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WONDERFUL VARIETIES.
REGULARIZED TRACES AND CHARACTERS

STEPHANIE CUPIT-FOUTOU, APRAMEYAN PARTHASARATHY, PABLO RAMACHER

ABSTRACT. Let G be a connected reductive complex algebraic group with split real form
G. In this paper, we introduce a distribution character for the regular representation of
G on the real locus X of a strict wonderful G-variety X, showing that on a certain open
subset of G of transversal elements it is locally integrable, and given by a sum over fixed

points.
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1. INTRODUCTION

Let G be a real reductive group. In classical harmonic analysis a crucial role is played
by the global character of an admissible representation (o, H) of G on a Hilbert space
H. Tt is a distribution O, : f — tro(f) on the group given in terms of the trace of the
convolution operators

o(f) = /G f(@)o(9) da(g),

where f is a rapidly falling function on G, and dg a Haar measure on G. By Harish-
Chandra’s regularity theorem, ©, is known to be locally integrable, and is the natural gen-
eralization of the character of a finite-dimensional representation. The regularity theorem
allowed Harish-Chandra to characterize tempered representations in terms of the growth
properties of their global characters, and fully determine the irreducible L?-integrable
representations of G.

Let G be a connected reductive complex algebraic group with split real form G. In
this paper, we introduce a similar character O, for the regular representation (r,C(X))
of G on the Banach space C(X) of continuous functions on the real locus X of a strict
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wonderful G-variety X. Since the G-action on X is no longer transitive, the corresponding
convolution operators will no longer be smooth, and a regularized trace Try¢, 7(f) has to
be considered. We then show that on a certain open set of transversal elements G(X) the
distribution O, is locally integrable, and given by

Tryeg m(f) = / f) T n(g)de(g), e CRG(X)),

G(X)

where the flat trace of 7(g)

T n(g) = 1
i T )
is given by a sum over the fixed points of an element g € G.

This paper is based on the local structure theorem for strict wonderful G-varieties
recently proved by Akhiezer and Cupit-Foutou [ACF12], and generalizes results already
obtained by Parthasarathy and Ramacher [PR12] for the Oshima compactification of a
Riemannian symmetric space.

2. WONDERFUL VARIETIES

Throughout this article we shall adopt the convention of writing complex objects with
boldface letters and the corresponding real objects with the ordinary ones. Let G be
the split real form of a connected reductive complex algebraic group G of rank n, and
let 0 : G — G be the involution defining the split real form G, so that G = G =
{9 € G :0(g) = g}. In particular, G is a real reductive group. Since G is not necessarily
connected, denote by G the identity component of G. Fix a maximal algebraic torus T
of G and a Borel subgroup B of G containing it. Denote the corresponding set of positive
and negative roots by £ and X7, respectively. We recall the definition of a wonderful
variety.

Definition 1. ([Lun96]) An algebraic G-variety X is called wonderful of rank r if

(1) X is projective and smooth;

(2) X admits an open G-orbit whose complement consists of a finite union of smooth
prime divisors X ..., X, with normal crossings;

(3) the G-orbit closures of X are given by the partial intersections of the X;.

In particular notice that X has a unique closed, hence projective G-orbit. Further,
recall that a real structure on X is an involutive anti-holomorphic map p : X — X; it
is said to be o-equivariant if pu(g - z) = o(g) - u(x) for all (¢g,z) € G x X. Crucial for
the ensuing analysis is the existence of a unique o-equivariant real structure on wonderful
varieties. More precisely, one has the following

Theorem 1. [ACF12, Theorem 4.13] Let X be a wonderful G-variety of rank r whose
points have a self-normalizing stabilizer. Then
(1) there exists a unique o-equivariant real structure p on X;
(2) the real locus X of (X, u) is not empty, and constitutes a smooth, compact, analytic
G-space with finitely many G-orbits and a unique projective G-orbit.
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O

Wonderful varieties whose points have self-normalizing stabilizers are called strict. In

what follows, let X be a strict, wonderful G-variety or rank r. From the classification
results of [BCF10] and [Res10] one immediately infers

Proposition 1. Let X be a wonderful G-variety such that its T -fized-points are located
on its closed G-orbit. Then every point of X has a self-normalizing stabilizer.

