm{ssmee 2(m+1)dy
(3.2) ||VTA(¢®¢)TA(?®g)HLgo,r),m(s,smH),p < Cllfillpzpe - Hfm||vaQmHgHMg)%’qu,
where the LHS is defined by integrating the variables in the index order
£(0), (1), ..., k(m), p(1),..., p(m), p(m + 1).
In particular,
||TA(?® g)||M£r0,r)K,(s,sm+1)p <C Hf1||M511*‘11 cee ||fm||Mg7;L*qm ”gHMg%vqu-

Note that C' depends only on the parameters p;, r;, q;, s; and d.

Proof. For simplicity we assume p = k = id and use Lemma 2.2 and Lemma 2.5. The general
case follows as Lemma 2.7 and Lemma 2.9 followed from Lemma 2.2 and Lemma 2.5.

Let .f = (fl?f?)"'?fm)v ¢ = (¢7¢v7¢) and w = (wl-w2 ----- wM) Then
Vof =Vof1® Vefo® - @Vyfin,
and by Lemma 2.1, we have
VTA(ga@Lp)TA(?@ g)(xa —&,t, V) - Vépf('r - ta&)vwg(xa V= S(&))v

where z,v € R%, and ¢, & € R™.
So, if (3.1) and conditions (2) and (4) above hold with equality, then (A1)-(A3) in Lemma 2.2
and (B1)-(B3) in Lemma 2.5 will hold. Then

o, .6, ) Vi o0 TAF © 9)(@ 8. £ 0)| g oomen) i)
< |[lw(z — £.€) (Vo £) (x — t.O)wn(z. v + S(€)) (Vog) (.0 + SE) 1o (oo
< [l (t,€) (Vo £) (&, &) ogey o v + S(€)) (Vo) (1, + S(E) | oo |
< | (t.€) (Vi ) (8. &)l (o) | e

llwo(e, v + S(€)) (Vo) (. + SEll o) amss o)

= Ve Sz [Vl o

Lo m1 (€,v)

L®Sm+1(€,v)



SYMBOL CLASSES FOR MULTILINEAR PSEUDO-DIFFERENTIAL OPERTORS 15

We now use that p < p and ¢ < q implies || f|| 358 S || f]larea, @ property that clearly carries
through to the class of weighted modulation spaces considered in this paper. If hypotheses
(2) and (4) hold with strict inequalities, then we can increase py to appropriate py and gp,+1
to appropriate gm,+1 so that (2) and (4) will hold with equalities. The resulting inequalities
involving pg and g,,+1 then again implies the weaker inequalities involving py and ¢,41.

O

Example 3.2. The conditions ro < py <74, k=1,...,m,and >, 1/pp—1/r¢ > 1/ro — 1/po
do not guarantee the existence of a permutation x so that also Zlgzl /pe@y = /7@y = 1/10 —
1/Pk+1)s & = 0,...,m — 1. Indeed, consider for m = 2 the case ro = 1, p1 = p2 = 10/9,
r1 =19 = 2, and pg = 5. It is easy to see that no k exist that allows us to apply Proposition 3.1
to obtain for these parameters (3.2). Using 9 = 1, p1 = p2 = 10/9, 11 =19 =2, r; =19 = 2,
we can choose k(0) = 1, k(1) =0, k(2) = 2, to obtain (3.2) for py < 5/3.

Unfortunately, this is again not the best we can do. In fact, we can replace py by P2 =
15/9 € [10/9,18/9] = [p2,72]. This choice allows us to choose for x the identity which leads to
sufficiency for pg < 2, which by inclusion also gives boundedness with ro = 1, p; = ps = 10/9,
?”1:7'2:2, 7‘1:?”2:2.

Remark 3.3. Observe those k with ro > rj, must satisfy k= 1(k) < 2; possibly there are also k
with g < r and k~1(k) < z. Importantly, only those k with pj, < r, and k= 1(k) > z contribute
to filling the gap between pg and rg, see Remark 2.3

As immediate consequence, we obtain our first main result.

