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Summary

Constructive design of Gabor frame windows is rare, and most results come from
the one-dimensional case. The connection between the geometry of fundamental
domains of lattices and Gabor systems was explored first in a series of papers
by Han and Wang [HWO01], [HWO04]. We build upon these results to construct
Gabor frames with smooth and compactly supported window functions in higher
dimensions. For this purpose we study pairs of lattices with equal density allowing
compact and star-shaped fundamental domains. Concrete examples are provided
and the results are extended to other special class of lattices. In addition, we
make observations on the intricate behavior of Gabor systems with multivariate
Gaussian windows.
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1 Introduction

Various applications from signal processing and communications engineering in-
volve time-frequency representations of functions and distributions. Gabor sys-
tems provide a useful basic structure for constructing discrete representations
of signals as a sum of a translated and modulated copies of a window func-
tion g. A Gabor system we shall denote by (g,A) = {T.M, : (z,w) € A}
where T, is a translation (T,.f)(y) = f(y — z), # € R%, and M, a modulation
(M, f)(y) = ™) f(y), w € RY. The set of translation and modulation parame-
ters is often chosen to be a full-rank lattice in R%. An expression of the type

f = Z C(xaw)Txng> (1)

zwEA

is useful if the sum is (unconditionallty) convergent, and if the computation of
the coefficients and storing the necessary information is fast and stable. Gabor
systems considered here are frames, and they therefore provide these properties.

Criteria Gabor systems to be frames have been considered in many studies.
The most famous one is the density condition, which states that a Gabor system
whose lattice has density less than one, is not a Gabor frame for L*(R) [Dau92],
[Jan94]. In the case of a one-dimensional Gaussian 7; the lattice density being
larger than one is sufficient for the system to be a frame. A characterization of
irregular Gabor systems based on the one-dimensional Gaussian window has also
been established. In fact, the Gabor system (y1,A) is a frame for L*(R) if and
only if the density of A is greater than 1 [Lyu92], [SW92].

Constructing Gabor frames for lattices A of higher dimension (A C R?? d > 2)
is a much harder task. For lattices generated by a diagonal matrix, an explicit
construction of a window function g is not difficult [DGMS86]. Moreover, for any
A = aAZ* A - symplectic, o < 1, it is easy to construct a Gabor frame for
L*(RY) by taking the image of the Gabor frame (g, aZ??) under a metaplectic
transform [Gro01].

Recently, the existence of Gabor frames for arbitrary lattices has been proven.
There exists a function g € L?(R?), such that (g, A) is a frame in L*(R?), if and
only if the density of A is greater or equal to 1. In particular, g can be chosen
so that (g, A) is a Parseval frame for L?(R?) [Bek04]. In spite of its importance,
Bekka proves existence only and his work reveals nothing more about the window
besides membership in L?(R?).

The intricate structure of Gabor systems based on characteristic functions on
the unit interval is studied in [Jan03]. We add an interesting example of a Gabor
system based on a characteristic function in R? in Section 4.4.

Another recent study constructs Gabor frames for L?(R??), d > 2 for separable
lattices A = AZ? x BZ?. It shows that any separable lattice A = AZ¢ x BZ? with
D(A) =1 admits a Gabor orthonormal basis, as well as that any separable lattice
A with D(A) > 1 admits a Gabor frame for L?(R?). However, the Gabor windows



are constructed as characteristic functions on sets that are fundamental domains
for pairs of lattices in R? [HWO1], [HW04]. The fundamental domains may well
be unbounded, so the constructed Gabor window decays neither in time nor in
frequency.

This technical report aims to provide some examples and to give results on
constructing Gabor frames (g, A) in L*(R?) with window g € C>°(R?) for separa-
ble lattices A. Our search for window functions, which are smooth and compactly
supported, is motivated by the following consideration. Whenever, ¢ is com-
pactly supported, the Gabor coefficients (f, T, M,g) provides a good information
about the size of f near time x. However, if g is discontinuous, the coefficients
(f,M_,T,g) do not provide information about localization in frequency because
of the poor decay of g (due to Heisenberg’s uncertainty principle). Whenever
bandwidth limitations are imposed (for instance, in radio communications the
available bandwidth is portioned between users in order to avoid signal interfer-
ence), poor frequency localization is a problem as well. However, a well-known
result [Kat76] states that smoothness in the time-domain implies fast decay in the
frequency-domain, guaranteeing better time-frequency localization of the function
f

Expansions similar to (1) would be very easy to work with, if (g, A) were
an orthonormal basis (ONB). However, Gabor ONBs (and more generally, Riesz
bases) are severely restricted by a fact known as the Amalgam Balian-Low theo-
rem [BHWO98|, [GHHKO3], [Gr601], [CP06], [BCMO03]. This theorem states that
a Gabor orthonormal basis is not possible even under weak assumptions about
the time-frequency localization of the window function. In other words, if we re-
quire both ¢, 7 to have (a) fast decay (implying good time-frequency localization),
and (b) non-redundancy, uniqueness and unconditional convergence of (1), then
(g,\) can span at most a subspace of L?(R?). Under the requirement that every
f € L*(R?%) has an unconditionally convergent expansion 1 and both g, to have
fast decay, then (g, A) can be at most a frame but not a Riesz basis, so we forego
uniqueness of the expansion coefficients. The Amalgam Balian-Low theorem es-
sentially states that (a) non-redundancy with completeness and convergence and
(b) good time-frequency localization are mutually incompatible in the context of
Gabor systems.

The structure of this technical report is as follows. Section 2 provides a back-
ground on lattices, fundamental domains of lattices and some aspects of Fourier
analysis related to translational tiling. Furthermore, we recall some notions from
functional analysis, such as Bessel sequences, Riesz bases and frames, with a focus
on basic properties of Gabor frames and Riesz bases.

Section 3 outlines the geometric approach for demonstrating existence of cer-
tain Gabor windows for certain lattices. In particular, we give an overview of the
approach in [HWO01], [HWO04] for constructing Gabor orthonormal bases and frames
for separable lattices in R?¢. This result states that whenever A, B € GL(d,Q),
with |det A - det B = 1 then there exists a window function for the lattice



AZ* x BZ%, creating a Gabor ONB for L?(R¢) [HWO01], [HWO04]. The existence of
an ONB for L?(R?) is an essential ingredient in proving existence of a Gabor frame
for L2(R?). However, the constructed window functions are always (discontinuous)
characteristic functions.

In Section 4 we discuss a “hands-on” approach, involving an explicit construc-
tion of smooth window functions for certain class of separable lattices. We observe
that an extra property of a fundamental domains for lattices (star-shapedness)
allows the construction of Gabor frames with smooth windows (Theorem 4.2).
Furthermore, these explicit constructions can be extended to lattices generated
by lower-block diagonal matrices with additional properties (Proposition 4.4). As
an illustration we provide some examples of pairs of lattices in R* which admit a
common star-shaped fundamental domains in Section 4, namely Theorem 4.8 and
following.

In Section 5 we consider some examples of Gabor systems with Gaussian win-
dows in dimensions greater than 2. These examples demonstrate that the behavior
of Gaussians in higher-dimensional Gabor systems does not depend on the den-
sity of the relevant lattice in a straightforward way. We discuss there a potential
alternative criterion, called symplectic capacity of a lattice.

2 Theoretical background

2.1 Basic notation

This section provides a basic review of terminology and notation used in this
paper. C*(R?) denotes smooth (arbitrarily often differentiable), complex-valued
functions on R?, Cy(R?) the continuous functions vanishing at infinity, C.(R?) the
compactly supported continuous functions. L!'(R?), L?(R?) are the standard Ba-
nach spaces of integrable, resp. square-integrable functions. S(R?) is the Schwartz
class of rapidly decreasing functions on R?, in other words,

SRY) = {f € C*(R?) : sup |z*D°f(z)] < oo : for all multi-indices «, 3}.
z€R4
Its dual space S'(R?), or the space of tempered distributions, is the space of all
continuous linear functionals on S(RY).

We now present the three most important unitary operators in time-frequency
analysis on R?. Using the notation for the frequency domain R? as the domain
dual to the time domain R¢, we have R? ~ R? as topological groups [Kat76]. A
translation or a time shift is the operator (T,f)(t) = f(t — z), z € R?, and a
modulation or a frequency shift is the operator (M, f)(t) = >t f(t), w € R,
A time-frequency shift is

(TN = (MT.f)(t) = 70 f(t - )
for A = (z,w) € R% x RY.



2.2 Fourier transform and short-time Fourier transform

For our purposes the Fourier transform will be defined with the standard normal-
ization. The Fourier transform is the map F : L'(R?) — Cy(R%), mapping f to
f = Ff, which is given by

~

flo)= [ rerivay

While the Fourier transform is defined for integrable functions, it can be naturally
extended to a unitary operator on L*(R?) (a result known as Plancherel-Parseval
theorem) [Kat76]. The Fourier transform is an isomorphism of the Schwarz class
S(RY) to itself [Kat76]. It ‘intertwines’ the translation and modulation operators
in the following way: FT,f = M_,Ff and FM,f =T, Ff.

A key tool in Gabor analysis is the short-time Fourier transform (STFT), also
called ‘continuous Gabor transform’ or ‘windowed Fourier transform’. The short-
time Fourier transform is defined by

Vol (r.0) = [ 1(0)- 7= )t = (f, M.Tog) = (T TLM_iG) - (2)

The STFT is a time-frequency representation of f because it carries information
simultaneously from the time and frequency domains. For example, (2) states
that if ¢ (respectively §) is well-localized, then |V, f(x,w)| can only be large if a
significant amount of the energy of f is concentrated around z (and, if a significant
amount of the frequency content of f is near w). For a set A, the collection
{V,f(N), A € A} is called the set of Gabor coefficients of f.

The short-time Fourier transform Vf, just like the Fourier transform, com-
pletely determines f as shown by the following well-known inversion formula. All
f € L*(R?) can be reconstructed from its STFT via the equality

/= ﬁ / /R V() MUy dd, 3)

for all g,v € L*(R%) with (g,7) # 0. The integral on the right-hand side is
vector-valued. The equality (3), therefore, is understood in a weak sense [Gro01].

