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SUBCONVEX BOUNDS FOR HECKE-MAASS FORMS ON COMPACT
ARITHMETIC QUOTIENTS OF SEMISIMPLE LIE GROUPS

PABLO RAMACHER AND SATOSHI WAKATSUKI

ABSTRACT. Let H be a semisimple algebraic group, K a maximal compact subgroup of G := H(R),
and ' C H(Q) a congruence arithmetic subgroup. In this paper, we generalize existing subconvex
bounds for Hecke-Maass forms on the locally symmetric space I'\G/K to corresponding bounds on
the arithmetic quotient I'\G for cocompact lattices using the spectral function of an elliptic operator.
The bounds obtained extend known subconvex bounds for automorphic forms to non-trivial K-types,
yielding subconvex bounds for new classes of automorphic representations, and constitute subconvex
bounds for eigenfunctions on compact manifolds with both positive and negative sectional curvature.
We also obtain new subconvex bounds for holomorphic modular forms in the weight aspect.
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1. INTRODUCTION

Let M be a closed] Riemannian manifold M of dimension d and Py : C*°(M) — L2(M) an elliptic
classical pseudodifferential operator on M of degree m, where C*°(M) denotes the space of smooth
functions on M and L2(M) the space of square-integrable functions on M. Assume that Py is positive
and symmetric. Denote its unique self-adjoint extension by P with the m-th Sobolev space as domain,
and let {¢;},-, be an orthonormal basis of L2(M) consisting of eigenfunctions of P with eigenvalues
{\; }j>0 repeated according to their multiplicity. By a classical result of Avacumovic, Levitan, and

Hormander [I} 30, 22] one has for any j € N the convez bound]

(1.1) 65l <A™

If the ¢; are eigenfunctions of a larger family of commuting differential operators on M containing
Py, this bound can be improved. Thus, assume that M carries an isometric action of a compact Lie
group K such that all orbits have the same dimension k < d — 1. Denote by K the set of equivalence
classes of irreducible unitary representations of K, which can be identified with the set of irreducible
characters of K. Suppose further that P commutes with the family of differential operators generated

Date: September 8, 2018.

1 By a closed manifold we shall understand a compact boundaryless manifold.

2Here and in what follows we shall write a <~ b for two real numbers a and b and a variable v, if there exists a
constant Cy > 0 depending only on =y such that |a| < C,b. If there are no relevant variables involved, we shall simply
write a < b.
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by the action of K, so that the eigenfunctions ¢; can be chosen to be compatible with the Peter-Weyl
decomposition of L?(M) into o-isotypic components L2(M), where o € K. It was then shown in
[40, [41] that the equivariant convex bound

1/2 d—r—1
(1.2) 161l < (do _sup DIl ) AFT L 65 € LE(M),
u<|K/241]

holds, where d, denotes the dimension of a representation of class o, and D“ is a differential operator
of order w on K. If K =T is a torus, one actually has the almost sharp estimate

d—r—1
(1.3) 95l <A 2™ ¢y €LE(M), o €Wy,

where W, denotes the subset of K-types occuring in the Peter-Weyl decomposition of L?(M) that
grow at most with rate A/ /log bYE

The bounds (1)) and (I2) are known to be sharp in the eigenvalue aspect on the standard d-sphere,
but if the considered eigenfunctions are joint eigenfunctions of an even larger family of commuting op-
erators, they can be improved. Thus, let G be a semisimple real Lie group, K a maximal compact
subgroup of G, I' C G a lattice, and Y := I'\G/K the corresponding locally symmetric space of
dimension d and rank r. If {1¢; }j>0 constitutes an orthonormal basis in L2(Y") of simultaneous eigen-
functions of the full ring of invariant differential operators on Y, which is isomorphic to a finitely
generated polynomial ring in r variables and contains the Beltrami-Laplace operator A, Sarnak [43]
was able to show the spherical convexr bound

d—r
(1.4) 195lelle <o A;*

for arbitrary compacta {2 C Y, A; being the Beltrami-Laplace eigenvalue of 1;. From an arithmetic
point of view, there is still an additional family of commuting operators on Y given by the Hecke
operators, and in the case G = SL(2,R) and K = SO(2), Iwaniec and Sarnak [27] were able to
strengthen the bound (L)) for certain compact locally symmetric spaces Y = T'\H of rank r = 1,
given as quotients of the complex upper half plane H ~ G/K by suitable congruence arithmetic
lattices I', and proved for any € > 0 and j € N the substantially stronger spherical subconvex bound

5
(1.5) sl <e AP,

provided that the 1); are also eigenfunctions of the ring of Hecke operators on L?(I'\H). More generally,
if H is a semisimple algebraic group over Q satisfying certain conditions, I' C H(Q) an arithmetic
congruence lattice, and G = H(R), Marshall [33] was able to strengthen the bound (4 and prove
spherical subconver bounds of the form

d-r_g
(1.6) [ilolle <a A;*

for some § > 0 and arbitrary compacta 2 C Y, if the 1; are also eigenfunctions of the ring of Hecke
operators on L2(Y), generalizing previous work of Blomer-Maga [3, 4] and Blomer-Pohl [7], among oth-
ers. In fact, for negatively curved manifolds, much better bounds are expected to hold generically, the
bound (LH) being the strongest known bound up to now. The estimates (L4)—(L6]) represent bounds
for automorphic forms on G which are right K-invariant, and for this reason are called spherical.

In this paper, left I'-invariant functions on G which are simultaneous eigenfunctions of an invariant
elliptic differential operator and some module of Hecke operators will be called Hecke—Maass forms of
rank 1. This class encompasses the usual concept of an automorphic form on G, and coincides with it
in the rank 1 case, compare Section 5.3l and [[.4l Nevertheless, note that a Hecke—-Maass form of rank
1 is not necessarily an eigenfunction of the full ring of invariant differential operators, since one can
choose a very small submodule of the ring of Hecke operators, see Remark [(3] for details. The goal of
this paper is to extend the spherical subconvex bounds (5] and (L6 to non-spherical situations, that

3The estimate is almost sharp in the sense that as a consequence of the equivariant Weyl law T-types in L2 (M) can

grow at most with rate )\;/m, see [4].
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is, to non-trivial K-types in the Peter-Weyl decomposition of L2(T'\G) for a large class of compact
arithmetic quotients I'\G, sharpening the bounds (1) and (L2]) in case that the eigenfunctions ¢,
are Hecke—Maass forms.

As our first main result, we extend the bound (L) to automorphic forms on G of arbitrary K-
type and Nebentypus character. Thus, let R be an Eichler order in an indefinite division quaternion
algebra A over Q. Denote by N(z) the reduced norm of an element z € A, and write R(m) :=
{d¢ € R| N(a) =m} for any m € N,. Choose an embedding 6 : LSS_;R(m) — G, and set I' :=
O(R(1)). Then T constitutes a congruence arithmetic subgroup, and I'\H ~ I'\G/ K becomes a compact
hyperbolic surface. Now, let x be a Nebentypus character on T', and denote by L3 (I'\G) the Hilbert
space of measurable functions on G such that

1/2
f(2) = x(1) f@), yeT,zed, ||f||:=< /F\Glf(x)|2d:v> - .

The space Li (P'\G) can be regarded as a closed subspace in L?(I", \G), where Iy := ker y. Identifying
R(n) with its image 0(R(n)) for each n prime to a fixed natural number which depends only on
R, the finite cosets I'\R(n) give rise to Hecke operators on L% (T'\G). Now, with the identification
K ~ S! ~[0,27), any K-type 0; € K can be realized as the character o;(6) = €i?, 6 € [0,2n), | € Z,
and we denote by L2, | (I'\G) the oj-isotypic component of L2 (I'\G). It is then shown in Theorem
that for any orthonormal basis {¢;},, of LT, \G) consisting of Hecke-Maass forms (of rank
1) with Beltrami-Laplace eigenvalues 0 Si)\o < A1 < Ay < --- and compatible with the Peter-Weyl
decomposition one has the hybrid subconvexr bound

(1.7) 6l <= A7, ¢ €LEIT\G),

for arbitrary small € > 0 in the eigenvalue and isotypic aspect. This bound is the first sharpening the
bound (3 for arbitrary K-types. If o; and x are trivial, one recovers the spherical subconvex bound
(C3). Note that (L) is a subconvex bounds on a manifold which does have both positive and negative
sectional curvature. It is stated from the perspective of elliptic operator theory, which is the natural
one in our approach, while in the theory of automorphic forms it is more common to work within
a representation-theoretic framework, and use the Casimir operator C of G instead of the Beltrami-

Laplace operator A, the former being no longer elliptic. But since on L?TL)X(I‘\G) the operators in

question are related according to A = —C + gid, the bound (7)) can be rephrased accordingly. Thus,

for any Hecke eigenform ¢ € L2,  (I\G) satisfying ||¢[|;. = 1 and C¢ = {Tfl¢ one has the hybrid
subconvexr bound

16lle e (1 +20%) 557,
see Theorem 5.8 In this way, we obtain subconvex bounds for new classes of automorphic representa-
tions, in particular for the discrete series D, and their limits Dy o, as well as the principal series H (1, s),
compare Section Let us note that for fixed s we obtain the bound [|¢;|| <. (1+ i)zt for any

¢; € L2, (T\G). This agrees with results of Venkatesh [50, p. 993], though by work of Reznikov [42,

Theorem 1.5] one has in this case the much better bound ||¢;]| . <. (1 + |[])3+¢. Nevertheless, our
results do imply new results for a classical automorphic form f : H — C of weight [ € N and arbitrary
Nebentypus character, for which we show in (5I1]) the subconvex bound

[ flloo < 175

in the weight aspect. The best previously known subconvex bound, proved by Das and Sengupta [12],
had the exponent % — % = %.

In an analogous way, we are able to derive equivariant and non-equivariant subconvex bounds for
G = SU(2), K = S0O(2), and T" := {£1} in the setting of [3T], [32] by identifying G with the group of
units in the quaternion algebra over R, and defining corresponding Hecke operators T, on L?(I'\G).
Thus, we obtain again in Theorem the equivariant subconvex bound (7)) for any simultaneous
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eigenfunction ¢; € L2 (I'\G) of the Beltrami-Laplace operator A on G with eigenvalue A; and the T},
where now T'\G = SO(3). This generalizes a result of VanderKam |49, Theorem 1.1], where the case
I =0 with L2 (I'\G) =2 L2(I'\G/K) = L2(5?) is treated, S? being the 2-sphere.

Our second main result concerns bounds of the form (L@). As before, let H be a semisimple
algebraic group over Q which is assumed to be connected in the sense of Zariski. Write Ag, for the
finite adele ring of @ and A := R x Ag, for the adele ring. Choosing an open compact subgroup Ky
in H(Agy), we obtain an arithmetic subgroup I' := H(Q) N (H(R)Kj) in the semisimple Lie group
G = H(R). Assume that H(A) = H(Q)(H(R)Kp) and that H(Q)\H(A) is compact, so that T'\G is
also compactﬁ From the point of view of automorphic representations, one has a suitable family of
Hecke operators on L?(I'\G), which is given by unramified Hecke algebras over Q, for infinitely many
primes p [33]. Now, let K be a maximal compact subgroup of G and {¢;},, an orthonormal basis of
L%(T'\G) consisting of Hecke-Maass forms of rank 1 with respect to an elliptic left-invariant differential
operator Py on T'\G of order m which commutes with the right regular representation of K. Assume
that Py is positive and symmetric, and that the cosphere bundle defined by its principal symbol is
strictly convex. Then, assuming the condition (WS) made in [33], we show in Theorem [74] that there
exists a constant d > 0 independent of o such that one has the equivariant subconvezr bound

dimg/K7176 9
(1.8) hilloo < \/da sup  |Duol A, Pt 0, ¢y € LET\G),

u< dirr21 K +1

where \; denotes the spectral eigenvalue of ¢; with respect to Fy; if K = T is a torus, one has the
stronger estimate

dim G/K-1_ ¢

[@illc < A; 2™ . 0 €LAT\G).

