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Abstract

Sampling and reconstruction of functions is a central tool in science. A key sampling result is given
by the classical sampling theorem for bandlimited functions which is often attributed to Whittaker,
Shannon, Nyquist, and Kotelnikov. We develop an analogous sampling theory for operators whose
Kohn-Nirenberg symbols are bandlimited. We prove sampling theorems for in this sense bandlimited
operators and show that our results imply as special cases the classical sampling theorem and the
fact that a time-invariant operator is fully determined by its impulse response.!

1 Introduction

The classical sampling theorem for bandlimited functions states that a function whose Fourier transform
is supported on an interval of length €2 is completely characterized by samples taken at rate at least
1/€ per unit interval. That is, with F denoting the Fourier transform? we have the following

Theorem 1.1 For f € L*(R) with supp Ff C [—%, %), choose T with TQY < 1. Then
L (D) ey = T 1l 2 gr)-

Moreover, f can be reconstructed by means of the L?—converging series

fla) = Z F(nT) sin(nT'(x — n))

e 7T (x —n)

Theorem 1.2 below describes sampling of operators in its simplest setting. We choose a Hilbert—
Schmidt operator H on L?(R) with kernel kz and Kohn-Nirenberg symbol o, that is oy (z, D) = H
in pseudodifferential operator notation [Hor79, Tay81]. Recall that a Hilbert—Schmidt operator H on
L?(R) is a bounded operators with Hilbert-Schmidt norm || H||gs = ||kz |2 < co. Let F* denote the
so-called symplectic Fourier transform on L?(R?4).

Theorem 1.2 For H : L*(R) — L%(R) Hilbert-Schmidt with supp FéoC[0, T)x[-$, $) and TQ<1,
we have
1H Y dxrllo@ = Tl H | ms,
kEZ
and H can be reconstructed by means of
sin(nT'(x —n))
t,x) = HY» opr)(t+nT) ————=
kp(z+t, ) 7;2( ];Z wr) (t+ nT) T —n)

with convergence in Hilbert-Schmidt norm.
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2See Section 2 for basic notation used throughout this paper.
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As shown in Section 4, Theorem 1.1 and Theorem 1.2 are special cases of Theorem 4.4, one of the
key results presented in this paper.

The appearance of the sampling rate T in the description of the bandlimitation of the operator’s
Kohn—Nirenberg symbol reflects a fundamental difference between sampling of operators and sampling
of functions. This fact is illuminated in terms of operator identification in [KP06, Theorem 3.6] and
[PWO06a, Theorem 1.1], results which are extended in Theorems 5.6 and 5.7 below. In fact, in the classical
sampling theory, the bandlimitation of a function to a large interval can be compensated by choosing a
high enough sampling rate. In the here developed sampling theory for operators, only bandlimitations
to sets of area less than or equal to one permit sampling and reconstruction. The bandlimitation to,
for example, a rectangle of area 2 cannot be compensated by increasing the sampling rate, and, in
fact, operators characterized by such a bandlimitation cannot be determined in a stable manner by the
application of the operator to a single function or distribution, whether it is supported on a discrete set
as in our sampling of operators results, or not.

Again, for illustrative reasons, we shall state our key results Theorems 5.6 and 5.7 here only in
terms of Hilbert-Schmidt operators, see Theorem 1.3, statements 1 and 2 below. In this simple form,
the result can also be derived from operator identification results in [Pfa08a, PWO06b].

It is customary to define Paley—Wiener spaces

PW (M) ={f € L*(R) : supp Ff C M}

to describe spaces of functions bandlimited to M C R¢. Analogously, we define operator Paley-Wiener
spaces by

OPW (M) = {H € HS(L*(R?)) : supp Féo C M}

to describe operators bandlimited to M C R24. In short, for M C R?¢, the spaces PW (M) C L%(R*)
and OPW (M) C HS(L*(R%)) are linked via the Kohn-Nirenberg correspondence [Fol89, KN65].

Theorem 1.3 Let (M) denote the Lebesque measure of the set M C R2.

1. For M compact with p(M) < 1 exists T > 0, a periodic sequence {ct}, and A, B > 0 with

AlH|ls < |HY  erbrrllrz@) < BlHllws, H e OPW(M).
keZ

2. Let M be open with u(M) > 1, then, for all g € S'(R) and € > 0, exists H € OPW (M) with
1Hgll 2y < €l H| ms-

The sampling theory developed here has roots in the work of Kozek, Pfander [KP06] and Pfander,
Walnut [PWO06a] which addressed the identifiability of slowly time-varying operators, that is, of so—
called underspread operators. Measurability or identifiability of a given operator class describes the
property that all operators of that class can be distinguished by their action on a well chosen single
function or distribution. The importance of operator identification and, therefore, operator sampling in
engineering and science is illustrated by the following two examples.

In case of information transmission, complete knowledge of the communications channel operator
at hand allows the transmitter to optimize its transmission strategy in order to transmit information
close to channel capacity (see, for example, [Gol05] and references therein). Ideally, knowledge of the
channel operator would also allow the inversion of the channel operator at the receiver, so that the
channel input signal and the embedded information can be completely recovered.
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In radar, simply speaking, a signal is send out and the goal is to determine the nature of reflecting
objects from the received echo, that is, from the response to the radar channels input signal [Sko80,
KP06].

A classical operator identification result states that time—invariant operators are fully character-
ized by their response to a Dirac impulse. Kailath [Kai62] and later Bello [Bel69] investigated the
identifiability of slowly time varying channels (operators) which are defined by the support size of the
operators’ spreading functions which are given by the symplectic Fourier transforms of the operators’
Kohn—Nirenberg symbols. In both papers, conjectures were made that were then proven for some fami-
lies of trace class operators in [KPO06], respectively [PWO06a]. In this paper, we build on these results to
develop a widely applicable operator sampling theory. The generality of the operator sampling theorems
Theorems 5.6 and 5.7 allows us not only to deduce the main results in [KP06, PWO06a], but also the
classical sampling theorem for functions, as well as the fact that time—invariant operators are identifiable
by their impulse response (see Figure 1).

The paper is structured as follows. Section 2 provides background on time—frequency analysis
of functions and distributions, in particular on modulation spaces (Section 2.1), as well as on time—
frequency analysis of pseudodifferential operators (Section 2.2). In Section 3 we establish novel bounds
on the operator norms for classes of pseudodifferential operators. The results obtained in this section
provide the upper bound B in Theorem 1.3 and respective upper bounds in Theorems 5.6 and 5.7. In
Sections 4 and 5 we state and prove our main results. Section 6 contains references to recent progress
and open questions in the sampling theory for operators .

2 Background

The Hilbert space of complex valued, Lebesgue measurable functions on Euclidean space R? is denoted
by L?*(R?) [Fol99]. The Fourier transformation F and the symplectic Fourier transformation Fs, are
the unitary operators F : L?(R%) — L2(RY), f s f = Ff, densely defined by

)= f@e*de, feL'R)NL*RY),
R4
respectively 7 : L?(R??) — L?(R??) with
FSF(t,v)= / / F(x, &) e 2l @Ol gy de— / / F(x, &) e ?ma=8Y) qud¢, FeL'(R*)NL?(R??),
R2d R2d

where [-, -] denotes the symplectic form on R??. Throughout this paper, integration is with respect to
the Lebesgue measure which we denote by pu.

The Fourier transform defines isomorphisms on the Frechet space of Schwartz functions S(R?)
and on its dual S’(R?) of tempered distributions (equipped with the weak-* topology). Note that
S’(R%) contains constant functions, Dirac’s delta impulse § : f — f(0), and weighted Shah distributions
> nezd ek, T € (RT), if {¢,} has at most polynomial growth.

Similarly to the Fourier transformation, the time shift operator Ty, t € R?, given by T; f(2) = f(z—t)
and the modulation operator M, w € R M, f(z) = 2™ f(x), act as unitary operators on L?(R)
and isomorphically on S(R?) and S’(R?). Note that M, is also called frequency shift operator since
]\m = T,f. Further, we refer to 7(\) = 7(t,v) = M, T}, A = (t,v) € R¥, as time—frequency shift
operator. Note that F o7 (t,v) = ™ r(v, —t) o F, that is, Fr(t,v)f = e™rx (v, —t)f for f € S'(R?).

The goal of operator identification is to select, for given spaces X and Y of functions or distributions
on R? and a given space of linear operators # mapping X to Y, an element ¢ € X which induces a
continuous, open, and injective map ®, : H — Y(RY), H +— Hg (see Figure 2).



4 G.E. PFANDER
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Figure 1: In the one dimensional case, the herein developed sampling theory for operators applies to any
pseudodifferential operators whose Kohn—Nirenberg symbol is bandlimited to a compact set of Lebesgue
measure less than one (for example, the blue region above). The results extend the classical sampling
theorem described in Theorem 1.1 which is equivalent to the identifiability of operators whose Kohn-
Nirenberg symbol is bandlimited to a segment of the frequency shift axis (red). Also, the fact that
time—invariant operators with compactly supported impulse response can be identified from their action
on the Dirac impulse is a special case of our results since the Kohn—Nirenberg symbols of time—invariant
operators are bandlimited to the time shift axis (green).
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Figure 2: Illustration of the operator identification and sampling problem. We seek an element g € X
in the domain of the operator class Z which induces a map from Z into the range space Y which is

continuous, open, and injective. If we can choose g = ; ¢j0z;, then Z permits operator sampling.