2.3 Lattices and fundamental domains

Next we recall some definitions about lattices. A lattice in R?? is a discrete sub-
group of the additive group R??, i.e. A = AZ??. In our discussion A will always be
a full-rank lattice in R?? (det A # 0). In line with the notation for the dual group

of RY, we will sometimes write the lattice as a subset of RIxR?. The dual lattice
A+ of A is defined as

A ={NeR¥: (\ ) € Z,Vu € A}.
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The adjoint lattice A° of A is defined as
A=A eREx RE: a(M\)7(p) = m(p)m(N), Vi € A},

Note that for a lattice A = AZ??, the dual A+ = A=TZ2?. A lattice is separable if
it can be represented as A = AZ?x BZ¢. The adjoint lattice for a separable lattice
is A\° = B~T7Zdx A=T74,

An important notion is that of a fundamental domain (a tiling set) for a lattice.
A fundamental domain Q) for a lattice A in R is a measurable set in R? with the
following properties

o (Q+ X)N(Q+ Ag)isanullset for Ay # Ay from A. (4)
o RI=[J(@Q+N) (5)
AeA

An alternative formulation is that Q is a tiling set for A, or that Q tiles A. An
condition equivalent to (4) and (5) is to require that the equality

D xalz—X) =1 (6)

AEA

holds for almost all z € R?. Condition (4) on its own is equivalent to the inequality

ZXQ(w —A) <1, foralmost all .
AEA

Furthermore, 6 can be converted int a general statement about tiling with a func-
tion f, in other words, f tiles by A if

d fa-N=1

A€A

Condition (4) on its own is equivalent to the inequality

Z xo(z —A) <1, for almost all .
AEA

If only (4) is satisfied, then € is a packing set for A, or that  packs A.
Furthermore, if (4) and m(€2) = vol A hold simultaneously, then €2 is a fundamental
domain for A.

The volume of the lattice A = AZ?, volA = m(R?/A) = |det A|, and the
density of A,d(A) = (volA)~!. Clearly, vol A equals the area of a fundamental
domain for A.

Next, we turn our attention to symplectic lattices, which are parametrized by

symplectic matrices. These matrices are a special subclass of volume-preserving
matrices SO(2d,R). Let A = (z,w), N = (2/,w') € R?*. The bilinear form
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AN N] = 2w — 2w’ is called symplectic. A matrix M € GL(2d,R) is symplec-
tic if [MA, MN'] = [\, N]. The symplectic matrices form a group Sp(d), a proper
subgroup of SO(d) [Fol89].

A characterization of a symplectic matrix can be expressed through relations

between its blocks: a block matrix M = g g is symplectic if and only
it ADT = ATD, BCT = BTC and AT"B — DTC = I [Fol89], [Gro01]. It is a

well-known fact [Fol89] that Sp(d) is generated by the matrices

(05) (e7) (50)

where B, C' are such that det B # 0,C = C7 [Folg89)].

To every symplectic matrix M there is an associated metaplectic operator
(M), which is unitary on L*(R?). The metaplectic operators associated to the
canonical generators are dilations D, multiplication by the chirp e=™*¢% and the
Fourier transform respectively. Hence, every metaplectic operator is a composition
of these three operators, up to a unit factor [Fol89], [Gro01].

2.4 Translational tiling and Fourier analysis

Fundamental domains can be studied using methods from Fourier analysis. A
deep result from this field states that a bounded measurable set () of unit measure
in RY is a tiling set for a lattice if it possesses a spectrum (an ONB of exponentials
for L?(Q)) [Fug74].
First, we recall some relations between measures on lattices. For a lattice A
we define the o-finite measure
on =Y 0

AEA

While 6, is infinite on R? (54 (RY) = 00), it is finite on any compact subset of RY.
Because A is a discrete subgroup of R?, 6, is of bounded variation on any compact
subset of R? and thus can be interpreted as a tempered distribution in S’(R?)
[Bag92].

We use the Poisson summation formula [Kat76],[Gré01]:

> flat+n = MZf P (7)
AEA AEAL

to derive a formula for the Fourier transform of the distribution d,. Let ¢ € S(R?).
Then

CXNESCRIVEDILICY VolAZas = (8.0,

AEA XeAL



Therefore, as tempered distributions

B 1
AT SOl A

The following lemma presents a criterion for a set 2 to be a fundamental
domain for A in terms of the zero set of a function. We denote the set of zeros of

a function f by N(f).

Lemma 2.1 Let Q be a measurable set in R, A a lattice in R? such that m(Q) =
vol A. Assume Yg € C°(RY). The following statements are equivalent:

Sa. (8)

1. Q is a fundamental domain for A.

2. Xa vanishes on A*+\{0}.

3. suppoa C {0} UN(Xa).

Proof. Formally speaking, (6) is equivalent to
Xa *0a(t) = 1.

Taking Fourier transforms of both sides (as distributions) we obtain g - 5x = 6.
Since the right side is Dirac’s delta, the zeros of Xq have to eliminate all point
masses of d, except that at 0, in other words,

suppfi\ C {0} UN(xq).

Taking into account (8), this condition is equivalent to saying Xq vanishes on
A+\{0}. Hence, 2. & 3.

We follow the approach from [Kol04]. Assume ), ., xo(z — A) = 1 almost
everywhere. We have to determine supp 511 From the definition of support for a
tempered distribution we must show that (¢,d,) = 0 for all ¢ € S(R?) which are
supported in the complement of (the closed set) {0} U AN (Xq). Let us denote in
the following f*(z) = f(—x).

According to the convolution formula for the Fourier transform for functions
in L1(RY). R

F((Xa)™ - )(&) = xq * h(g) (9)

Since xq is a nonnegative function, we have (Yq)* = Xq. So every ¢ € S(R?)

with supp ¢ C ({0} UN(Xq))¢ can be represented as (Yq)* - ¢, where

P(s) = { (ii()i)(s)v s ¢ {0} UN(Xa),

~

0, se {0V UN(.

is also in S(R?), and v vanishes on ({0} UN(Xq))¢. We can now apply the Fourier
calculus for tempered distributions to (¢, d,) and derive the following.

(6.02) = ()" - ¥, 02)
— (FY(Ra)" - ), 0n)



We write out this inner product as a sum of inner products with the individual
Dirac deltas, and use (9) to simplify it:

AEA

=) xo (N

AEA

—Z/ Xalt = N (t) dt

AEA

due to xH(A —1t) = xa(t — A) (xq is positive) Next Fubini’s theorem allows us
to exchange sum and integral and substitute (

(6, 0n) = /Ré;mt_ t)dt = /w =0

Thus supp 5 C {0} UN(Xq), proving implication 1. = 3.

To prove 8. = 1., we have to show that h(t) = > ., xa(t — A) is a constant
under condition 4. In other words, we must prove there exists a constant C' such
that

/h¢:0/¢, Vo € S(RY).

For ¢ € S(R?), we compute

J1é= [ 3 xals =2t ds

AEA

after a change of variables t = s — )\, and exchanging sum and integral

—/ 0 ot +N)dt

AEA

_ / Xa()(Ti8,5n) di

We again apply the formula for the Fourier transform for S(R?) to get for the
inner product

— [ xa(0(0.53) e
R4
By (8), 5y is a o-finite measure, whence

- / alt) [ 6N d ()

//IRdx]Rd 2N G(N) doy () dt



Integrating in ¢ gives the Fourier transform of xg:
— [ RRN0)
R

Now we plug in the condition on the support of SA and obtain

= 0A(0)Xa(0)¢(0) = C(0),

for some constant C'. However,
%0(0) = [ xa(t)dt = m(@) = vol A

and (8) implies that J,(0) = —+- Thus,

[ré=o0) =[5

implying that h(x) is constant 1 for almost all . O
A direct and important consequence of Lemma 2.1 is the existence of a spec-
trum (an ONB of pure frequencies) for fundamental domains.

Theorem 2.2 ([Fug74]) Let Q be a bounded open measurable set in R, and A
a lattice in R? with vol A = m(Q). If Q is a fundamental domain for A, then the
normalized exponentials {(m(Q)~2e2"™) + X € ALY form an orthonormal basis
for LA(Q). Furthermore, if volA = m(Q) = 1, and {(m(Q)"2e27™) : X € AL}
form an orthonormal basis for L*(Q), then Q is a fundamental domam for A.

Proof. We observe first of all that
<e27r1l(x-)7 eQm’()\,-}) _ / eQm’(:vf/\,y)dy — @(w . )\) (10)
Q

If  is a fundamental domain, the equality (10) and statement 2. from Lemma 2.1
imply that the exponentials {e?™*7 : X\ € A} are orthogonal as elements of
12(Q).

Assume now vol A = m(Q) = 1 and {m(Q)~z2e2"*) : X € AL} is an ONB for
L?(2). Then it is enough to check that we have

Z |)/<?)(IL'— Z | 2mi(z, 27rz >>|2

AeAL AeAL

= ||62m<m’ ) “%Q(Q)

(11)
=1

Therefore, by (11), |xal|? is a tiling for A+ (compare (6),[Kol04]). The remark after
Lemma 2.1 implies that the Fourier transform of |yq|?, which is precisely xq * X§,
vanishes on A\{0}. But the support of the convolution xq * x§, is € — 2, so in fact
(2 —=Q)N A = {0}, equivalent to 2N (24 A\{0}) = @. Because by assumption
volA = m(2) =1, Q is a fundamental domain for A. O

9



2.5 Frames, Riesz bases, Bessel sequences

This is a brief overview of some general properties of Bessel sequences, Riesz bases,
and frames for a separable Hilbert space H with norm || - ||.

A Bessel sequence in ‘H with bound b is a family of functions { f;};en such that
for all f € H,

D UE P < BlIFIP: (12)
jEN
A sequence {f;} C H is a Riesz sequence if and only if there exist constants
a,b > 0 such that for all finitely supported sequences of scalars {¢; };en,

a) el < HZ%’JZ‘W <Y gl (13)

jEN jEN jeN

A Riesz basis for ‘H is a Riesz sequence whose linear span is complete in H.

A sequence F = {f;};en is a frame for H if there exist 0 < a < b such that for
all f e™H,

all FIP < D KE P < BlIFIP (14)
jEN

A frame sequence is a frame for the closure of its linear span.