Theorem 3.4. Given 1 S pOapvﬁa q, av dm+1,70,T, S, Sm+1 S oo with p S ﬁ S TI and q, SI S ZIV

Let k be a permutation on {0,...,m} and let z = k= (0). Similarly, let p be a permutation on
{1,2,....m+1} and w = p~1(m+1) and
k
1 1 1
(1) — + = + — + <k-2tl, k=2 ...,m—1;
o Pw(k+1) 1 Pre)  Tw(e)
1 AN | 1 1
(2)7+Z~ + >m—z+ —;
o PR Th(O) Po
1 1 =1 1
(3) + —+ — + >w—k, k=1,...,w—1;

Smil Gok) S Doe)  Sp(0)

w—1

1 1 1
(4) + — +t—>w-1+ .
Sm+1 =7 Qo) Sp(0) Im+1
Let v be a weight function on R2m+Dd gnd assume that wg, we, . . ., Wy, are weights on R*¢ such
that
’U(fL’,t, *57 V)_l < wU(xv v+ S(g))_lwl(x - tlagl) et ’U)m(ﬂf - tmafm)

Assume that o € ./\/lq(fo’r)’m(s’sm“)’p. Then the multilinear pseudodifferential operator T, de-
fined initially for f, € S(RY) for k = 1,2,...,m by (1.2) extends to a bounded multilinear
operator from

P1,91 P2,q92 Pm,qm ) P0,9m+1
MEVT 5 MP292 . x MPm9m ipgg  MEOIm+,

Moreover, there exists a constant C' so that for all f, we have

HTUfHMS%qurl < CHUHMiTo»r),'i:(SaSnwl)yP||f1”M5}35’q1 s Hfm”Mf,’,’}l’qm'



16 S. MOLAHAJLOO, K. A. OKOUDJOU, G. E. PFANDER

Proof. Let fr, € MEE% k=1,...m, p € S(R?), and denote ¢ = (¢,...,p). Note that
P
Sup{’<'ag>’7 g e Ml;)wo +1}
defines a norm which is equivalent to || - ||, poam+1 for po, gmi1 € [1,00] (see, for example, [65,
wo
Proposition 1.2(3)]). Hence, to complete our result on the basis of Lemma 2.1, we estimate for

ge M f;]lfg”“ as follows

(T f.9)] = (0. RUF- )| = (Va0 Vg 5 BT 9))

S ||UHMSJTO»")a“?(5a5m+1>’p||R(f’ g)||M<7‘61"'l>Nv<5lv‘5£n+1)P'
1/w

Using the conjugate indices r(, 1}, s, 1,8, it is easy to see that the conditions on the indices
(1)—(4) are equivalent to those in Proposition 3.1. Therefore,

1B 9 ottt p < CllAlygmpn - fmllnaggom gl o, m

1/w wo

Note that the criteria on time and frequency are separated. Even when it comes to order of
integration, we do not link these, that is, the permutations x and p are not necessarily identical.

Corollary 3.5. If

1 <rg<p1<ri<pa<...<rl <pm <y, <o0;
1 <1< <s4<@<...<qmo1<5,<aqm <sp <00
and
1 &1 1 1
—+Y = =mt—;
To Pt Tt Do
1 11 1
+Y —+=>=m+ ;
Sm+1l T 2 St Im+1

H’(SISO)p

then the conclusion of Theorem 8.4 for any symbol o € Mff"”’) , where k, p are the identity

permutations.

Proof. Note that since &, p are the identity permutations, then z = 0 and w = m + 1.
k

1 1 1 1
(1) —+ —+ —+—<k+1, k=0,...,m-1
o Pk+1 T Pe ¢
1 1 1
(2) +—+ —+—>m-k+1, k=1...,m,
Sm+l Gk S Q0 St
follow from the monotonicity conditions. O

4. APPLICATIONS

In Section 4.1 we simplify the conditions of Theorem 3.4 in case of bilinear operators, that
is, m = 2. The focus of Section 4.2 lies on establishing boundedness of the bilinear Hilbert
transform on products of modulation spaces. We stress that these results are beyond the reach of
existing methods of time-frequency analysis of bilinear pseudodifferential operators as developed
in [7, 6, 8, 9]. Finally, in Section 4.3 we consider the trilinear Hilbert transform.
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4.1. Bilinear pseudodifferential operators. A bilinear pseudodifferential operator with sym-
bol o is formally defined by

(4.1) T, (f,9)(x) = / /R ol 6,6 f(603(€) i deo

For m = 2, Theorem 3.4 simplifies to the following.