O

Examples of real loci of strict wonderful G-varieties include the Oshima-Sekiguchi com-
pactification of a Riemannian symmetric space, which is the real locus of the De-Concini-
Procesi wonderful compactification of its complexification X up to a finite quotient, see
[BJO6, Chapter 8, Section I1.14].

Let Y be the unique closed G-orbit in X, and consider a parabolic subgroup B C Q of
G such that Y ~ G/Q. Let Q = Q"L be its Levi decomposition with T C L, and denote
the parabolic subgroup of G opposite to Q relative to L by P, so that PN Q = L, and
let P = P"L be its Levi decomposition. Notice that both P* and (P“)? are connected,
and following our convention, write P* for (P*)? and L for L°.

The following local structure theorem describes the local structure of the real locus X,
and will be essential for everything that follows.

Theorem 2. [ACF12, Theorem 1.22] There exists a real algebraic L-subvariety Z of X
such that

(1) The natural mapping
P'x7Z—-P"-Z
1s a P“-equivariant isomorphism;
(2) each Gy-orbit in X contains points of the slice Z;
(3) the commutator (L, L) acts trivially on Z and the T-variety Z is isomorphic to R"
acted upon linearly by linearly independent characters of T.

O
Note that P* - Z ~ P" x Z is invariant under P, since L normalizes P, so that

l-(p,z)=(Ipl™ 12) e P* x Z for (p,z) € P x Z,1 ¢ L.

By the first statement of Theorem 2, P“- Z is an open subset of X isomorphic to P* x R",
and by the second, G - P* - Z = X. We can therefore cover X by the G-translates

Ug:=g- U, U,.=P" - Z, g¢geq.
Consequently, there exists a real-analytic diffeomorphism
¢: RIDU, — P'xZ~P“.Z
and real-analytic diffeomorphisms ¢,
p,: RiIDU, & Pz L gP“.Z = gegG,

-1
such that {(Ug, ©q )}geG
coordinate function on Z ~ R", and pq,...,ps are coordinate functions on P%, we write

constitutes an atlas of X. More explicitly, if z; denotes the j-th

cpgl Ugd2 — (P1y-- Pk 21,5 2r) =M E (79 = cp;I(Ug).
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Note that Uy is invariant under the subgroups g7’ ¢! and gP%g~!. Next, denote by
W =W(T) = Ng(T)/Za(T)

the Weyl group of G with respect to T', and write (U, v5') := (Up,, gpgi) for any element
w € W, ny € Ng(T) being a representative of w. Note by definition of the Weyl group
U, is independent of n,. Since anng,l =T, U, carries a natural T-action. We shall
now construct a more refined atlas for the class of wonderful G-varieties introduced in
Proposition 1. This atlas will be of crucial importance later.

Proposition 2. Suppose that X is a wonderful G-variety such that its T -fixed-points are
located on its closed G-orbit. Then

{(Uun 9017;1)}11;61/1/

constitutes a finite atlas of X.

Proof. Let B~ denote the Borel subgroup of GG such that BN B~ = T. The variety X has
a unique projective G-orbit and, hence, a unique point fixed by B~ [ACF12]. This fixed
point, denoted in the following by g, lies in the closed G-orbit by assumption. Next, let
n:s— (sM,..,8%), a; > 0, be a morphism from C* to the algebraic torus T ~ (C*)*,
such that the set of T-fixed-points in X coincides with the set of fixed points of {1(s)} -
in X. By [Bia73], there is a cell decomposition of X and, consequently, of X in terms of
the sets

{reX: (s) -z =y},

where y runs over the set of T-fixed-points of X. Furthermore, the open subset P*-Z C X
is given by the cell

lim
R*3s—0 "

P - Z={reX: R*lélsn_mn(s) T =1Yo},

see [ACF12] for details. By assumption, all T-fixed-points belong to the closed G-orbit of
X. On the other side, it is well-known that the T-fixed-points of a projective G-orbit are
indexed by the Weyl group W. More specifically, for each such y there exists a w € W such
that y = nyyo for any representative n,, € Ng(T') of w. Noticing that the aforementioned
cells are just contained in the W-translates of P* - Z, one finally obtains the lemma. [

