PSEUDODIFFERENTIAL OPERATORS ON PREHOMOGENEOUS
VECTOR SPACES

PABLO RAMACHER

ABSTRACT. Let G be a connected, linear algebraic group defined over R, acting regularly
on a finite dimensional vector space V over C with R-structure Vg. Assume that V'
possesses a Zariski-dense orbit, so that (G, g, V') becomes a prehomogeneous vector space
over R. We consider the left regular representation 7 of the group of R-rational points
G on the Banach space Co(Vg) of continuous functions on Vg vanishing at infinity, and
study the convolution operators 7 (f), where f is a rapidly decreasing function on the
identity component of Gr. Denote the complement of the dense orbit by S, and put
Sg = SN Vg. It turns out that, on Vg — Sg, #(f) is a smooth operator. If Sg = {0},
the restriction of the Schwartz kernel of 7(f) to the diagonal defines a homogeneous
distribution on Vg — {0}. Its non-unique extension to Vg can then be regarded as a trace
of w(f). If G is reductive, and S and Sy are irreducible hypersurfaces, 7 (f) corresponds,
on each connected component of Vg — Sg, to a totally characteristic pseudodifferential
operator. In this case, the restriction of the Schwartz kernel of 7(f) to the diagonal defines
a distribution on Vg — Sr given by some power |[p(m)|® of a relative invariant p(m) of
(G, 0,V) and, as a consequence of the Fundamental Theorem of Prehomogeneous Vector
Spaces, its extension to Vg, and the complex s-plane, satisfies functional equations similar
to those for local zeta functions. A trace of m(f) can then be defined by subtracting the
singular contributions of the poles of the meromorphic extension.

1. INTRODUCTION

Let G be a real reductive algebraic group acting on a smooth affine algebraic variety M,
and 7 a representation of G on some suitable function space over M. The purpose of this
paper is to understand this representation in case that G acts on M with an open orbit. If
7 is an irreducible unitary Hilbert representation, it was shown by Harish-Chandra that the
convolution operators

(1) w(f) = /G F(g)(9)de(g).

where f is a smooth, compactly supported function on GG, and dg Haar measure on G, are of
trace class, and the global character of 7 is defined as the distribution ©, : f — Trx(f). It
determines 7 up to unitary equivalence [14]. Our interest will be directed towards the regular
representation of G on the Banach space Co(M) of continuous function on M vanishing at
infinity, and we will mainly be concerned with the microlocal structure of the operators 7(f)
in the general case when the underlying G-action on M fails to be transitive. The operators
7(f) are then no longer smooth, and the orbit structure of G is reflected in the singular
behaviour of the Schwartz kernel of 7(f), and its restriction to the diagonal. We will work
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in a C*° framework, relying on the theory of pseudodifferential operators, and avoid Hilbert
space theory entirely. Since the examined varieties are naturally isomorphic to homogeneous
vector bundles G x g V', where H is a reductive subgroup of G and V a locally homogeneous
H-module, we can restrict our investigation to the study of locally transitive linear actions
of connected reductive groups (see [9], page 214).

We give now a summary of the results obtained in this paper. Let G be a connected, lin-
ear algebraic group defined over R, V a n-dimensional vector space over C with R-structure
Vk, and ¢ : G — GL(V) a R-rational representation of G on V with a Zariski-dense G-
orbit. The triple (G, 0, V) constitutes a prehomogeneous vector space, and we denote the
dual prehomogeneous vector space by (G, p*,V*). Let S and S* be the respective singu-
lar sets. Assume that G is reductive, and that there exists an irreducible, homogeneous
polynomial p such that S = {m € V: p(m) = 0}. Then S* is also given as the set of zeros
of a homogeneous, irreducible polynomial p*. The rational functions p and p* are called
relative invariants. Set Sg = Ve N S, S = Vg N S*, denote by Gr the group of R-rational
points of G, and let Gy = (Gr)? C Ggr be the connected component containing the unit
element. Vg — Sg and Vg — Sg decompose into the same number of connected components
Vi, respectively V;*, ¢ = 1,...,[, each of them being a Gy-orbit. Under these assumptions,
the Fundamental Theorem of Prehomogeneous Vector Spaces of Sato states that for rapidly
decreasing functions ¢, ¢* on Vg, respectively V', the integrals