Theorem 4.1. Let 1 < po,p1,p2,q1,92,43,70, 71,72, 51, 52, 53 < 0o. If

1/p1+1/r1, 1/pa+1/ra > 1
and one of the following

1 1
(1) — S T (USZTLg k= (1a2a0) or (2’ 170))a
Pbo T0
1 1 1 1
(2) 1+7§7 *'f_iv ™ Sp()v’ro’ (K:(27071))7
Pbo To P
1 1 1
(3) 1+7§7 *"i_ia T2 SpO:T()a (’%:(17072))7
Po To ro P2
1 1 1 1 1 1
4 24 —<—+—4+—+——7+— 7m2<po, r,72<r0, (k=1(0,1,2));
po 1o r1 re  max{pi,ry} D2
1 1 1 1 1 1
(5) 2+7§*+*+*+7+77 Tlﬁpo, 7"1,7"2§T’0, (52(03271))7

Po T0 1 T2 max{pg,r{)} b1

1 1
(1) — <=, (using p = (3,1,2) or (3,2,1));

g3 53

1 1 1 1
2 1+*§7+7+*1 SS 737/7 :1?3’2 )
(2) o o s 53 343,851,401 (p=( )
(3) TR S S L (p=(2,3.1)

- - - D 53 > ; S2, ) - )y 5

q3 Q2 S2  S3 8= 0o P

1 1 1 1

4 2§ + +7+77 SSSq/7827
(4) max{qi,s|} max{qg,sh} S22 3 2

1 1 1 1 1 1

24 —< —~ + ~+t—+—+—, (p=(1,2,3));
g3 ~ max{qi,s]} max{qe,sh} s1 sz s3
1 1 1 1

5 2 < + +—+—, s3<q,s1,
(5) max{q,s}} max{ge,sh} s1  s3 3 =414

1 1 1 1 1 1

2+7§ 7+7+77 (p:(17372))7

+
g3 ~ max{qi,s|} max{q,sh} s1 sz s3
hold. Assume that wg, w1, ws, and v are weight functions satisfying
/U(I) t17 t27 517 527 V)il S w()(.’E, v+ 51 + §2)71 . ’U)l(x - tl? 51) . w?(x - t?; 62)

If o € MUorir2)si(s152:58)0 - the bilinear pseudodifferential operator T, initially defined on
S(R?) x S(R?) by (4.1) eatends to a bounded bilinear operator from MEVT x ME2® into MES®.
Moreover, there exists a constant C' > 0, such that we have

1o (fr f2)lagzp s < Cllolorsmsrtornssrs |fallyzin | fellygzze

with appropriately chosen order of integration k, p.
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Proof. This result is derived from Theorem 3.4 for m = 2, namely, we establish conditions on the
D0, P1, P2, 70, 71,72, q1, G2, 3, S1, S2, 83 for the existence of p1, po, q1, ¢o satisfying the conditions of
Theorem 3.4.

If k=(120)orkx=(210), then z = 2 in Theorem 3.4 and we require in addition only
7o 2 o

For the remaining cases, we have to show that the conditions above imply the existence of
D1 > p1, p2 > p2 which allow for the application of Theorem 3.4.