The constants 0 < a < b are called lower and upper frame bound respectively.
A frame is called tight if we can choose a = b. If a = b = 1, the frame is called a
Parseval tight frame.

The linear map associated to a sequence F

S]:ZH—>H, S]:fb—>z<f,f]>f]

jEN

is called a frame operator. By definition S is self-adjoint, but if F is a frame for
H then Sz is positive, invertible and bounded (details can be found for example
in [Chr03]).

Proposition 2.3 For every frame F = {f;}jen there ezists a dual frame F =
{g;}jen such that every f € H has expansion

F= o)=Y {f g

jEN jEN

2.6 Gabor frames and Gabor Riesz sequences

This section summarizes the most important definitions and properties from the
theory of Gabor frames and Gabor Riesz basic sequences.

10



Definition 2.4 Let A C R*® be a discrete set. A Gabor system (g, \) for L*(R?)
is the set of all time-frequency shifts of the window function g by A = (z,w) € A,
i.€.
(9. A) :=={gr: A€ A},
for ga(t) = 7(Ng(t) = ToMog = g(t — x)e>™*
We outline the basic definitions:

e A Gabor system (g,A) is a Riesz basis sequence if there exist constants
0 < a < b such that for all ¢ € £*(A),

allelf < 1) ext(Nglls < bllellf - (15)

AEA

A Gabor Riesz basis is a Riesz basis for L?(R?) if it is also complete in

L2(RY).

e A Gabor system (g, A) is a frame for L*(RY) with frame bounds 0 < a < b
if such that for all f € L2(R%),

all fIIP < D 1w (Ng)* < blIFIP (16)

AEA
o A Gabor frame sequence is a frame for the L?-closure of its linear span.

e A Gabor Bessel sequence is a sequence for which (14) holds with a = 0,6 > 0.
The operator

Sy LP(RY) — LARY); Sy f = Y Ve f(W) (Mg

is called a Gabor frame operator. 1t is a positive, bounded, invertible and self-
adjoint operator if (g, A) is a frame for L?(IR%).

For the rest of the paper, A will always denote a regular lattice, parametrized
by a matrix from GL(2d,R). Such lattices provide a large set of properties of
the respective Gabor frames. The frame operator S, commutes with the time-
frequency shifts {m(\),\ € A} [Chr03]. This property of the frame operator
underlies the fundamental observation that the dual frame of a Gabor frame on a
regular lattice has the structure of a Gabor frame with the same lattice. Gabor
frames posses therefore a very useful reconstruction formula:

F= Vel )y =) Vo f(N) (N, (17)

AEA AEA

where v is the (canonical) dual window. For a detailed discussion of further
properties of Gabor frames, their duals and the Gabor frame operator we refer
to [FK98], [FZ98], [Chr03], [Gro01].

The following very important duality principle relates properties of two Gabor
systems on two time-frequency lattices.

11



Theorem 2.5 (Ron-Shen duality principle) Let g € L?*(RY), and A a full
rank lattice. Then (g,\) is a frame for L*(R%) if and only if (g,A°) is a Riesz
sequence.

This result will be used frequently in Section 3 and 4.

The separability of A is crucial for the following statements. If A = AZ?x BZ4,
S, azixpze can be represented as a sesquilinear form on L*(R?) x L*(R?) — R :
(f,h) — (Sg~f, h). We define the bi-infinite cross-ambiguity Gramian matrix

G(z) = (Gij<x>>i,jezd :
Gij(a) = (det B) > gle — B Tj — Ak)g(x — BTi — Ak). (18)

kezd

This matrix is studied in [Wal92], [RS97]. The proof of the statement uses a
double application of the Poisson summation formula (7) for AZ¢ and BZ®. Thus,
the Gabor frame operator has the following matrix representation:

Proposition 2.6 (Walnut representation) Let g,y € W (R?). Let A = AZ? x
BZ¢ be a full-rank lattice in R?*?. For f,h € L?(R%), define the sequences

f(z) == {f(x — B i) :i€ 2, h(x):={hz—B"1j):jecz}.

Then for all f,h € L*(R?), the following holds:
Szt ) = [ (Gl)f(o) b)) o (19)
B-TT

The following proposition characterizes the boundedness and stability of the op-
erator S, in terms of the matrix G(z).

Proposition 2.7 Let g € L?>(R?), and A = AZ? x BZ% be a full-rank lattice in
R24. Then

e S, is a bounded operator on L*(R?) if and only if there exists b > 0 such
that G(x) < bl for almost all x € R,

e S, is an invertible operator on L*(R?) if and only if there exists a > 0 such
that G(x) > alpe for almost all x € R,

The following theorem shows that symplectic transformations of the lattice
leave the Gabor frame property ‘invariant’.

Theorem 2.8 Let A be a full rank lattice in R** and M € Sp(d). Then the
following are equivalent:

1. There exists a g € L*(R?) such that (g, A) is a Gabor frame for L*(R?).
2. There exists a § € L*(R?) such that (§, MA) is a Gabor frame for L*(R?).

12



Remark: The window g = p(M)g, where u(M) is the metaplectic operator asso-
ciated to M.

Furthermore, Theorem 2.8 remains valid if we replace L? by S, M! because
g is the image of g under a metaplectic operator [Gro01]. In short, this result
states that the spanning properties of the Gabor system (g, A) are carried onto
the Gabor system (g, M A), since the latter set is the image of the former under a
unitary map [Gro01].

2.7 Frames of exponentials

The following propositions list properties of families of exponential functions.

Proposition 2.9 Let I and J be two bounded open sets in R, and A be a discrete
set in RY. Then the family {e>™*) . X € A} is a Bessel sequence for L*(I) if and
only if it is a Bessel sequence for LZ(J).

Proof. Assume {e?™*) 1 X\ € A} is a Bessel sequence for L?(I) with bound b.
We shall show the followmg.

1. {e?™) . X € A} is a Bessel sequence for L2(I"), for all I’ C I.
2. {e¥N) N € A} is a Bessel sequence for L2(I + y), for all y € RY.

3. {e?™) X € A} is a Bessel sequence for L2(1 U I + y), for all y € R%.
By covering J with a finite number of translates of I it will follow that {e2™*
A € A} is a Bessel sequence for L?(J).

To show point 1. we note that we can consider L?(I’) as a subspace of L*(I),
so for any f € L*(I'),

S L E AN <l £lF20y = bl

AEA

Furthermore, ||fllz2(r+y) = T,/ 21y 0 for f € LA(I + ),

STUAETONE = 7T, f e

AEA AEA

_ Z ’627ri<)\,y) <Tyf7 6271*1'()\,-)) ’2

AEA

= S Im s
NeA
< OITyfIZ2cry = Ol T2 14y

proving point 2.
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Last, without loss of generality we assume I NI+ y = &, as otherwise we have
IUl+y=(UN{I+y))UIl+y,and as I N (I +y)° C I, we can apply point 1.
We have for f € LQU Ul+y), ||f||%2(IUI+y) - “Plf”?y(]) + ||PI+yf||%2([+y)a hence

Z [(f, e - Z (Prf + Py f, ™)

AEA AEA
< 22|Pf€2m |2+2Z‘Pl+yf e2mi(A, >‘
AEA AEA

20| Prf 172y + 2611 Proy fll 221y
= 20|\ flIZ2(rur+4y):
whence point 3. follows. 0
Proposition 2.10 Let I be a bounded open set in RY, J C I and A be a discrete
set in RY. Then the family {e*™®) . X\ € A} is a Riesz sequence in L*(I) if it is
a Riesz sequence in L*(J).

Proof. Let {e*™2) . X\ € A} is a Riesz sequence in L?(J). Let ¢ = {c)} be a
finitely supported sequence. Then

1D e ay = 1) e Gay = a ) el = afle?.
A A AEA

Furthermore, there exist a finite number N of translates of J which cover I, so

I3 ere™ sy < NI ere™ sy < N0 3l = Nl

Thus {62’” : A € A} is a Riesz sequence in L*(I). O
The followmg statement shows that working with exponentials requires more care.

Proposition 2.11 Let A be a lattice in R?, and Q be a bounded measurable set
in RY with m(Q) < volA. If (Q+ X)NQ is null for all X € A\ {0} then the family
{e2mO) 2 X € AL} is a tight frame for L*(S2).

Proof. Let us assume that the intersection (2 + A) N € is null for all A €
A\ {0}. Suppose first that @ C A, where A is a fundamental domain for A. We
can consider L%(Q)) as a subspace of L?*(A) with the embedding f — xqf. By
Theorem 2.2 the family {e?™*) : X\ € At} is an orthonormal basis for L?(A).

Then for f € L*(A),
Y TN = fllEaa)

AEAL

This holds in particular for f € L?(2). Hence {e?™*) 1 X € At} is a Parseval
tight frame for L*(Q2). In general we have that the closure of Q is compact and
can be covered by finitely many compact fundamental domains A of A. Without
loss of generality we take A to be the canonical domain R?/A. Now the set of
exponentials {27 : X € AL} constitutes a tight frame for the union of these
fundamental domains. Then applying Proposition 2.10, we obtain the desired
result. U
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3 Existence of L?-windows

In this section we present the known results about separable lattices, their ex-
tensions to lattices spanned by block-triangular matrices and at the end we make
some observations on tensor frames.

An entry point to the geometric approach to constructing Gabor frames is the
following basic observation: a fundamental domains €2 for lattice A in R¢ allows
a spectrum, i.e. an orthonormal basis for L?(Q) consisting of pure frequencies
[Fug74], [IKT03], [KMO06], in our notation Theorem 2.2. Whenever Q2 is a funda-
mental domain for a lattice A, the translates of €2 along the lattice points are all
disjoint up to a set of zero measure. Theorem 3.2 combines these two observations
to construct a Gabor ONB for L?(R?). This method can be extended to construct
Gabor frames for L?(R?) for special lattices as shown in Theorem 3.3.