The bound (L8] bound sharpens the bound (2] for a large class of examples. If o is trivial, it is
implied by (L8). An example would be given by H = SL(1, D), where D is any central division algebra
of index n over Q, and G = SL(n,R). Furthermore, we show in Theorem [T for some § > 0 the weaker
non-equivariant subconvex bound

dimG=1_
(1.9) il <Ay 2 77 ¢y € LX(I\G),
for an orthonormal basis of L?(I'\G) consisting of suitable Hecke—Maass forms, sharpening the bound
(1), but without assuming the condition (WS) of [33]. An example is again H = SL(1, D), where
now D is any central division algebra over Q, except when G = SL(1,H). As before, (LJ)) and (L9
constitute first arithmetic subconvex bounds on a large class of manifolds which are both positively
and negatively curved, and if Py is the Beltrami-Laplace operator, the bounds can be rephrased in
terms of the eigenvalues of the Casimir operator of G. Indeed, by Theorem we have for each
¢; € L2(I'\G) with Casimir eigenvalue p; the bound

dimG/K—1
65]ls0 < wa sup  [[D¥olo (—ps+2u0)" & 0, ¢ € L2(I\G),

’U.S Ldin21 K +1J
provided that H = Resp/oG and (WS) is fulfilled, while in general
dimG-1_ ¢

[0jllcc < (=pj +2p0) T 7,

1o being the eigenvalue of the Casimir operator of K on o. If K =T is a torus,

dimG/K7176

lf5lloe < (—pj + 2p0)

Let us briefly say a few words about the methods employed. While in the theory of automorphic
forms representation-theoretic tools prevail, our analysis is mainly based on the spectral theory of

4Note that H(A) = H(Q)(H(R)Ky) is satisfied for any Ko if H has the strong approximation property. In this case,
G = H(R) can be any of the groups SL(n;R), SL(n, C), SL(n,H),SU(m,n,R), n > 2, m > 1, and their products, compare
[38], Section 2.3 and Theorem 7.12].
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elliptic operators, and uses Fourier integral operator methods. Thus, let P be an elliptic pseudodiffer-
ential operator on a closed Riemannian manifold M as above. Our main tool is the spectral function
e(z,y, 1) of the m-th root Q := {/P of P given by

e(z,y,pn) = Z oi(z)p;(y) € C(M x M), weER, p;= /A
Hi<p
In the spherical situations |27, B} 4l [7, B3] examined before, a crucial role is played by asymptotics for
spherical functions, see [27, Eq. (1.3)] and [33 Eq. (8)]. Since we cannot rely on them in our settingf],
we consider instead the spectral expansion of e(z,y, 1) itself and the asymptotic behaviour of

SM(,T, y) = e(gc, Y, + 1) - 6(,@, Y, M)u

which represents the Schwartz kernel of the spectral projection s, onto the sum of eigenspaces of @
with eigenvalues in the interval (u, u+ 1]. More precisely, if M carries an effective and isometric action
of a compact Lie group K and o € K , denote by II, the projector onto the o-isotypic component
in the Peter-Weyl decomposition of L2(M). In order to show the L>-bounds (LZ), and analogous
equivariant convex LP-bounds, an asymptotic formula for the Schwartz kernel of s, o Il;, or rather
of 5, o Il,, where S, represents certain smooth approximation to s,, was derived in [40, Corollary
2.2. and Theorem 3.3] in a neighbourhood of the diagonal relying on the theory of Fourier integral
operators. Now, let G be a semisimple Lie group with finite center, I a discrete cocompact subgroup,
and K a maximal compact subgroup of G. Let T’ denote the set consisting of characters of I' of finite
order. For x € f‘, introduce on L?(T', \G) the Hecke operators 7}X5F

(T /(@) =0T 070 Y x(a) fla-),
€T \T'BT

where 8 belongs to a certain set containing the commensurator C(T") of I'. Based on the asymptotics
for the kernel of 5, o II, mentioned above, we deduce in Proposition 1] for any small § > 0 and some
constant C' > 0 the equivariant bound

dy .
Krx oz om, (2,8) € e pdmG/E=1qup | D0 M (z, 3,9)
TaL =7k [1—‘ : PX] ug\_dinz]K_,’_lj

dy dim G/K—1

=
|

c
sup ||D“a||oo/ s~2dM(s)
J §

u< Ldin; K41

uniformly in x € I, \G for the Schwartz kernel of ’7}%F 05, 0ll,, where we introduced the lattice point
counting function

M(6) == M(x,B,6) :== # {a e D \IAL | dist (2K, o - 2 K)3m G/K-1 < 5}

given in terms of the distance function on the Riemannian symmetric space G/K. In case that K =T
is a torus, a corresponding better estimate holds. From this, we obtain the subconvex bounds (7))
and (LC8) by using known uniform upper bounds [27, B3] for M (z,,d) combined with arithmetic
amplification. The bound (L9) is inferred by analogous methods. In both cases, it is crucial to control
the caustic behaviour of the kernels of 5, oIl and 5, near the diagonal as u — 400, respectively.

Let us close this introduction with some comments. There exist several variants of the bounds (L),
beginning with [27, Appendix|, where the non compact hyperbolic surface SL(2,Z)\H is considered.
On the other hand, bounds in the level aspect are shown in [47] for compact locally symmetric spaces of
arithmetic type, while bounds in the eigenvalue and level aspect are derived for the modular surfaces
To(N)\H in [2, 48] and other papers. It is likely that our work can be extended to these settings,
and we plan to deal with these questions in a future paper. Also, we intend to widen our results to
Hecke—Maass forms of rank r, that is, simultaneous eigenfunctions of the Hecke operators and the full
ring of invariant differential operators associated to the center of the universal envelopping algebra of

5Compare also [34), Section 4.4].



6 PABLO RAMACHER AND SATOSHI WAKATSUKI

the complexification of the Lie algebra of G. For such forms, the exponent —1/2m in (L8] and (L9)
should be improvable by a factor r. Finally, we expect the factor \/dg supu<L | | Do, in

(C3) to be improvable to d,-.

dim K
1rg +1

This paper is structured as follows. In Section 2] we introduce Hecke operators with character on
semisimple Lie groups with finite center, in Section Blwe give a description of the asymptotic behaviour
of spectral function of an elliptic operator by means of Fourier integral operators, and explain how
convex bounds can be deduced from this in equivariant and non-equivariant situations. Based on
these results, we derive spectral asymptotics for kernels of Hecke operators in Section dl Relying on
the latter, we finally prove subconvex bounds for arithmetic congruence lattices in SL(2,R), SO(3),
and a large class of semisimple algebraic groups in Sections Bl [, and [ respectively. Throughout the
paper, N:={0,1,2,3,...} will denote the set of natural numbers, while N, := {1,2,3,...}.

Acknowledgements. We would like to thank Valentin Blomer and Simon Marshall for their
comments on an earlier draft of this paper. Besides, the second author would like to thank Jasmin
Matz for her advice on spherical functions. He is partially supported by the JSPS Grant-in-Aid for
Scientific Research (No. 15K04795, 18K03235).

2. HECKE OPERATORS WITH CHARACTER ON SEMISIMPLE LIE GROUPS

To introduce our setting, let G be a real semisimple Lie group with finite center and Lie algebra g.
Denote by (X,Y) :=tr(ad X oadY’) the Cartan-Killing form on g and by 6 a Cartan involution of g.
Let

g=tdp

be the Cartan decomposition of g into the eigenspaces of 8, corresponding to the eigenvalues +1 and
—1 , respectively, and denote the maximal compact subgroup of G with Lie algebra ¢ by K. Put
(X, Y9 := —(X,0Y). Then (-, )y defines a left-invariant Riemannian metric on G, which in general
will possess some strictly positive sectional curvature, compare Milnor [35, p. 298 and p. 317]. Dividing
by the K-action, the quotient G/K becomes a Riemannian symmetric space of non-positive sectional
curvature. With respect to the left-invariant metric on G, a distance function dist (g, h) is defined on
each connected component of G as the geodesic distance between two points g, h in that component.
Note that dist (g1g,g1h) = dist (g, h) for all g; € G. In contrast to the Killing form, (-, )y is no longer
Ad (G)-invariant, but still Ad (K)-invariant, so that dist (gk, hk) = dist (g, h) for all k € K.

Next, let Xi,... Xdimp be an orthonormal basis of p and Y7,..., Yaime an orthonormal basis for £
with respect to (-, -)g. If Q and Q denote the Casimir elements of G and K, one has

dim p dim ¢ dim €

(2.1) Q= X2-> V2 Qe=-) Y2
=1 =1 =1

and we put © := —Q + 2Qk. Then dR(O) is the Beltrami-Laplace operator A on G with respect to
the left invariant metric defined by (,-)g, while C := dR(f2) represents the Casimir operator, R being
the right regular representation of G on C*(G), see [37, Section 3] and [8, Section 2.10]. Thus,

(2.2) A = —C+2dR(Qx),

all three operators commuting with each other.

We consider now a discrete cocompact subgroup I' of G, together with the set T of its characters of
finite order, and let x € . Then I’y := ker x is a subgroup of finite index in I and the quotient I', \G
a compact manifold without boundary. By requiring that the projection G — I',\G is a Riemannian
submersion, we obtain a Riemannian structure on I', \G which locally has the same curvature than G.
Furthermore, the Riemannian structure on G/K induces a Riemannian metric on I', \G/ K, becoming

a locally symmetric space of negative curvature. In both cases, dist induces corresponding distances
on I'\G and I', \G/ K.
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Before we proceed, note that due to the compactness of I',\G, the right regular representation
of G on L?(I', \G) decomposes into an orthogonal direct sum of countably many irreducible unitary
representations with finite multiplicities, that is,

(2.3) L2T\G) = P m(m,Ty) -«
ﬂeé
where G denotes the unitary dual of G and m(r, I’y ) is a non-negative integer, see [I8]. Furthermore,
both the spectra of A and C in L?(I",\G) are discrete. Note that the eigenvalues of A are positive,
while the ones of C can be both negative and positive.
In what follows, we introduce Hecke operators on I'\X, where X := G or G/K, following [21]
Section 2], and consider the commensurator
CO(T') := {g € G| T is commensurable with g~ 'T'g}
of T, where we say that two subgroups I'y; and I's are commensurable iff the indices [I'; : T'y N T3] and
[['y : Ty NT'y] are finite. Let 8 € C(T). Since the mapping
(TNATITA\L > (TN BTR)y = Ty € T\I'BT
is bijective, the double coset I'SI is a finite union of right cosets of I, that is, there exist representative
elements 1, B2, ..., in I'ST" such that

t
I8l = | | Ip;.
j=1
One can then associate to each double coset a linear operator Trgr on L?(I'\ X) by setting

Trgr : L2(T\X) — L2(T\X), (Trerf)(z Z f(8

where ;- x =I'f; - 'z := I'Bj2 depends on the choice of the representatlve x, but the sum does not
depend on the choice of the representatives  and 3;. Summing up, one writedd

(Trorf)(z) = > fla )
a€M\IAT

and calls Trgr a Hecke operator.
If a subset U of C(I') is decomposed into a finite disjoint union of double cosets of I', a linear
operator Ty can be defined in the same manner according to

(2.4) Ty =Y Trpr U=||T8I, BxeC(D)

k=1 k=1
More generally, one can introduce Hecke operators as follows. Write H(I', C(I")) for the space of left
and right I'-invariant C-valued functions A on C(T") such that the support of h is included in a finite
union of double I'-cosets. Endowed with the convolution product

hishy(z) = > ha(y) ha(zy™),  hi,hy € HT,CI)),
yer\C(r)

H(T',C(T")) becomes an associative algebra over C with the characteristic function 1p of T’ as unit
element. For each h € H(T, C(I')), a linear operator T}, on L?(I'\ X) can then be defined by

(Thf)(x):== > hla)fla- ),
ael’\C(T")

and one has Th,4h, = Th, 0 Th,. If U is as above and h is the characteristic function of U, then
it is obvious that T}, equals Ty. We call H(I', C(T")) the Hecke algebra and refer the reader to [21]

6Here and above a = T'a (resp. Bj =T'B;) and & = 'z are considered both as right cosets of I' and representatives
in G, and the products ax (resp. fjx) are taken in G.
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Section 2] for details. Next, let us introduce Hecke operators with character. Assume that G is a
subgroup of another group G’. Let Z be a sub-semigroup of G’ containing I'. We suppose that y can

be extended to Z, and that there exists a homomorphism v : 2 — C(T") such that ¢|r is the identity

map, and ara~! = Y(a)zp(a)”! holds for any a € =, x € G. In particular, for o, 8 € = we have

x(aB) = x(a) x(B), while the inverse element a~! does not always belong to =.
Ezample 2.1. One of the main examples we are having in mind is G’ := GL(n,R) with
E:i={a=(w;) € M(n,Z) | det (a) >0, (11,N)=1, aj1;=0 mod N (2<j<n)},

x((aj)) == w(a11), G:=SL(n,R), T:=GNE, ¢(a):=det(a) Y"q,
where w is a Dirichlet character on (Z/NZ)*.