If Kk = (10 2), we have z = 1, and we seek, with notation as before, Py and P, with

P < Py Py < Py;
ﬁl—l-RlZl; ﬁg—l—Rng;
Ro+ P, <1;

Ro+ P+ Ry > 1+ Py;
that is,
1—- R < P <Py
(4.2) 1—Ry—Ry+ Py, 1 — Ry < P, < Py, 1— Ry;

which defines a non empty set if and only if P, + Ry > 1, P+ Ry > 1, Ry > Py, Ry, 1 + Py <
Ry + Ry + Ps. ~ ~
For k = (0 1 2) we have z = 0 in Theorem 3.4 and we require that some P; and P; satisfy

P < Py Py < Py;
P+ Ry > 1; P+ Ry > 1
Ro+ P, <1 Ro+ P+ P+ Ry <2
Ro+ Py+ Ry + Py + Ry > 2+ Pp;

that is,

(4.3) 1-R <P <P, 1- Ry

(4.4) 1— Ry < Py < Py;

(4.5) 24+ Py—Ry—Ri—Ry <P +P,<2—Ry—Ry.

Note that (4.3) defines a vertical strip in the (Pp, P;) plane which is non-empty if and only
if P+ Ry > 1 and Ry < R;. Similarly, (4.4) defines a horizontal strip which is not empty if
we assume P, + Ro > 1. Lastly, the diagonal strip given by (4.5) is nonempty if and only if
Py < Rs.

To obtain a boundedness result, we still need to establish that the diagonal strip meats
the rectangle given by the intersection of horizontal and vertical strips. This is the case if

the upper right hand corner of the rectangle is above the lower diagonal given by P+ P =
2+ Py — Ry — R1 — Ro, that is, if

min{Pl, 1—R0}+P2 >2+F— Ry— Ri — Ro,
and if the lower left corner of the rectangle lies below the upper diagonal, that is, if

1-Ri+1—-Ry<2—-Rp— Ry,
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which holds if Ry < R».

Let us now turn to the frequency side. If p = (32 1) or p = (3 1 2), we have w = 1 and an
application Theorem 3.4 requires the single but strong assumption 3 < Ss.

For p = (1 3 2) we have w = 2 in Theorem 3.4. To satifiy the conditions, we need to establish

the existence of ()1 and @2 satisfy

Q1 < Q; Q2 < Qo;
Q1+ S <1; Q2+ S < 1;
Ss+ Q1 > 1; Ss+Q1+51>1+Qs.

The existence of such @2 is trivial, so we are left with
14+Q3— 8 —S3, 1 -S3<Q1<Q1, 1 -5,
Note that this inequality is exactly (4.2) with Ss replacing R, S; replacing Ry Q3 replacing Py,

and Q1, @1 in place of P», Ps.

We conclude that for the existence of @1, we require S3 > 51,@3,1 — @1, and 1 + Q3 <
Q1+ 51+ Ss.

For p = (1 2 3) we have w = 3 in Theorem 3.4. We need to establish the existence of Q and

Q)2 satisfy

Q1 < Qu; Q2 < Qo;
Q1+ 51 <1; Qo+ 52 < 1;
S34 Qa2 > 1; S5+ Qo+ Q1 + Sy > 2;

S5+ Q14 Qo+ S+ 51 > 2+ Qs;

that is, choosing

Q1 =min{Q1, 1 - 51}, and Q2 =min{Qs, 1 — So},

we require
1 < min{Q2, 1 — S} + S3;
2 <min{Q1, 1 = 51} + min{Q2, 1 — S2} + 52 + Ss;
2+ Q3 <min{Q1, 1 — S1} + min{Q2, 1 — So} + S1 + S2 + Ss. O
Proof. Proof of Theoremm 1.1 Theorem 1.1 now follows from choosing x and p to be the
identity permutations, and rg = s1 = sg =00, 1] =19 = 53 = 1. O

Note that this result covers and extends Theorem 3.1 in [7].
Remark 4.2. Using Remark 2.8, we observe that M1 (R34) ¢ M(%0:1,1).(00,00,1)(R3d) Indeed,
in both cases we have the same decay parameters, but different integration orders, namely

Moot r— 00, & — 00, & —o00, v—1, th =1, to—1;
ML (000d) g ooty =1, to— 1, £ =00, & — oo, v— 1.
Inclusion follows from the fact that we always moved a large exponent to the right of a small
exponent. Note that for any r € Mb*°(R) \ M°Y(R), for example, a chirped signal r(¢) =

2™ (€) with u(€) € L2\ L', we have

o(z,&1,&) = (&) € MO (0000 1)\ prool.
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Example 4.3. With k and p are the identity, that is, kK = (0,1,2) and p = (1, 2, 3), we illustrate
the applicability of Theorem 4.1 for maps on L? x L? = M?>? x M2, that is, p1 = po = 1 =
q2 = 2.