) [ pmpetmdm, [ e i

which converge for Res > 0, can be extended analytically to meromorphic functions on the
whole complex s-plane, and satisfy the functional equations

l

(3) /VI* |p*(§)|57#gp@(§)d§ = ’Y(S — dezp) i_zlcij(s)/vi |p(m)|_stp(m) dm,

where 7(s) is given by a product of I'-functions, and the ¢;; are entire functions [5]. Consider
now the left regular representation 7 of the group Gg on the Banach space Co(Vg), and let
f be a rapidly decreasing function on Gg. It turns out that for arbitrary prehomogeneous
vector spaces, the restriction of 7(f) to C (Vg — Sr) is a pseudodifferential operator with
smooth kernel. If Sg = {0}, the restriction of the kernel of 7(f) to the diagonal defines
a homogeneous distribution on Vg — {0} given by an integral of the form (2), where s =
—n. It can be continued to a meromorphic function on the whole complex s-plane, and
extended to a homogeneous distribution on V. This extension, which is unique up to a
distribution supported at the origin, can then be regarded as a trace of w(f). In case that
G is reductive, and both S and Sk are irreducible hypersurfaces, each of the components V;
is a C*° manifold with boundary dV;, the latter being smooth outside its intersection with
the set of non-regular points Sg"® of Sg. Assuming that Gr(p) = {g € Gr : p(gm) = p(m)}
acts locally transitively on the components of Sg — Sﬂsgng , we show that the restriction of
7(f) to Vi — (0V;)¥"8 is a totally characteristic pseudodifferential operator of the class
L, *(V; — (0V;)*8). These operators were first studied by Melrose, and are locally given
as oscillatory integrals of the form

Aww:/ﬂ“”%m@mw@@

where a(z,§) = a(z,2161,¢), and a € S,°°(Z x R") is a lacunary symbol [7]. Here z =
(w1,2") are the standard coordinates in Z = R+ x R"™1. The kernels of such operators
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are no longer smooth, and become singular along Sg x Sg. If a smooth operator acts on
a C* manifold, a trace can be defined in a natural way by restricting its kernel to the
diagonal, yielding a density on the underlying manifold. If the manifold is compact, it can
be integrated, and the so defined trace coincides with the usual L2-trace. In our situation,
the restriction of the Schwartz kernel of 7(f) to the diagonal defines a distribution on Vg —Sr
which is locally given by expressions of the form (2) for some critical exponent s, and its
extension to Vg — Sﬂsgng, and the complex s-plane, satisfies functional equations according to
(3). Again, a trace of w(f) can be defined by subtracting the singular contributions of the
poles of the meromorphic extension. This trace is closely related to the b-trace introduced
by Melrose in his work on totally characteristic pseudodifferential operators.

As an application, we consider the holomorphic semigroup S; of bounded linear oper-
ators on Co(Vr) generated by the Casimir element of the representation m. The latter
is a differential operator of Euler type, and the corresponding semigroup can be charac-
terized by a convolution semigroup of complex measures which are absolutely continuous
with respect to Haar measure. Denoting the corresponding Radon-Nikodym derivative by
Ki(g) € LY(Gr,dg,), one has S; = n(K;), and since K,(g) is analytic in ¢ and g, as well
as rapidly decreasing on G, we can apply the above considerations (see [11], pages 152
and 209). Strongly elliptic differential operators associated with general Banach representa-
tions, and the holomorphic semigroups generated by them, were first studied by Langlands;
it was in fact the study of the holomorphic semigroup S; which originally motivated this
work. In particular, we get explicit expressions for the Schwartz kernel of the operators
Sy : C°(Vr) — D'(VRr), and their restrictions to the diagonal.

2. LINEAR ALGEBRAIC GROUPS AND PREHOMOGENEOUS VECTOR SPACES

Let G C GL(m,C) be a connected, linear algebraic group defined over R, and Ggr =
G N GL(m,R) the group of R-rational points of G. We will assume that G is symmetric,
so that Gr becomes a real reductive algebraic group in the sense of [13]. Let g be the Lie
algebra of Gr, K a maximal compact subgroup of Gg with Lie algebra £, and

g=tdp

the corresponding Cartan decomposition of g. The mapping (k, X) — kexp X represents
an analytic diffeomorphism of K x p onto Gg, while exp : £ — K is a surjection. Let Gy be
the connected component of Ggr containing the unit element e. Clearly, G is a Lie group,
and its Lie algebra coincides with g. Choose a left invariant Riemannian metric on Gy, and
denote the distance of two points g, h € G by d(g,h). We set |g| = d(g,e). Then

gl =197, lel=0, |ghl<|gl+|hl,  g,heGo
In the following, we will say that a function f on Gg is at most of exponential growth, if
there exists a k > 0 such that |f(g)| < Ce*!9l for some constant C' > 0. If g = kexp X is
the Cartan decomposition of an arbitrary element in G, one computes
lg] < Ck +]exp X[,  [exp X[ <[k[+]g] < Ck +|gl,

where Cx = maxge g |k| < co. Putting €’ = e“% > 1, we obtain
(4) éemxpxw < eldl < orelen X,