Let us now define a left action of Z on G by setting « - « := ¢)(«)z. For a fixed 8 € = we can then
define the Hecke operator with character

(25) Ty :LXC\X) — LAON\X), (T5pH) @) =TT Y x(a) fla-x),
€T, \T'AT

where we took into account that ') \I'6I' C E. By definition we have ’7}%81“ = T}, for some h €
(

H(T,,C()) satisfying h(mzy2) = x(v1y2)h(z) for any v1,72 € T and € C(T"). Furthermore, for
given ; € Z and h; € H(I'y,C(T")) with T, = 7}Xﬁjr= the convolution hj * he also satisfies the latter
condition. Thus, there exist elements [ € N, a,, € C, and «,, € = such that

(2.6) TFXBJ FB r— Zauﬂ“a r

Next, denote by L} (I'\ X) the Hilbert space of measurable functions on X such that
(2.7) foye) =x(y) fx),  yel, zeX,

and

28) = . If(:v)|2dw)1/2 < oo,

which is well-defined since |x(y)| = 1 for v € T', compare [36, p. 228]]] Notice that f € L2(T'\X)
implies |f| € L>(T\X). If x is trivial, then L} (I'"\X) = L*('\ X). Since T’ is a normal subset of T' we
have
(2.9) r\X)= @ L21\x),

X' € F/Fx
where we regard I‘//FX as a subset of f‘, compare [36, Lemma 4.3.1]. In particular, because x € I‘//FX,

L3 (T'\X) is a closed subspace in L*(T',\ X), and for a fixed § € Z, the operator T2 restricts to the
linear operator

(2.10) Tp : LYIO\X) — LY(T\X),  (Trf)(@) = (e /)(@) = DY x(a) fla-2).

a€T\I'AT

Notice that for each x’ in I‘//I‘\X with x’ # x and each function f € L2,(F\X) we have

(2.11) Trarf (@) = Y Y x(eaa)) () flaz-a) =0

a1 €T, \T o €T\TAT

"Note that for v € I'y condition Z7) reads f(vyz) = f(z). Therefore, instead of Li(F\X) one could also consider
the closed subspace of L?(I'y \ X) that consists of functions satisfying (7).
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by the orthogonality relations for characters. Further, the projection of L*(I'y\X) onto L} (I'\X) is
given by the Hecke operator T}y, where h(x) € H(I'y, Z) is the function

(2.12) h(x): @ — [[:T )70 Y x(a) Ira(2),
ael \TI'

1r, o being the characteristic function of the coset I'ya. Thus, one obtains the commutative diagram

Trsr
L2(T\\X) L2(T\\X)

(2.13) lThr(x) lThr(x)

L2(I'\X) Thar L2(I\X)

o X o

and in view of (Z.II]) we have Tj,(y) o Tygp © Thy) = Trjsr-

3. THE SPECTRAL FUNCTION OF AN ELLIPTIC OPERATOR AND CONVEX BOUNDS FOR
EIGENFUNCTIONS

The main tool underlying our analysis is the spectral function of an elliptic operator on a smooth
manifold, which contains essential information on the spectrum. For large spectral parameters, an
asymptotic description of it can be derived within the theory of Fourier integral operators, yielding in
particular convex bounds for eigenfunctions. In what follows, we shall briefly recall the main arguments
in non-equivariant and equivariant situations, and provide the results that will be needed later.

3.1. The spectral function and convex bounds for eigenfunctions. Let M be a closed Riemann-
ian manifold of dimension d and P, an elliptic classical pseudodifferential operator on M of degree m,
which is assumed to be positive and symmetric. Denote its unique self-adjoint extension by P, and let
{¢;},5 be an orthonormal basis of L%(M) consisting of eigenfunctions of P with eigenvalues {)\; }iso
repeated according to their multiplicity. Let p(x, &) be the principal symbol of Py, which is strictly
positive and homogeneous in £ of degree m as a function on T*M \ {0}, that is, the cotangent bundle
of M without the zero section. Here and in what follows (x,¢) denotes an element in 7*Y ~ Y x R?
with respect to the canonical trivialization of the cotangent bundle over a chart domain ¥ C M.
Consider further the m-th root Q := %/P of P given by the spectral theorem. It is well known that
@ is a classical pseudodifferential operator of order 1 with principal symbol ¢(z,&) := %/p(x,£) and
the first Sobolev space as domain. Again, (Q has discrete spectrum, and its eigenvalues are given by
Wy = W The spectral function e(z,y,\) of P can then be described by studying the spectral
function of @, which in terms of the basis {¢,} is given by

(3.1) e(@,y, 1) =Y ¢;(2)e; ),

Hi<p

and belongs to C>°(M x M) as a function of  and y for any 1 € R. Let s, be the spectral projection
onto the sum of eigenspaces of @ with eigenvalues in the interval (u, u 4+ 1], and denote its Schwartz
kernel by

SM(,T, y) = e(gc, Y, + 1) - 6(,@, Y, M)'
To obtain an asymptotic description of the spectral function of @, one first derives a description of
su(z,y) by approximating s, by Fourier integral operators. To do so, let p € S(R,R;) be such that
6(0) =1 and supp ¢ € (—9/2,9/2) for an arbitrarily small 6 > 0, and define the approximate spectral

projection operator
o0

Spu = Z o(p — py)Eju, u € L2(M),

Jj=0
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where F; denotes the orthogonal projection onto the subspace spanned by ¢;. Clearly,

oo

(3.2) Kz, (z,y) == ) olp— py)¢i(x)¢;(y) € C(M x M)

7=0
constitutes the kernel of 5,,. Now, notice that for 4, 7 € R one has

1 o
/@(t)eﬂ”e”” dt,

Q(/L—T):%
R

where §(t) denotes the Fourier transform of p, so that for u € L?(M) we obtain

_ 1 , , 1 .

(3.3) Sull = 5 Z/é(t)e”“e—ztw dt Eju = Z—/Q(t)e”“U(t)u dt,

™ ™
=0 R

where U(t) stands for the one-parameter group
U@y:eﬁQ:/QﬂWﬂﬁ, t eR,

of unitary operators in L?(M) given by the Fourier transform of the spectral measure, {EE} being a
spectral resolution of ). The central result of Hérmander [22] then says that U(t) : L2(M) — L2(M)
can be approximated by Fourier integral operators.

More precisely, let {(k,,Y)},c;, K. @ Y0 2 Y, € R, be an atlas for M, {f.} a corresponding
partition of unity and 9(n) = F(v)(n) = [ e "% v(§)dj the Fourier transform of v € C(Y,).
Write dn := dn/(27)%, and introduce on Y, the operator

Outpl(@) = [ 02, 0.5 0)0 ),

where a, € Sghg is a classical polyhomogeneous symbol satisfying a,(0,Z,n7) = 1 and ¢, the defining
phase function given as the solution of the Hamilton-Jacobi equation

i, b, . .
g 2 =0, w03 = ()

see [24) Page 254]. Let us remark that v, is homogeneous in 7 of degree 1, so that Taylor expansion
for small ¢ gives

oY, - . .
wb(tvjan) = 1/%(0,57777) +t—w(07$7n) + O(t2|77|) = <$,’I]> - tQL(an) + O(t2|n|)a

ot
where we wrote ¢,(%,m) := q(k,;1(Z),n). In other words, there exists a smooth function ¢, which is
homogeneous in 7 of degree 1 and satisfies
bty ,m) = (T, n) — ¢ (¢, &,m), (0,2, m) = q.(Z,7).

Put now U, (t)u := [U,(t)(uok )] or, for any u € C°(Y,). Consider further test functions f, € C2°(Y;)

satisfying f, = 1 on supp f,, and define

Ut):=Y FU(t)F,

where F,, F, denote the multiplication operators with f, and f,, respectively. Then Hérmander showed
that for small |¢]

(3.4) R(t) :==U(t) — U(t)is an operator with smooth kernel,

compare [20, Page 134] and [45] Theorem 20.1]; in particular, the kernel R (z,y) of R(¢) is smooth
as a function of t.
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Approximating in ([B:3) the operator U(t) by U(t), one obtains a description for the kernel of 3,, as
the double oscillatory integral

(3.5) Ks, (z,y) d+1 Z// MERIT (u, Rty 2, y) dR dt

up to terms of order O(x~°°) which are uniform in z and y, where

L(p, Bt y) - e Purn (D p() fo(2) au(t, k() 1) fu (y)bla(@, w)) AT (W),

Dy () = (1 (2) = R, (), )

and
(3.6) Eﬁt = {w e RrR? | ¢, (t, K (2),w) = R} ,

while 0 < b € C°(1/2,3/2) is a test function such that b = 1 in a neighborhood of 1, compare [40, Eq.
(2.8)]. Here dX}%!(w) denotes the quotient of Lebesgue measure in R by Lebesgue measure in R with
respect to (,(¢,Z,w). Furthermore, for sufficiently small § > 0 one can assume that the R-integration
is over a compact set, and R and ¢ are close to 1 and 0, respectively. From (33, an asymptotic
description can be inferred as p — 400 by means of the stationary phase principle. In fact, one has
the following

Proposition 3.1. Suppose that the cospheres SIM = {(z,&) € T*M | p(z,§) = 1} are strictly con-
ver Then, for any firted v,y € M, and N =0,1,2,3,... one has the expansion

N
Z r(,y, 1) + R (2, y, 1)
r=0

Kz, (v,y) = p*~

up to terms of order O(p~°°) as p — 400, where

0, Y=z,
Op,y 1=
d—1, y#uw.

The coefficients in the expansion and the remainder Ryg(x,y, 1) = Omyy(;fﬁ) term can be computed
explicitly; if y = x, they are uniformly bounded in x and y, while if y # x, they satisfy the bounds

B7)  Lo(wy.p) < dist (z,y) TV ET LT Rg(a,yp) < dist (a,y) @02 N,

where dist (z,y) denotes the geodesic distance between two points belonging to the same connected
component. Otherwise, dist (z,y) := oo.

Proof. If x =y, one has I,(u, R, t,z,y) = O(1) uniformly in all parameters since a, € Sghg is a classical
symbol of order 0, so that

|0 au(t, (@), peo)| = 1110 @)t (), )| < Cleo] 71,

Consequently, the dependence of the amplitude on p does not interfer with the asymptotics, compare
[14, Proposition 1.2.4]. Applying the stationary phase principle [23, Theorem 7.7.5] to the (R,t)-
integral in (33 with ¢(1 — R) as phase function then yields the assertion for x = y, the unique critical
point being (Ro, t9) = (1,0) in this case. Let us now assume that z # y. By assumption, the cospheres
S*¥M are strictly convex, so that for small |¢|, the hypersurfaces Ef;f will be strictly convex, too.

8This condition is required only in the case x # y. For example, it holds if Py = A equals the Beltrami—Laplace
operator, since then p(z, &) = ||€]|2.
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Applying [40l Lemma 3.5] to the integrals I, (u, R, t, z,y) with <%,w> as phase function and
v = ul|lk.(z) — k.(y)| as asymptotic parameter yields for any N € N the expansion
_ N-1
IL(Mvthv‘rvy) = Z ewéb’z’y(wo) Z QL,T(R7t7:E7y7w0)y‘7(d71)/277¢ +RL,N(R7f,$,y7woaﬂ) s
r=0

woECTit®, 4,y
where the coefficients and the remainder are smooth in R and ¢, and satisfy the bounds
Bt Qur (Rt y,w0) < [lmu(2) = ()] =702,
o Ry (Bt 2,y w0, 1) < ([l () = i (9) | ) =47 0/27N
uniformly in R and ¢. Regarding the value of ®, , , on its critical set, one computes for wy € Crit @, , ,
Cy0y(wo) = £l (@) — K (Y)IR/|[grad,, G (¢, k. (x), wo) ),

since x, () —#k, (y) must be colinear to grad,, ((t, x,(z),wo). Notice that due to the fact that (¢, x,(z),n)
is homogeneous of degree 1 in 7, the gradient grad, ¢ (t,k.(x),wp) only depends on the direction of
wo, and is therefore independent of R. From this and (3.35) we deduce for K3, (z,y) as p — 400 the
expansion

)

d _ N
(27;[_;d+1 § / / elﬂ[t*Rt‘i’q’L,z,y(WO)] E QL,T(Ratvxvyawo):ui(dil)/2ir + RL7J\~[(R5t7$7yaw05u) det
R/R r=0

L,wo

up to terms of order O(pu~°). Again, we apply the stationary phase principle to the (R, t)-integrals,
where now the phase function reads t(1 — R) + @, ; ,(wo). The determinant of the matrix of its second
derivatives is given by

~ (1 0(|lr(@) = m)))*
By choosing the charts Y, sufficiently small so that ||x,(z)—k,(y)|| < 1, we can therefore achieve that in
a sufficiently small neighborhood of (R, t) = (1,0), which is where the amplitude of the (R, t)-integral
is supported, the phase function ¢(1— R)+®, , ,(wo) has, if at all, only non-degenerate, hence isolated,
critical points. If we now apply the stationary phase theorem, the assertion follows in the case x # y
as well. g

Remark 3.2. By Cauchy-Schwarz and the positivity of the test function ¢ we infer from the previous
proposition for N = 0 that

K, (2, 9)] < 3 0= m)l6s @12 |32 0l = 1)l )12 = /K, (@,2) /KK, (5, 9) = O ()

Jj=0 Jj=0

uniformly in z,y € M. Also, note that the asymptotics in the proposition off the diagonal are only
meaningful if dist (z,y)~! is small with respect to p.