On the time side, we require 71,72 < 2,79 and o < pg as well as

3 1 1 1 1 1

-+ —<—4+—4+—+ —F.

2 po 1o r1 o rp max{2,ry}
Our goal is to obtain results for ry large, hence, we assume 9 > 2. (In case of 79 < 2, the last
inequality above does not depend on rg, and we can improve the result by fixing ro = 2.) We

obtain the range of applicability 1,79 < 2 < rg, and 19 < pg, and
1 1 1 1
1+ —<—+—+—.
Po To T1 T2
On the frequency side, we have to satisfy the conditions s3 < 2, s9,

1 1 1 1
92 < — =
~ max{2,s]} + max{2, sh} + S2 + S3
1 1 1 1 1 1
24 — < + e

g3 ~ max{2,s]} max{2,s,} s1 sz s3
Let us assume s; < 2 < s, then we have the range of applicability s1,s3 < 2 < s9,
111 1 1 1

2 512 g3~ S2 53 ’
The range of applicability gives exponents that guarantee that a bilinear pseudodifferential
operator maps boundedly L? x L? into MPo:% if g € M(7071:72):(s1,52,58)
In particular, when o € M(11):221) we can take pg = g3 = 1. So we get that T, maps
L? x L? into MVt ¢ Mbee.

4.2. The bilinear Hilbert transform. We now consider boundedness properties of the bilin-
ear Hilbert transform on modulation spaces. Recall that this operator is defined for f,g € S(R)
by

BH(f.g)(0) =ty [ flo+ gl - 1)L,

e—0 ly|>e
Equivalently, this operator can be written as a Fourier multiplier, that is, a bilinear pseudodiffer-
ential operator whose symbol is independent of the space variable, with symbol opg(x, &1, &2) =
o(& — &), where o(x) = —misign (x),x # 0.

Our first goal is to identify which of the (unweighted) spaces M (70:71:72):#:(51,52,50):0 the symbol
opn belongs to. To this end consider the window function ¥(z, &1, &) = ¥(x)Y(§2)Y (61 — &2),
where ¢ € S(R) such that ¥(z) = ¥ (z) — 1 (—z) with 1 € S(R), 0 < ¢1(x) < 1 for all z € R.
In addition, we require that the support of 1; is strictly included in (0,1). Then

Vyopnu(w,t1,t2, 81,82, v) = Vypl(z,v) Vyo (& — &, t1) Viypl(&e, t1 + t2)

Assume that the two permutations x of {0,1,2}, and p of {1,2,3} are identities. Moreover,
suppose that all the weights are identically equal to 1.

Proposition 4.4. For r > 1, we have that ogy € M(:1),(00,00.1)
Proof. Let r > 1. We shall integrate
Vwopn(z,t,&,v) = Vyl(z,v) Vpo (& — &2, t1) Vpl(&2, b1 + t2)
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in the order
T—=rg=00 t1—=>r1=1 to—=>ro=r>1 & vs1=0 & —+s9=00 v—sy=1.