Let d be the dimension of Gr, X1,...,X; a basis of £ and X;;1,..., Xy a basis of p. Since
exp : p ~ P is an analytic diffeomorphism, there exists a C”" > 1, such that

1
(5) o X1 < [exp X| < C7X],
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where |X| = /q?,; +--- 4¢3 is the length of X = ¢;11 X141+ -+ + qaX4 € p. Realizing
exp as power series for matrices, relations (4) and (5) imply that the matrix coefficients of
exp X and, consequently, of g = kexp X, are at most of exponential growth.

Let L and R be the left respectively right regular representation of Gy on the Fréchet
space C*(Gp) of smooth, complex valued functions on Gy, equipped with the usual topology
of uniform convergence on compact subsets of a function and each of its derivatives (see [14],
page 220). The corresponding representations on C*°(Gy) of the universal enveloping algebra
Y of the complexification of g will be written dL respectively dR. As before, dg, stands
for left invariant Haar measure on Gy. We introduce now the space of rapidly decreasing
functions on Gy (compare also [13], page 230). Its definition was originally motivated by
the decay properties of the kernel Ki(g) of a holomorphic semigroup S; generated by a
strongly elliptic differential operator associated with some Banach representation. This will
be explained in more detail in Section 7.

Definition 1. The space of rapidly decreasing functions on Gg, in the following denoted
by S(Go), is given by all functions f € C°(Gy) satisfying the following conditions:
(i) For every k > 0, and X € M, there exists a constant C such that
|[AL(X)f(g)] < Cemrl9l;
(i) for every k >0, and X € 4, one has dL(X)f € LY(Go, e"9ldg,).
Note that S(Gy) is 7(Gop)- and dr(4)-invariant.

Remark 1. Let f € S(Gp). Since geX g~ = 24X one calculates, with respect to the
basis of g introduced above,
dR(Xi)f(g) = lim h='[f(ge"* g™"g) — f(g)] = —dL(Ad (9)X:)f(9)
d

== " Aij(9)dL(X;)f(9),

j=1

where the matrix coefficients A;; of the adjoint representation, and their derivatives, are
at most of exponential growth. Thus, by the Theorem of Poincaré-Birkoff-Witt, dR(X) f
satisfies the conditions (z) and (ii) of the preceeding definition for arbitrary X € i, and
k> 0.

In the sequel, the following partial integration formulas will be needed. Let A(g) =
|det Ad (g)| be the modular function of Gy.

Proposition 1. Let f; € S(Gy), and assume that fo € C*(Gy), together with all its
derivatives, is at most of exponential growth. Then, for arbitrary multiindices v,

©) AL alg)da(9) = (D | LX) fi(9) falo)de o)
Go Go

M [ A@RER@G 6 = Y (D /G dR(X%) f,(9) f2(9)dc, (9).

a1 tag=y
where X7 = X X" XY = X7 X7, and o, = dR(Xg)A(e) = dL(—X1)A(e).

Proof. First, note that fi(g)f2(e"%i g) is a differentiable function with respect to h, and
integrable on Gy for all h € R, since |fi(g)f2(e "¥ig)| < C|f1(g)|e“(|ehxi [+19D) for some
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C,k >0, and fi(g) € L (Go,e"9ldg,). Furthermore,
d

%fz(e_hxi e "Xt g) g = w(" N )dL(X;) f2(g),

d _hX,
%fﬂe hX 9)h=he =
so that, for hg € R,

d e
fl(g)ﬁfz(e*hxi Din=ho| = [f1(g)m(e" X )AL(X;) fa(g)| < C'|fr(g)|e™ 1€ [FlaD,

where C’, k' > 0. Thus, for hy € (—¢,¢), fl(g)d%fg(e*hxi 9)|h=h, can be estimated from
above by C.|fi(g)|e® 19!, C. > 0 being some constant. By the Lebesgue Theorem on Domi-
nated Convergence, and the left invariance of Haar measure, we therefore obtain