In what follows, we will always assume that the T-fixed-points of X are located on
its closed G-orbit. Next, let w € W and = € U,, and denote by V,, , C G the set of
g € G that leave U, invariant. From the orbit structure and the analyticity of X one
immediately deduces for g € V,,

(1) zj(g - x) = x;(g,2)2;(x),

where x;(g, ) is a function that is real-analytic in g and in . Furthermore, one computes
1=x(g7 g ) x;(g,7), where g~! € V, 4. This implies

(2) Xj(gax) 7’é 0 Ve Uun g e Vw,:cy

since Xj(g_l ,g-x) is a finite complex number. We are interested in a more explicit descrip-
tion of the functions x;(g, ). For this, let v1,..., v, be the characters of T mentioned in
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Theorem 2. These weights are usually called the spherical roots of X. The T-action on
Z ~ R" is given explicitly by

(3) t-z=Mm)z,....,%({t)z) forall z=(z,...,%)€Z and teT.
Corollary 1. ForteT, j=1,...,r, and x € U, we have
zj(t-x) = x;(t,2)zj(x) = 7j(ny, tny)zj ()
where ny, € Ng(T') is a representative of w. Furthermore,
zj(nyuny' - ) = z;(x)
for any element u € P".

Proof. The first assertion follows readily from (1) and the definition of the open sets U,,.
Indeed, let z =nyp-z€ Uy and t € T. Then t = nwtln;1 for some t; € T and

P (t-2) =07t 2) = o7 (tapty ' 11 - 2),
so that the zj-coordinate of ¢ - x reads 7;(t1)z;(x). The second assertion follows directly
from Theorem 2 -(1). O

For later reference, we still mention the following
Corollary 2. Let I C {1,...,r}, and put
zr=(21,...,20) €EZ <= 2z #0 iff 1€l
Then, for all x € X there exists a z; such that

(1) G-x=G - z;
(2) P x (T/ Nier kerv;) acts locally transitively on G - zg.

Proof. This is a direct consequence of Theorem 2. O

3. MICROLOCAL ANALYSIS OF INTEGRAL OPERATORS ON WONDERFUL VARIETIES

As in Section 2, let G be a connected reductive algebraic group over C and (G,o0) a
split real form of G. Let X be a strict wonderful G-variety of rank r, and X the real
locus of X with respect to the canonical real structure on it. As before, let Y = G/Q
be the unique closed G-orbit of X, and P the parabolic subgroup opposite to Q. Let
P = P“L be its Levi decomposition, where P* is the unipotent radical of P and L its Levi
component. Furthermore, fix some maximal torus T of G contained in Q, and assume
that the T-fixed-points of X are located on its closed G-orbit. Consider now the Banach
space C(X) of continuous, complex valued functions on X, equipped with the supremum
norm, and let (7,C(X)) be the corresponding continuous regular representation of Gg
given by

m(9)p(x) =g~ -x), ¢ CX).
The representation of the universal enveloping algebra il of the Lie algebra g of G on
the space of smooth vectors C(X). will be denoted by dmr. Also, we will consider the
regular representation of Gy on C°°(X) which, equipped with the topology of uniform
convergence, becomes a Fréchet space. We will denote this representation by 7 as well.
Let (L,C*(Gy)) be the left regular representation of Gy. Let § be a Cartan involution
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on g. With respect to the left-invariant Riemannian metric on Gy given by the modified
Cartan-Killing form
<A7B>9:_<A70B>7 A7B€g7

we denote by d(g,h) the distance between two points g,h € Gy, and set |g| = d(g,e),
where e is the identity element of G. A function f on Gg is said to be of at most of
exponential growth, if there exists a x > 0 such that |f(g)| < Ce*9! for some constant
C > 0. Let further dg, be a Haar measure on Gy. We introduce now a certain class of
rapidly decreasing functions on Gg.

Definition 2. A function f € C°°(Gy) is called rapidly decreasing if it satisfies the
following condition: For every k > 0 and H € Ll there exists a constant C' > 0 such that

|dL(H) f(g)| < e,
The space of rapidly decreasing functions on Gy will be denoted by S(Gy).
Remark 1. 1) Note that f € S(Gy) implies that for every x > 0 and H € il one has
dL(H)f € LY(Go, e9dg,).
Indeed, let ¢ > 0 be such that e~9 € L1(Gy, dg, ), and k > 0 and X € 4 be given. Then
eIl dL(X) f(g)] < C for all g € Gy and a suitable constant C' > 0, so that
HdL(X)feRHHLI(GO,dGO) <C He_c‘.‘HLl(Go,dGO) < 0.