We estimate

r 1/r
”UBHHM(O0,00,I),(oo,l,r) —/ sup (/ (/Sup|V\1/0'BH($,t,£,I/)|dt1) dtg) dl/
R 1,62 R R =

r 1/r
:/ sup (/ </Sup|Vw1(ZC,I/) V¢U(fl —fg,tl) Vd,l(fg,tl—i-tg)’dtl) dt2> dv
R R R

£1,62 T
R r 1/r
= |[¥|l 1 sup </ </ |Vpo (& — &, t1) Vipl(&a,t +t2)|dt1> dt2>
&1,82 R R
<[]l r sup [|[[Vipo (&1 — &2, )| * [Vip1(§2, Il
1,62
< ¥l ?uf Vo (§1 = &a, )L IV 1(82, )l
1,62

= |92, sup Vo (€19)]| L7
1

where we have repeatedly used the fact that Vyl(z,v) = 2™V (1), and Vyl € L®(z)LY(v),
that is
/R sup [VyL(z, v)|dv = || < oo.
Thus, we are left to estimate
Sup Vo (€l r-
Recall that ¢(x) = 91 (x) — ¢1(—x), hence, we have
. § . 00
V(e =2 = [ ey +

—oo I3

e‘myw(y)dy] :

A series of straightforward calculations yields

1 () = (=0)| o ffg >
[Vpo(&,8)] = { [1(—t) — Xjo,—g) * ¥1(t) + X[—eqy * 1 (t)] if —1<€<0

[1(t) = Xjea] * ¥1(—t) + Xpg * U1 (—t)|  if0<€<T,

where x|, denotes the characteristic function of [a, b]. We note that that X/[O,—\f]a X[/—lev X/[g\l} , /[0,\5] €
L" uniformly for || <1 for each r > 1.
For [£] > 1, we have

Vo (€, )lza < 20141l a
for any ¢ > 1. Now consider —1 < ¢ < 0, then

Voo (€ Mler < I¥aller + IX0,—g * Yrller + IXZe ) * vallze
< [allzr + 1l (X0, l - + IX =1
< lallLr + Clighl|

where C' > 0 is a constant that depends only on r. Using a similar estimate for 0 < & < 1, we
conclude that

|Lr)

Slgp [Vyo (€, )llr £ C < o0
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where C depends only on 11 and 7. O

Observe that opg € MO 17):(00:001) (R3) \ M(00:1.1):(00,001)(R3) for all r > 1. Consequently,
to obtain a boundedness result for the bilinear Hilbert transform, we cannot apply any of the
existing results on bilinear pseudodifferential operators. However, using the symbol classes
introduced we obtain the following result:

p1 p2
Then the bilinear Hilbert transform extends to a bounded bilinear operator from MPH9 x MP2:92

into MP>% ., Moreover, there exists a constant C' > 0 such that

IBH(f; 9)l|avo-ss < C|[ fl| areran [ gl agpz-az.

Theorem 4.5. Let 1 < po,p1,p2,q1, 42,43 < 00 satisfy o- + o= > - and that -+ L > 1+ .

In particular, for any 1 < p,q < 0o, and € > 0, the BH continuously maps MP1 x MP4 into
M6 and we have

IBH(f, 9)l[ar1+e00 < Clfllaarallgllaer.ar-

Proof. Since the symbol ogpg of BH satisfies opg € MeoLir),(e0,001) - the proof follows from
Theorem 4.1. Indeed, on the time side, all simple inequalities hold and we are left to check

1 1 1 1 1 1
2—1—fo+*+—+7, —,
Po To 1 T2 maX{Pl, To} b2

which is with £ =1 —¢

1 1 1
2b — <O+1+1-et——
Do max{pi,1} = p2

On the frequency side, the conditions

1 1 1 1
QS + +7+77 33§q,7327
max{qi,s]} max{q,sh} s2 3 2
1 1 1 1 1 1
2+ — < ~+ ~t =+ =+,
g3 ~ max{q,s]} max{q,sh} s1  s2  s3

are clearly satisfied whenever

1 1
2+ —

< + +0+0+0. O
g3 ~ max{q,1} max{qe, 1}

Remark 4.6. It was proved in [44, 45] that the bilinear Hilbert transform BH continuously
maps LP! x LP? into LP where % = p% + p%, 1 <pi1,p2 < oo and 2/3 < p < oco. Our results give
that if 1 < p,q,p1 < oo then H maps continuously MPH4 x MP4 into MP°.