F1(9)dL(X;) f2(9)de, (g) = / lim A= [f1(9)(f2(e™"* 9) = fa(9))]da (9)
Go Go

= lim h~! . i@ g) = fa(9)lde, (9) = ;lfi%h_l/go [F1(e"¥ g) — f1(9)] f2(9)da, (9),

compare [1], pages 146 and 364. Since fi(e"Xi g)f2(g) and fg(g)d%fl(ehxi 9)|h=hos ho €
(—¢,¢€) can be estimated in a similar way, a repeated application of the Lebesgue Theorem
finally yields (6) for |y| = 1. Similarly, by taking into account Remark 1, we deduce

FU(9)dR(X:) fa(9)day (9) = lim ™t [~ fi(g)[fa(g ™) = fa(9)lda, (9)
Go - Go

= lim h_l/G [f1(g e hXi )A(e_hXi )7t = f1(9)]f2(9)da, (9),

h—0

obtaining (7) for |y| = 1. The general formulas then follow by induction. O

In what follows, we will denote the coordinate functions in M, (R) ~ R"’ by gi;. With the
identification g ~ R?, and with respect to a basis X1,..., X4 of g, the canonical coordinates
of second type of a point g € G are given by

(8) q)g:gUeage<1X1 coeSiXa s (G ) € W,

where W denotes a sufficiently small neighbourhood of 0 in R%, and U, = exp(Wy). We will
write ® for .. As a real analytic submanifold of GL(n,R), the group of R-rational points
Gr is embedded in M, (R), meaning that the matrix

Do, (¢) = (d%lk(gij o <I>;1)(<))

of the derivative of ¢g_1 has rang d for all ¢ € Gg and ( € Wy. If we therefore define for
each tuple 7171, ...,14jq of indices the sets

0(giju o@;l,...,gidjd o@;l) 2ol
a(gla' -'agd)

we get a finite covering of Gg by open, although not necessarily connected, sets.

We will shortly review some topics in the theory of prehomogeneous vector spaces. Let
V be a n-dimensional vector space over C with R-structure Vg, ¢ : G — GL(V) a R-rational
representation of G on V, and suppose that ¢ has a dense G-orbit in the Zariski topology.
Then (G, p,V) is called a prehomogeneous vector space over R. The complement set of the
unique dense orbit, the singular set, is a Zariski closed set, and will be denoted by S. Since
0(GRr) C o(G)g, the restriction of p to Gg induces a regular Gg-action on V. Assume now
that there is an irreducible, homogeneous polynomial p such that S = {m € V: p(m) = 0}.

ij.k

(9) Gri = {g o
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It is called a relative invariant, and there exists a rational character x : G — GL(1,C)
satisfying

(10) p(e(g)m)) = x(g)p(m), meV-S5, geaG.

The symmetry of G implies that G is reductive, so that if S is an irreducible hypersur-
face, (G, 0,V) is a regular prehomogeneous vector space, and one has deg p|2n, det o(g)? =
X(g)Q"/ degr  where n = dimc V. By multiplying p with a scalar, we can always assume
that p(Vg) C R, and x(Gr) C R*. Let (G, o*,V*) denote the dual prehomogeneous vector
space of (G, 0,V); then its singular set S* is also given as the set of zeros of a relative in-
variant p* satisfying p*(0*(9)¢) = x(g9) ~'p*(¢), and again we can assume p*(Vg) C R. Put
Sg = VeNS, S = VgNS*. Then, by a theorem of Whitney, Vg —Sr and Vg —Sg decompose
into the same finite number of connected components, each of them being a Gy-orbit, and
we denote them by V;, respectively V.*, i =1,...,l. In what follows, we will identify V with
C™, and Vg with R™, by choosing a basis in Vg, and assume that G C GL(n,C) without
loss of generality. Note that n < d = dim G. Instead of o(g)m we will then simply write
gm. In particular, S and Sg become irreducible affine algebraic varieties in C", respectively
R"™. Their sets of regular points, S8, respectively Sg® can be provided with differentiable
structures, the underlying topology being the induced one. Let S(V&), respectively S(Vg),
denote the Schwartz space of functions on Vg, respectively Vg, and let ¢ be the Fourier
transform of ¢ € S(Vk). Let dm be Lebesgue measure on Vg. The following result, re-
garding the Fourier transform of a complex power of a relative invariant, is known as the
Fundamental Theorem of Prehomogeneous Vector Spaces, and was proved by Sato in 1961
(see [5], page 124).