Definition 2.1 Let X be a set, Y a topological vector space, and Z a topological vector space of operators
mapping X to Y. The space Z is identifiable by g € X if ®,: Z — Y, H — Hg is continuous, open
and injective. In the case that Y and H are normed spaces, this reads: there exist A, B > 0 with

AlH|z < |Hgly < B||H|z, HeZ. (1)

If we can choose g € X = X (R?) of the form g = > Cib;, Tj € R and ¢; € C for j € 79, as identifier,
then we say that Z mapping X to Y permits operator sampling and we call {x;} a set of sampling for
Z with respective sampling weights {c;}. Such g is referred to as a sampling function for the operator
class Z.

In the following, we shall abbreviate norm equivalences as the one given in (1) using the symbol =<.
For example, (1) is
|Hllz =< |Hglly, HeZ.

We shall describe in Section 2.1 the distribution spaces and in Section 2.2 the pseudodifferential
operator spaces considered in this paper. Section 3 discusses boundedness of the considered pseudodif-
ferential operators on modulation spaces.

2.1 Modulation spaces

To describe the full scope of operator sampling, we need to employ recent results in time—frequency
analysis, in particular, we have to enter the realm of so-called modulation spaces. As Theorems 1.2 and
1.3 indicate, the results presented here include the special case of Hilbert—Schmidt operators and the
Hilbert space of square integrable functions as range space, and we advise readers without significant
expertise in time—frequency analysis to focus on this case during a first reading.

Feichtinger introduced modulation spaces in [Fei81]. Modulation space theory was further developed
by Feichtinger and Grochenig as special case of their coorbit theory [FG89]: for p being a square
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integrable unitary and irreducible representation of a locally compact group G on a Hilbert space H
and Y being a Banach space of functions on G, we consider, for appropriate ¢ € H, the so—called voice
transform Vi, : H — Y given by V, f(x) = (f,p(x)p), * € G. Given an appropriate Banach space
Gelfand triple X C H C X', the coorbit space My consists of those f € X' with || f||ar, = ||V flly < o0
[FK98|.

The special case of modulation spaces is based on the Schrédinger representation of the reduced
Weyl-Heisenberg group. The corresponding voice transform simplifies to the short—time Fourier trans-
form, that is, for any Schwartz class function ¢ # 0 we consider

Vof(A) = (f,(Ne) = F(f Tip)(v), A= (t,v) € R*,

which is well defined for any f € S’(R?) [Gr601]. (Throughout this paper, dual pairings (-,-) are linear
in the first component and antilinear in the second.) Any choice of ¢ € S(R?) \ {0} can be used to
define modulations spaces (with equivalent norms), but as is customary, we shall choose a normalized
Gaussian, namely ¢(r) = g(z) = 9% e~mlel3, 1 € RY,

The role of the Banach space Y in coorbit space theory is attained here by weighted mixed LP spaces
which we shall describe now. For a measurable function f on R% and p = (p1,...,pa), 1 < p1,...,pa <
o0, we define mixed LP(R?) spaces by finiteness of

£l = (/ (- (/ (/yf(xl,...,xd)ypldxl)m/mdxz)p3/p2...d:cd_l)“/pd1dxd)1/”, 2)

with the usual adjustments if some py = oo [BP61]. The mixed ¢?(Z%) spaces are defined accordingly.
Note that (2) is sensitivite to the order of exponentiation and integration. For example, for f(x,y) =
Lif [z —y| <1and f(z,y) = 0 else, we have sup,, [ |f(z,y)|dy =2 but [sup, |f(z,y)|dy = oo, that is,
f € LY*°(R?) but g ¢ L1 (R?) where g(z,y) = f(y, ).
A locally integrable function v : R — Ra' with

v(z+y) <v(@)v(y), z,yeRY,

is called submultiplicative weight. For example, ws(x) = (1 +||z||)*, s > 0, is a submultiplicative weight
on R?. If v is a submultiplicative weight and the locally integrable function w : R* — Rar satisfies

w(z+y) < Cwlx)v(y), =zyeRY,

for some C > 0, then w is called v-moderate weight function. The class of v-moderate weight functions
on R? is denoted by M, (R?). Note that for s < 0, for example, 1Qw,(z,&) = (1 + ||£]])* is not
submultiplicative, but 1Qw;s is 1®w_s -moderate. If w is a v-moderate weight function with respect to
some submultiplicative weight, then we simply say w is moderate. Note that for any moderate weight
function on R? exists v, C' > 0 with %6_7”33“00 < w(z) < Cell#ll [Gr607, Lemma 4.2]. A moderate
weight function w on R? is a subexponential weight function if there exists v,C > 0 and 0 < 8 < 1 with

B B
1ol < () < Celel,

Weight functions on discrete groups such as Z¢ are defined accordingly. See [Gro07] for a thorough
discussion on the role of weight functions in time—frequency analysis.

Given a v-moderate weight function w, then the Banach space L%, (R?) is defined through finiteness
of the norm || f|z» = |lwf|r». The space L} (R?) is shift invariant, shift operators are bounded on
LY, (R?) but not isometric if w is not constant. Replacing R? with Z¢, or with a full rank lattice
A = AZY, A € R™9 invertible, either equipped with the counting measure gives the definition of
15,(Z%), respectively I, (A). If w is a moderate weight on RY, then its restriction to A, which we denote
by w, is moderate as well.

We are now well prepared to define modulation spaces.



Sampling of Operators 7

Definition 2.2 Forp = (p1,...,pq) and ¢ = (q1,...,qq), 1 < p, qx < 00, and w moderate on R>?, we
define the modulation space ME*(R?) by

MEARY) = {f € SR : Vof € LLA(R) | (3)

[Fei81, Gro01]. The modulation space Miy*(R?) is a shift invariant Banach space with norm | f||yma =
|wVgfllzea. If w =1, then we write MP4(RY) = MEY(RY). If py=...=pg and q1 = ... = qq then we
abbreviate MV (RY) = M&plw-,pd):((hw-»q(i)(Rd)'

Below we shall use the fact that replacing g with any other ¢ € S(R?)\ {0} in (3) defines the identical
space with an equivalent norm [Gré01]. Note that if p; < p2, ¢1 < g2, and w; > cwsy for some ¢ > 0,
then MEP? embeds continuously in ME2%, and, consequently, if wy =< wy then ML (RY) = MET(RY)
with equivalent norms.

The space M1 (R?) is the Feichtinger algebra, often also denoted by Sp(R?), and M°>>°(R?) is its
dual S)(RY). In fact, in general we have My (RY) = Mf;f}/ (R%) for 1 < p,q < oo and % - I% =
% + % = 1. Note that Mfgws (R9) is also known as Bessel potential spaces, in particular L?(RY) =
M?22 (Rd)

To illustrate the chosen order of exponentiation and integration in the definition of the modulation
space ME?(RY) for d > 1 and p # g, we state exemplary that f € ]\/[12 :3),(4,5) (R) if and only if

/ / / /‘ V2 +1/2) ‘/gf(tl,tg,l/l,l/z)rdt1>2dtQ)g du1>i dvy < 00.

Clearly f®g € MPLP2 (@920 (R2d) if and only if f € MEVI(RY) and g € ME2%(R?). In this case,

w1 Qw2
1F @9l 01 0201020 = [ F [ agzran (19l agzzz-

w1 @wg
For compactly supported and bandlimited functions, modulation spaces reduce to weighted mixed
LP(R%) spaces. The following is a simple generalization of results in [Fei89, Oko09].

Lemma 2.3 Let p = (p1,...,p4) and ¢ = (q1,...,qq) with 1 < pr,qr < 00, let w = w1 @ we be a
moderate weight function on R??, and suppose M C R* compact. Then

L\ flage = N fllzg,. | €S RY), supp f € M;

2 e = W fllps, S € S'®RY), supp f € M.

Modulation spaces allow for descriptions based on growth conditions of so-called Gabor coefficients
[Gr601]. These descriptions rely on the following terminology.

Definition 2.4 Let X be a Banach space, 1 < p1,...,pq < 00, and let w be moderate on the full rank
lattice A.

1. {ga}ren € X' is called Iy, —frame for X, if the analysis operator Cygy : X — I (A), f
{{f,92) Yren » is well defined and

Ifllx = £ om0 e, feX. (4)

2. {gr}rea € X is called It,~Riesz basis in X, if the synthesis operator Dyg,y : liy(A) — X, {eataen =
YA €9, is well defined and

Headlm, = 1D exgallx,  {ex} € B (A). ()
A
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In the classical Hilbert space setting X = X’ = H and I},(Z>?) = 12(Z?), the above is the definition
of Hilbert space frames and Riesz basis sequences. In the Hilbert space theory, condition (4) implies that
C{g,} has a bounded left inverse, but in the general Banach space setting, (4) alone does not guarantee
the existence of such a left inverse. Therefore, the existence of a bounded left inverse Cr is frequently
included in the definition of frames for Banach spaces [Chr03, Gré91, FZ98|.