As the previous proposition shows, the kernel of 5, exhibits a caustic behaviouf] in a neighbour-
hood of the diagonal since for x = y the integrals I,(u, R, t,z,y) no longer oscillate and are of order
O(u"). From Proposition B} similar asymptotics for s, can be deduced. By looking at asymptotics
on the diagonal, one obtains Weyl’s law for the spectral function of ¢ and convex L*°-bounds for
eigenfunctions, since HS#Hi2 o Lee = SUP,ens Su(x, ), yielding for any eigenfunction the convex bound

d—1
[65lloe < A

compare [22, Theorem 5.1] and [46, Eq. (3.2.6)]. Nevertheless, in order to prove subconvex bounds,
we shall also need asymptotics off the diagonal, so that the full caustic behaviour of K, (x,y) near
the diagonal becomes relevant.

9For the terminology, see Appendix A in [40].
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3.2. The reduced spectral function and equivariant convex bounds for eigenfunctions.
Keeping the notation of Section Bl assume now that M carries an effective and isometric action
of a compact Lie group K, and consider the right regular representation 7 of K on L?(M) with
corresponding Peter-Weyl decomposition

(3.8) (M) = PLa(M),  L2M):=T,L (M),

where K denotes the unitary dual of K and

I, = d,,/ o (k) (k) dk
K

the orthogonal projector onto the o-isotypic component, dk being Haar measure and d,, the dimension
of an irreducible representation of K in the class o € K. Further, suppose that P commutes with T,
and that the orthonormal basis {¢;},. is compatible with the decomposition (.8) in the sense that
each ¢; lies in some LZ(M). Then every eigenspace of P is invariant under 7, and decomposes into
irreducible K-modules spanned by eigenfunctions. In order to study eigenfunctions of P of a certain
K-type, one is interested in the spectral function of the operator Q, :=Il,0Qoll, =Il,0Q = Qoll,,
also called the reduced spectral function, given by

(3.9) eo(x,y, 1) = > 0;(@)é; (y)-

;i <p, ¢;ELZ (M)

For this, one considers the composition s, o1l,, or rather 5, o Il,, whose kernel has the spectral
expansion

(3.10) Ksom, (@y) = > olp—p)e;(x)d;(y).

320,0;€LZ (M)
Similarly to (3.5)), it was shown in [40, Eq. (2.8)] that by approximating U(t) in (3.3) by the Fourier
integral operator U(t) one obtains a description for the kernel of 5, o II, as the double oscillatory
integral

(3.11) Ks,om, (z,y)

=% d+12// mt=R0 o (4, R, t, 2, y) dR dt
7T

up to terms of order O(~°°) which are uniform in z and y, where
171, Rt ) // Hesb) o (1) (), (1)
ok

’ a’b(ta ’{L(x)v /Lw)fb(y kT )b(Q(wi))JL(kv y) dzf;vt(w) dka
D, y(w, k) == (K (2) — Kk, (y k"), w),
J,(k,y) being a Jacobian. Write O, := z - K for the K-orbit through x € M. We then have the

following

Proposition 3.3. Suppose that K acts on M with orbits of the same dimension k < d — 1 and that
the cospheres SEM := {(x,£) € T*M | p(x,§) = 1} are strictly convex. Then, for any fived x,y € M,
ce K, and N =0,1,2,3,... one has the expansion
N-1
Em b o o
Ks,on, (m,y) = p*~ 72 "ty | Y LI (2,y, 1) + R (2,9, 1)
=0

up to terms of order O(u=°) as p — +o0, where

S 2k, y € Oy,
T d=14k, y¢O,.
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The coefficients in the expansion and the remainder term can be computed explicitly; if y € Oy, they
satisfy the bounds

Ll (z,y,p) < sup Dol p", RG(w,y,p) < sup Dol p Y,
u<2r u<2N+[E+1]

uniformly in x and y, where D" denote differential operators on K of order u, and if y ¢ O, the
bounds

den—l_ .

L7 (z,y, 1) < sup [[D 0|, - dist (z,0,) 2 T
u<2r

R (z,y,u) < sup  |[DU| - dist(z,0,)" 5 NV,
u<2N+|£+1]

where dist (z,Oy) := min{dist (z,2) | z € Oy}. If K = T is a torus, let T' C T be the subset of
representations occuring in the decomposition B.8), and identify T with the set of integral linear forms
on t. Then the remainder estimates can be improved to

- . _der—1_ 5 _ R
R%(z,y,p) < sup | Do p,  RE%(z,y,p) < sup |DYo|, -dist(z,0,)" 2 NV,

u<2N u<2N

respectively, provided that o € V, := {0’ € T’ | |o’| < Cu/logu} for some constant C > 0.

Remark 3.4.
(1) Proposition 33 implies for N = 0 by Cauchy-Schwarz that

|Ks,0m, (2,y)] < o(p — pg)|p;(x)[2 o — 1)l (y)I?
J20,6,€L2 (M) J20,6,€L2 (M)
= \/Kguona (‘T,‘T)\/Kguona (y,y) = O(daﬂdwil sup ||Du0'||oo)
u<|K/241]

uniformly in z,y € M and o € K , while taking N = 1 would yield an estimate of order
O(do p® " (Jlrll o+ _sup Dol 1)),
u<|K/243]

If K =T is a torus, better remainder estimates hold.
(2) Note that the asymptotics of Proposition in the case y ¢ O, are only meaningful if
dist (z, 0,)~! is small with respect to p.

Proof of Proposition[3.3. This proposition is essentially a consequence of [40, Theorem 3.3] and [41],
Theorem 3.2]. In particular, an asymptotic expansion of K3, o, (z,7) was given in [40, Proposition
4.2] and, with an improved remainder estimate in the toric case, in [40, Proposition 4.1]. To obtain an
asymptotic expansion off the diagonal from ([B.I1]), we shall first apply the stationary phase theorem to
the integrals I? (11, R, t, z,y), and then to the (R, t)-integral. If x € Y, or O,NY, =0, I? (1, R, t,x,y) =
0. Otherwise, [40, Theorem 3.3] implies for sufficiently small V;, fixed R,t € R, and any N € N the
asymptotic expansion

codim Crit &, z,y 0

N-1
(312) I7(u, Rot,a,y) =p~ =z eHPiay () Z L7 (R tz,y)p™" + QZN(R,t, T,y )|,
r=0

where Crit @, ; , denotes the critical set of ®, ;. ,, and

2k, y € Oy,

codim Crit @, , , = {d |+ ¢ 0
- Ky, Y -
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The coefficients and the remainder term are given by distributions depending smoothly on R,t with
support in Crit @,  , and ER ! x K, respectively. Furthermore, they and their derivatives with respect
to R, t satisty for y & O, the bounds

d—rk—1
Rt L7 (R, t,x,y) < sup || Dol - dist (z,0,) 2 -,
u<2r
%t’f% Bty p) < sup |D“o|| ., - dist (:E,Oy)fdfgflfN pw N
u<2N+[£+1]

while for y € O, one has

Rt L7 (R, t,2,y) < sup ||[D"ol| , %ytﬁZN(R,t,x,y,u) < sup | Dol 1 N
u<2r u<2N+[§+1]

uniformly in « and y. If K = T is a torus and o € V,, the remainder estimates can be improved [41
Theorem 3.2] to contain only derivatives of o up to order 2N. Finally,

o) — iy - kg )|

gradn Cb(t7 "‘%( )s WO) 7

denotes the constant value(s) of @, , , on (the components of) its critical set, where (wo, ko) is some
point in Crit®, ;. If y € O, one has <I>L oy (s t) = 0. As already noted in the proof of Proposition

B, a, is a polyhomogeneous symbol of order 0, so that the dependence of the amplitude on u does
not interfer with the asymptotics. Putting (311 and (BIZ) together we obtain

N-1

7COdlm Crlt @L T 0 —q

Ks,om, (7,9) =p “d E // =Rt gin®. ., (Rot) E L7 (R, t,z,y)u™’
r=0

+7~€’ZN(R7 t7 z,y, /J’)i| dRdt

LwU(R t) = Repy(t), Cay(t) =

up to terms of order O(p~°) uniform in x and y. We now apply the stationary phase principle

[23, Theorem 7.7.5] to the (R,t)-integral. If y € O,, the phase function simply reads ¢(1 — R), and

the only critical point is (Rp,t9) = (1,0), which is non-degenerate, the determinant of the Hessian

being —1. Therefore, the necessary conditions for an application of the principle are fulfilled, yielding

the assertion of the proposition in this case. In case that y ¢ O,, the phase function is given by

t(1—R)+®?, ,(R,t), and the determinant of the matrix of its second derivatives is given by
—(1=d, 1)~ = 1+0(|k(2) — Ky ky H )

z,Y

By choosing the charts Y, sufficiently small so that ||s,(x) — %, (y - kg *)|| < 1, we can achieve that in
a sufficiently small neighborhood of (R,t) = (1,0) the phase function ¢(1 — R) + @), (R,t) has, if at
all, only non-degenerate, hence isolated, critical points. If we now apply the stationary phase theorem,

the proposition follows. |

From Proposition equivariant convex bounds for eigenfunctions can be easily inferred. Indeed,
recall that the test function ¢ € S(R,R") was chosen such that ¢(0) = 1 and supp o0 C (—46/2,d/2)
for some arbitrary ¢ > 0. By choosing ¢ sufficiently small, one can even achieve that ¢ > 0 on [—1,1],
compare [15, Proof of Lemma 2.3]. But then

min o(v) Z |¢J(33)|2 < Z Q(/L_/Lj)|¢j(33)|2

1,1
L e 1T dyeL2 () 720, 6,€L2 (M)

=K, om, (z,7) =Kjs,0m, (z,7)

= O(da pd="l sup HD“UHOO),
u<|K/241]
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yielding a corresponding bound for K, o, (z, ), compare [40, Remark 4.4 (2)]. In view of the equality
sy o Hg||iQHLm = sup,e s K, om, (%, ), one finally obtains the equivariant convex bound

d—r—1
6]l << Ay 2" dy sup [[Duol|
u<|K/2+41]

for any ¢; € L2(M) and o € K, see [40, Proposition 5.1 and Eq. (5.4)]. As in the non-equivariant
case, the kernels K3, om, (x,y) exhibit a caustic behaviour in their dependence on x,y, which will be
crucial for the derivation of equivariant subconvex bounds. In case that K =T is a torus and o € V,,,
the bounds above are independent of o, see [41], Proposition 5.1].

4. SPECTRAL ASYMPTOTICS FOR KERNELS OF HECKE OPERATORS

Keep the notation of Sections 2] and Bl The main goal of this paper consists in proving subconvex
bounds for Hecke-Maass forms of rank 1 on the compact d-dimensional Riemannian manifold M =
I',\G. To this purpose, we shall first derive asymptotics for kernels of Hecke operators in the eigenvalue
and isotypic aspect. Recall that K acts on G and M from the right in an isometric and effective way,
the isotropy group of a point I'yg € T',\G being conjugate to the finite group gKg~' NT,. Hence,
all K-orbits in I',\G are either principal or exceptional, and of dimension dim K. Since the maximal
compact subgroups of G are precisely the conjugates of K, exceptional K-orbits arise from elements
in T, of finite order. Consider now the right regular representation 7 of K on L*(T,\G) together
with the corresponding Peter-Weyl decomposition (B.8]), and suppose that P commutes with 7 and the
Hecke operators 7?%1“7 which commute with the right regular K-representation as well. To describe
the growth of simultaneous eigenfunctions of P and TIZCBF in the o-isotypic component

(4.1) L2 (N\G) = LT, \G)NLA(\G), xel, o€k,
of Li(l"\G), we are interested in spectral asymptotics for the Schwartz kernel of the operator
Iy 0 Thy(y) 0 Tpgp 0 Q © Ty 0 e = Typ 0 Qo I, : LA(TY\G) — LA (T \G).

Let {¢;},, be an orthonormal basis of L%(T, \G) consisting of simultaneous eigenfunctions of P and
7}Xm compatible with the decompositions (2.9) and [B.8). Applying the Hecke operators 7}Xm to the
spectral expansion ([B9]) of the spectral function of @ o I, yields

(4.2) > Xj(x: B¢ (x)¢(y) = [L: Ty~ > x(@)g;(a-2)e;(y).
s <p, ¢5 ELZ (M) 1y <ns ¢ EL2 (Px\G)
ael’, \[BT

In order to get an asymptotic description of the right-hand side of (£2]), we consider the composition
7}Xﬁp 05, 0ll, with the approximate spectral projection 5,. Clearly, its Schwartz kernel can be written
as

1 _
(43) KTIKBFO‘;[J/OH(T ($7y> = [1—\ T ] Z X(Q)I(%LOHcr (O[ ' 'rvy)a
"X qer,\rar
K5, om, (2,y) being as in ([B.I0), and by Remark B.4] (1) one immediately deduces
[T \LBT d—dim K —1
Krx oz,0m, (7,2) < == do p* ™ sup Dol
Tearosuell (=) [T Ty] u< dim K/2+1] | |

uniformly in z, or if K =T is a torus,

DALY g dim i —
KTFX;aFoguona (.I,{E) < ﬁﬂd dim K 1, (oS V#.