3.1 (Gabor frames for separable lattices

In this section we review the literature on Gabor frames, with windows being char-
acteristic functions, for separable lattices [HWO01],[HWO04]. In the one-dimensional
case, we refer to [Jan03] for a discussion of Gabor systems with windows charac-
teristic functions. At first we consider a separable lattice A = AZ¢ x BZ%. The
central result in [HWO01] about fundamental domains is the following

Theorem 3.1 ([HWO1]) Let AZ? and BZ® be two full-rank lattices in R, such
that det A = det B. Then there exists a measurable set €2, which is a fundamental
domain for both AZY and BZ®. If det B > det A, then there exists a measurable
set Q, which is a fundamental domain for AZS and (2 + M) N (Q+ Np) is a null
set for any Ay # \o from BZ4.

This theorem is used in [HWO04] to show the existence of Gabor orthonormal
bases and Gabor frames on a separable lattice A = AZ¢ x BZ? as illustrated in
Theorem 3.2. The Gabor window function is a characteristic function.

Theorem 3.2 ([HWO04]) Let A = AZ? x BZ% be a lattice in R?*? with D(A) = 1.
There exists g € L*(RY) such that (g, \) is an orthonormal basis for L*(R?).

Proof. The assumption D(A) = 1 implies | det A| = |det B~7|. By Theorem 3.1
the lattices AZ¢ and B~TZ% have a common fundamental domain, which we denote
by €.

We consider the Gabor system (xqo, A). For ky # ky in Z¢, we have

(Tag, X0, Tary X) = 0, (20)

because the supports of the two functions are disjoint. Theorem 2.2 shows that
the family {e?™“Bl) : | € Z"} forms an orthogonal basis for L?(§2). To obtain an
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orthonormal basis, it is enough to normalize the L?-norm of yq by setting as a

window function
X XQ

I=m@) et A|
The union of all those functions MpTag for all k € Z™ is (g, A). Now if we denote
the projections of f € L?(R%) onto L?(Q + Ak) by Puf = Xaiak - f, we have by
(20),

715 =D 11213

kezd

For all k € Z Theorem 2.2 implies that

1P fII5 = Z (2™ B Pf)|? = Z (TaxMpig, ).

lezd lezd

Therefore,

1712 = 52 S (TuiMig, £

kezd lezd

which implies that (g, A) is an orthonormal basis for L*(R?) (since the L?-operator
norm of TaxMp; is 1). O

Theorem 3.3 ([HWO04]) Let A = AZ% x BZ® be a lattice in R*® with D(A) > 1.
There exists g € L?(R%) such that (g, A) is a Gabor frame for L?(R?).

Proof. The density condition D(A) > 1 implies |det A| < |det B-T|. By
Theorem 3.1 there exists a measurable set €2 which is a fundamental domain for
AZ® and such that the set {Q + BTk} N {Q+ B~Tk'} is null for k # k' € Z°.

We apply Theorem 2.5 to the system (yq, B~7Z% x A™TZ?). We claim that
this is a Riesz sequence. Let ¢ = {¢,} be a finitely supported sequence in C.

2

g Ck,lTB—TkMA—TlXQ
k,l

= <Z eriTp-riMa-rixa, Y cw v Tp-ry MA—TZ’XQ>
2 k,l kU

(21)
Theorem 2.2 implies that {M4-r; : | € Z?} form an orthonormal basis for L*(Q)
because € is a fundamental domain for AZ?. On the other hand, the set {Q +

BTk} n{Q+ BTk} is null for k # k' € Z% so
(Tg-mMy-11X0, Tp-min M -1 X0) = Ok 01,0 (€2)

Hence, the right-hand side in (21) equals nothing but m(2) >~ lcxa > = m(Q)]¢||7-

According to (15), (xa, B~TZ% x A~TZ%) is a Riesz orthogonal basis for its closed

linear span, hence the Gabor system (yq, AZ? x BZ?) is a frame for L?(R¢) (which

follows from the Ron-Shen duality Theorem 2.5). O
Next we give another result about spectra.
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Corollary 3.4 Let A = AZ® x BZ® be a lattice in R* such that D(A) > 1. If
Q) is bounded open measurable set in R, which is a fundamental domain for AZ?
and QN {Q + B~T1} is null for 1 # 0 € Z2, then the family {Mpyxq : | € Z} is
complete in L*(Q).

Proof. Suppose for contradiction that there exists h € L*(€2), h # 0 such that
(h, Mpyxq) = 0 for all | € Z%. Then for all k € Z,

<h, TAk€27ri<Bl,y)XQ> =0
The proof of Theorem 3.3 then would imply that there exist a,b > 0 such that

allhll3 <3 ) [(h, Tare®™ P x0)|* < b||hlJ3,
k l

requiring ||k||2 = 0. O

In the following we combine the theory of the matrix form of the Gabor frame
operator and the results on the geometric constructions. We have the following
“no-go” result.

Proposition 3.5 Let A = AZ? x BZ¢, A, B € GL(d,R) with D(A) > 1. Let
be a fundamental domain for AZ? and a packing for B~TZ. If g € C(RY) is
supported on 2, then the Gabor system (g, \) is not a frame for L*(RY).

Proof. Let g € L*(R%), suppg C , generate a Gabor frame (g, AZ? x BZ?).
We analyze the structure of the associated cross-ambiguity matrix G(z). If j # 1,
then

suppg(z — B~ Tj — Ak)g(x — B™Ti — Ak) C Ak + [+ B Tj)n(Q+ BT

Since (2+ B~T5)N(Q+ B~T4) is null, then for almost all z, G;;(z) = 0, whenever
j # 4. Thus the matrix G(x) (18) is diagonal for almost all . Consider the matrix
entry
Goo(w) = ) lg(x — Ak)[*.
kezd

Since supp g = 2, we have only one nonzero term in the summation (namely, the
one with k = 0), yielding Goo(z) = |g(z)|>. By a substituon of the the sequence
¢ = {050 }neze in the Ron-Shen criterion [Gro01] we see that a < (G(z)c,c) < b,
because S, is a bounded and invertible operator on L?(R¢). Therefore, the same
properties must be transferred to the matrix G(x) for almost every z. But then

(G()e,c) = Gu(z) = [g(2)],
which in turn implies
a < |g(x)* <b.

Hence ¢ cannot be continuous on R¢. U
Proposition 3.5 implies that results of the type [HWO04] do not provide windows
with good time-frequency localization. However, we have the following weaker
result
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Proposition 3.6 Let A = AZ? x BZ* with D(A) > 1. Let Q2 be a fundamental
domain for AZ? and packing for B~T7Z4. Let g € C(R?),suppg = Q, that is,
g # 0 almost everywhere on Q, then (g, A) is complete in L*(R?).

Proof. Let f € L*(R%). Denote by fi. the restriction of f to Q + Ak, k € Z%.
fx belongs to L?(2) and can be identified with a Q-periodic function on R¢. Then

I3 =D Ifll3

kezd
Suppose there exists f € L*(R?) such that
<f, MBZTAkg> = 0, Vk’, l € Zd. (22)

However, because supp g = €2, for a fixed k € Z¢, (22) is the Fourier transform of
fr - Targ evaluated at Bl. The Fourier expansion expansion of fi - T'apg implies
that fi. - T'4rg is identically 0 almost everywhere. Because g does not vanish on
a subset of () of positive measure, fr = 0 almost everywhere for all k. Therefore
f =0 almost everywhere. 0

We note also that whenever the window function is a characteristic function
supported on a (union of) fundamental domains 2, the matrix G(x) given by (18)
is independent of the shape of €.

3.2 Gabor frames for lattices parametrized by block-triangular
matrices

In this section we review results from [HWO04] about geometric construction of
Gabor windows for lattices generated by block-triangular matrices. At first, we
consider the lattice A € R?? given by

_ (A 04

(3 )

where A, B are full-rank matrices. The idea is to transform this lattice into a
separable lattice by multiplying A by the matrix

I 0
r= <—DA‘1 I)

which produces the separable lattice

TA = (61 g) 7 (23)

Proposition 3.7 ([HWO04]) Let A = (g g) Z* be a lattice in R* with A, B €

GL(d,R) and D(A) > 1. Then there exists a function g € L*(R?Y) such that (g, A)
is a Gabor frame for L*(R?).
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Proof. We denote by Q the set which is tiling for AZ? and packing for B~7Z4,
and compute for A = (z,w) € A, the action of the time-frequency shift 7(7T'\) on
L*(RY), with T defined in (23)

7(TA)h =n(x,~DA ' +w)h
:e2ﬂi(fDA_1x+w,tfx)h(t . LC)

:MAD_lxe%ri(DA_lx,x) 627ri<w,t> 627ri<w,7x)h<t . $)

_ . —1 . . _ . _1
:MAD—lxe 2mi(DA™1¢,t) eQﬂ'z(w,t) eQm(w, :1:>627m(DA t,t) %

o L e (24)
e27rz(DA t,f:r>627m(fDA x,t)€27m<DA x,x)h(t . .T)
:MAD—lxeﬂi<DA_lt’t> eQm‘(w,tfx) eQm’(DA_l(tfx),tfx)h@ . .I')
=Map-1,UT, M, U 'h
=Mup-1,Ur(N)U h
where U is the unitary operator (chirp)
U: L*(RY) — LARY), (Uh)(t) = e 2™ PA B0 R (1), (25)

Since 2 4+ Ak are disjoint up to a null set for different k € Z?, it is clear that for
all ¢ € L?(R?)

ol = 1Paell3,

kezd

where Pr¢ = xaiax®. The Gabor system (yq,TA) is a frame for L?(R?) by
Theorem 3.3, with bounds, say, a < b. For k fixed, we estimate

al|Peoll3 < Y [ m(Ak, Bl)xal® < b]| Peo |- (26)

lezd

Let g = U 'xq, where U is the operator defined by (25). Let us denote the
z-coordinate of A € A by z,. Rearranging (24), for f € L?*(R?) we calculate

DAL =D 1(f Map-1, U™ w(TA)x0)

A€A AEA

= Z |<MAD_1(E)\ va W(T)OXQ) |27

AEA

because Map-1,, and U are just phase factors. Now due to choice of T', for all

A € A, there exist k,l € Z? such that T\ = (Ak, Bl)T.

STHLTNNE = SN (Map-1.4.U £ w( Ak, Bl)ye)|? (27)

AEA kezd lezd

Let k£ be fixed for the moment.