2) If f € S(Gy), dR(X)f € S(Gp). Furthermore, if one compares the space S(G) with
the Fréchet spaces Sgp(G) defined in [Wal88, Section 7.7.1], where a and b are smooth,
positive, K-bi-invariant functions on G satisfying certain properties, one easily sees that
a(g) = el9 and b(g) = 1 satisfy the selfsame properties, except for the smoothness at g = e
and the K-bi-invariance of a. The introduction of the space S(G) was motivated by the
study of strongly elliptic operators and the decay properties of the semigroups generated
by them [Ram06].

Consider next on C(X) for each f € S(Gp) the continuous linear operator

w(f) = /G w(9)f(9)dco.

Its restriction to C*°(X) induces a continuous linear operator
m(f) : C®(X) — C®(X) C D'(X),

with Schwartz kernel given by the distribution section Ky € D'(X x X,1X x). Observe
that the restriction of m(f)p to any of the Gy-orbits depends only on the restriction of
¢ € C(X) to that orbit. Let X be an open orbit in X. The main goal of this section is to
disclose the microlocal structure of the operators 7(f), and characterize them as totally
characteristic pseudodifferential operators on the manifold with corners X,. Recall that
according to Melrose [Mel82] a continuous linear map

A:CO(M)  —  C®(M)
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on a smooth manifold with corners M is called a totally characteristic pseudodifferential
operator or order | € R if it can be written locally as an oscillatory integral

Au(m) = / e Ca(m, a(€)dE,  u e CX(RM),

where @ denotes the Fourier transform of u and R™* = [0,00)* x R"* the standard
manifold with corners with 0 < k < n and coordinates m = (myq, ..., my, m'), while d¢ =
(2mr)~™ d¢. The amplitude a is supposed to be of the form a(m, &) = a(m, m1&y, ..., mpék, &),
where a(m, £) is a symbol of order [ satisfying the lacunary condition

/ei(l‘t)gﬂ'a(m,@ dgj =0 fort<Oandl<j<k

For a more detailed exposition on totally characteristic pseudodifferential operators, the
reader is referred to [PR12].

To begin with our analysis, choose for each x € X open neighbourhoods U, C U, of x
contained in Uy, for some w € W depending on x. Since X is compact, we can take a finite
sub-cover of the open cover {U, }zex to obtain a finite atlas {(U,, gpgl)}geR on X, where
Po = Puy(p) for a suitable w(o) € W. Let {a,}, g be a partition of unity subordinate
to this atlas, and le~t {ao} ,cp De another set of functions satisfying a, € C°(U,) and
Ao, = 1. Write U, := ¢, 1(U,) C R**+" and consider the localization of 7(f) with
respect to the atlas above given by

Afu=[r(fp,(wepy ) ope,  ueCEU,).

Writing m = (mq,...,mgy) = (p, 2) € 179 we obtain

Afu(m) = | F(@)[(uopy agl(g~" po(m)) dao(9) = | F(g)eg(m ) (uol, ) (m)dey(9).

where we put c,(m,g) = a,(g7" - p,(m)) and ¢¥, = ¢t 0 g~ o p,. Note that with the
notation of (1) we have

@d(m) = (pi(g™" x), ... ope(g™ @), 21 (@)X, (g5 @),y 2z (@)X, (97 @)

for z = py(p, 2) € Uy, g~' € Voo Next, define the functions

fQ(m7£) = /G eiwi(g)(m)fcg(myg)f(g)dGo (g)v af‘(mag) = e_ixffg(maé.%

which are seen to belong to C*°(U, x R¥+7) by differentiating under the integral. Let
now T, be the diagonal (r x r)-matrix with entries mgy1,...,mgy,, and introduce the
auxiliary symbol