Nevertheless, to obtain subconvex bounds, more subtle estimates are necessary that take into account
the caustic behaviour of the kernels K5 om, (x,y) near the diagonal.
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Proposition 4.1. Let x € f, o€ IA(, z € I \G, and N e N be arbitrary. Assume that the cospheres
SH(T\\G) are strictly convex. Then, for any 0 < § < 1,

do. . —dim K — ¢
KT13<5FO§HOHU(J;7:I:) < sup HDUUHOO {ud_dlmK_lM(xvﬁa(s) + Md : 2K ' /5 S_%dM(S)}

[F . FX] uSLdirgKJru

uniformly in x € T\ \\G for some sufficiently largd constant C > 0 up to terms of order O(ITW\I'BT| =),
where we set

(4.4) M(8) := M(x,B,6) := # {a € T,\IBT : dist (K, a - oK)~ ImE-1 < 51
and dist (zK, o - oK) = dist (T2 K, ToxK). If K =T is a torus and o € V,,, the better estimate

1 d—dim K—1 acamx—1 [C 1
Kﬁxgroguona (CCNL') < i FX] {u M(z,B3,0) + 1 2 i s 2dM(S)

holds.

Proof. By Proposition [3.3] one deduces as u — +oo

Z WKs”MoHU (a-x, )

@€l \TT,
dist (IK7Q-1K)d*dimK—125
< da M(d—dimK—l)/2 E dist (.’L’K, Q- xK)—(d—dimK—l)/Q sup ||DuU||Oo '
a €l \TBT, ugL_d'rgK+1J

dist (z K,q-z K)d—dim K—1>§5

Furthermore, by Remark B4l (1) one has the uniform bound

Kguona(:t,y)=0(daud_dimK‘l sup IID“fflloo)~
| K |

In view of ([3) we therefore obtain

[ FX]KTFXBFQ.§MOHU (z,z) = Z —X(Q)Kguong (o z,7)
aEFx\I‘BF,
dist (¢ K,a-zK)d—dimK-1<§
+ Z X() K3, om, (o -z, x)
a€l\ \T'BT,

dist (zK,a-zK)d—dimK—=1>§
< dy pd—dimK-1 sup Dol M(x,5,9)
u< [ 4 41
. C
+da' M(d—dlmK—l)/z sup ||Du0_||oo/ S_l/2dM(S)
S

USLdirgK+1J

by definition of the Stieltjies integral. In case that K = T is a torus, corresponding better estimates
hold, and the assertion follows. g

5. SUBCONVEX BOUNDS ON I',\SL(2,R) FOR ARITHMETIC CONGRUENCE LATTICES

In this section, we shall use the kernel asymptotics derived in the previous section to prove subconvex
bounds on the quotient I'\SL(2, R), where I is an arithmetic congruence lattice as considered by Iwaniec
and Sarnak [27].

101¢ suffices to take C larger than the diameter of any component of I'y\G/K.
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5.1. Arithmetic congruence lattices. To introduce the setting, let A be an indefinite quaternion
division algebra over Q. Hence, there exist two square-free integers a and b such that a > 0 and

A=Q+Qw+QQ+Quw

where w? = a, 9% = b, and wQ = —Qw. For each element x = 2o + 21w + 228 + 23w, its conjugate
is defined as T := zp — z1w — £2Q — 23w, and its trace and norm as tr(z) := z + T and N(x) := 27T,
respectively. Let R be an order of A, that is, R is a finitely generated free Z-module, R is a subring of
A cotaining 1, and R ®z Q = A. For each prime number p, set 4, := A® Q, and R, := R ® Z,. Let
d 4 be the product of all primes p such that A, is a division algebra. Then d 4 is called the discriminant
of A. d4 is greater than 1 and square free, and A, is isomorphic to M (2,Q,) if p does not divide q.
Throughout this section, we assume that R is an Eichler order of level L, where L is a natural number
such that (d4,L) = 1. Hence, R satisfies

(1) R, is the maximal order of A, if p divides d4, or
. . Ly Ly
(2) R, is conjugate to <LZp Zp)'

Note that any Eichler order is included in a maximal order. Particularly, R is maximal when L = 1.
Now, choose an embedding 6 : A — M (2,Q(v/a)) C M(2,R) by setting

2

O(zo + 21w + 22Q + z3wWQ) = ( To—TW T2 +x3w)

b(xe — x3w) T + T1W
For each natural number n € N,, we set
R(n) :={a € R|N(a)=n}.

Then I" := 0(R(1)) becomes a cocompact lattice of G := SL(2,R). Note that tr(z) = tr(6(x)) and
N(x) = det (6(z)) hold for any = in A. In what follows, we identify A with (A). Especially, we will
often use T instead of R(1).

Next, let x be a Dirichlet character on (Z/LZ)*. In view of the product isomorphism (Z/LZ)* =
[1,2(Zp/LZp)* given by the diagonal embedding a — (a)p, a character x; can be defined on

(Zp/LZ,)* by restriction of x to each factor. Set
Er:={a€R|N(a)>0, (N(a),L)=1} and R :={(2p)pr | 2p € Rp, N(xp) & pZp},

and define a character x 1 on the semigroup Ry by

a b —_—
R > ((Lgp di)) Hpr(ap)E(C.
plL

p|L

Composing xr and the diagonal embedding Zr C R, we obtain a character y on the sub-semigroup
Eg of A*. By the inclusion I' C Zg, x becomes a character on I which is called a Nebentypus character.
Notice that there are only finitely many Nebentypus characters for each fixed Eichler order R. Now,
because I' and a~'T'a are commensurable [38, Proposition 4.1], an inclusion map v : R(n) — C(T) is
given by
Y(a) =n'?a, a € R(n).

Since the subset R(n) is left and right I'-invariant, and it is known that I'\R(n) is finite [36], Section
5.3], we can introduce the Hecke operators

(Txf)@) = > x(a)fla-z), fel2(T\G).
ael\R(n)

Indeed, since (R(n)) is given as a disjoint union of double cosets U;I'e;I", the operator T,X coincides
with the sum ) j Tﬁ‘ajr of Hecke operators defined in (ZI0). In particular, we have also the Hecke
operators

TOLACNG) — LG, (RN@ = gopg Y x@Jlaa),
T X GeT \R(n)
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compare ([2.5) and Diagram 213l Furthermore, set
q:=daL.

For natural numbers n such that (n,q) = 1, the T)X are self-dual, commute with the Beltrami-Laplace
operator A on G, and satisfy the composition rule [36] Section 5.3]

(5.1) Ty = 3 A )T,
d|(m,n)
Next, recall that the group GL(2,R)" := {z € M(2,R) | det (3 > 0} acts transitively on the upper
half plane H := {z € C | Im z > 0} by fractional transformations!}
az+b a b
= —_— H =
cz+d’ S <C d> 7

by which H becomes isomorphic to the homogeneous space G/K, where K := SO(2), and we define
(5.2) J(9,2) 1= (cz + d)(det g)1/2.

In what follows, we shall identify I, \G/K ~ I", \H with a subset in H, and endow it with the standard
hyperbolic distance on H given by [25 Section 1.1]

dist (2, w) := arcosh (1 4+ u(z,w)/2) = In ('Z il el w|) ~ |z — wl,

|z —w| — |z — w|

where

|z — w?
5.3 u(z,w) := ——, z,w € H.
(53) ( ) Im z Imw
By this, I',\H becomes a compact hyperbolic surface. Note that disty agrees with the distance
function dist introduced at the beginning of Section 2l Furthermore, one has the following important
result of Iwaniec and Sarnak.

Lemma 5.1. For arbitrary € > 0 one has
#{a e R(n) :ulz,a-2) <8} <. (0 + 6 )ntte 4 nf
uniformly in z.

Proof. See |27, Lemma 1.3]. O

5.2. Equivariant subconvex bounds. With the notation of the previous section, we shall first derive
subconvex bounds for Hecke-Maass forms in Li (T\G) in the eigenvalue and isotypic aspect for the
Beltrami-Laplace operator A. For this, let {¢;},., be an orthonormal basis of L%(T, \G) consisting

of simultaneous eigenfunctions of Py = A and 7,X compatible with the decompositions (Z3) and (3.8,
where X = G and M =T, \G, respectively, so that with (n,q) =1

(5.4) Apj = Ny, Tids = Xj(n)g;.

Note that Aj(n) = 0 if ¢; & L2(T'\G). Further, let o € K be a fixed K-type, and L2 (P\G) be
defined as in (@I). When o is trivial, the space L2  (I'\G) can be identified with L2(T'\G/K). In
what follows, we shall make the identification SO(2) ~ S! C C, so that the characters of K are given
by the exponentials

o(e®) := e'?, 6 €l0,2m), leZ.
Since all irreducible representations of K are one-dimensional, Proposition @l yields for any « € I', \G
and o; with |I| < p/log p the estimate

1

C
Kﬁf‘o§ungl (I5I> < ﬁ [,UM(I,’II,(S) +IUJ%/6 S%dM(S>]
X

11 Note that the center (8 2), a € R*, acts trivially on H.
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up to terms of order O(|I'y\R(n)| p~>°), where we set
M(6) == M(z,n,6) == #{a € [,\R(n) : u(zK, - 2K) < §°}

regarding K € I'),\G/K ~I',\H as an element in C, and took into account that for suitable constants
c1,c0 >0

(5.5) cru(z,w) < dist (z,w)? = dist m(z, w)? < cau(z, w), z,w e I\ \H.

In order to derive a uniform bound for KTJo%ngl (x,x), note that by Lemma [l one has with
N(s):=s"?and § = pu~!

C C
/ s~12dM (s) = N(C)M(C) — N(8)M(5) - / M(s)N'(s) ds
<<Enl+5 <<€671/2[(62+51/2)n1+5+n5]

<<5(53/2+10gS)n1+5+871/2n5|(sc
<. nite +M1/2 5+n1+s log pu <+ ( 1/2 —l—nlogu)ns,
Taking everything together we have shown

Theorem 5.2. For any n € N, u > 0, and o; with |l| < p/log u the uniform bound

1/2

KTnXO’SVMOH(TL (Ia I) <<€ ([L + np 1Og ,U) nE

1+e

holds up to terms of order O(n'*e u=°), where x € T, \G, and x € Tisa Nebentypus character.

O

Remark 5.3. The previous theorem is the non-spherical analogon of [27, Lemma 1.2]. Note that the
bounds for the point pair invariants on H used by Iwaniec and Sarnak in order to show [27, Lemma
1.2] are better than ours by a factor (1 +u(a - z,2)) %4 in the Stieltjes integral, but the lattice point
counting function considered by them is unbounded, while ours is a priori bounded.

Following the original approach of Iwaniec and Sarnak, we shall now make use of arithmetic ampli-
fication to deduce from Theorem equivariant subconvex bounds. Since we will later choose n < u*
for some A € N, we can neglect the contributions of order O(n'*¢ 4=°°) in the following. Thus, let
x € T, 0; € K be arbitrary, and {$;}jen as in (BA). Writing n;(n) := Aj(n)/v/n we deduce with
BI0), @3), GI), and E2) thaf

> o(p — )¢5 ()¢5 (y)n; (m)n; (n)

320, ¢;€L2 (T\G)

=Y Y dewewnnen () = ¥ Dk o, @)
df(

m) 520, 6;€L2, (T\G) d|(n,m)

If one replaces u by plog o in Theorem one obtains for any o; € K

Krxos,om,, (,7) << log (4 np'/* log ) n®
yielding for arbitrary N € N, and o,

> s mle@f X o = X% Mk, )

j>0,¢; eLgl (T \G) n<N n,m<N d|(n,m)
<. Neus Z Z |anm|(u+ a M1/2>
n,m<N d|(n v d

128ince the TX are adjoint operators for all n with (n,q) = 1, one has 1;j(n) = n;(n), compare [36, Theorem 5.3.8].

More generally, (T, )* = T ., where o/ = det (a)a~1.
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since |x(d)| = 1, where z, € C are arbitrary complex numbers. A simple computation then gives
(5.6)
2 2
S eln—m)les @R D mnin)| < Nt | Y falP o+ Nut2 (Y )
520, 6,€L2 (T\G) n<N n<N n<N
We thus arrive at

Proposition 5.4. For any u > 0, o; € IA(, X € f, and N € N, one has the estimate

> @P] X | <o Nt [ Yl N2 (X 1zl

n<y /X <utt, n<N n<N n<N
¢j eL?,l (FX\G)

uniformly in x € T, \G.