19



We apply the inequality (26) to ¢ = Map-14:U f, and substitute into (27).

al| Ppe2™ i PA™ AR [ 112 < Z [(Map-143U f, w(Ak, Bl)xq)|*
lezd
< b|PeMap— U f|l5,

which is equivalent to

a|PUF|3 <Y [(Map-ranU f, w(Ak, Bl)xq)|?
lezd

< 0| RUfl3

because a modulation leaves the L2-norm unchanged. As we sum over all k € Z¢,
and then use (27), we obtain

ad NPUFIZ< YD [(Map-1axU f, w(Ak, Bl)xq)[?

kezd kezd lezd
<b Y |RUSI3 and
kezd
all f15 = allUFI5 <D KfmNg)* < blIUFII5 = ol £113
AEA
Hence (g, A) is a Gabor frame for L?(R?). O

Note: g is discontinuous because it is the multiplication of a characteristic function
Yo with a chirp given by U~

Proposition 3.8 ((HWO04]) Let A = < 61 g

D(A) > 1. Then there exists a function g € L*(R%) such that (g,\) is a Ga-
bor frame for L?(R%).

72 be a lattice in R2 with

Proof. The upper block-triangular case can be reduced to the lower block-
triangular case via a Fourier transform. We consider again a Gabor frame (g, A’),

where
I -B 0 2d
A_(C A)z

A, B are full-rank d x d-matrices, and ¢ is the window function from Proposi-
tion 3.7. We take the Fourier transform of the elements (g, A")

Fr(N)g = FMoryaT-prg = Torr aMBig,
which are nothing but the time-frequency shifts of g over a lattice
(A C 2d
A_(O B)Z
that is generated by an upper block-triangular matrix. Because the Fourier trans-
form F is unitary on L?(R?), the Gabor system (g, A) is a frame for L*(R?). [
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A C
D B
R2? such that D(A) > 1 and either DA™Y or CB™! is symmetric. There exists
g € L*(R?) such that (g,\) is a Gabor frame for L*(R?).

Proposition 3.9 ((HWO04]) Let A = ( Z* be a full-rank matriz in

Proof. Depending on whether DA™! or CB~! is symmetric, we choose a matrix

I 0 I —CB™!
T‘(—DAll) o T‘(o I )

so that T'A is a lower or upper block-triangular lattice. Since the symmetry of
a real-valued matrix M implies that M = M7”, the matrix T is in both cases
symplectic. By Propositions 3.7 and 3.8 and Theorem 2.8, there exists g € L?(R%)
such that (g, A) is a frame. d

Proposition 3.10 Let A = MZ** be a lattice in R®*? with M € Sp(d). There does
not exist g € S(RY) such that (g, \) is a Gabor frame for L?(RY).

Proof. We argue by contradiction. Suppose that there exists a g € S(R?)
such that (g,A) is a Gabor frame for L*(RY). By Theorem 2.8, there exists a
g € S(R?) such that (g,Z¢) is a frame for L?(R?). By the Ron-Shen duality
principle, (g,Z%) is a Riesz sequence too, for L?(RY). But then the amalgam
Balian-Low theorem [GHHKO03], [BHW98|, [Gr601] holds, yielding a contradiction

to our assumption. O

4 Construction of smooth windows

We consider a separable lattice A = AZ?x BZ4, with D(A) > 1, where A and B are
d x d-matrices of full rank. In view of Proposition 3.5 we have to look for window
functions in C,.(RY) whose support extends beyond the fundamental domain
of AZ?. We shall construct a smooth window function by using a smoothened
characteristic function to obtain results similar to Theorem 3.2 and Theorem 3.3.

To simplify our computations we shall obtain statements about Riesz basic
sequences based on the adjoint lattice, A° = B~TZ% x A~T7Z?, for which automati-
cally D(A°) < 1. We will construct a smooth window g such that (g, A°) is a Riesz
sequence. The existence of a frame (g, A) for L?(R?) will be then deduced from
Theorem 2.5. In this section for two sets X,Y € R? we shall denote by X +Y the
set {r+y,x € X,y e Y}

4.1 Existence of smooth windows supported on star-shaped
fundamental domains

Our goal is to construct a fundamental domain €' for B~7Z? with the following
property: there exists a proper subset 2 of Q' with Q + B(0,¢) C €' for some

21



Figure 1: €2 is the scaled image of ' under dilation with centre O.

¢ > 0, which is a fundamental domain for AZ? (Figure 1). Due to the fact that
m(Y) = |det B7T| > |det A|] = m(Q), such sets Q and Q' could theoretically
exist. In addition as long as the set ' is bounded, we can apply the result on
perturbed frames [CC97] to a mollified characteristic function.

This leads to the question: Which lattices allow fundamental domains Q0 and
Q' with such properties? We note that a sufficient condition for our purposes is
star-shapedness of the tiling set, stated as

Lemma 4.1 Let A = AZ? x BZ? be a lattice with D(A) > 1. Let A = vol A~dA.
If the lattices AZ® and B~T7Z% have a common fundamental domain € which is
star-shaped and compact, then there exists € > 0 and a fundamental domain €2 for

AZ® such that Q + B(0,¢) C .
Proof. Under the notation
A=D(A)iA,

we obtain a scaling of the lattice AZ? to AZ?. Furthermore, |det Adet B| = 1.
By Theorem 3.1 there exists a measurable set 2’ which is a common fundamental
domain for AZ? and B~TZ% We claim that there exists a fundamental domain
for AZ¢ such that Q C . For a star-shaped set €, there exists a point N €
such that for all points @ € €' the segment N—Q> is contained entirely within €)',
We apply a dilation with center N and coefficient D(AO)_é to € and obtain a set
2 which is similar to " and moreover, Q2 N ' = Q (as illustrated in Figure 1).
In addition, there is a d-neighborhood €25 of Q (for § sufficiently small), contained
inside €. We claim that € is a fundamental domain for the lattice AZ<.
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Using Lemma 2.1 and a change of variables x = N + yD(Ao)é, we derive

WO = [ e
Q

1

1
_ —2mi(¢,N+yD(A°)d) g
= S 6 y

D(A?) /

1 / —2mi{D(A?) L€.y)
- = e~ 2mi , dy
D(A°) Jo
1 1
- e (eD(A° “)
Since Yoy vanishes on A~7Z\ {0}, Yq vanishes on D(A°)~a A~TZN\ {0} = A-TZ4\{0}.
Lemma 2.1 implies that  is a fundamental domain for AZ?. O

Theorem 4.2 Let A = AZ? x BZ® be a lattice in R*? with D(A) > 1. Let
A= D(A)éA. If the lattices B-TZ and AZ® have a common compact star-shaped

fundamental domain, there exists g € C>(R?) such that (g,\) is a frame for
L*(RY).

Proof. We denote the common star-shaped fundamental domain of the lattices
B~T74 and AZ? by . The condition on its shape allows us to construct a compact
fundamental domain €2 for AZ? such that © C €Y.

Let g € C*(R%) be such that g(z) = 1 for x € Q, g(x) = 0 for z ¢
lg| < 1 elsewhere. We know from the proof of Theorem 3.3 that (xq,A°) is a
Riesz sequence in L*(RY).

Just as Q is bounded set, so is 2. Therefore it is covered by finitely many
copies of Q. Hence for any finitely supported sequence ¢ = (¢y),

mi{A~ Tk,
1> eadMacriglony = M)l 1D exe®™ 45|17, g,

kezd kezd

< Z Ckezﬂi<A_Tk">|’%2(Qf),
kezd

(28)

because |g| < 1 on €. The family {M-r,xq : k € Z¢} forms a tight frame
for L?(Q2) (Theorem 2.2). Applying now Proposition 2.9, we see that there exists
C' > 0 such that (28) is bounded by C||c|| for all sequences c. This implies
that {M4-r,g : k € Z?} forms a Bessel sequence for L?()'). Since the translates
of suppg C Q' are disjoint up to a null set by translation in B~7Z? we can
derive easily that (g, A°) is a Bessel sequence. We follow the same argument as
in the proofs of Theorem 3.3 and Theorem 3.2 - namely for all finitely supported
sequences € = (Cjp):

1Y cenTaenMaskglizn = Y 1D chnMaskgllFzn
n k

k.n
<O lewa? = Cllell?,
k,l
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Equation (29) holds since the set {2+ B~ Tn;} N{Q' + B "ny} is null whenever
n1 # ny € Z°.
Furthermore, since g|lg = xq, we see that

I Z CkMA—TkgH%Q(Q/) > Z CkMA—Tk9||2L2(Q)

kezd kezd
= | Z kM a-rixall72(0)

kezd

Thus as in (29) we show that

| ch,nTB—TnMA—Tkg||2L2(Q’) > C'[lc||e
k.n

for some constant C’ > 0. Then the Gabor system (g, A°) is also a Riesz basic
sequence. By Theorem 2.5, (g, A) is a frame for L*(R9). O
In fact the following more general fact is also true:

Corollary 4.3 Let A = AZ? x BZ% be a lattice in R*® such that D(A) > 1. Let
QO C R? and € > 0 be such that Q is a bounded fundamental domain for AZ?
and Q+ B(0,¢€) tiles B-TZ. Then there exists a compactly supported and smooth
function g such that (g,A) is a Gabor frame for L*(R?).

The result from Theorem 4.2 can be extended to a lattices generated by lower-
block triangular matrices.

A 0
D B
have a common fundamental domain € which is star-shaped and compact. Then
there exists g € C°(R?) such that (g, A is a frame for L*(RY).

Proposition 4.4 Let A = 724 be such that D(A)iAZ? and B~T7¢

Proof. We consider the lattice

I 0
I= <—DA—1 1) '

Then we note as in the proof of Proposition 3.7 that TA = AZ? x BZ¢ is separable
and fulfils the conditions of Lemma 4.1.

Then Theorem 4.8 assures that there exists § € C>°(R?) such that (g, TA) is
a Gabor frame for L?(R%). From the details of the proof of Proposition 3.7 we
conclude that (g,A) is a Gabor frame for L?(R%), where g(t) = e2™(PA™"t045(¢),
Obviously g € C°(RY). O
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4.2 Examples of smooth windows in 2-D

In this section we illustrate the statement given in Proposition 4.1 and Theo-
rem 4.2. For a given pair of matrices in GL(2, R), we construct explicitly a common
convex fundamental domain.