(4)
8 (m.6) = af(m (1 & T)g) = e i€ [ gl () f(0)dcy o)

where we put
rl/}g}m(g) — ei(pl(g'x)v"'vpk(g'x)vxl(gvx)v"'vxr(g?x))'g.
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Clearly, d?(m,é’) € C®(U, x R¥™). Our next goal is to show that dfc(m,é) is a lacunary
symbol of order —oo. To key argument is contained in the following

Proposition 3. Let w € W and (Uy,w) be an arbitrary chart of X. Let further
{P1,...,Pr} and {T1,...,T.} be bases for Lie (n,P%n,') and Lie(T), respectively, n,
being a representative of w. With m = (p,z) € Uy, * = pyw(m) € Uy, and g € Vi, » one
has

dL(P1)v¢,,(9)
(5) : = W ()L (m, 9)¢,
dL(T:)¥¢ . (9)
where
dL(P;)pj(9) ‘ dL(P;)x;(9, )
©  Tmo=(p )=

dL(Ti)pj(9) ‘ dL(Ti)x;(g, =)
belongs to GL(r + k,R), and p;.(9) = p;(g - x).

Proof. Let m, x, g be as above. For G € g, one computes

d . —1 cisgg . W k
AL(GEm(g) = e T D20 VS| g — it ()| Y &dL(Gpialg)
i=1

l

j=1
showing the first equality. To see the invertibility of the matrix I'(m,g), note that for
small s € R
xj(e79 g, ) = x;(g,2)x; (e, g - ).
Corollary 1 then yields that I'4 is non-singular. In the same way, the matrix I'; is non-
singular. Tts (i5)"" entry reads

dL(P;)pj(9) = ipj,x(e_spi “9s=0 = (= Pijx)g(Ps),

ds
and the assertion follows from Corollary 2. On the other hand, Corollary 1 implies
d —sP; —
AL(P)x;(97) = x3(0,2) 5 (™9 ) =0,

showing that I'y is identically zero. Geometrically, this amounts to the fact that the
fundamental vector field corresponding to 7; is transversal to the hypersurface defined by
z; = const € R\ {0}, while the vector fields corresponding to the Lie algebra elements
P, Ti, i # j, are tangential. We therefore conclude that I'(m, g) is non-singular.

O

We can now state the main result of this section.
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Theorem 3. Let X be the real locus of a strict wonderful variety X. For f € S(Gy), the
operators w(f) are locally of the form

(7) Au(m) = / e (m, )a(€)dE,  ue C2(T,),

where a$(m,&) = a%(m, &1, -, &k Mi 1811, - SerMiir), and a$(m,€) € S (U, x
R?“) is given by (4). In particular, the kernel of the operator Afc is determined by its
restrictions to (7; X (7;, where [7; = {m = (p,t) € [79 2 byt # 0}, and given by the
oscillatory integral

(8) Kayg(my) = [ 0% m, )i

Proof. The proof follows essentially the proof of [PR12, Theorem 2|. Indeed, as a conse-
quence of Proposition 3 one computes that wé”m(g) can be written for arbitrary N € N
as

2N
GEn(9) = A+ DN 0N 0N (m, 9)dL(G™ ) (9)
J=0 |a|=j

with suitable G% € 4 and coefficients b (m, g) that are at most of exponential growth in
g. Since (¢ a5, d?)(m,f) is given by a finite sum of terms of the form

¢F e ilma e 1o 1) /G £(9)d% g (m, g)02,, (97 )05, ¢,)(m. g)da, (9),

the functions d3 4, (m, g) being at most of exponential growth in g, we finally obtain for
arbitrary «a, 5, and N € N the estimate

1
ey oo

where K denotes an arbitrary compact set in U,. This proves that dfc(m,ﬁ) is a symbol

(08 05, @) (m, &) < m € K,

of order —oo. Since equation (7) follows immediately from the Fourier inversion formula,
and the lacunarity of dfc(m,f) is a direct consequence of the orbit structure of X, the

assertion of Theorem 3 follows. For further details we refer the reader to the proof of
[PR12, Theorem 2]. O

As a consequence of the above theorem, one obtains the following
Corollary 3. Let X be an open Gg-orbit in X. Then the continuous linear operators
7(f) s+ O (Xo) — C(Xo),

are totally characteristic pseudodifferential operators of class L, > on the manifold with
corner Xg.