Proof. As explained at the end of Section 3] the test function ¢ € S(R,RT) can be chosen such that
0> 0 on [—1,1]. The proposition now follows from (5.0]) and the estimate

S @B Yz

[ESVLVESTER R n<N
$;€L2,(D\G)

[ min fo) | p € [-1,1]}

< Y e m)a@P] Y )|

320, ¢;€L2 (Tx\G) nsN

O

Next, one proceeds as follows. Let jo > 0 be fixed such that ¢;, € L2, | (I'\G), and consider the
amplifier

mjo(p), n=p< VN,
(5.7) Zn =4 —1 n=p* <N,

0, otherwise,
where p is a prime not dividing ¢. Note that [2I3) and (&1]) imply

1 ifg; € Li(I‘\G),
0 otherwise.

ni(p)* —n;(p*) = {

Hence,
|3 ama| = 3 1=0(VE/logNV2),
nshN p<V'N,pJq

by the Prime Number Theorem. Writing A; = 1/4 4 TJQ- and taking u = r;, Proposition [5.4] then gives

2
(5:8) @ < N5 i (Y @)+ V) + N2 (03 (o)l + NY2)
p<VN p<VN
As a next step, note that Jacquet-Langlands correspondence [29] and the study of Rankin-Selberg
convolutions (|26, Theorem 8.3] and [I6, Proposition 19.6]) imply for any j € N with ¢; € L} (I'\G)
the bound

(5.9) > In(n)]* <o NS,
n<N
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where n moves over natural numbers prime to q. Here we used the facts that the Strong Multiplicity
One Theorem holds for GL(2) and each automorphic representation factors as a tensor product of local
representations. Consequently, with (5.9) and Cauchy’s inequality one deduces

(650 (2)[? <o N5, (rju N~Y2 4 712 N).

Choosing N = rjlo/ 3 finally gives

5
g te

|65 ()| <& 75,
uniformly in z € I',\G. Thus, we have shown our first main result.

Theorem 5.5. Let G = SL(2,R) and T be a congruence arithmetic lattice in G. Let further x € r
be a Nebentypus character. Then, for any Hecke-Maass form ¢; € Li(F\G) with Ag; = A\jo; and
l#jlli > =1 one has

5
6500 < AT
for any € > 0.

O

For trivial o; and x, Theorem [5.5]is due to Iwaniec-Sarnak |27, Theorem 0.1]. In fact, their method
can also be used for non-trivial x, as was done in [2 Section 10] for non-compact arithmetic surfaces.
Thus, we recover

Corollary 5.6 (Iwaniec-Sarnak). For any Hecke-Maass form ¢; € L3 (T\H) with ||¢;||;. = 1 and
Beltrami-Laplace eigenvalue \; one has

6500 < AT
for any € > 0.
Proof. If oy = id is trivial, L2, (T'\G) ~ L} (I'\H), and the assertion follows form the previous theorem.

I1,X
Note that since all K-orbits in G have the same volume, each eigenfunction of the Beltrami-Laplace
operator on H ~ G/K lifts to a unique K-invariant eigenfunction of the Beltrami-Laplace operator

on G. O

5.3. Automorphic forms on SL(2,R) and representation-theoretic interpretation. In what
follows, we would like to discuss our results within the theory of automorphic forms and their representa-
tion-theoretic meaning. For this, let us first recall the concept of an automorphic form on G = SL(2, R)
for a discrete co-compact subgroup I', compare [8, Section 5].

Definition 5.7. A smooth function f : G — C is called an automorphic form on G for I' iff:

(A1) f(vg) = f(g) for ally €T and g € G,

(A2) f is K-finite on the right, where K = SO(2),

(A3) f is Z-finite, where Z denotes the center of the universal envelopping algebra U(gc) of the
complezification of g.

Note that (A2) means that f is a finite sum of functions f; belonging to a specific K-type o;, while
(A3) is equivalent to the existence of a polynomial p(C) in the Casimir operator C = dR(f2) that
annihilates f, the notation being as in Section 2l Now, g = {X € M(2,R) | tr(X) = 0}, while a
Cartan involution is given by —*X. With respect to the basis

10 0 1 0 1
X1 = (0 —1>’ Xg = (1 0)’ "= (—1 0)

of g =p @ ¢, the modified Killing form (-, -), is represented by the matrix

1 00

1
0 0
0 1

1
0
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Consequently, a corresponding orthonormal basis of g is given by X := X|/2v2, X5 := X|/2V2,
Y=Y/ 21/2, so that the Casimir element reads

1
Q=X}+X7-Y?= id,
compare (2I). Note that our normalization of C differs from the one in [8, p. 20], where Q = 1id.
Writing p(C) = [[,(C — i) and py, = 1?/8 for the eigenvalue of dR(Q2k) on the o-isotypic component
one sees that

p(C)fi = [[dR(QKk) — A — i) fr = [[ 1o — A = pa) fi = (D) fi,
where we took into account ([22)). Thus, p(C)f = 0 iff ¢;(A)f; = 0 for all I, by orthogonality. Since
qi(A) is an elliptic differential operator of the same order than p(C), and any subspace defined by a
K-type and a Casimir eigenvalue is finite dimensional by Harish-Chandra’s theorem [9, Theorem 1.7],
we see that f is essentially given by a finite sum of Hecke-Maass forms in the sense of this paper.
To interprete our results in terms of the representation theory of GG, let us first notice that, since
—I5 belongs to I', one has

L2 A (D\G) = {0} if oi(~I2) # x(~I2).

Hence, in case that L2, (I'\G) # {0}, I must be even if x(~I) = 1, and odd otherwise. Now,

according to the decomposition (2.3)) the following irreducible unitary representations of G' can appear
. 2 . .
in L7, (I'\G), see [8, Section 15]:
(1) Ifi=o0,
(a) the trivial representation,
(b) the unitary principal series H(0, s) with s € iR>o,
(c) the complementary series (0, s) with s € (0, 1)
can appear.
(2) If I is even and | # 0,
(a) the discrete series Dy with s € Z — {0}, [s| < |I|, sgn (s) =sgn (1), s odd,
(b) the unitary principal series H (0, s) with s € iR>,
(c) the complementary series I(0,s) with s € (0,1)
can appear.
(3) If I is odd,
(a) the discrete series D, with s € Z — {0}, |s| < |I], sgn (s) =sgn(l), s even,
(b) the unitary principal series H(1,s) with s € iR,
(c) the limits of discrete series Dy o (resp. D_ ) with [ > 0 (resp. | < 0)
can appear.

Note that in each of the above unitary representations the o;-isotypic component is 1-dimensional.
By the above list, one sees that representations occuring in L2, | (T'\G) are in general different from the
spherical case L2(I'\H). Hence, Theorem [5.5 implies subconvex bounds for new classes of automorphic
representations, in particular for the discrete series D, and their limits Dy o, as well as the principal
series H(1, s).

To rephrase our results in terms of the spectrum of the Casimir operator C, note that by ([Z2) we
have with p,, = 1%/8

(5.10) A¢; = Njdj = (— pj +17/4) 85, ¢; € L2,  (T\G),

i; being the Casimir eigenvalue of ¢;. Now, in the cases relevant to us the Casimir eigenvalues can
take the following values [8 p. 158 and p. 163]

13Note that our normalization of the Casimir operator differs from the one in [8] by a factor 1/4.
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(1) On (Dy)>, C = (s> —1)id /8, where s € Z — {0}. For |s| < |I| and sgn (s) = sgn (l) one has
0<s?—1<?-1.
(2) On H(0,5)>® or H(1,5)>, C = (s> —1)id /8. For s € iR>( one has s> —1 < —1.
(3) On 1(0,s)>, C = (s> —1)id /8. For s € (0,1) one has —1 < s* — 1 < 0.
(4) On (D4 )™ or (D_ )=, C = —id /8.
Here H° denotes the subspace of differentiable vectors in a Hilbert representation H. Consequently,
the subconvex bound in Theorem can be restated as follows.

Theorem 5.8. Let G = SL(2,R), K = SO(2), and T be a congruence arithmetic lattice in G. Let
further o; € K and x € T’ be a Nebentypus character. Then, for any Hecke eigenform ¢ € L2 (I'\G)

a1,X
satisfying ||¢|| 2 =1 and Cp = =16 one has

8
[l <o (1 — 8% 4 20%)7ite

for any € > 0.

O
Classically, an automorphic form of weight | € N and Nebentypus character x was first introduced
as a holomorphic function f : H — C satisfying

fy-2)=x(ilv.2) f(z), yeTl z€H,
where j(g, z) is as in (5:2). Its lift f(g) := f(g-)j(g,i)~" constitutes an automorphic form on G in
the sense of Definition (.7 it is of K-type o; and satisfies Cf = $(12/2 — 1) f, see [8, Sections 5.14 and

5.15]. In particular, if I > 1, f belongs to the discrete series representation D;_; in Lglﬁx(I‘\G). If, in

addition, f is a Hecke eigenform with || f||2 = 1, one deduces from Theorem 5.8
(5.11) £l <c 1727,

since || f]|, = || fll, for all p, compare [36, p. 219], yielding subconvex bounds for classical automorphic
forms on H in the weight aspect. This is consistent with Godement’s formula [I9], by which one
has the convex bound | f||,, < Iz, see [I2, 10]. Furthermore, a corresponding subconvex bound
was proven in [I2], the exponent there being % — % = %. Thus, our results do imply new results
about holomorphic modular forms on H. Note that in the case I' = SL(2,Z) one can even show [52]
that 147° <. ||f]|.. < I3 by using the Fourier expansion of f and Deligne’s bound [I3], though
this method is not available for cocompact arithmetic subgroups. In the non-cocompact case, hybrid

bounds in the eigenvalue and the level aspect were considered in [2].

6. SUBCONVEX BOUNDS ON SO(3)

In this section, we shall derive equivariant and non-equivariant subconvex bounds on SO(3) in the
setting of [31,32]. They are proven in an analogous way than the ones proven in Section [ using results
of [49]. To begin, consider the quaternion algebra

H(R) :={ao + a1i + a2j + ask | ao, a1, az2,a3 € R}
over a given commutative ring R, where i? = j2 = —1, ij = —ji = k, and recall that for an element
a = ag + a1i+ asj + ask € H(R) its conjugate is given by @ := ag — a1i — asj — azsk € H(R) while its
norm reads N(a) := aa = a3 + a} + a3 + a3. Note that H(R) corresponds to the field of Hamilton’s
quaternions and H(Z) to the ring of Lipschitz integers [11]. Write H(R)! := {a € H(R) | N(a) = 1}
and put G := H(R)!. As a group G, can be identified with SU(2) via the mapping
. . ap —|— ali ag —|— agi
G>3ap+ari+asj+ask +— (—az tasi ag— a1i> € SU(2).

G is compact, while H(Z)! = {£1, 4i, +j, +k} is finite, so that by choosing the lattice I' := {1}
in G we have
I'\G = S0(3)
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via the adjoint action of G on its Lie algebra. Next, we introduce Hecke operators on SO(3) following
[31, B2]. Thus, for each a € H(R) \ {0} and = € G set

a-z:=N(a) Y?az € G.

As in Section 2] one can associate to each double coset T'al', & € H(Q), a Hecke operator Tr,r. We
then have Trqa,r © Tra,r = TTasa, - Further, setting

R(n):={a€ HZ)|N(a)=n, a=1 mod 2},

one can define the Hecke operator

(Th@ =5 3 fax), el T\G)
a€R(n)

For natural numbers r, s = 1 mod 4, one has 7,7, = Zdl(r,s) dTrsjaz, see [32, Remark 1] and [49,
p. 331]. Since Hecke operators commute with the right regular representation of G' on L*(T'\G),
we may replace L?(T'\G) by L?(I'\G/K) for any subgroup K of G in the above argument on Hecke
operators. Choose K = SO(2) ~ C!, and denote the corresponding characters by o; : € s €%
l € Z. Let A denote the Beltrami-Laplace operator on G. Since A and 7, commute, there exists
an orthonormal basis {¢;},- of L%(T'\G) consisting of simultaneous eigenfunctions compatible with
the decompositions Z3) and ([38), where X = G and M = T'\G, respectively. Further, note that
the action of K on I'\@ is isometric and non-singular. We then can prove the following equivariant
subconvex bounds.

Theorem 6.1. Let G = SU(2), K = SO(2), I' = {+1}, and 0, € K ~ Z. Then, for any Hecke-Maass
form ¢; € L2 (P\G) with Beltrami-Laplace eigenvalue \; and |¢;l . =1 one has

= +e
||¢]||oo <<8 )‘3'24 )
e > 0 being arbitrary.

Remark 6.2. This theorem is a generalization of [49, Theorem 1.1], where the case L2 (I'\G) =
L3T\G/K) = L?(S?) is treated, S? being the 2-sphere. In the papers [5, [6], hybrid L>°-norms
for general arithmetic quotients of 2-spheres in the eigenvalue and level aspect are studied. However,

the exponents for the spectral parameter are a little greater than 5/24 there, namely 2—14 — 2% =i,

16
Proof. By [49, Lemma 2.1] one has
Senlte 4ns if6 < 1/n,

(6.1) H{laeR(n) | dist(z,a-z) < §} <. {n§+€ L 83nlte otherwise.