Note that for any 1 < p < oo, w moderate, I1,—Riesz bases form unconditional bases for their closed
linear span. This follows directly from (5) and Definition 12.3.1 and Lemma 12.3.6 in [Gro01].

For g € S(R?) and A being a full rank lattice in R??, we set (g,A) = {m(\)g}rea. For w moderate
on R, set wy = w(\). Theorem 2.5 is an important tools in modulation space theory, see, for example,
Theorem 20 in [Gré04] or Theorem 6.11 in [Gro07].

Theorem 2.5 Let 1 < p,q < 0o and let w be moderate on R*?. Let A be a full rank lattice in R?*® and
g € S(RY).

1. If (g, A) is a frame for L*(R?), then (g,\) is an 24— frame for ME*(R?).

2. If (g,A) is a Riesz basis in L*(R?), then (g, A) is an I29-Riesz basis in MEI(RY).

Proof. 1. Let g € S(RY) with (g, A) is a frame for L?(R%). Let g generate the canonical dual frame of
(3, A) of (g, A) [Grd01]. We have g € S(R?) [Jan95] and conclude that both, C(y ) : MET(RT) — (29(A)
and Dga : 29(A) — ME?(R?) are bounded operators. As DG 2)oC, a) is the identity on L*(R?),
we can use a density argument to obtain DG 2)0C(, A is the identity on MET(RY). We conclude that
Clg,n) 1s bounded below.

The proof of 2. follows similarly. O

2.2 Time—frequency analysis of pseudodifferential operators

The framework of Hilbert—Schmidt operators suffices to state the key results in our sampling theory
for operators in simple form. But important operators such as convolution operators, multiplication
operators, and even the identity are not compact and thereby fall outside the realm of Hilbert—Schmidt
operators. Rather than focusing on operators with kernels in L?(R??), we shall consider kernels and
symbols in modulation spaces.

To formulate a widely applicable sampling theory for operators, we use the general correspondence
of operators to distributional kernels given by the Schwartz kernel theorem (see, for example, [Hor07]).

Theorem 2.6 For any linear and continuous operator H : S(RY) — S'(RY) exists a unique kp €
S'(R*!) with (Hf,g) = (ku, f ©g), f.g € S(RY).

Alternatively to rp, we can consider the so—called time-varying impulse response hy € S'(R??) of
H : S(RY) — S'(R?) which is formally given by

hi (@) = kg, — 1), Hf(z) = /hH(x, Df(x— 1) dt.

The Kohn-Nirenberg symbol oz of an operator H : S(R?) — S'(R?) is densely defined by oy =
Ft_>§hH, that is,

~

op(r,§) = /%H(m,x —t)e gt Hf(zx) = /UH(gc,g) (€) e2miat gg
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[Fol89, KN65]. Note that the n-th order linear differential operator D : f — Zi:[:o an(z) f™(z) has
Kohn—Nirenberg symbol op(z, &) = Ef:o an(x)(27i&)™ which is polynomial in . Pseudodifferential op-
erator classes, for example, those considered by Héormander, have symbols oy which are not necessarily
polynomial in & but which satisfy corresponding polynomial growth conditions [Hér07].

In time—frequency analysis and in communications engineering, the spreading function nz is com-
monly used to describe H:

ni = Foow, Hf(x) - / / it (6, v) M, Thf () dt o (6)

Equation (6) can be validated weakly by first integrating with respect to z in

<Hf7 QD> = ///nH(t,y)W(t,u)f(:r)gp(:p)dtdu dr = <77Havf90>7 f’gp € S(Rd)v

where Vip(t,v) = (p,m(t,v)f) is the short time Fourier transform defined above. Equation (6) il-
lustrates that support restrictions on 7y reflect limitations on the maximal time and frequency shifts
which the operator input signals undergo: H f is a continuous superposition of time—frequency shifted
versions of f with weight function ny [GP08, KP06, PW06a]. Moreover, as h(z,t) = [ n(t,v)e*™** dv,

the condition suppng(t,-) C [—%, %], t € R, excludes high frequencies and therefore rapid change of

the time—varying impulse response h(z,t) considered as a function of x. In the time—invariant case,
k(z,x —t) = h(x,t) = h(t) is, in fact, independent of x. These observations illuminate the role of sup-
port constraints on spreading functions in the analysis of slowly time—varying communications channels
[Bel64, Zad52]. Additional aspects on the use of pseudodifferential operator calculus in communications

can be found in [Str06].

3 Operator norm bounds for pseudodifferential operators on modu-
lation spaces

In this section we derive the functional analytic results necessary to obtain the right hand inequality
in (1) in the proof of the identifiability of cetain operator Paley-Wiener spaces, see Theorem 4.3 in
Section 4.

Theorem 3.1 below generalizes Theorem 4.2 in [Tof07] as well as results in [CG03, Cza03, GH99,
GHO04, Tac94, Tof04] where, generally, the case p3 = g3 and py = ¢4 in the notation below is considered.
Recall that p’ denotes the conjugate exponent of 1 < p < oo, that is 1% + ]% =1

Theorem 3.1 Assume 1 < p1,p2,p3, P4, q1, 42,93, qa < 00 with ,

p1 <q3,q1, pP1,p2<p3s and qi,q2 < gs, (7)
as well as
1 1 1 1 1 1 1 1
I+ —<—+—+— and 1+ —<—+—+—. (8)
b2 b1 D3 P4 q2 q1 q3 q4

Let the moderate weight functions w, wy,wsy satisfy

wo(x, v+ &)

w(z, & v t) > ¢ ot 7 6)

with ¢ > 0. Then, for some C' > 0,

”LafHMS%’q? <C ||U‘|M1(Up3»qg)v(Q4vp4) HfHMfL’,ll"“, fe Mill"“ (Rd)7 (S Mt(ups,Q3),(q4,p4)(R2d)’ (9)
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consequently, Ly : MEVT (RT) — ME2%(R?) is bounded for o € Mé,p?”qg’)’(q‘l’p‘l)(RZd) and Ly denoting
the operator corresponding to the Kohn-Nirenberg symbol o.

Theorem 3.1 is a consequence of the following lemma.
Lemma 3.2 Assume 1 < p1,p2,p3,P4,q1,42,q3, 4 < 00 with p3 < p1,p2,P4, ¢3 < q1, G2, 44,
1 1 1 1 1 1 1 1
+

—+—=—4+— and —+—=—+—. (10)
b1 Dp2 b3 P4 q1 q2 g3 q4

Let the moderate weight functions w, w1, we satisfy
w('x?t?V?g) §w1<t—$,f)w2(l‘,v+§). (11)

Then for &(xz,€) = g(z)g(x —t), we have
(/(/(/(/ﬂwﬁ®w(igﬂ@auowmxwfwnmoﬁdQ“dQ%dQ“
< Nflhazpn lgllamzee,  f € ME(RY), g € MEZ®(RY), (12)

where Fogo (12) (0) = F(z — )g().
Proof. For g, f € S(RY), we compute

VoFego (10) (rtn8) = [[ ala!) Tl —t)e e 0o/ (a/—a—(¢'—0) '

— / ) —2miz’ 1/ .T — /f —27rz (z —s)fg(s ( 7t)) ds dz’

= [ ga)e g ) did [ fs)emmissg(s—(a—t) ds

= Vigla,v) TG (13)

Assume 1 < py, p2, p3, P4, q1, 92, q3, ¢4 < 00. For w =1 and w; = wy = 1 we have

a4 1

(/(/(/</’V"5f®go(%_ol)($tV€!pddaz)”dt)gdg)% )H
- (/(/</</’Vf(x t,€) Vag(a, V+§)V”‘"’dx>'€3 dt)’Zi df)ggdy)l (14)

P4 43 1
< ([ ([ Warcemiunlivegteor + 1) 7 de)  av) (15)

a3 44 93 94 1

(J (f Vsl IVest- u+f>psuw)p3 €)™ av)

43 43 N
S WA e A (16)
r2 493 52 93
— / /|V f‘P3r1 dl‘ T1 P3 dﬁ T2¢I3 / /|Vg’P381 dl‘ s1 P3 d§> 52¢I3
= || fllarrsriasre HgllMpswssz-
To apply Young’s inequality to obtain (15), we assume py > ps and choose r1,s1 > 1 with
1 1
—p—=14 (17)
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Similarly, to obtain (16), we use g4 > g3 and choose 72, s9 > 1 with

R (18)
T2 82 44
To conclude our proof of the unweighted case, we set p1 = psri, q1 = q3ra, p2 = p3s1, and g2 = ¢3S2.
As all factors must be greater than or equal to one, we require p1,p2 > p3 and q1,q2 > g3. Moreover,
(17) and (18) need to be satisfied, this holds if and only if (10) holds. The case that for some k, py = 00
or qr = oo follows from making the usual adjustments.
The weighted case follows by simply replacing VG with w VG in equations (14) till (15), and then
replacing Vy f and Vyg by wi Vg f and woVgg. This is justified by (11). O
Proof of Theorem 3.1. Let f,g € S(RY) and H with oy € M#3:93):(44:24)(R24) Then

fg)| = | [ [ he0st—1)d g o] = |, Foge (1 3)

= [{om, Finef@go (1 7))

< HO-H”Ml(Um’q?’)’(M’M) Hft_>£?®go (% _01) H (ph.a5),(ay.ply) (19)

1/w

M

where we applied Holder’s inequality for weighted mixed LP-spaces to obtain (19) [Gré01]. To obtain
(9), it suffices to show Fy¢f®go (1)) € Ml%u’qé)’(qﬁ’pi‘) for f € MEY™ and g € Mf%uf Note that
replacing g by any other test function in (3) leads to a norm equivalent to || - ||z, and we choose to
show that for ¥ = F,_,:6, &(z, ) = g(x)g(x — t), we have that

[ VaFesef@g0 (170 ) | putatuaty - (20)

is bounded by the left hand side in (12) for f € MEY" and g € Mf%f Note that as

‘%V\p]:t_%?(@go (} _()1) ’('Iag?V?t) = ’iv®7®go (% _()1) |($at’ v, g)? ,I,f,t,l/ € Rda

the boundedness follows from an adjustment of the order of exponentiation and integration in (12).