Theorem 1 (Sato). Let ¢ € S(V&) and ¢* € S(VF). Then the integrals

1 1
1) Bew) === [ pmPemadn,  Fo) == [ p@re©d,
! v(s) Jv, v(s) Jy
converge for Res > 0, and can be extended analytically to holomorphic functions on the
whole s-plane, satisfying the functional equations

l
(12) Fi'(s —n/degp, ) = 7(—5) Z cij(s)Fj (=5, ).

Here ~(s) is given by a product of I'-functions, and the c;;(s) are entire functions which do
not depend on . The functions Fj(s,¢), F;(s,¢) are called local (-functions.

Originally, the theory of prehomogeneous vector spaces developed from an attempt to
construct Dirichlet series satisfying functional equations in a systematic way. For a detailed
exposition the reader is referred to [5].

3. REVIEW OF PSEUDODIFFERENTIAL OPERATORS

3.1. Generalities. This section is devoted to the exposition of some of the basic facts about
pseudodifferential operators, needed to formulate our main results in the sequel. Our main
references for the theory will be [4] and [12]. Consider first an open set U in R”, and let
T1,...,2, be the standard coordinates. For any real number [, we denote by S'/(U x R™)
the class of all functions a(x, &) € C°(U x R™) such that, for any multiindices «, 3, and any
compact set K C U, there exist constants Cy g,k for which

(13) (08 02 a)(2,6)| < Capxc (6) 71, zeK, ¢eR,
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where (£) stands for (1 +(¢]?)'/2, and |a| = a3 + - - - + a,,. We further put S™°(U x R") =
Nicr S'(U x R™). Note that, in general, the constants Cy g x also depend on a(z,&). For
any such a(z, &) one then defines the continuous linear operator

A:CX(U) — C>(U)
by the formula

(14) Au(z) = / e a(r, £)it(€) e,

where @ denotes the Fourier transform of u, and @€ = (27) ™" d{. An operator A of this form
is called a pseudodifferential operator, and we denote the class of all such operators for which
a(z,€) € S{U x R™) by LY(U). The set L=°(U) = (,cg L' (U) consists of all operators with
smooth kernel. They are called smooth operators. By inserting in (14) the definition of &,
we obtain for Au the expression

(15) Aufz) = / / e €0, €yuly) dy d,

which exists as an oscillatory integral. The Schwartz kernel K4 € D'(U x U) of A is given
by the oscillatory integral

(16) Ka(e,y) = / V€, £) d,

and is a smooth function outside the diagonal in U x U.
Consider next an n-dimensional C* manifold X, and let (k,,U?) be an atlas for X.
Then a linear operator

(17) A CR(X) — C®(X)

is called a pseudodifferential operator on X of order [ if for every chart diffeomorphism
ki 1 UY — U7 = £, (U7), the operator A7u = [Ajy~(u o ky)] o k5" given by the diagram

Ay

) ()
Iiiky Kj;
Ce(U) C=(U)

is a pseudodifferential operator on U” of order [, and we write A € L!Y(X). Note that, since
the U7 are not necessarily connected, we can choose them in such a way that X x X is
covered by the open sets U” x U”. Now, in general, if X and Y are two smooth manifolds,
and

A:CE(X) — C=(Y)cCD(Y)
is a continuous linear operator, where D’(Y) = (C°(Y,2))" and Q = |A™(Y)| is the density
bundle on Y, its Schwartz kernel is given by the distribution section K4 € D'(Y x X, 1XQx),
where D'(Y x X, 1K Qx) = (CX(Y x X, (1K Qx)* @ Ny xx))’. Observe that CX(Y,Qy) ®
C®(X) =~ C®(Y x X, (1K Qx)* ® Qyxx). In case that X =Y and A € LY(X), A is given
locally by the operators A”, which can be written in the form

W) = [ [ @€ a,uty) duds
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where u € C°(U7), z € U7, and a”(x,€) € SH(U”,R™). The kernel of A is then determined
by the kernels K4+ € D'(UY x U"). For | < —dim X, they are continuous, and given by
absolutely convergent integrals. In this case, their restrictions to the respective diagonals in
U?Y x U” define continuous functions

EY(m) = K g+ (ky(m), ky(m)), me U7,
which, for m € U™ N U™, satisfy the relations k7*(m) = |det (r, 0 £3,')'| 0 £y, (m)k (m),
thus defining a density k € C(X,Q) on Axxx ~ X.