One can use embeddings between modulation spaces and Lebesgue spaces to get some “mixed”

boundedness results. For example, assume that ¢ > 2 and ¢’ < p; < ¢, then it is known that
(see [60, Proposition 1.7])

ILPY  MPY9  and MPY4 c [P

Consequently, it follows from Theorem 4.5 that BH continuously maps LP* x MP1+4" into MP>° >
L.
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4.3. The trilinear Hilbert transform. In this final section we consider the trilinear Hilbert
transform TH given formally by

TH(f,g,h)(x) = lim f(:cft)g(x+t)h(x+2t)%.

e—0 [t|>e

The trilinear Hilbert transform can be written as a trilinear pseudodifferential operator, or
more specifically as a trilinear Fourier multiplier given by

TH(f. 9. ) (@) = // /Rxm oru(, €1, &, €3) £ (£1)§(62) h(&) ™ HET8) e dey de

where
oru(x,&1,82,&3) = 0(&1 — & — 283) = misign(§1 — {2 — 283).

Recall from Section 4.2 that ¢ € S(R) is chosen such that ¢(z) = ¥1(z) — 1 (—2x) with

Y1 € S(R), 0 < y(z) <1 for all x € R. Next we define V(z,&1,E2,£3) = ¥(x)Y(§2)v(€3)Y (61 —
&2 —2€3). We can now compute the symbol window Fourier transform Vyory of oy with respect

to ¥ and obtain
Vooru(z,t,&,v) = Vyl(x,v)Vyl(&, —t1 — t2)Viypl(§2, =2t — t3)Vyo (& — & — 263, —t1)].

Observe that |Vy1(x,n)| = |g(n)|. Hence,

Vaorn(e,t,&v)| = ) |[d(—t = ta)[[b(=20 — t3)[[Vyo (&1 — & — 263, —t1)-

But by the choice of ¢ we see that ¢(—n) = —(n).

Proposition 4.7. Forr > 1, we have oy € M(:17):(00:00000) I particular, this conclusion
holds when r =1+ € for all e > 0.

Proof. Let r > 1. We proceed as in the proof of Proposition 4.4, and integrate
V\DUTH($7 tv 57 V)
in the following order:

r—>rg=o00, t1—>ri=1, ta—=>ro=r>1, tg—rg=1r>1,
& —s1 =00, & — s9 =00, &3 — s3 =00, v — sg=1.
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In particular, we estimate

1/r
loTH || pgto0,1,m7),(00,00,00,1) :/dv sup </dt3/dt2/dt1 sup]Vq/aH(x,t,g,l/)V)
R &1,82,€3 R R R x

:/dz/ sup </dt3/dt2/dt1 sup [ ()" [ (—t1 — t2)["
R £1,62,83 R R R x

R 1/r
(=2t — )|V (€1 — & — 26, —w)

bl sup ( [ats [ aa [ aninn— 120 - )
£1,62,€3 R R R

1/r
|Vypo (&1 — &2 — 2¢3, —t1)|r>

— 1dll: sup ( [ats [ e [ anfitea+ ol 1t + 20l
£1,82,€3 R R R

1/r
Vyol6r — & — 265, —mr)

— bl sup ( [ dts [ ata [ anfitee - it - o

£1,62,83

1/r
[Vyo (61 — & — 253,t1)\r)

= [ sup. ( /R dts /R dts /R At () |2t — ts — 1))

1/r

|Vpo (&1 — & — 283,12 — t1)|r>

R R R o 1/r
9l sup ( [ ats [ delr = (Tl Viote: - & —253,->T><t2>)
£1,62,€3 R R

where () = 9(2€), and Vyo (&1 — & — 263,1) = Vo (&1 — & — 263, —n). Consequently,

. 1/r
lorsl e mmoemonon < [LIE ] sup ( [ ats [ dtaliatta ~ )1V (es — 0 - 2§3,t2>v>)
£1,62,€3 R R

N . . _ 1/r
= ||l ll¥]l; sup </ dts|a” * [Vypo (&1 — & — 263, ')|T(t3)>
£1,82,83 R

. R . - 1/r
S T ( [ iVt - e —253,t3>|7">

§1,62,83
1/r

= 19l I8l N2l sup </Rdt3\Vw0(£1 —52—253,t3)|7">

£1,62,83
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The proof is complete by observing that the proof of Proposition 4.4 implies that
1/r
sup </ dtg‘VwO’(gl — fg — 253,t3)’r> < 0. ]
£1,62,€3 R

Using this result and Theorem 3.4 for m = 3 we can give the following initial result on the
boundedness of TH on product of modulation spaces.