Minkowski’s integral inequality, namely,
D
r S/(/Iw(:v,y)F(fC,y)lqdy)qd:v
p

implies that ||w(x,y)f(z,y)||rre < |w(y,z)f(y,z)||Lew if p < q. Hence, if ¢j < p and ¢4 < p), then we
can move the t-integral in between the z-integral and the {-integral and obtain that (20) is bounded by
the left hand side of (12).

We now prepare to apply Lemma 3.2. Observe that if we assume

| [1wt.) e aal

Php1Dy > D3y @@, ds > G5, Py > 43, q) (21)
and
1 1 1 1 1 1 1 1
=t and =t
D1 Do D3 Dy q1 g5 ds q4

that iS, p4)p,1’p2 S D3 and Q47QiaQ2 S qs and yZh S 43,44, and

1 1 1 1 1 1 1 1
-+1-—=1-—+1-— and —4+1——=1—-——+4+1-——,
p1 D2 b3 yZ q1 q2 q3 q4
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the latter being

Hence, we obtain (9) if (21) is satisfied. Note that for p < p and ¢ < ¢ we have MET embeds continuously
in M%7 [Gro01, Theorem 12.2.2]). Hence, (9) remains true if we decrease p1, ps, p4 and qi, g3, q4, and/or
increase py and ¢o. As (7) and (8) also imply (21), we conclude that (7) and (8) imply (9). O

Remark 3.3 Note that for Hilbert—Schmidt operators, we have

1H| s = k2 = ka2 = lomlz = [nmll L2, (22)

a fact which is helpful to obtain norm inequalities of the form (1). But when considering modulation
space norms for operator symbols, the chain of equalities (22) fails to hold. For example, we have

[(he,w(z,t, v, o) = [{om, m(x, &, v, t)g)| = [(nm, 7(t, v, &, 2)g)],

but due to the implicitly given order of exponentiation and integration,

”hHHM(m,pz),(quz) * ||O-HHM(P1v‘12)v(ql»P2) * HT)H||M(p2,q1>,<q2,m>7 H: S(Rd) — Sl(Rd)-

Consequently, when defining a modulation space type norm on sets of pseudodifferential operators, the
norm can be based on applying modulation space norms to either hy, og, or ng, each choice leading
to different operator spaces and norms. Lemma 3.2 gives a hint that it may be advantageous to define
operator modulation spaces OMP1P24122(L2(R?), L2(R?)) on L2(R?) through finiteness of the norm

a2 1

| H [|opmrp2iaraz = (/(/(/(/‘V;JH(Q:,t,f,V)w(a:,t,f,l/)}pl dl‘)ifdt)z;df)qldV)@,

where the symplectic short-time Fourier transform V* with respect to the window function g € S(R?9)
is given by
ViF(2,t,6,v) = F*(F - Tyep)(t,v), F eS8 (R™).

This choice of order of exponentiation and integration arranges the time variables ahead of the frequency
variables, while listing first the absolute time variable x and then the time-shift variable t, and first list
the absolute frequency variable & and then the frequency-shift variable v. More importantly, with this
choice, we have

||Hf||MP2vq2 < CHHHOMPSva%#M HfHMPl’qla He OMP17P2,II1,Q2(MP1,Q1 (Rd),Mpz"h(Rd))

for all 1 < p1,p2, ps3, P4, 41, 42, q3, g4 < 0o satisfying the last two inequalities of (8) and inequality ().

For simplicity of terminology, we avoid the use of operator modulation spaces and symplectic short-
time Fourier transforms in the following. Lemma 2.3 implies that this does not lead to a loss of generality
in case of the here considered operator Paley—Wiener spaces.

4 Sampling and reconstruction in operator Paley—Wiener spaces

We introduce operator Paley—Wiener spaces.
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Definition 4.1 For 1 < p,q < oo and a moderate weight w on R?*¢, operator Paley-Wiener spaces are
given by

OPWPA(M) = {H : S(RY) — S'(RY) : supp Féo € M and op € LPI(R??)}.

OPWEU(M) is a Banach space with norm ||H|opwra = |log||ppa. If w =1 and p = q = 2 then we
simply write OPW (M) = {H € HS(L*(R?)): supp Fsomg C M}

Note that, as illustrated in Corollary 4.7 and Example 4.8 below, it is appropriate to choose
OPWEL™ (M), respectively OPWy (M), when considering multiplication respectively convolution op-
erators. Moreover, observe that OPW,,°" (M) consists of all operators in the weighted Sjostrand class
with Kohn—Nirenberg symbol bandlimited to M [Gro06, Sj694, Sj695, Str06].

Remark 4.2 In [H6r07], Hormander considers pseudodifferential operators with Kohn—Nirenberg sym-
bol in

b = {0 € O®(R?) : 0¢8]0 (2,6)| < Cap(1 + [|E]lo)m 1 tealtOrtha) a5 € Nj}

where m € R, 0 < p < 1, and 0 < § < 1. Clearly, if suppF°c C M and o € S/T(;, then L, €
OPW g (M) if s < —m and L, € OPW g (M) if (m + s)q < —1.

Theorem 4.3 Let 1 < p,q < 0o and w moderate on R%. For M compact exists C > 0 with
1H fllame < Cloullpze | fllass, H € OPWHIM), fe MR
Consequently, any H € OPWP(M) extends to a bounded operator mapping M>>(R?) to ME?(RY).

Proof. Set w(z,&,v,t) = w(x, & + v) and choose ¢ € S(RY) with supp @ C [—1,1]%. Then we use
Lemma 2.3 and supp Vpgeon C R24 x M + -1, 1]2d, hence, w < w®1 on supp Vyg,0H, to obtain

loallze = ol yeo.an < [w Vegeonl Le.ao.an < lwVeseoullLea.an < ol eo.a -
w®1 w

An application of Theorem 3.1 with p; = ¢1 = oo, that is p}) = ¢} =1, p2 = p3 =p, g2 = g3 = ¢, and

P4, q4 = 1 concludes the proof. O
In the following, we set Qr = [0,71)x...x[0,Ty) for T = (Ty,...,Ty) € (R*)? and Rq =

(L By x [~ L) for O = (Q,...,Q) € (RT)?

Theorem 4.4 Let 1 < p,q < 0o and let w = wi@wy be moderate on R4, Let T,Q € (RT)? satisfy

TnQm <1, m=1,...,d. Let A =T\Z x ... x TyZ and choose s € MV (RY) with supps C Ry/r and

s=1 on Rg. Then

IH Y " oxllame = | Hllopwrs, H € OPWEYQrxRq), (23)
AeA

and any H € OPWE(Qrx Rq) can be reconstructed by means of

kr(z+t) =xqr (1) Y (H D 6x)(t+X) s(z— ). (24)

AEA MNeA

with convergence in OPWEI(R??) for 1 < p,q < oo and weak-+ convergence else.
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Proof. We shall show (24). The norm equivalence (23) can be shown by adopting the steps of the
proof of Theorem 5.6.
For A=T\Z x ... x TyZ, we consider the Zak transform given by

27ri/\1/
Ipf(t,v) = Zf , (t,I/)GQTXR%.
AEA
Note (H Z o) (z) = (ku(z,-), Z dy) = Z kp(r,N) = Z hyg(z,x — X'). We consider first
NeA NeA NeA ANeA

hg € MY (R??) and use the Tonelli-Fubini Theorem and the Poisson Summation Formula [Gr501],
page 250, to obtain for (t,v) € Qp 1
T

ZaoH Y Sy(t,y) = 3N hglt— At —x— X)X

e AEA NeEA
- Z Z /77H (t—A— N, v ) 2mi(t=Mv" 1,/ 2TV
AEA N eEA
= 2.2 /nH (t = A= X,V 4 v)2ml=Nv)+av) g,
AEA N eEA
= Z Z / ng(t—Nv+1")e 2mit’” —2miNv g
NeANAEA
= €27rity Z Z 77H(t - /\",V—l—)\)e%“’\
ATeN AeAt
= Z Z ng(t — Ny — )\)eZTrit(uf)\)j
N eA  eAL

where AL = {\ € R?: e?™ =1 for all X € A} = T%Z X ..o X TidZ is the dual lattice of A.
This leads directly to (24) since

/ XQr(t Z Z Sy)(t+A) s(z — N) e 2 dy

AEA NeA
= Y (Y 6+ / (2= A) 727 g
AEA NeA
= xer®) (H ) on)E+2) e Ew)
A€A ANeA
- i) (21T 60) 0
AeA

= nH(t, I/)e2ﬂ'iut — /hH(ClT,t) e—?wiu(m—t) dr = /hH(fL'+t,t) e—?wiuz dz.