Proposition 4.5 Let B = ((1) (1)> and A = <g 2) where m,n are co-prime

integers. There exists a common convex fundamental domain for B~T72 = 72 and
A72.

Proof. The two-dimensional torus is T? = [0,1) x [0, 1). Consider the parallel-

ogram
L m 2
= (O n)T .

We claim that € is a common fundamental domain for the lattices Z2? and (
N

3l o
~

rQ o33

®

H
Suppose that there exists (k,1)T # 0 € Z? such that {Q + (l)}
Then there exist points (ay, 81), (g, 32) € T? such that

%+mﬁl+k:%+m@ and nB +1 = np

Therefore,
Bo— 1 =—

which implies that a; — s = ml — kn must be an integer. Since 0 < ay, as < 1,
we have necessarily a; = s, and also that

By—p =~

Since ged(m,n) = 1 and 0 < By — 1 < 1, this is possible only if £ =1 = 0. Thus
(Q+Z2\{0})NQ=2. Asm(Q) =1, Q is a fundamental domain for Z2.

We apply the same argument to the lattice (g 2) Z2. Suppose that there

exists (I;) + 0 € 72 such that {Q+ (g 2) (/;:>} N # @. Then there exist

points (v, 1), (az, B32) € T? such that

« km « In
i +mﬁ1+—:—2+mﬂg and nf; + — =nbs
n n m

The equality
l
fo—Pr=—

25
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again leads to the conclusion that as — @y = mk — In is an integer. Because
0 < aj,as < 1, we have a; = a», and

BB ="
n

Again, since ged(m,n) =1 and 0 < B3 — 1 < 1, this is possible only if £k =1 = 0.
Thus (2 +Z*\{0}) NQ = &. Because m(Q) =1, Q is a fundamental domain also

0 Z2. O

n
m

for g

m 1
Example 4.6 The lattices 72, (6 2) 72 and (8

m
1, have a common convex fundamental domain.

s 3

) 72, where ged(m,n) =

n

Example 4.7 The lattices 72, % 2 72 and (;:L

n
1, have a common convex fundamental domain.

SI= O

) 72, where ged(m,n) =

Theorem 4.8 Let m,n € Z be relatively prime. Let A = AZ? x BZ? be a lattice
in R*. Whenever BT A is of the form

1. kI |k < 1;

ka 0 1
2. ( 0 ngk), where |k| < (mn)~";

k- mnk 1.
3. (0 n2k:>’ where |k| <n™'; or

n’k 0 .
4. (mnk k)’ where |k| <n™t,

there exists a function g € C°(R?) such that (g, \) is a Gabor frame for L?(R?).

-0 e

Proof. We have

which shows that A = M ((BT A)Z?xZ?), and M is symplectic. Since det BTA <1,

we can rescale BT AZ? to make its density 1 as in Lemma 4.1. Then BTAZ? is
respectively of the form

m 1
(5 )7 (6 %) 7 1)7
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Examples 4.6 and 4.7 assure the existence of a common convex fundamental do-
main for (BT A)Z? and Z? accordingly. Theorem 4.2 ensures that there exists a
smooth and compactly-supported function ¢’ such that (¢', (BT A)Z* x 7Z?) is a
Gabor frame for L*(R?). The matrix M is symplectic, and its associated unitary
operator U from Theorem 2.8 is the dilation

(UR)(x) = (det B) 2h(B '),

see also [Fol89]. Hence, g = U*g’ € C®(R?) and (g,A) is a Gabor frame for
L?(R?). O

Using Proposition 3.7, we can extend the result from Theorem 4.8 to a larger
class of 4 x 4-block-matrices.

A 0
D B

such that BT A is of the form given in Theorem 4.8. Then there exists a function
g € C°(R?) such that (g,\) is a Gabor frame for L*(R?).

Proposition 4.9 Let A = < ) Z* be a lattice in R* with A, B € GL(2,R)

Proof. We transform the lattice A into a separable lattice AZ? x BZ? by

multiplying it by
I 0
= ( DA T )

Then Theorem 4.8 assures that there exists g € C°(R?) such that (g, T'A) is
a Gabor frame for L*(R?). The proof of Proposition 3.7 states that (g,A) is a
Gabor frame for L*(R?), where g(t) = ¢2>™{PA7t05(¢). Obviously g € C*°(R?). O

4.3 A pair of lattices which does not allow a common star-
shaped fundamental domain

This construction of windows in Cg° from Sections 4.1 and 4.2 strongly relied
on the existence of a common compact and star-shaped fundamental domain for
a given lattice pair (A1, A2). Here we provide an example of lattice pair (Aj, Ag)
such that A;, Ay do not have a compact fundamental domain with these properties.
This example illustrates the limitations of the method described in Theorem 4.2.

Proposition 4.10 There exist pairs of lattices in R?, which do not allow a com-
mon star-shaped fundamental domain.

Proof. Assume that there exists a compact star-shaped set {2 serving as a
common fundamental domain for the lattices

V2 0
A1 == ( 0 ﬁ) Z2, A2 - Z2.

2
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Then we would be able for (small enough) € > 0 to locate Q C Q + By(e) C

which is a scaled copy of €' by \/Li and thus a fundamental domain for (1)

(a consequence of Lemma 4.1 - since ((1) (l]) 7% = D%Al).

2
Furthermore, because ' tiles A,, translates of Q by Ay = Z? do not have a

common side and are never adjacent (due to the fact that each one is a scaled
copy of € contained entirely in €)').
Now we consider the lattices
1
( ?) 7, 77
0 3

0 1 ) T? is a fundamental domain for (é 8) Z? and
2 2
forms a packing for Z2. This set, however, has the drawback that there is no “free
space” under horizontal translations by vectors of the form (n,0)T,n € Z. We
may hope to find another tiling set for ((1) (l)
~ 2

such that © + By(€) packs Z?. We shall show that this is impossible.
10
0 1
2
which is the collection of all adjacent (i.e. having at least one point in common)

translates of Q under vectors ¥ € (1 0) 7?2. We have Z? C (é 8) 7Z2. If no

0 1L
element from the corona of € is a ZQ—tianslate of €2, they must a112 result from
vectors U = (n,m + %)T,m,n € 7Z. But then if we take two adjacent translates
T5,Q, T5,Q from the corona, then ¥, — ¥, € Z*. Because the arrangement of the
tiles is invariant under translation by vectors from the set Z? = Ay, then Ty, 5
is an adjacent to €2, hence it is in the corona of €2, which is contradiction. Hence a
As-translate of 2 adjacent to € always exists. For every € > 0, no set 2’ containing
Q + By(e) as a proper subset can form a packing for Z2. ¢/

However, this is a contradiction coming from the assumption that A, Ay have

a common star-shaped fundamental domain. U

We see that the set QQ = (1 0

) 72, ), such that there exists € > 0

Let 2 be a general fundamental domain for Z?. Consider its corona,

4.4 “Janssen’s tie” in 2-D

The intricate structure of Gabor systems based on characteristic functions on the
unit interval is studied in [Jan03]. In two dimensions the behavior of characteristic
functions is even more intricate, as the following examples show:

The pair of lattices considered in Proposition 4.10 have the following interesting
property - for a characteristic function on a bounded domain not the size of a
domain but it spacial orientation determine the Gabor window property.
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10

0o 1L

2

fundamental domain for AZ?, and g = xa + Tj,xa,jo € Z2, jo 0. Then the
Jo

Gabor system (g, \) is not a frame for L*(R?).

Example 4.11 Let A = AZ? x 7Z?, where A = ( ) Let Q be a bounded

Proof. As we have seen before, the entries of the cross-ambiguity Gramian
matrix defined in (18) for g = xp are given by

Gig(z) = 3 gl —j — ARyg(x — i — Ak). (30)

keZ?

Due to the planar arrangement of the support of g, we see that G;;(z) = 2 for
almost all z, while G, ;(z) =1 for i — j = +jo and G, ; = 0 for all other 7, j. It is
easy to see that these coefficients do not depend on the shape of Q, whence G(z)
is independent of the shape of €.

Thus we may at first consider the simplest case, namely Q = AT?, j, = (1,0)7,
which is a 2 x %—rectangle with sides parallel to the axes in R% In this case we
know that g = x[02) ® X[0,3)- Then (g, AZ* x Z?) is essentially the tensor Gabor
system of (X[o,2), Z x Z) and (X[o,%)a sZ x 7). But we know that (x[,2), Z x Z) is not
a Gabor frame for L?(IR?) (this result is stated as Proposition 3.3.2.1. in [Jan03]),
because the lower frame bound is 0. Hence, the tensor system is not a Gabor frame
for L?(R?). In return, the cross-ambiguity matrix G(x) of (g, A) is not stable for
almost every x

For another j, we shall also prove that G(x) is not stable. We fix a natural
number N > 0, and consider f = SV 1(=1)*T,;,xq. Clearly, ||f[3 = Nm(Q).
We compute (S, f, f) according to Proposition 2.6.

(Suf. f) = (G(2)f(), £(x))
- / (G(2)f(x), h(x))dz

- Y [ Gu@T@T

i,j€Z2
:Z/ AT f(x)Pdw+ /Tf VT F (@) (31)
i€Z2 (4,4):i—j==%jo0

=2 Velfar+ | fe) -Of(x)dw/]sz(:c)mdx

=2(f,1) + (£ Tio /) + (Lo f, )
= |If + T f13,

after we have applied the periodization trick several times in the computations (31).

But due to the choice of f, || f+T}, f]I5 = 2m(S2) because f+Tj, f is a telescoping
sum, and supp f+Tj, f = QUT N, 2. This implies that for this choice of f, (S, f, f)
remains constant, whereas || f||2 can vary (because of N). Hence no lower frame
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bound exists for the Gabor family (g, A). Thus (g, A) is not a frame for L?(R?).
U

10
o 1L

2
fundamental domain for AZ*, and g = xq U Tj xa, where jo € AZ*\ Z*. Then

(g,A) is a tight frame for L?(R?).