Further, Proposition 1] also holds in the present case, since Proposition [3.3] is true for arbitrary
compact manifolds and symmetry groups. By repeating the arguments given in Section[5.2]we therefore
get for any |I| < p/logu, > n, and n =1 mod 4 the uniform bound

KT, 05,01, (2, 2) <o (p+npt/?log i) n®

up to neglegible terms. Now, by the Dirichlet prime number theorem on arithmetic progressions it is

well-known that 1
x
i i =1 d4} ~ = .
#{p < x|pis aprime, p mod 4} S logz

Furthermore, the Ramanujan conjecture proved by Deligne [I3] together with the Jacquet-Langlands
correspondence for GL(2) [29] implies that the Hecke eigenvalues A;(p) of 7, are bounded from above

by 2p%Jrs for prime levels. Hence, the argument of Iwaniec-Sarnak already used in Section [(.2] but
now applied to L%(SO(3)), yields

165115, <= p*N*(uN~Y2 4 p'/2N).

1460 + ari+ azj + ask = 1 (2) means that ag is odd and a1, a2,as are even. Note that R(n) is empty unless n = 1
mod 4.
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The theorem now follows by taking N = u'/3. O

Note that the right regular representation of I'\G' = SO(3) on L?(I'\G) decomposes according to
L*\G) = P My, M =aP?

keN

where 7, denotes the irreducible representation of SO(3) of dimension 2k + 1. In particular, the
Beltrami—Laplace eigenvalue corresponding to 7y is k(k+1), and the restriction of 7, to K is isomorphic

—k
to @,__,01. Hence, if we choose an orthonormal sequence {¢;} ;>0 in L*(T'\G) consisting of Hecke-
Maass forms with ¢; € (oy,)®?% 1 C My, where |I;| < k;, Theorem [6.1] yields

5
=5+
]l < KJ2°

7. SUBCONVEX BOUNDS ON F\G FOR SEMISIMPLE GROUPS AND ARITHMETIC CONGRUENCE
SUBGROUPS

7.1. General framework. In what follows, we shall develop a general framework to prove subconvex
bounds of Hecke-Maass forms on semisimple groups. For this, let us return to the general setting of
Sections 2 Bl and @l Write £2 := L}(I'\G) or L2  (I'\G), and consider on this space the family of
Hecke operators T12</3F introduced in ([2.I0), together with the corresponding C-module

HY = (T | € 5)

generated by them. In what follows, we assume that there exists a submodule H of HX such that there
is an orthonormal basis {¢;}jen of L?(I',\G) compatible with the decomposition ([29]), and in case
that P commutes with the right regular K-representation, also with the decomposition (B.8]), consisting
of simultaneous eigenfunctions of P and all 7 € H with P¢; = A;¢;. As before, such simultaneous
eigenfunctions will be called Hecke—Maass forms of rank 1. We also suppose that T* belongs to H for
each 7 € H and that the cospheres S¥(I',\G) := {(,§) € T*(I'y\G) | p(z, &) = 1} are strictly convex
for all € I',\G. Further, consider the lattice point counting functions M(x, B,6) := M(z, 3,0) or
Mz, B,0) corresponding to £2, respectively; that is,

M(6) = M(x,B,6) :=#{a e T,\I'AT : dist (z, 0 - ) < &},
where dist (a - z,z) = dist (Tax, I'z), and M (z, 5,0) is as in [@4). We then have the following

Lemma 7.1. Fiz a character x in T such that [[:T,] < oo. Let ¢j, be a Hecke-Maass form in £
with corresponding spectral eigenvalue \j,. Let P’ be an infinite set and N : P’ — N a mapping such
that

(7.1) #{veP | N/2<NW()<N}> N/logN.

Assume that for each element v € P’ there exists a Hecke operator T, € H satisfying T, ¢, = ¢
and that for any N € N and any x € T',\G we have a suitable finite subset Q’NI C P’ such that
#Qly , <log N. Write

7}(,@ = Z T.  where Q’Nm ={veP |N2<N(w)<N, veg Q’Nz}
veQl ,

) 2 / ! *
As a linear operator on £2, Ty o (TX )" can be represented as

TJ</ x 7-N x Z au7}a r
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for certain Il € N, a,, € C, and oy € E depending on x. Further, suppose that there exist numbers
0< k<1 and Ay, Az > 2 such that for each N > 1 and each x € T',\G one has

l l
(7.2) > Jau|[M(, a0, N742) < N272% 3 " a,[[Ty \Ton,I'| < N4
u=1

u=1
Then, if £ = L2(P\G), there exists a constant 6 > 0 such that

dim G—1 Py

||¢jo||oo < )‘jo e

while if £2 = L?LX(F\G), there exists a constant § > 0, which does not depend on o, such that

dimG/K7176

. u 2m
160100 < \/da s 1Dl A
Finally, if K =T is a torus and £ = L2(T\G), there exists a constant § > 0 such that

dimG/K-1_¢

[Bjolloc < Az 2

Proof. Let us consider first the case £2 = L2 | (T\G). Set p := %/A;, and denote by X} v the eigenvalue
of Ty, for ¢;, so that

TR 5 ()P = N NN, n 5 (2)05 () = Tir 0 (The ) b5 ()5 ().

Taking N = 0 in Proposition we deduce that
l _
Z ay Z x(@)Ksom, (a-z,2) <d, max |[[DY| p

uSLdirSKJrlJ

dim G/K—1 NA
u=1 a€ly\TayT,

dist (zK,q-z K)dimG/K—-1> N —A2

up to terms of order O(N“ 1 =°°), where we set A := 145 + A;. With the same arguments than at

the end of Section [B] and in the proof of Proposition 4.1l one now deduces with p; := %/A; for any
z e\ \G

(#0105 (@) = TR atin@F < D [Thadi(@)]

p<pj<ptl,

¢j€Lg(FX\G)

/ 2
<Y on— ) Teati (@) = Ky, omy, - om,om, (2, )

0, €LE(F0G)

i imG/K—

<d, max DYl pmC/EINE L g, max [|DVof p T N
usL R4 u< | UK 1)

=d, max ”DuO_HOO (‘udimG/Kle272n + MM;KANA)
uSLdirgK +1J
up to terms of order O(N4 ~>°). Hence, the assertion follows from (ZI)) by taking N ~ uf, B =
%. The case £2 = L(I'\G) is seen in a similar way taking into account Proposition B1] and
the toric case in Proposition [3.3 |

Remark 7.2. The assumptions of the previous lemma are primarily motivated by the work of Marshall
[33] in the case that x is trivial. One can easily verify that they are fulfilled in the setup of Section
when P’ is the totality of primes and 91 is the inclusion mapping P’ C N. Indeed, for each prime

p with (p,q) = 1, there exists an element 3, in R(p?) such that 7:’5 = Tegr = T — 7}>((p12)rv see

36, p. 217]. Now, let A;(p?) be the eigenvalue of 7% belonging to the eigenfunction ¢; € L2 _(I'\G).
J P J o,X
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For each ¢; in L2 (I'\G) and p as above, |\;(p)| < p'/2/2 implies that |\;(p?)| > p/2 by [X;(p?)| =
I\;(p)? — (p+ 1)x(p)|. Therefore, if we choose

{mﬁx if [p~ 12\ (p)| > 1/2,

1

Ajo ()

the mentioned assumptions must hold by Lemma [E.Il This choice is essentially the same as in the
work of Blomer-Maga [5l [6] on SL(n,Z) C PGL(n,R) in the case n = 2.

T/ P
P p>§ otherwise,

Remark 7.3. When using Lemma [T, we shall take for P’ a subset of the totality of primes. Note
that it is unnecessary to suppose that ¢; is an eigenfunction of the operators 7, for all primes p to
prove the subconvex bound in Section 5] as we did already see in Section[@l In fact, one can make the
conditions on P’ and H weaker. Namely, we can replace P’ by a smaller subset satisfying (I} and
replace H by the submodule (7, | v € P’). This means that our concept of a Hecke-Maass form is
much weaker than the usual one in Section Bl Such forms are not eigenfunctions of the center of the
universal enveloping algebra in general, and can be obtained in abundance by functorial lifts of Hecke
characters.

7.2. Equivariant subconvex bounds. In what follows, we shall derive equivariant subconvex bounds
on arithmetic quotients for a large class of semisimple algebraic groups, extending the work of Marshall
[33] to non-spherical situations. Thus, let G be a connected semisimple algebraic group over a number
field F. We write G(k) for the set of k-rational points in G for a field k£ O F and F, for the completion
of F' by a place v of F. Following [33], we assume that there exists a real place vy of F such that

(WS) The group G(F,,) is quasi-split, and not isogeneous to a product of odd special unitary groups.

We set H := Resp/oG, where Resp/g means the restriction of scalars from F' to Q. Then H is a
connected semisimple algebraic group over Q and G := H(R) a real semisimple Lie group with finite
center [38, Chapter 3]. Let K be a maximal compact subgroup in G, K an open compact subgroup of
H(Agp), and put T := H(Q) N (H(R)K)p). In the following theorem, we will also impose the condition
H(A) = HQ)(H(R)Kp). This condition holds for any Ky if H has the strong approximation property
with respect to oo, that is, if H is simply connected as an algebraic group, and does not have any
R-simple component H' such that H'(R) is compact, compare [38, Theorem 7.12]. As the second main
result of this paper we obtain

Theorem 7.4. Suppose that H(A) = H(Q)(H(R)Ky) and H(Q)\H(A) is compact, so that T\G is
compact as well. Further, assume that H satisfies the condition (WS). Now, let Py be an elliptic left-
imwvariant differential operator on G of degree m which gives rise to a positive and symmetric operator on
I\G that commutes with the right reqular K -representation and has strictly convex cospheres SE(I'\G).

Then, there exist a submodule H of H%‘:{(Q) and a constant § > 0 such that

(1) there is an orthonormal basis {¢;}jen of L*(T\G) which consists of simultaneous eigenfunc-
tions for the unique self-adjoint extension P of Py and all T € H;
(2) for each ¢; € LZ(I'\G) with spectral eigenvalue \; one has

dimG/K-1_¢

165l < \/do sup  [[DUol|, Ay

USI_d]ng]KJrlj

If K =T is a torus, one has the stronger estimate

dimG/K-1_¢

[djlloc < A; 2™

Remark 7.5. The equivariant subconvex bound of the previous theorem can be rephrased using the
Cartan-Weyl classification of unitary irreducible representations of compact groups. In fact, assume
that K is a compact connected semisimple Lie group, ¢ its Lie algebra, and T C K a maximal torus
with Lie algebra t. Denote by £¢ and tc the complexifications of £ and t, respectively. Then t¢
is a Cartan subalgebra of ¢, and we write X(c,tc) for the corresponding system of roots and X+
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for a set of positive roots. Now, as a consequence of the Cartan-Weyl classification of irreducible
finite-dimensional representations of reductive Lie algebras over C one has the identification

K~ {A€ t¢ : A is dominant integral and T-integral} ,

compare [51], and we write A, € t§ for the highest weight corresponding to o € K under this isomor-

phism. Weyl’s dimension formula then implies that d, = O(|Ag|‘2+‘), while from Weyl’s character
formula one infers that if D" is a differential operator on K of order w,

(7.3) D0l = O(IA "), 46| = oo,
compare [39, Eq. (3.5)]. Consequently, the bound in Theorem [74] can be rewritten as

65]ls0 < \/|AU|2\Z+H—L%+1J /\;1%42;41;( 1
Proof of Theorem[7.4] By translating the results in [33] Section 3] to our non-adelic setting, one verifies
that the assumptions of Lemma [7.1] are fulfilled under the hypothesis of the theorem. Note that it is
unnecessary to relate the subgroup K to the specific maximal connected compact subgroup considered
in [33], because the assumptions in question are concerned only with the structure of the Hecke algebra
and the lattice point counting function M(x, «, ).

Let us explain this in a more detailed way. Since H(A) = H(Q)(H (R)K() one has

H(Q)\H(A)/Ko=T\G.
Now, any function ¢ in LZ(I'\G) can be identified with a function ¢, in L2(H(Q)\H(A)/Ko) by
setting
(7.4) pa(vgk) :==0(9), v€HQ), geG, ke Ko

For each double coset KoKy with o € H(Agy,), a linear operator Tk ax, on L2(H(Q)\H(A)/Ky)
can then be defined by setting

(Toaro®a)(®) == > ¢alzh),  ¢a € LX(HQ\H(A)/Ko).

hEKOOtK()/Ko

Moreover, there exist finitely many elements 81, ..., B, in H(Q) such that

m

(7.5) H(Q) N (H(R)Koa™ " Ko) = | JTAT,

the intersection being non-empty due to the assumption H(A) = H(Q)(H (]R)KO) This implies that
for all p € L2(T'\G)

(7.6) Txoarops = 3 Trpre.

i=1
Hence, any adelic Hecke operator Tk i, can be regarded as a sum of non-adelic Hecke operators via
the identification ¢ = 4.