We can apply Lemma 2.3 to show that |[H|opyrae = HhHHM(p Dy, Wz, t, v, &) = w(x,§), and
validity of (24) for hy € Ml(ﬂp’l)’( 2 (R24) follows then from the density of M1 1 (R24) in M(p’ )10 (R24),

In case of p = 00 or ¢ = o it follows from weak-* density. O

Remark 4.5 If p,q = 2, then we can alternatively choose s = xg, € M*?(R?) = L2(R?). This allows
us to replace the inequality 715, < 1 by 1,2, < 1 in the hypothesis of Theorem 4.4.
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Note that Theorem 4.4 and its proof generalize trivially to the following setting.

Theorem 4.6 Let 1 < p,q < 0o and w = wi®wsy be moderate on R24, Let A, B C R< be bounded, and
let A be a lattice such that A is contained in a fundamental domain of A and for some € > 0, B+[—¢, ¢)?
is contained in a bounded fundamental domain of A+ = {\ € R?: 2™ — 1 for all N € A}. Choose
s € MYY(RY) with supp8 C B + [—¢,6)? and =1 on B. Then

12> Sallage = [ Hllopwye, H € OPWEI(AXB),
AEA

and any H € OPWEHY(Ax B) can be reconstructed by means of

kr(z+tt)=xat) > (H Y o)t +A) s(z—N).
AEA NeA

with convergence in OPWELY(AxB) for 1 < p,q < oo and weak-* convergence else.

Considering OPWP’OO([O,T)(@[—%, %)), we obtain the classical sampling theorem as corollary to
Theorem 4.4.

Corollary 4.7 For m € LP(R), 1 < p < oo, with suppm C [—%,%) and T with TQ < 1 choose
=1on|[-

1
s € MYY(R) with supps C [— %,%) and s 55,55 ). Then

lml|ze = [[{m(KT)} |l (25)

and

=Y m(kT) s(x — kT).
kEZ

Proof. For m € LP(R) with suppm C [—%, %), we define the multiplication operator M formally by
M:f—m-f, feSR). We have

Mf(z) = m@)f(z) = / m()0o(t) f (& — £)dt = / 5o () ()2 f (5 — 1) db dv .

Hence, 6g@m = nyr = Foopr, and, picking any T with T2 < 1, we conclude M € O PWP*° ([O T)x [ 5 522))
Theorem 4.4 implies that H and therefore m is fully recoverable from M ), ., ok = > 1cp m(ET)dkr,

in fact, the reconstruction formula (24) reduces then to the classical reconstruction formula for functions:

m(x)o(t) = mlz+8)do(t) = kar(x +t,2) = Xy () S (MY bkr) (t +nT) s(z — nT)
nez kEZ

= Xjo,m)(t ZZm (kT)opr(t +nT)s(x —nT)

neZ kEL
= OT) ZkaT50 t — (kT —nT))s(x —nT)
nel kel
0, if t ¢1[0,T) or t ¢ ZT;
- Y onez 2wez, MET)do((n — k)T)s(x —nT),
= 2pez m(KT)s(z — kT), ift = 0.

= 0o(t) Y m(kT)s(x — kT).

keZ



16 G.E. PFANDER

The norm equivalence in (25) is obtained by verifying that

Imllze = [[Mllopweee < [|M Y Surllamee = | > m(nT)dnr|larree < [[{m(nT)}nllp,
nez neL

Q0
m € LP(R), suppm C [— 2 2]

In addition to the application of Theorem 4.4 to multiplication operators, we consider now
OPWP([0,T)®[—2 o 5)) for convolution operators.

Example 4.8 Time invariant operators are convolution operators, that is,

Hf(x) = h f(z) = /h(x _ $)f(s) ds.

Such operators represent the classical example of operator identification/sampling namely, as Hdg(z) =
h(z), Héy determines h and therefore H completely. In the framework of operator sampling, we
consider h € LP(R) with supph C [0,7]. We have ng(t,v) = Fop(t,v) = h(t)do(rv) and H €
OPW>?([0,T)x[— =, 7)) Moreover, with appropriate s we may obtain Hdy = h from (24), as

ht) = hp(e,t)=hg(e+68) = xony @)Y (HY 8ir) (t +nT) sz — nT)

nez keZ
= Xon®) DD ht— (kT —nT))s(z—nT)=>_ > xpom)l — (kT —nT)) s(x — nT)
neZ keZ n€eZ keZ
= > Héo(t)s(z —nT) = Héo(t) Y  s(x —nT) = Héo(t) > 5(%)e’™™ = Hoo(t)3(0) = Hoo(t).
ne”L neL YAy

The distributional spreading support of a time invariant operator is also indicated in Figure 1.

5 Necessary and sufficient conditions for operator sampling and iden-
tification

The aim of this section is to show that the applicability of sampling methods for operators depends
solemnly on the size of the spreading support set M, that is, on the Jordan content of M (see Defi-
nition 5.4 below). Our main result in this section, namely Theorem 5.6, though, only covers the case
d = 1, that is, operators H : S(R) — S'(R). Possible means for generalizing Theorem 5.6 to operators
H : S(RY) — S'(R?) are briefly discussed in Section 6.

Before recalling the definition of Jordan domains and some of their properties, and before stating
and proving Theorems 5.6 and 5.7, we will use a geometric approach to obtain a sufficient condition
for the identifiability of OPWLP (M) if M = A(QrxRq) + (to,v0) C R¥, T,Q € (RT), T,,Q, < 1,
m =1,...,d, and A is a so-called symplectic matrix. Theorem 5.2 below generalizes [KP06, Theorem
5.4].

Definition 5.1 The symplectic group Sp(d,R) consists of those matrices A € SL(2d,R) = {A €
R%dx2d . det A = 1} with A* ( 0 _Old) A= (1% _(‘)’d> , where Iz is the dxd identity matriz.

Note that A € Sp(d,R) if and only if [A(z,&)T, A(2',€)T) = [(x,€), (2, €')] where [, -] is the symplectic
form defined in Section 2.
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Theorem 5.2 Let A € Sp(d,R), (to,1p) € R, 1 < p < oo, and let w be a moderate weight on R*
with w(A(z,6)T) < w(x, ). Then

1. OPWEP(M) mapping M= (R?) to MEF(RY) is identifiable if and only if OPWEHT (AM +(to, )
mapping M°>>®(R%) to MEP(RY) is identifiable, and, consequently,

2. for T, € (RN with T, <1, m=1,...,d, we have OPWfL’,’p(A(QTXRQ) + (to, 1/0)) mapping
M>>>2(RY) to MEP(RY) is identifiable.

The proof of Theorem 5.2 is based on the representation theory of the Weyl-Heisenberg group. Here, we
only outline the proof, the interested reader can import details from [KP06, Section 5] or [Fol89, Gro01].

Proof. We will obtain the identifiability OPWELP(AM) with A € Sp(2d, R) from the identifiability of
OPWZEP (M) by using the canonical correspondence between elements in O PWHP(AM) and elements in
OPWZEP(M) which is given by a coordinate transformation in the spreading domain R?¢ D M, AM. In
fact, Theorem 5.3 in [KP06] recalls that for A € Sp(d, R), there exists a unitary operators O 4 on L?(R%)
with w(A(t,v)) = Oam(t,v)04*, t,v € RY. Such operators O4, A € Sp(d,R) are called metaplectic
operators, and they are intertwining operators for representations of the reduced Weyl-Heisenberg group
that are unitarily equivalent to the Schrodinger representation [Fol89, Gro01]. Metaplectic operators
are finite compositions of the Fourier transform, multiplication operators with multiplier e~ CT with
C selfadjoint, and normalized dilations f + |det D\% f(Dzx), D invertible. They extend, respectively
restrict, to isomorphisms on MEP(R?), 1 < p < oo, if w(A(z,€)T) < w(z, &) [FGI2, Theorem 7.4].

The following formal calculations of operator valued integrals can be justified weakly for all H €
OPWP(AM). A similar computation can be made for H € OPWEP (M + (to, 1)), combining both
leads Theorem 5.2. We compute

H = // ne(t,v) M,T; dtdv = // ne(t,v) m(t,v)dtdv
_ / / (AL T w(A(L )T db dy = / / it (At )T) Ot 1)L dt du
_ 0, // nis (6 v) 7(t,v) dtdy O™ = On Ha 04",

where ny, = nugoA and Hy € OPWEHP(M). The identifiability of OPWEP (M) with identifier fys €
M>>®(R?) leads therefore to the identifiability of OPWHP(AM) with identifier fans = Oafu €
M (R%). In fact, we have

|H farllprr = HOaSM ppr X (|OA"HOAf sl pypw
= [Hafmllpzr < llogsllppe < louler = |Hllopwer, H € OPWEP(AM).