Theorem 4.8. For p,po,p1 € (1,00) and 1 < q < oo, the trilinear Hilbert transform TH is
bounded from MPL1 x MP2 x MP7 into MPo>° and we have the following estimate:

ITH(f, g, b)|[avo-ce < Cl|fl|agerr gl aresa 1Al o o
for all f,g,h € S(R), where the constant C' > 0 is independent of f,g,h.

Remark 4.9. Before proving this result we point out that the strongest results are obtained by
choosing pg as close to 1 as possible and p1 as close to oo as possible.
As special case, we see that TH boundedly maps

M"™ x L2 x L2 — MITe>®
for every r < oo and € > 0.

Proof. We set r = min{po, p,p,p'} > 1. The symbol of TH is in the symbol modulation space
with decay parameters rg = 00,71 = 1,79 = r3 =71 > 1 as used in Theorem 3.4. Note that here,
K is the identity permutation, so z = 0. The boundedness conditions in Theorem 3.4 now read

E=0: 044 <1,

o
k=1: 0+—+=—+1<2
b2 p1

1 1 1 1
k=2: 0+i+t+1+f+*§3;
pP3s D1 1 ]192 r

1 1 1 1
k=3: O+§+1+i+7+f+723+7;
1

P2 r  p3 r Po
where
(4.6) pr<pi<ri=o0, p2<pa<r, p3<p3<r.
The four conditions above reduce to
1 1
oo !
B=3: GtRpte22ort
For simplicity, we now set ps = pa = ph = ps € [r,r’] and obtain
1 1
p1 b3
k=2 Lt<i1-1L
B, 2,1

that is

k=1: p1>ps;
k=2: ]312’!"/;
9. 1 2 1.
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Note that the condition for k = 1 follows from the k = 2 condition since p§ < r’.
For the existence of p; > pi1, satisfying the £ = 2 and k£ = 3 conditions, we require 2 — % >

2 — % + pio, which is < pg, a condition that is met. Some p; > p; will satisfy all conditions if
L>1-24 p%' Indeed,

p1 — T
2 1 11 1 1 1
l--—4+—=1--+4+—--<1-=-<—.
T Do r pbo T LA 1
We now consider the conditions of Theorem 3.4 on the frequency side. We choose p to be
the identity permutation on {1,2,3,4}, s; = s3 = s3 = 00,54 = 1. We now have to consider
existence of 1 > 8] =1, @2 > s, =1, and g3 > s5 = 1 with

1 1 1
k=1: —4+—+=—2>2;
(]11 q2 qs3
q12 qs
k=3 —>0;
T o
k=4 —4+=4+=2>2+—.
q1 q2 q3 q4
These conditions reduce to
1 1 1 1 1 1
q2 q3 q1 q2 q3 q4

To assume optimally large ¢1, g2, g3, we choose g2 = q2 = ¢, ¢5 = G4 = ¢’ and qil =1+ q%;’ the
latter only being satisfied if ¢ = 1 and g4 = 0.

In [50, Theorem 13] it is proved that the trilinear Hilbert transform is bounded from LPx L9 x A
into L™ whenever 1 < p,q < 00, 2/3 < r < o0 and %4— % = %, where A is the Fourier algebra. In
particular, for p = ¢ = 2, then r» = 1 and the operator maps boundedly L? x L? x A into L'.

From [60, Proposition 1.7] we know that when p € (1,2) and p < ¢’ < p/, then FLY ¢ MPY
We can then conclude that TH continuously maps MP1! x MP4 x FLY into MPo-,
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