In order to apply Lemma [7I] in the present context, we choose x = 1 and E = H(Q). Let P’ be
the set denoted by P in [33, Section 2.5], that is, an infinite subset of the totality of finite places of
F. A map 9V : P/ — N is defined by the order of the residue field of F,. Then, G(F,) is split for each
v € P’ and () holds by the prime ideal theorem and the Chebotarev density theorem. Now, put

(77) H = <TKOQKO | a € Q(Fv), NS 73/>

Note that G(F,) C H(Q,) if v|p, and by [36, Proof of Theorem 2.8.2 (2)] we have (Tkyak,)" =
Tkoya-1k, € H. Since Py commutes with all Hecke operators and each automorphic representation
of H(A) factors as a tensor product of irreducible unitary representations of G(F,) for all places v
[17], there exists an orthonormal basis {¢;};>0 of L(I'\G) consisting of simultaneous eigenfunctions

15Without this assumption, the intersection in (Z5) might be empty, and the following arguments make no sense.
Along the same lines, recall that Hecke operators on SO(3) are only defined in the case p =1 mod 4.



30 PABLO RAMACHER AND SATOSHI WAKATSUKI

for P and all T € H. Now, let ¢;, € L2(I'\G) be fixed. Applying the results in [33] to the function
Y = ¢j, .4, that is also denoted by 1 there, one can verify the assumptions of Lemma [[T] for ¢;,.
Indeed, by [33, Propositions 6.1], for each place v € P’ there exists a Hecke operator T, € H such that
Totp = 1 holds and T, is a linear combination of operators Tk ok, With a € G(F,). In view of (7.0
we can identify 7, with a non-adelic Hecke operator 7! on L2(I'\G) such that

7;1/¢j0 = 7:)¢j07A = ¢j07A = ¢j0'

Similarly, set Ty z == >, ¢ o Ty, and denote the corresponding non-adelic Hecke operators by T](,ﬁz,

where Q'y , is chosen as the set denoted by Qn in [33, Section 3.4]. By the convolution on H (Agy),
there exist n € N, by, € C, and wy, € H(Agay) such that

T o (Taw)* =Y bk T, ko

k=1

The corresponding [ € N, a,, € C, and o, € C(I') in the decomposition of Ty , o (75 ,)* in Lemma
[[1] are then obtained from this equality via the identification (.6l). Finally, the upper bounds (Z2)
in Lemma [T] can be verified using ([Z5), (Z6) and the arguments in [33], Section 3], completing the
proof of the theorem. O

Ezample 7.6 (Equivariant subconvex bounds for SL(n,R)). Choose a central division algebra D
of index n over Q such that D ® R = M (n,R). It is well known that the equivalence classes of central
division algebras over Q are parameterized by the Brauer group Br(Q), which can be realized as the
set

{(a,az)|a€{0,1/2}, x:(xp)e@Q/Z, a—|—pr:O modZ},

where p runs over all primes, via the Brauer-Hasse-Noether theorem, compare [38, Theorem 1.12].
If we choose a prime p; and a parameter (0,z) in Br(Q) such that z,, = a/n and a is prime to n,
then there is a central division algebra D corresponding to (0, ) and satisfying D @ R 2 M (n,R). A
semisimple algebraic group H over Q is then defined by H := SL(1, D). Clearly, G := H(R) = SL(n,R),
K :=S50(n), and T' := H(Q) N (H(R)Kjp) is cocompact for any open compact subgroup Ky of G(Agy),
while H satisfies the condition (WS) and is simply connected. Then, the assumptions of Theorem
[C4 hold, and for any Hecke-Maass form ¢; in L2(I'\G) with eigenvalue \; one obtains the subconvex
bound

n?4n—4_¢
1651100 < \/dg sup  [[Duoll A

uSL71274n+4J
for some § > 0.

Ezample 7.7 (Equivariant subconvex bounds for SL(n,C)). Let D denote a central division
algebra over a number field F'. Then H := Resp/gSL(1, D) is a simply connected semisimple algebraic
group over Q. The Brauer-Hasse-Noether theorem ensures that there exist various division algebras D
such that H satisfies the assumptions of Theorem [(4l For example, by choosing suitable parameters
in the Brauer group, one gets a central division algebra D of index m over an imaginary quadratic
extension F' of Q such that H(R) is isomorphic to SL(n,C). Since SL(n,C) satisfies the condition
(WS), Theorem [74] yields subconvex bounds for I'\SL(n, C), where I is defined by an open compact
subgroup Ko in H(Agy).

Ezample 7.8 (Equivariant subconvex bounds for SU(n,n,R)). There exists a central division
algebra D over an imaginary quadratic extension F' of Q with a F/Q-involution such that H :=
SU(1, D) satisfies G := H(R) = SU(n,n,R), see [44, Theorem 8.1]. Since H obviously satisfies the
assumptions of Theorem [T4] one obtains equivariant subconvex bounds for T'\G in this case.
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7.3. Non-equivariant subconvex bounds. We shall now prove non-equivariant subconvex bounds
on arithmetic quotients of semisimple algebraic groups without the condition (WS). Let H be a con-
nected semisimple algebraic group over Q and choose any open compact subgroup Ky of H(Ag,). We
then have the following

Theorem 7.9. Put G := H(R) and I :== H(Q) N (H(R)Ky). Assume that H(A) = H(Q)(H(R)K))
and that T\G is compact. Let Py be an elliptic left-invariant differential operator on G of degree m
that gives rise to a positive and symmetric operator on T\G with strictly convex cospheres SE(T\G).
Then, there exist a submodule H of Hé;lq(@) and a constant 6 > 0 such that there is an orthonormal
basis {¢;}jen of L2(T\G) consisting of simultaneous eigenfunctions for P and all T € H, so that for
each ¢; with spectral eigenvalue \; one has

dimG—=1_ ¢
[@illoo < A; 2™

Proof. To prove this theorem, we need an explicit distance on G. We may assume that H is a closed
subgroup of SL(m) over Q for some sufficiently large m € N, so that G = H(R) becomes a closed
subgroup of SL(m,R) with respect to the topology induced from the Euclidean topology on Rmz,
compare [38, Chapter 3]. Note that H(R) might consist of finitely many connected components with
respect to the usual topology, even if H is connected in the sense of Zariski [38, Corollary 1]. One then
defines on M (m, R) the Euclidean distance

dist1(z,y) :== ||z — v, || == Tr(‘zz), z,y € M(m,R),

obtaining a distance on G by the inclusions G C SL(m,R) C M(m,R). In fact, the distance dist is
locally equivalent to the distance dist;. Indeed, dist; is equivalent to dist in a small neighborhood U/
of the identity. Furthermore, for fixed g € G one computes

dist1 (g2, gy) < |lgll dista(2,y),  disti(gz, gy) = [lg™"[| " dista (2, y),
so that dist(x,y) is equivalent to the distance (z,y) — dist1(gz, gy) on G. The assertion now follows
by covering G by translates of U.

The first assertion follows from the corresponding argument in Theorem [[4l It remains to show
that the assumptions in Lemma [ are satisfied for the module H given in (7)), for which we shall
follow the considerations in [33]. Let us choose the same norm || ||* as in [33, Section 2.2] on the
group of cocharacters of a maxial torus over Q, and regard || ||* as a norm on the cocharacters of each
Qp-torus by conjugation. Let P’ be the set denoted by P in [33] Section 2.5] for F' = Q and G = H.
Then P’ is an infinite set of prime numbers, (7)) holds, and for each prime p € P’ the group H(Q,) is
split. Furthermore, a Hecke operator 7(p, i) is defined by the product of p~II#I” with the characteristic
function of H(Zy)u(p)H(Zy), where 1 is a cocharacter on a suitable maximal split torus T, in H(Q,).
In addition, several conditions are imposed on H, P’, and T, and we refer the reader to [33, Section
2] for details. By [33] Proposition 6.1], there exists for each p € P’ a Hecke operator 7, such that

Tobin =bjn, To= Y. am) 7). BT = Y bp, ) 7(p,p),
lul*<r lul*<r
alp,p) <1, a(p,0)=0, blp,u) <1
for some constant R € N. Now, choose a compact subset 2 of G such that G = I'QQ, let  be an
element in Q, and set Tnz = > cpr ,on 7; In order to verify the necessary conditions in Lemma
[Tl we proceed as in the proof of Theorem [T.4 and let 7, and Ty , be non-adelic Hecke operators
corresponding to 7, and Ty ., respectively. For v € H(Q) C SL(m,Q), let ||v||; denote the least
common multiple of denominators of components of ~. By [33, Corollary 3.6], one has ||y|; < N42
for some A5 > 0 if v € H(Q) Nsupp (Tn,o(Tn,z)*), where supp (Tn,«(Tn,z)*) means the support of
TN (TN .z)* in H(Agy), and the second bound in (T2)) follows. Furthermore, for the distance dist 1, one
can show that for some Ay > A the inequality dist (yz, ) < ¢; N~42 does not hold for any non-trivial

16Note that TN« does actually not depend on x, but we preferred to keep the notation of Lemma [Tl
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element v € H(Q)Nsupp(Ty 2 (Tn,z)*), where we choose ¢1 > 0 such that c;dist (y1,y2) < disty (y1, y2)
for all y1,y2 € T\G. Indeed, if v € H(Q) N supp(Tn,.(Tn2)*) is such that dist(yx,x) < N~42, one
necessarily must have v = 1 together with 7,(z~'yz) = T,(1) = 0. It follows that

l
D aul Mz, 0w, N2 <S> blp, )| 7(p, ) (1) < N

PN lul<R

since

Tve(Tna) =Y, > bo.w)rop)+ Y > alp.p) alg,v) T(p, p) (g, —v),

P<N ||p|[*<R PAGEN [[pfl*,[lvlI*<R

yielding the first bound in ([Z2)). Thus, the proof is completed. O

Ezample 7.10 (Non-equivariant subconvex bounds for division algebras). Let D be a central
division algebra over a number field ' and H := Resg/oSL(1, D). If H has no R-simple components
H' for which H'(R) is compact, then Theorem yields a subconvex bound for I'\G with G and T’
as in the previous theorem. If in particular G = SL(n,R), there exists a constant § > 0 such that one
has the subconvex bound

n272_5
[@5lloc <A™

for any Hecke-Maass form ¢; in L?(T'\G) with eigenvalue ;. It is also possible to consider H :=
Resp/@SU(1, D), where D is a central division algebra over a quadratic extension E of F' equiped with
a F/F-involution. Under the assumption that G := H(R) has no R-simple components H’ for which
H'(R) is compact, Theorem then implies subconvex bounds for I'\G. Regarding the existence of
division algebras with E/F-involutions satisfying our assumptions we refer the reader to [44] Theorem
8.1].

7.4. Automorphic forms and representation theoretic interpretation of the results. To
close, let us indicate how our results fit into the general theory of automorphic forms [9]. With G, K,
and I' as above let us recall the following

Definition 7.11. A smooth function f: G — C satisfying
(A1) f(vg) = f(g) for allg € G and vy €T,
(A2) f is K-finite on the right,
(A3) f is Z-finite, where Z denotes the center of the universal envelopping algebra $U(gc) of the
complezification of the Lie algebra g of G,

18 called an automorphic form on G for I'.

This definition implies that with respect to the decomposition ([2:3)) each automorphic form f is
contained already in finitely many constituents, so that f € @2:1 m(my, ') - for suitable 7y, compare
[28, Corollaries 8.14 and 10.37]. Hence, p(C) := Hﬁczl(c — puk), where py is the Casimir eigenvalue of
T, represents a polynomial that annihilates f. On the other hand, (A2) implies that f is a finite sum
of functions f, belonging to a specific K-type o, and by (22) one deduces

1 l

p(C)fo = [[2dR(OK) — A = ) fo = [ [ 1o — A = i) for = q(D) £,
k=1 k=1
where 1, denotes the eigenvalue of dR(2x) on o, and ¢ is a polynomial. Thus, f is essentially given
by a sum of Hecke-Maass forms in the sense of this paper, because g(A) is an elliptic differential
operator and any subspace defined by a K-type and a Casimir eigenvalue is finite dimensional by
Harish-Chandra’s theorem [9, Theorem 1.7]. Consequently, Theorems [(.4] and [7.9] can be rephrased as
follows.

Theorem 7.12. Let H be a connected semisimple algebraic group over Q and Ky an open com-
pact subgroup of H(Agn). Set G := H(R) and I' := H(Q) N (H(R)Ky), and suppose that H(A) =
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H(Q)(H(R)Kyp) and H(Q)\H(A) is compact. Then, there exist a submodule H of Héi}{(@) and a
constant & > 0, which are independent of o € I?, such that

(1]

(1) there exists an orthonormal basis {¢;}en of LZ(I\G) which consists of simultaneous eigen-
functions for the Casimir operator C and all Hecke operators T € H;
(2) for each ¢; with Casimir eigenvalue p; one has

dimG/K7176
[6jlloc < [Jdo  sup  [[Dol (—pj +200) 7 ,
ungin;K+1J

provided that H = Resp/oG and (WS) is fulfilled, while in general

dim G—1 _5

Pjlloc < (—p5 + 2p0) 3
Lo being the eigenvalue of dR(Qk) ono. If K =T is a torus,

dimG/Kfl_é

||¢J||oo < (= + 2p0) B
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