O

Remark 5.3 Theorem 5.2 is not an operator sampling result per se as not necessarily all O4 map
discretely supported distributions to discretely supported distributions. But Theorem 5.2 can be used
to show that OPWEP (M) permits operator sampling by showing that

1. M C AM + (to, w),
2. A€ Sp(d,R),

3. w(A(z,8)) < w(x,§),
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4. OPWﬁ’p(M) permits operator sampling with sampling set {x;} and weights {c;}, and

5. O >_cjdy; is discretely supported.

Note also that the restriction to p = ¢ in Theorem 5.2 is necessary, as, for example, the Fourier transform
is not an isomorphism on MPY whenever p # q.

Theorem 5.2 relies on arguments based on symplectic geometry on phase space. As discussed above,
Theorems 5.6 and 5.7 give a characterization for the identifiability of operators H : S(R) — S'(R)
which does not rely on any geometric properties.

Definition 5.4 For K,L € N set Rk, = [0, &) x [0, %) and

U = { LJJ (Rrcr+ (.55 ¢ ks €Z,J €NJ.
7j=1

The inner content, respectively outer content, of a bounded set M C R? is
vol™ (M) = sup{u(U) : UCM and U € Ug,1, for some K,L € N}, (26)
respectively
volt (M) = inf{u(U) : UDM and U € Uk 1, for some K,L € N}. (27)
Clearly, we have vol™ (M) < vol*(M). If vol” (M) = vol™ (M), then we say that M is a Jordan
domain with Jordan content vol(M) = vol™ (M) = vol™ (M).
We collect some well known and useful facts on Jordan domains to illustrate their generality [Fol99].
Proposition 5.5 Let M C R2.
1. If M is a Jordan domain, then M is Lebesgue measurable with (M) = vol(M).

2. If M is Lebesque measurable and bounded and its boundary OM is a Lebesque zero set, that is,
w(OM) =0, then M is a Jordan domain.

3. If M is open, then vol~ (M) = u(M) and if M is compact, then vol™ (M) = u(M).

4. If P C N is unbounded, then replacing the quantifier “for some L € N” with “for some L € P” in
(26) and in (27) leads to equivalent definitions of inner and outer Jordan content.

The second main result of this paper has been stated in simple form as Theorem 1.3, part 1, in
Section 1. It also generalizes [PW06a, Theorem 1.1].

Theorem 5.6 For1 < p,q < oo and w = wy @wy moderate, the class OPWHY (M) mapping M (R)
to MEY(R) permits operator sampling if volt (M) < 1. In fact, if vol™ (M) < 1, then there exists L > 0
and a periodic sequence {c,} such that

18 eadpllaggn = 1Hlopwge,  H € OPWEIM). (28)
nez
Theorem 5.6 is complemented by Theorem 5.7 which generalizes [PW06a, Theorem 1.1] and [PWO06b,

Theorem 5.2, statement 2].

Theorem 5.7 Let 1 < p,q < oo and w subexponential. The class OPWEY(M) mapping M>>(R) to
MEY(R) is not identifiable if vol~ (M) > 1, that is, for all f € M°> we have

IH fllage # [ Hllopwge H € OPWEA(M).

Theorem 5.6 is proven below. Subsequently, we outline the proof of Theorem 5.7 which employs
elements of the proof of [PW06a, Theorem 1.1] and [Pfa08b, Theorem 3.13].
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5.1 Proof of Theorem 5.6

The following observations are special cases of Theorem 5.2. They will be used in the following to reduce
notational complexity.

Proposition 5.8 Let 1 < p,q < 0o and let w be a moderate weight on R2.
1. OPWEY(M) is identifiable by f if and only if OPW{* (M- (16“ 2) ) is identifiable by Do f : x —
f(ax).
2. OPWEY(M) is identifiable by f if and only if OPWEH1? (M + )\) is identifiable by w(\)f.

Proof. We shall proof 1., the proof of 2. follows similarly. For H € OPW,1 (M . (16a 0) ), define

a

H, € OPWEYM) by ng, = ngo (1(/)“ 2) Then oy, = opo (16a 2) as well. We compute formally

5 ~

(HDaf) (%) = / o1 (2,€) 5 D f(€) dE = § / on(3, ) e F(§) de
= [ oulz.a6) ¥ Fe) de = Huf ).

Using standard density arguments, we conclude that
|H D fllago<l| D1 H Do fllaggr=I Ho  lasgo=<| Hallopwo =<l Hllopwga, H € OPWEI(M- (1e0)).

]

Assume now that vol™ (M) < 1. Applying Proposition 5.8, we assume, without loss of generality,

that for 6 > 0 sufficiently small, M + [—g, g)Q C [0,1) x RT. We choose K, L € N with L prime so that
the following conditions are satisfied for some 0 < € < § and M, = M + [-§, £)?

202
. vol™(M,) < 1,

[u—y

2. M, C[0,1) x [0, K),

3. L>K,
L—1

4. M. C Uy = U (RKL + (%, n]LK)) , mj,n; € Z, where Ry 1, = [0, %) x [0, %) and (mj,n;) #
§=0

(mjlvnj’) if j 7é j/'
Note that 1 = vol(Ups).
The following result from [LPWO05] is a key component of our proof of Theorem 5.6. In fact, if the

restriction to L prime below could be weakened, then we would obtain a generalization of Theorem 5.6
to higher dimensions (see Section 6).

il
Theorem 5.9 For ¢ € CL define w(k,0)c by (7(k,£)c); = Cj—k XML k4 =0,...,L — 1, where
j — k is understood modulus L. If L is prime, then for almost every ¢ € CL, the vectors in G, =
{m(k,€)c}y o=0,. -1 are in general linear position, that is, any matriz composed of L vectors of G, is
inwvertible.

Remark 5.10 Theorem 5.9 can be reformulated as a matrix identification result with identifier ¢
[KPRO8]. The use of algorithms based on basis pursuit to determine a matrix M from Mc efficiently is
discussed in [PRT08, PR].
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We now choose as ¢ € [°°(Z) the periodic extension of a vector (co,...,cr—1) which satisfies the
conclusions of Theorem 5.9. In the following, we shall show that kg can be recovered from Hg with

9=2>kez ok € M= (R).

For simplicity, we shall assume first that xy € M1!(R?). This additional assumption implies that
for g € M>>°(R), we have Hg € MY (R) [PWO06b]. This enables us to switch the order of integration in
many of the following computations. After the necessary computations are completed, we shall extend
our result using standard density arguments.

Choose nonnegative ¢ € C°(R) with [ ¢(z)dr = 1 and suppp C [—§,5). We shall consider the
case 1 < p < oo only, the case p = oo requires only the usual adjustments.

Note that

VoHg(t+ fo)| = | [ S enheio+f)e o - ¢+ ) daf
keZ

_ /chh(m—l— o0t 3+ ) e R 70 v)pw) daf
keZ

= /chh(az—kﬁ,x%—}}—#f()ﬂ(t,v)cp(x)d:z:‘.
keZ

Set w =Y, ,w (L) X[mL (mi1)Ly and observe that w =< w;. Then
K K

n+1

ndl 1
IHglame = |IVoHgllppe = H(Z/ \V,Hy(t, u)w1(t)lp>p dt‘

n

nezZ"” K

q
Ly,

= (S [ Wertsts gte o) o

Lq
nez w2

- H(Z/f VoHg(t + f v)w(t + ;g>|p); at|

¢
Ly
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We set ¢ = x_c x, Gk and observe that ¢ (v/)T,,¢(V") = Te(') for w € [0, £), a fact that will
27 L
be used to drop v in (33) below. We compute for ¢ € [0, &)

P
> lwlt + #)P|VoHg(t + #.0)
ne”Z
= D lwt+# |p‘/zcth1’+Ka33+ + )t v)e ()dﬂv‘
nez keZ
— P
= Z|wt+ ‘p‘/ZCn th$+K,$+ ) (t, )gp(g;)dx‘
nEZ keZ
— — P
= Z Z w1 (%) p‘/zcy kha(z mLﬂ +%)w(t,v)gp(m)dz‘
=0 meZ keZ

- SIS [ ermihule+ 2 R

7=0 meZ keZ

VoM _mras )&, )| (29)
 mLtj
— ZH//ZC]k ZhH mL+j T+ = )—27rzz/ K]>
keZ meZ
w{EV)p(@) V0 R d dofy . (30)

where we used that M _ m?ﬂb is an I ~Riesz basis in the Banach space M{} (R) to obtain (29), that

is, we used

I amll, = 1S amM s @llaggy = 1| 3 amVeM _mastbl

meZ meZ —~
Note that
ZhH(x mL+J T+ £e oy mEtl Z /T}H(JU-I-IIQ(?&’)G%Z‘(WFW)Q de'e omimLti
meZ ~
meZ
- Z/on“‘K,I/ —|—§)27”93V+§) 27r7,K§’ 2mimL /d€
meZ
- ZUH(:L‘ + %, v+ %)e%ixwﬂg)e%i% "
LEZ
- ZﬁH(x + eV %K)em(“%(’/”r%)ef2m‘(§u +52) omidt
el
i RSP
- ZTIH(CU + %7 v+ fﬁ) e -
LeZ

We have applied the Poisson Summation Formula to obtain (31). Moreover, we chose ng(x/,v') =
ne(x',v)e? @V in (32).
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L) to obtain