O

Remark 2. Note that if in the previous corollary Xy is a Riemannian symmetric space,
then its closure Xy in X is the maximal Satake compactification of X, see Remark 11.14.10,
[BJO6).
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As the most important consequence, Theorem 3 enables us to write the kernel of 7(f)
locally in the form

KA?(m,m') :/ez(m m’ (m f ds = / i(m—m')- (1, @Tm )€ ~ Q(m 5)
9) -[det (1, ® T;,")"(€)d¢

1 ~ My
= Afc(m,ml—m'l,...,l——+,..
!mk+1 T mk+r! MEk41

where fljgc(m,y) denotes the inverse Fourier transform of the lacunary symbol &fc(m,f),
and my41 - - Mg+, # 0. The restriction of the kernel of Afc to the diagonal is given by

1

’mk+1 mk—l—r‘

KAQ (m,m) = Ag(m 0), M1+ Mgy 7 0.
These restrictions yield a family of smooth functions kfc(az) =K A (¢, (), 05! (x)), which

define a density k¢ on the union of the open Gg-orbits on X. Nevertheless, the functions
k? (z) are not locally integrable on all of X, so that we cannot define a trace of 7(f) by
integrating the density k; over the diagonal Axyx ~ X. Instead, the explicit form of the
local kernels (9) suggests a natural regularization of the integral operators 7(f), based
on a classical result of Bernstein-Gelfand on the meromorphic continuation of complex
powers.

Proposition 4. Let {a,} be the partition of unity subordinate to the atlas {(U,, ©5")} oer-
Let f € §(Gy), s € C, and define for Res > 0

Try 7 Z/ 00 0o)(m)|mypiy - mkwlsgfc(m,O)dm

= <|mk+1 o Myogr |, Z(O‘Q © Qo) AJQI(H 0)> :

e

Then Trs 7w(f) can be continued analytically to a meromorphic function in s with at most
poles at —1,—3,.... Furthermore, for s € C —{—1,-3,...},

02 :CX(G)> fTrn(f) eC
defines a distribution density on G.

Proof. The proof is analogous to the proof of [PR12, Proposition 4]. In particular, the
fact that Try7(f) can be continued meromorphically is a consequence of the analytic
continuation of [my41---mpi,|* as a distribution in R*¥+7. O

Consider next the Laurent expansion of ©%(f) at s = —1. For this, let u € C°(RF)

be a test function, and consider the expansion

(|mps1 - Mppgr|®, Z Si(u)(s + 1
j=-1
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where S, € D'(RF+7). Since |myqq -+ mpyr|*T! has no pole at s = —1, we necessarily
must have

[Mkt1 - Mpir| - S5 =0 for j <0, M1 - Mg - So = 1

as distributions. Thus Sy € D’ (Rk”) represents a distributional inverse of |my1 - - - mgyy]-
By the same arguments that led to Proposition 4 we arrive at the following

Proposition 5. For f € S(G), let the regularized trace of the operator 7w(f) be defined by

Tr?"eg 7T(f) = <507 Z(aé) 0 @Q)Aff(v 0)> :
)
Then O : CX(G) 3 f > Tryegm(f) € C constitutes a distribution density on G, which is
called the character of the representation 7.

O

Remark 3. Alternatively, a similar regularized trace can be defined using the calculus
of b-pseudodifferential operators developed by Melrose. For a detailed description, the
reader is referred to [Loy98], Section 6.

In what follows, we shall identify distributions with distribution densities on G via the
Haar measure dg. Our next aim is to understand the distributions ©7 and O, in terms
of the G-action on X. We shall actually show that on a certain open set of transversal
elements, they are represented by locally integrable functions given in terms of fixed points.
Similar expressions where derived by Atiyah and Bott [ABG68] for the global character of
an induced representation of G.

4. CHARACTER FORMULAE

In what follows, we shall prove similar formulae for the distributions ©, and ©: defined
in the previous section. Let the notation be as before, and denote by ®,(x) = g~ -z the
action of an element g € G on X. Recall that ®, is called transversal, if all its fixed points
are simple, meaning that det (1 — (d®g),,) # 0 for a fixed point g € X. Further note
that the set G(X) C G of elements acting transversally on X is open. We then have the
following

Theorem 4. Let f € C(G) have support in G(X), and s € C be such that Res > —1.
Let further Fix(X, g) denote the set of fized points of an element g € G on X. Then
(10)

‘s—l—l

_ (@)l (55 (2)) - g (7 ()
T = [ 19 P> s do(a).