Example 4.12 Let A = AZ? x 72, where A = < Let Q be a compact

Proof. We consider again the cross-ambiguity Gramian matrix defined in (18)
for g, whose coefficients are given by

Gij(x) =Y glz —j— Ak)g(z — i — Ak). (32)

kez?

We note that unless ¢ = j, suppTi1arg and suppTj;arg are disjoint because
g = xa U Tj,xq, where jo € AZ?\ Z? and Q is a fundamental domain for AZ?.
Therefore, the matrix G(z) is diagonal. Then we obtain that the diagonal entry

Gii(z) = Z l9(z — Ak =) = Goo(z) =2,

kez?

for almost all x. Therefore, Proposition 2.7 guarantees that (ys,A) is a tight
frame for L?*(R?). O

5 Multivariate Gaussian Gabor frames

In this section we study several examples of multivariate Gabor Gaussian systems.
We denote by 7, the standard n-dimensional Gaussian function. Clearly,

M=

n times

A big goal is to give a criterion on lattices A C R?? which determines whether
(Yn, A) is a Gabor frame for L?(R?). For d = 1 the problem is solved.

If d = 1, the problem is solved. Its solution depends on the concept of density
d(A) of a lattice A. In fact, the following theorem has been proven in [SW92]:

Theorem 5.1 The family (71, A), for a discrete set A C R?, is with respect to
L*(R)

e a frame if D(A) > 1;
e complete but not a frame if D(A) =1;

e a Riesz sequence if D(A) < 1.
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In higher dimensions a similar characterization is not trivial, and only very little
is known. In higher dimensions, pretty much all that is known is that the above
result does not hold in full. What remains true though is

Theorem 5.2 The family (74, \), where A C RY, is with respect to L*(R?)
e not a frame if D(A) = 1;
e not complete if D(A) > 1;

We provide some examples, and discuss an alternative criterion, called sym-
plectic capacity. First we recall some theory which is applicable to the study of
Gabor frames.

5.1 Tensor frames

The easiest way to create frames for spaces of functions in higher dimensions

is to take tensor products. In this section we present some results on tensor

products of Gabor frames. For n lattices Aq,..., A, of the same dimension, we set
PN ={(z, . xn) X (W, wn) (T, w;) € A}

Lemma 5.3 Let (g1, A1) and (g2, A2) be frames for L>(R?). Then (g1®g2, A1 ®As)
is a frame for L?(R*?).

Proof. Let f = f(x,y) € L*(R?*?),\ € Ay, u € Ay. Then we have

(A, 1) (g1 @ g2)(z, y) = m(N)gi(z) - w(1)g2(y).

We compute

Z |<f’ 7T(/\7 :u)(gl & 92)> |2

A

P>

()\,,LL)EAl X Ao

P>

()\,,LL)EAl X Ao

2

/ / £(,9) T2 (@) (1) 92y dardy

2

, (33)

/ (Fy 7 (N )7 (09200 dy

where we set Fy(z) = f(x,y) and

(FynNg) = [ Flop) 7o) do.

The function f € L2*(R?! d(z,y)), which implies that for almost every y,
F,(z) = f(z,y) € L*(R% dx). This is due to the Fubini theorem (the function
If|> € LY(R*,d(z,y)), hence |F,|*> € L'(R*, dz) for almost every y, hence for
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almost every y, F, € L*(R? dx).Then applying the frame inequality (gi, A1) to
F,, we obtain that for some a,b > 0 and almost every y € R?

I pe g = a [ ) o

< S UEm (Vg P

AEA,
< b Fyl 200

—b/]F )|*dx

We also want to show that the function ¢,(y) = (F,,7(N\)g1) € L*(R%, dy).
Essentially ¢y (y) = V,, Fy,(X). We compute in turn

sy = [ 1E gy
</ Zr Yol Pdy <b [ 1B Rsoandy (30
NeA
= o [ [UstePasdy
= B3 < o0 (35)

Thus, ¢» € L*(R?, dy). Next we rearrange terms in (33) so that we try to estimate
by Tonnelli the following summation

2

/ f(x,y) (N gi(x)m (1) g2(y) dedy

(Ap) €A1><A2

= Y| [ BT m) dy (36)
(A ) EAT X A2

— Z Z /gb,\ (1) ga(y) dy (37)

AEAT pEA2

= > Hon (g (38)

AEAL peEAL

Because ¢, € L*(R? dy) and (g2, As) is a frame for L*(R?, dy), there exists con-
stants ¢, d > 0 such that

cloalemiay < Y Honm(1)g2)* < dlloalZegagy): A€ A (39)

HEA2
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Using (39) into the summations of (38), we obtain

S 16alEaay < / / F(,y) TN @ (0)ga(y) drdy

AEA )\ M €A1 X Ao (40)

<d Z [DAl172ay)

AEA

These are a preliminary upper and lower bounds on the quantity we want. Fur-
thermore,

a1y = [ 1CFy ()i Py

Therefore, equation (40) can be rewritten as

¢y /| Ng)Pdy < Z‘//f z,y) m(A) g1 ()7 (1) ga(y) dxdy

AEA; (41)

<d2/’ y7 gl|dy

AEA

2

and from (35), we know already that

/Z| 91|dy<00

NeA

so first Tonelli’s and then Fubini’s theorem allow us to interchange the order of
summation and integration in (41), so we obtain

/le gl|dy

AEA1
2
/ f(@,y) (N gu ()7 (1) g2(y) dady (42)
)\ u EAl X Ao
< d/ Z [(Fy, m(A\)g1) [P dy
AEA

Since the quantities on the left- and right-hand side of the inequality signs can
be simplified using the frame inequalities for (g, A;) in L?*(R? dx), we obtain
consequently

o [f@nPde < 3 UE NP <b [ 15 )Pda

e

o [[1#G0)Pisay < /Z|Fy,w Jou)fdy < b [ [ 1fw.)Pasdy

AEA
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A substitution in (41) gives us finally,

o [[ 15w wPizay <3

(A p)EAL XA

2

/ / £ () TV @) 7 ()92 () ddy| (43)

< b / F(zy)[Pdady (44)

Therefore, we have proved that in (37) Tonnelli’s theorem is applicable, which
brings us to the desired result. 0

5.2 Symplectic capacity

We introduce a concept from symplectic geometry which might turn useful for
making classifications such as that in Theorem 5.1. The ball centered at the
origin and of radius r in R?*? is denoted by B.

Examples given in the following section as well as general experience with time-
frequency analysis, imply that Theorem 5.1 might actually generalize to higher
dimensions in a canonical way, if we change the criterion on the density of the
lattice A by a concept involving the ideas of a symplectic capacity. This is defined
for bodies in RY, see [Hof90], and this definition would yield that each lattice
(a discrete set) has symplectic capacity 0 in the classical sense. The following
represent some attempts at re-defining this quantity

Definition 5.4 ‘Capacity of a lattice’ can be defined in two possible ways:

1. The symplectic capacity of a lattice A is given by

c(N) = c«(MZ*) = sup { area (MT*UP)},

P symplectic plane

that 1s, the area of largest intersection of a fundamental domain with a sym-
plectic plane.

2. The linear symplectic capacity c(A) of a lattice N = MZ** is given by the
linear symplectic capacity cWar) of the Wigner ellipsoid Wy = {z: M~z
z < 1}, that is,

c(N) = sup{nr? : A(B>*!) C Wy, A€ Sp(d)}.

At this time, we still do not know how to define the symplectic capacity of a
lattice. The above definitions probably have to be corrected. In fact, it is not clear
whether our approach is well defined, for example, in the second case whenever
MZ* = M'Z* for M # M’, must imply that ¢(Wy) = ¢(Wyr). In fact, if we
consider M = I and M' = ( 0 ;?0 ?), then ¢(W)s) = 1, while the set W) is not

an ellipsoid but a hyperboloid, so its capacity should be infinite!
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5.3 Examples

The following propositions illustrate the peculiar behavior of the Gaussian function
in higher dimensions. For a lattice A in R?? parametrized by a diagonal matrix
is not difficult to characterize the lattice parameters so that (v,,A) is a frame for
L*(RY).

8 2 Z2. Ifa <1 and b < 1, then (y2,A) is a

frame for L*(R?). Ifa =b=1, (72, A) is complete in L*(R?), but not a frame. If
a>1orb>1, then (v, A) is incomplete.

Proposition 5.5 Let A = Z? x

Proof. 1f a < 1,b < 1, then the result from [Lyu92], [SW92] tells us that
(71, Z x aZ) and (71, Z x bZ) are frames for L*(R). Lemma 5.3 implies that (7}, A)
is a frame for L?(R?).

To show completeness of the Gabor system, for a = b = 1 we observe that for
(x,w) = (21, 9, w1, ws)

Zya(x,w) = Zy (w1, w1) - Z71(22, w2) (45)

Because (71, Z X Z) is complete in L?(R), but not a frame, according to Proposition
9.4.3 in [Chr03], Zv; vanishes on a set of measure zero in [0,1)%. Hence, the
Zak transform Z~, vanishes only on a set of zero measure in [0,1)*. According
to Proposition 9.4.3 in [Chr03], (y2,Z? x Z?) is complete. Furthermore, since
7o € S(R?), its Zak transform is continuous. Hence, it is not bounded away from
0 almost everywhere. Proposition 8.3.2 in [Gro01] implies that the Gabor system
(72, Z* x Z?) is not a frame for L?(R?).

Ifa>1orb>1,sayb> 1, then (y;,Z x bZ) is incomplete in L*(R). Hence we
can choose f; € L*(RY), f; # 0 such that V., fi(my,bmy) = 0 for all (my,n,) € Z2.
Then for any fo € L*(R), f» # 0, the STFT

V’Y? (fl & f2)(m17 mao,ansy, bn?) = V‘Yl (mb a’nl)‘/’}’l <m27 bn?) = 0. (46)

But fi ® fo #0, so (y2,Z X Z x aZ x bZ) is incomplete. O
A more general statement in this spirit is

Proposition 5.6 The Gabor system (v, @32, N;Z) is incomplete in L*(R?) if for
some j, 5" |j—j'| = d,|\jAj| > 1, complete but not a frame if for some j,j' : |j —
7’| =d,|\Ay| =1, and a frame for L*(R?) if for all j, 5" : |7 — 7’| = d,|\jAy] < 1.