After substituting (32) into (30), we integrate with respect to ¢ on [0, 3

/ Z lwi(t+ 2, 0)[" |VeHg(t + 7, v)|" dt

ne”Z

- Z/ H//ZCJ N ZUH +%)e2mu k)ee_zm%,/)

keZ LeZ

7(t,v)o(x) (/) w(€, ")) dV d;vH

- Z/ //‘//ZZCJ e’ (JLk)enH(x_,_K’V s

kEZ LeZ

f T D)e@) v 7@ ) A de wi (o) da’ de’ dt

S NINTPS Rt

kEZ LeL

[ R e+ e/ + ) TR 00 TR d daon (o)

SOV i/ AD) ERTs

kEZ LeZ

v

.k
// e 2 K nu(x + %, v+ 6%) 7(t,v)o(x) (€, 2)p(V) dxd/ wl(m')|p d¢' dx' dt(33)
1 (—k)e

_ Z/K// IS5 ¢ LT

0JJ0  kemen

1K

V¢®@nH(t+K7§ +T,V,.T/+ k) 27rzK1/ 27rz— 271'@1 - wl ‘P df da: dt
1 K [—1

K L
- [ Sis et
0 0 j=0 j'=
Vv 7 (t Q ! Zj’K / ki 27rzk—/1/ 27rz:1:£ " Pd d dt 34
<p®<PnH(+K7§+ T 7V7w+K) K L U)1 ‘ § x ( )

L1 K

L ko LK
K L — k. 0K ks
= /// Z’Hp@tan(t_‘_i’f/ JL ,I/,IL‘/ ) 27rzK1/ 2mia’ ~L— wl(x |pd£ d2’ dt
0 0o K
'=0

L%
_ Z/// 1% o) [P de’ da dt
0 0
J'=
(k; /+1) (L +1)

L

- Z/ ///K |V<p®go77t§ v,x')wi (z ‘pdf dx’ dt .

J'=
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To obtain (34) we used that Vg1 C [0,1)x[0, K). Moreover, we used

// e K (x4 £V + U 7t ) p(z) 7 (€, ) (V) dadv
_ // —2miv’ F {7\[} + %7 I// + l%) e—2m’:}cu(p(x o t) 67277190/1/80(1// _ 5/) dr dVI
/ k 1(,,1
B // i (1) 2TV 1)z — (¢ 4 £)) e 2 BV o720 V) () (¢4 ) dadd/
1 LK

k
= Veepn(t+ 7,6 + T v +K> XY 2T (2T

Using the fact that replacing now ¢ ® ¢ by any other test functions leads to equivalent norms of the
modulation space at hand, we obtain for real valued o € S(R?), o(t,v) =1 for [-1,2)x[- K, 2K),

1

n+1
|H gl = 1VeHgloa = | (3 / Vo H(u, vywr (w)?)”
nez

q
Loy,

(k /+1) (l s +1)

Z/ //K /‘V90®¢77U57V$w1 ]”dgda:du) ‘

(

(/ /O / [Veweii(u. &, x)wﬂw)\pd&dxdu)p\%
(L[] witwempmwpaaa)|
(
(

w2

X

Y

///}X[on w)X[0,) (§) Vel (u, & v, 2w ()| dgdxdu)

///}X[on w)X(0,x) () F (v, x)wi ()| dgdxdu)
- ( / | Fon(v, z)ws (z ‘Pdgg) s, = H<K/o 1 (2, v)ws (x ‘pdl,);

= llollcys < llollgze - (35)

(I(y

v

‘111

q
Loy

To obtain (35), we apply a mixed LP-space version of Young’s inequality for convolutions, namely,

we use that for g(z,&) = e2™*o(z,¢) € L' (R), we have 7(x,&) = 2% 0 and o(x,&) = p* o [Grool,
Theorem 11.1].

5.2 Outline of the proof of Theorem 5.7

We omit detailed computations as they would closely resemble computations carried out in [KP06,
Pfa08b, PW06b, PWO06a]. For the interested reader, we suggest to use [PW06a] as a companion when
filling in detail.

We shall show that for a measurable subset M with vol™ (M) > 1, the operator class OPWEL(M)
is not identifiable. In detail, we shall show that for every g € M°>*°(R), the operator

®,: OPWPI(M) — MPA(R), H — Hg,

is not bounded below, that is, there exists no ¢ > 0 for which we have ||Hg| ypa > cllop|ppa for all
H e OPWEHI(M).
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?, Dy
OPW{;’%M) _— M{qu(R) Zj Cij Zj Cijg
Dipy Clguzeay  Dipyy Cg, uz2a)
P4 (72 M P9 (772 -/
(27 — 1427 {ci}; {3- cj(Pjg, m(uj)g},

Figure 3: Sketch of the proof of Theorem 5.7. We choose a structured operator family {P;} C
OPW{ (M) so that the corresponding synthesis map Dypy : {¢j} — > ¢;P; has a bounded left
inverse. Note that Cg 724y has a bounded left inverse for u <1 as well. Theorem 5.13 shows that for
any g € M*°(R), the composition M = Clg, uz24)°Pg0 Dy p;} has no bounded left inverses. This implies
that ¢, : OPWL4 (M) — Mi*(R) also has no bounded left inverses.

To this end, choose K, L € N and V; = U]L;()l (RK,L + (%, nJLK)> , mj,nj € Z, where Ri 1 =

[0, %) x [0, %) and where (mj,n;) # (mj,nj) if j # j', such that Vay € M and vol(Var) > 1. It is
sufficient to show that OPW{¥ (V) is not identifiable as OPWEY(Vay) C OPWEHY(M).

The proof of Theorem 5.7 is also sketched in Figure 3. The proof is based on extensions to results
from [Pfa08b, PWO06a] which are stated below and which concern the construction of the operator family
{P;} in Figure 3.

Lemma 5.11 Let P : S(R) — S'(R). Forp,r € R and w, £ € R, define P = M T, PT, My, :
S(R) — S,(R) Then Np = €2W1T§M(w’r) T(p’f) np.

Lemma 5.12 Fizu> 1 with 1 <u* < 4 and 0 < e < 1. Choose n1,m2 € S(R) with values in [0, 1],

m(t) = 1 fortE[%7%) and () = 1 fO?“VE[(UQ—ull)JKj(u;;ngK>
0 fortgl[0,%) 0 forv¢[0,%) !

and |Fni(&)| < C’e‘”‘alﬂ, ]f_1n2(x)| < Ce el | Let np = n®mnz. Thensuppnp C [0, %) x [0,
Ry 1, and the operator P € OPWl’l(RK,L) has the following properties:
a) The operator family

>

)=

M, o T L, PTur, Mk }
{ uKk Fm—41 Tl on—uKk klmneZ

is an 129-Riesz basis sequence for OPWE(R?).
b) P e OPlel(RKL) and there exist functions dy,ds : R — Rg with

[Pf@)| < || flliees di(z) and [PFE)| < | fllueoe da(€), | € M®®(R),
and dy(z) < Ce M1 dy(€) < Ce '™ for some C,7 > 0.

Proof. The existence of 11, 2 satisfying the hypotheses stated above is established through mollifying
characteristic functions. In fact, using constructions of Gevrey class functions, it has been shown
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that for €,6 > 0, there exists ¢ : R — Ry and C,y > 0 with suppyp C [-4,0], [ = 1, §(&) <
Ce*wﬂl_e[HérO?), Ho6r05, DH98]. Note that the restriction to w subexponential in Theorem 5.7 is a
consequence to the fact that there exist no compactly supported functions whose Fourier transforms
decay exponentially (see references in [GP08]).

a) Due to Lemma 5.11,

{M(uKk,%l) T(%m,%n) nP}k,l,m,nEZ

—Riesz basis for its closed linear span in M- (LL).(p.2) (R2?) implies that

3 D,q
being an [ Lo

MyxeTs . wr) PTu, Mx }
{ uKk £ Ly sl LRk 1) ez

is an [29-Riesz basis for its closed linear span in OPW5(R?).

b) As shown in the proof of Lemma 3.4 in [KP06|, we have |Pf(z)| < |[2(=2)| ||f]larece |71 llar11s
so we can choose dj(x) = |ﬁ2(—ai)\\ 1] arn-

Similarly, we can compute |Pf(&)| < ||f|laree.oe ||m2(€ — )M ()| ar1.1. We claim that da(&) = ||n2(€ —
)M ()|larrr has the postulated subexponential decay. Recall that for g supported on [a,b], we have
llgllarir < ¢ ||g]lzr where ¢ depends only on the support size b — a (see Lemma 2.3 and [Oko09]). As
1n2(§ — )M1(+) is compactly supported with uniform support size, we can compute

d2(€) = (6 = YnC)lana < e |F7H(m(€ = )n))

= /‘/772 —v)m(v 2“‘”du‘dw—c /‘me ‘d (36)

|1—£

where 72(€) = no(—€). As the compact support of 771, 72 together with | Frny (€)| < Ce & | Flny ()] <
Ce 171" imply that 71,7, are in the Gelfand-Shilov class S;~¢ [GS68], we apply Proposition 3.12 in
[GZ04] to conclude that V5,7 € S{7¢, that is,

|16

da(€) /C AN g < G

0

Theorem 5.13 extends the main result in [Pfa08b] to weighted and mixed [P spaces with subexpo-

nential weights. Both results generalize to infinite dimensions the fact that m x n matrices with m < n
have a non-trivial kernel and, therefore, are not bounded below as operators acting on C”.