In particular, ©% : C(G) 5 f — Trsw(f) € C is regular on G(X).
Proof. The proof is analogous to the proof of Theorem 7 in [PR12]. By Proposition 3,

Ten() = [ (0o po)mlmiss - mis, | A(m, 0)dm
o 4
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is a meromorphic function in s with possible poles at —1,—3,..., and we assume that
Res > —1. Since A%(m,0) = [a}(m,&)d¢, where af(m,§) € S;,°(U, x RF+7) is rapidly
decaying in € by Theorem 3, the order of integration can be interchanged, yielding

=3 [ [ o pambmees - m, P om, im e
o ]

Let x € CP(R*+7 R*) be equal 1 in a neighborhood of 0, and € > 0. Then, by Lebesgue’s
theorem on bounded convergence,

Trym(f) = lim I,
e—0
where we set

=% / / 00 90) () -+ 78 (m, €)X (€) dim de.
Interchanging the order of integration once more, one obtains with (4)

L= / 1l Z / /U 7 )t o ) ) () A ),

everything belng absolutely convergent, where we wrote
Uy (g,m) = [(1x ® T, ') (f,(m) — m))]
= (mi(g-z) —ma(z),...,mi(g - x) — mu(z),x, (9, %) = 1,..., x,(9,2) — 1).

Let us now define

9) Z //[7 eww(g)(gil’m)fcg(ma 9)(ag 0 @p)(m)mpq1 - mpyr|*x(e€)dm d,
4

so that I, = [, I.(g) da(g). In order to pass to the limit under the integral, we shall show
that lim._0 (g ) is an integrable function on G. Now, it is not difficult to see that, as
e — 0, the main contributions to I.(g) originate from the fixed points of g, which are also
the fixed points of g~!. To examine these contributions, note that due to the fact that all
fixed points are simple, m + ©3(m) — m defines a diffeomorphism near the fixed points.
Performing the change of variables y = m — p%(m) one obtains

a,(x)|m z)) Mgy (5, ()]
lim 1. ( ) f(g) Z Z | k+1 ‘det ((1)2 (k—i)—)’( ( ))| '
z€Fix(X,g) ©

The limit function lim._,q I-(g) is therefore clearly integrable on G for Re s > —1. Passing
to the limit under the integral then yields

Trom(f) = lim I, = hn% Gfa(g) da(g) = /G lim ([(1) [5(2))(g)d(;(g)

e—0 e— e—0

o Myt (k1 (2 Mgy (k7 ()5
B P S L el e

z€Fix(X,9) © |det (1 —de ( ))|

The assertion of the theorem now follows. O
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From the previous theorem it is now clear that if f € C°(G(X)), Trs w(f) is not singular
at s = —1. Consequently, we obtain

Corollary 4. Let f € C(G) have support in G(X). Then

1
Ty n(f) = Tran(f) = [ fio) X )

In particular, the distribution O : f — Tryeq(f) is regular on G(X).

Proof. By (10), Trs7(f) has no pole at s = —1. Therefore, the Laurent expansion of
©:(f) at s = —1 must read

T, () = <\mk+1 il 3 (g0 90) A§c<',o>> =3 55( Y (a00p0) A2, 0)) (5417,

Y Jj=0 Y
where Sj, € D/(RF*™). Thus,

Tr_ym(f) = <507 Z(ag ° ) Aff('v O)> = Tryeg m(f),

0
and the assertion follows with the previous theorem. O

Corollary 4 implies that Trpeq7(f) is invariantly defined. Furthermore, interpreting
7(g) as a geometric endomorphism on the trivial bundle E = X x C over X, a flat trace
Tr’ 7(g) of m(g) can be defined. As it turns out [AB67],

1
T™r(g) = Y, ,
o Taet (1= a0, (@)

so that we finally obtain

Tryey 7(f) = / f@) T n(g)dale). | e CR(G(X)).

G(X)
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