Proof. The proof combines Lemma 5.3 with the ideas from the proof of Propo-
sition 5.5. U
Remark: In this case the criterion ‘symplectic capacity of a lattice’ as defined by
Definition 5.4, 2. coincides with the condition of Proposition 5.6. We illusrate this
in more detail. By definition, the linear symplectic capacity is invariant under
symplectic maps, that is, ¢(U) = ¢(SU) for any set U and S € Sp(d). Hence,
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rather than considering the Wigner ellipsoid W), we can consider Wg);, where

we choose
. Adt1 Ad A1 Ad
S =dia Y yo- st/ ~— ] € Sp(d
i (\/ VR e Vg ) €3

Hence, for M = diag(A1, ..., \q), and M’ = SM, we have

1
(MAg41) 2 m1 ié

iraa)~ 3 T

(M/)_lz C oy = dA2d 7lmd . ¢
(MAd+1)" 26 &

f :

(Mgr2q)” 2 &q §a

= (AAan) 2 (224 E) 4+ (Mhaa) 7 (22 + £2),

-2
and we can conclude that ¢(MZ?*?) = ¢(M'Z*) = « <max{()\j)\j+d)*% }) =
mmin {|A; Al }-

For lattices parametrized by non-diagonal matrices criteria are different. The
next example is non-trivial.

a a
—b b
frame for L*(R?) if a,b < 5. Ifa="b=3, (2, ) is complete, but not a frame for
L*(R?). If a,b> %, (72, A) is incomplete.

A =7 x (_“b Z>Z2

is separable. A simple calculation shows that for F' = f; ® fy € L*(R?),

Proposition 5.7 Let A = 7Z? x ) Z2. Then the Gabor system (v, ) is a

Proof. The lattice

V., F(mq, mg, a(ny + ng), b(ne —nq))
= ([1 ® f2, Trny ms Ma(ni +ns) b(na—n1)V2)
= (f1, Tony Ma(ny+n2)71) (f2, Tono Mi(ng—ni) 1)
= Vi filmi, a(ny + n2)) - Vi, fa(me, b(ne — ny))
If n1,ny are of the same parity, then ny; + ny is always even, otherwise n, + ny is
odd. Hence, if

1

b> -
a, 5
after [Lyu92], [SW92] we can choose a nonzero f; € L*(R) such that

VYlfl(mlua(nl + n2)) = Oa vmlav(nlaTLQ) 2 | ny —na,
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and a nonzero f, € L?(R) such that
Vi, fa(me,b(ne —ny)) =0, Vmg,V(ni,ng) : 21 ny — no.
Then F = f; ® fo # 0 but
V,F(mq,ma, a(ng +n2),b(ne —ny)) =0, Vmy,mg,ng,ne.

This is due to density of the respective Gabor systems being greater than 1.
Therefore, the system (,, A) is incomplete for all a, b > %
We note further that

A= {(ml,mg, 2a]€1, 2bl€2)T : ml,mg,kl,kg € Z}
U {(ml,mg, 2&]61 + a,%kz + b)T LM, Ma, kl, k’g € Z}

If a,b = 3, the system (72, A) is complete in L?(R?), because it is the union of two

complete systems in L*(R?). However, it is not a frame for L*(R?). After [Lyu92],
[SW92] we can choose € > 0 and f1, f> € L*(R) with unit norm such that

Z |V;/1f1(k77l)|2 <6 Z |V71f2<k’l+%>|2 <€
klEZ k€L
Then letting F' = f; ® fo, it is not difficult to see that
Z Voo F(my, ma, 5 (n1 + 1), 5(ng — na)

mi,m2,n1,n2

= Z |V'Y2F(m17m27%(n1+n2)7%(n2—n1)|2

my,m2,T01, M9
2|ng—
+ >V F(ma,ma, 2+ na), S (np — my)
mi,mz2,T1, 19
N——
2fn1—ng
<YWV AEDP DV falk, DI
k€7 k,lcZ
Y WV filke L+ DD IV, falk, 1+ 1) < 2Ce,
kIEZ klcZ

where C is the ¢?-norm of the Gabor analysis operator D., z2. D, z2 is bounded
by Proposition 12.2.5 [Gro01] because vy, € M'(R).
Therefore, while the ||F||y =1,

> Ve F(my,ma, d(ny +n2), 3(n2 — na)|* < 2Ck,

mi,m2,ni,n2

implying that (72, A) has no lower frame bound. Thus the system (-,, A) is not a
frame for L?*(R?).
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If a,b < 3, then (72,A) is a frame for L*(R?), because it is the union of two
frames for L*(R?). O
Remark: The symplectic capacity in this case is quite difficult to compute. Fur-
thermore, we have not been able to characterize the cases a > %,b < Lor

2
1 1
a<y,b>3.

ak a
0 b

(72, A) is incomplete if there exists | € N such that a > %, b > kT_l

Proposition 5.8 Let A = 7Z? x < )Zz,k € N. Then the Gabor system

Proof. We split the lattice points of A into k disjoint sets: A = {(akm; +
ams, bmag, my,mg) : My, Mo, Ny, Ny € Z} according to the remainder of my by divi-
sion by k, that is

k—1
A= U{(akm1 + akmyy + ad, bkmy + bd, ny,ng) : my, my, ny, ny € Z},
d=0
where my = kmb +d,0 < d < k—1. Let m} = m; +m. As there exists [ € N
such that a > %, b > % we can rewrite this as
-1
A= LJ{(CLkm'1 + ad, bkmy + bd, ny,no) : My, my, ny,ny € Z}
d=0
. (47)
U L_J{(akm’1 + ad, bkmly + bd, ny, ny) : m', mh,ny,ne € Z}.
d=1

Let F'= f ® g. Then the STF'T of F' with respect to 7, factorizes into a product
Vo, F =V, flakm! + ad,ny) - V,, g(bkmi, + bd, ns).

We shall now suitably choose f, g so that the above product becomes identically
zero. The density of the set

-1
LJ{(ak;m’1 +ad,ny) : my,n, € Z}

d=0

equals ﬁ, while that of

k-1
LJ{(bk:m’2 +bd,ny) : my,ng € Z}
d=l
equals % (because these sets are finite unions of translates of the same set).

According to our assumptions on a,b both densities are less than 1. Hence af-
ter [Lyu92], [SW92] there exists f # 0 such that

V., flakm} +ad,ny) =0, VYmi,n €Z,0<d<Il-1;
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and g # 0 such that
Vo, g(bkmy + bd,ny) =0, Vmh,ng € Z,1 <d<k—1.

This choice of f, ¢ annihilates the STF'T V., F" on the first and the second com-
ponent of partition (47) of A. Therefore, for F' # 0,V,,F vanishes on all of A
implying that the Gabor system (7, A) is incomplete. O
Remark: The range of parameters k, [, where the condition from Proposition 5.8
is stronger than the density condition is quite small if £ > 4. If £ > 5, the only
values of [ for which . I

are [ = 1,k — 1 because always 2(k — 2) > k.
Generalizing the ideas underlying Proposition 5.7 leads to a result for lattices
A with a particular subgroup structure:

Theorem 5.9 Let O | A; 7% be a subgroup of A C R?*¢ of index n. If there exist
natural numbers 1;,1 < i < d, such that Z?Zl I, = n and l; < det A;, then the
system (ya, ) is incomplete in L*(R?).

Proof. We split the n cosets of ®%_; A;Z?* into d groupings Ay, ..., Ay such that
|A;] = 1;. A; contains coset representatives denoted by [7]. We have

A:U U {AVZ2 x ... x AJZ?} + [7],

i=1[r]eA,

The short-time Fourier transform of the tensor product ®{_, f; factorizes, namely

d
Vo (@ f)(@,w) = [ [ Vau filws wi),
=1

where (z;,w;) € AJZ? + 7], [:] being the coset representative of A;Z? in the
restriction of ®%_; A;Z? to A;Z*. As the density of the set

[T]EAi

is ;D(A;) < 1, the results of [Lyu92], [SW92] apply and non-zero functions f; €
L*(R) can be chosen so that V, fi(z;,w;) = 0, for all (z;,w;) € U;. Then as in
Proposition 5.7 we conclude that V,,(®¢_, f;) vanishes on all of A, but @, f; # 0.
Hence, this Gabor system is incomplete in L?*(R%). O

Remark: If A satisfies the hypothesis of Theorem 5.9, then the density theorem

implies incompleteness if D(A) = ”H?:l #Ai < 1, that is, if Hle det A; >
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n. Hence, for Theorem 11 to be effective, we need to combine the condition
1%, det 4; < n with the condition det A; > I; and 3.7 I; = n. This leads to

[Tu<> (48)

Assuming without loss of generality the order Iy > Iy > ... > [ > 0, we divide
(48) by [; and observe that then ngz l; < d. As all [; are positive integers, we
conclude that Iy =l3 =0, =...=lg=1and l; =n—d+ 1.

Note that theorem 5.9 implies the incompleteness in Proposition 5.7 when
both a,b > 3 because (Z x 2aZ) ® (Z x 2bZ) is a subgroup of A of index 2 and
Iy =1y =1 < 2a,2b. Next we construct an example for 3-dimensional Gaussian.

a a 0
Proposition 5.10 Let A =7Z3x | —b b 0] Z®. Then the Gabor system (s, \)
0 0 ¢

is a frame for L*(R®) if a,b < %,c <1l Ifa=b< %,c =1, (y3,A) is complete,
but not a frame for L*(R?®). If a,b > % orc>1, (y3,A\) is incomplete.

Proof. We choose F' = f1® fo® f3 € L?*(R?) in order to apply a tensor argument
as (46). When a,b > %, the claim follows immediately from Proposition 5.7.
When ¢ > 1, it suffices to choose f3; which is in the orthogonal complement of
{T7M 1 : myn € Z} and repeat the same line of reasoning.

Whenever a,b < %, ¢ < 1, then (v3,A) is a frame, because it is the product of

two frames (see Lemma 5.3 and Proposition 5.7). O
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