Theorem 5.13 Let 1 < pi,p2,q1,q2 < 00, wi,ws subexponential on Z*¢, that is, for some C,y > 0,
0 < B <1, we have

c1elnle < w1 (n), wa(n) < O elnll% (37)
If for M = (myr;) : Iy (Z24) — 537 (Z%9), exists u > 1, Ko > 0, and
p: Ry — RS with p< 667%'””{;, B> B,

with
Imyrj| < p(ullilloo = lillo)s  wllilloo = [lillee > Ko,

then M has no bounded left inverses.
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Proof. Let v(n) = C eInl% . Note that 157 (724) embeds continuously in l(f;)fo(sz) = lf‘/’v(ZQd)

and Iy! (224) = 11(Z2?) embeds continuously in 1247 (Z2%). Hence, it suffices to show that for all € > 0

exists x € l‘l’j’y(ZQd) with Hlei’% =1 and [|[Mz|;; < e. For notational simplicity, we replace 2d by D in

the following.
First, observe that

Ak, = Bl Z KP-1eK” Z kP e 50 as Ky — oco. (38)
K>K, k>K

Applying the integral criterion for sums, this would follow from
KB > D—1_~zP > D-1 —ﬁyé
e’ 7 e yo e dydr — 0 as K1 — oc. (39)
Ki x

For large z, a substitution yields

/oo yP-1 e’ dy = ; o0 (g)%(D_l) (L)%(D—l)e,t dt—EWQ(D_l)(l‘%)/OO t2D§1_D+2_le*tdt
* By J328 v v 7 p
3 L= o
— ~iﬂvz(D-l)(l—%) re2=1-p+2 5:°) < %,%(D—l)u_%)(%ﬁ)z TP
5 ’ By
< 2502 20-1-B(D+) TP
B
I'(s,y)

where I' denotes the upper incomplete Gamma function, and we used — 1 as y — oo [AS92].

ysflefy

The fact that E > (8 allows us to estimate for large x

B B —FaP(1—2aB—B 15,8
1’ o :e'yx(l iz )<6 CREA

Hence, we can repeat the arguments above to the outer integral and the product with K7 in (39) to
obtain (39), and, hence, (38) holds.

To continue our proof, we fix ¢ > 0 and note that (38) provides us with a K; > Ky satisfying
Ape, < (2PD2E 02 N )

As in [Pfa0O8b], set N = {%1 and N = [¥1 + Ki. Then w <N < % implies

AN > AK; + A+ N and N > Ky + ¥ +1 > Ky + [§] = N. Hence, (2N + 1)P < (2N + 1)” so that
the matrix M = (mj’j)”j/” <N, jlI<N CENHDP _y C@N+DP hag a nontrivial kernel. We now choose

x € lfc/’v(ZD) with Hleij =1, 2; =0if ||j]|oc > N, and and M7 = 0 where 7 is @ restricted to the set

{7: llillee < N3 _ _

By construction we have (Mz); = 0 for [|j'||lc < N. To estimate (Mz); for [|j'||lc > N, we
fix K > K and one of the 2D(2([4] + K))P~! indices j' € ZP with |j'|c = [§]+ K. We have
M [loo > N 4 KX and A||5']|oo — [Ij]loc > KX > K for all j € ZP with ||j|lcc < N. Therefore, using
Hoélder’s inequality for weighted [P-spaces, we obtain

(M)l = |32 mgga| <Dz, Yo 0G) [myy
[llcc <N lillco<N
B . . B . B _
< €N 3T S o~ lille) < €™ ST plllilleo) = 2°DC N 3T P o).

ll7llc <N lilloo =K k>K
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Next, we compute

My = Y o) (Ma)pl= > (i) [(Ma)y|

j'eLr 15l loo = A1+ £
SRS LD SRR DRy
13°lloo > 314+ £ k215 lloo
< 2Ppce™” N 2DK)PICe R ST kP p(k)
K>[T1+K: k>K
< 2p2acreNt Y RPN ST D e <
K>[{1+K, E>K

O
Combining the results above, we can now proceed to prove Theorem 5.7.

Proof of Theorem 5.7. As w is subexponential, there exists C, v, e > 0 with |w(z,&)| < C l@&)lla™
For this € > 0 choose u, 11, 172, P, di, and ds as in Lemma 5.12.

Define the synthesis operator E : I5;9(Z2) — OPWEY(Vy) € OPWEI(M) as follows. For o =
{okp} € IB9(Z?) write o4 p = 044 for | € Z and 0 < j < J and define

J—-1
E(o) = Z Z Okti+j Mukk T%k]-—i-%lPT—%lM%pj—uKk (40)
kleZ j=0

with convergence in case p, ¢ # oo and weak-* convergence else. Since

MyxeTr . wr) PTur, Mx }
{ uKk £ Ly sl L n—uEk 1) ez

is an (29—Riesz basis for its closed linear span in OPW{?(R?), so is its subset

Mot T PP Moty i}y e
and FE is bounded and bounded below .

By Theorem 2.5, the Gabor system (g,a’ZxVZ) = { My Tiyg} is an 129 frame for any o/, > 0
with @'t/ < 1, and we conclude that the analysis map given by

Cos MI(®) 822, o { (. MoonciTyzy 0 (41)
KJ k,l

is bounded and bounded below since u?K % =utL < 1.
For simplicity of notation, set « = K and 8 = 7. Fix f € M°>*°(R) and consider the composition

pazzy B opwhim) 2 M) S 2:9(22)
g — Eo — EO'g — { <E0' g, Mu2ak’Tu2Bl’ g) }k’,l/ .

It is easily computed that the operator Cyo®soF is represented — with respect to the canonical basis
{6(- = n)}n of I2%(Z*) — by the bi-infinite matrix

M = (mk’,l’,k,lJJrj) = (( Muak Tr; gy P Toupls M%_uakf, Mu2ak'Tu2m'9>) :
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Setting

51: max Tk, dy
G=0,.d—1 L=XBj '

we observe

mi i kt+il < (Tupais) (T%_uﬁj PT ypy M%,mk f ‘ ) Tuzprg )
< 1 fllaroeiee <Tu,8(lJ+j)T%7u6jd1, T2508 )
< I fllazesce (dr % g) (up(ul’ = (1] + 4)))
and
M 1 k1T 4i] = ‘< Tuak M—%—uﬁu (PT_upis M%,uak ) Trarw M_ 2508 >‘
< (Tuak | (P Toups M 2 ek f s Turawg)

< Afllazsece (da * g)(ua(uk’ — k).

Observing that for appropriate C, v, we have dy * g(x)de xg(&) < C e M@ and 1 —2e < 1 — €,
allows us to apply Theorem 5.13 to M. This completes the proof. O

6 Outlook

Recent results in operator identification with relevance to operator sampling include, for example,
the identification of Multiple Input Multiple Output (MIMO) channels [Pfa08a] and an extension of
operator sampling to irregular sampling sets [HP09]. Some more fundamental questions concerning
sampling and identification of operator Paley—Wiener spaces are still open. In the following we describe
two such questions.

Unbounded spreading domains with small Lebesgue measure.

The extension of Theorem 5.6 to OPWE?(M) with M unbounded but with Lebesgue measure less than
one remains open. The following observations encourage tackling this question:

1. Multiplication operators with not necessarily bandlimited symbol in L?(R?) are clearly identifiable
with identifier g = xg € M°>*°(R). Note that the characteristic function yg is the weak-x limit
of T'Y, 7 0nr as T — 0. Hence, the space OPW> ({0} xR) is identifiable.

2. Time-invariant operators with not necessarily compactly supported L%(R?) impulse response are
identifiable with identifier § which is the weak-* limit of >, d,7 as T' — oo. Consequently, the
space OPW > (Rx{0}) is identifiable.

3. In [KPO6] it is shown that OPW (M) is identifiable if M is a possibly unbounded fundamental
domain a lattice A in R? with A having density less than or equal to one. This result covers,
for example, OPW({(t, v) . t>—1, v<l, 2_(t+1)§u§2_t}) as the unbounded set {(t,y) :
t>—1, v<l, 2’(t+1)§yg2’t} is a fundamental domain of Z2.

The natural approach to construct identifiers for OPW (A) as weak-+ limit of identifiers gy for
OPW (AN [—N, N]x[—N, NJ) is difficult as the constants implied by =< in (28) depend in a non-trivial
matter on gy =, ¢a N0z, v, N € N, if the sequences {c, n} are not constant.
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Generalizations to higher dimensions.

As mentioned in Section 5, our proof of Theorem 5.6 hinges on the existence of identifiers in an analogous
setup where the locally compact Abelian group R is replaced by an appropriate finite cyclic group of
prime order Z, [KPR08, LPWO05]. In fact, generalizing Theorem 5.6, to operators acting on L%(R?)
would be possible if the conclusions of Theorem 5.9 hold for sufficiently many composites n taking the
place of prime p. In fact, in [KPRO8], we ask the following

Question 6.1 Is it true that for all L € N exists ¢ € Cl so that the vectors m(k,{)c, k, £ €0,...,L—1,
defined by (m(k,€)c); = cj—k 62ﬂi%, k,0=0,...,L—1, are in general linear position.
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