3.2. Totally characteristic pseudodifferential operators. We introduce now a special
class of pseudodifferential operators associated in a natural way to a C* manifold X with
boundary 0 X. Our main reference will be [7] in this case. Let C*°(X) be the space of
functions on X which are C> up to the boundary, and C*(X) the subspace of functions
vanishing to all orders on 0 X. The standard spaces of distributions over X are

D'(X) = (CX(X,Q),  D'(X)=(CX(X,9),

the first being the space of extendible distributions, whereas the second is the space of

distributions supported by X. Consider now the translated partial Fourier transform of a
symbol a(z, &) € SHR™ x R™),

Mae¢'it) = [ 070 a(, 61, )dér
which is C* away from ¢ = 1. Here £ = (£1,£’). One says that a(z,§) is lacunary if it
satisfies the lacunary condition
(18) Ma(z,&'5t) =0 for t < 0.

The subspace of lacunary symbols will be denoted by Sfa (R™ x R™). Let Z = RF x R*!
be the standard manifold with boundary with the natural coordinates x = (z1,2’). In order
to define on Z operators of the form (15), where now a(x,§) = a(x1,2’,1&1,£’) is a more
general amplitude and a(z, £) is lacunary, one rewrites the formal adjoint of A by making a
singular coordinate change. Thus, for u € C°(Z), one considers

A*uly) = / / WGz, E)u(z) dade.

By putting A = z1&1, s = x1/y1, this can be rewritten as
. ! ! 1\ — d
(19) A*u(y) = (QW)_n////ez(l/s_l’y o )'(/\’5)d(yls,x’,)\,f')u(yls,x’)d)\—sdx’dg'.
s

According to [7], Propositions 3.6 and 3.9, for every a € S,,°°(Z x R"), the successive
integrals in (19) converge absolutely and uniformly, thus defining a continuous bilinear form
S (Z xR") x CE(Z) — C™(2),

which extends to a separately continuous form

W(Z xR™") x C(Z) — C>(2).
If @ € S{2(Z x R™), one then defines the operator
(20) A:E"(2) —D(2),

written formally as (15), as the adjoint of A*. In this way, the oscillatory integral (15) is
identified with a separately continuous bilinear mapping

2(Z xRY) x E'(Z) — D'(Z).
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The space Lé(Z) of totally characteristic pseudodifferential operators on Z of order | consists
of those continuous linear maps (20) such that vAu is of the form (15) with a(x,&) €
SL,(Z x R™) whenever u,v € C°(Z). Similarly, a continuous linear map (17) on a smooth
manifold X with boundary 9 X is an element of the space LL(X) of totally characteristic
pseudodifferential operators on X of order I, if for a given atlas (k-,U?) the operators
Ay = [Ajy~ (uok,)]ok; ! are elements of Lj(Z), where U™ are coordinate patches isomorphic
to subsets in Z.

4. A STRUCTURE THEOREM FOR PREHOMOGENEOUS VECTOR SPACES

Let (G, 0,V) be a prehomogeneous vector space defined over R, and identify V with C",
and Vg with R™, by choosing a basis in V. Consider the Banach space Co(V&) of contin-
uous, complex valued functions on Vg vanishing at infinity, equipped with the supremum
norm. Let (m, Co(VR)) be the corresponding continuous left regular representation of Gg
[10]. The representation of 4l on the space of differentiable vectors Co(Vk)oo will be de-
noted by dn. We will also consider the left regular representation of Gg on C*°(Vg) which,
equipped with the topology of uniform convergence on compact subsets, becomes a Fréchet
space. This representation will be denoted by 7 as well. As before, we write G for the
connected component of Gr containing the unit element, and dg, for Haar measure on Gjy.
As explained in [10], we can associate to every f € S(Gy), and ¢ € Co(Vx) the element
fGo f(9)m(g)pda,(g9) € Co(VR) which is defined as a Bochner integral; the continuous linear
operator on Co(Vr) obtained this way is denoted by (1). Its restriction to C°(V&) induces
a continuous linear operator

(21) m(f) 1 CZ (Vi) — Co(Vk) C D' (Vk).

To see this, let u; € C°(Vr) be a sequence which converges to zero in C2°(Vg), that is,
assume that there exists a compact set K C Vg such that suppu; C K, and sup | 0% u;| — 0
for all j and arbitrary multiindices «. Then, for v € C°(Vg), one has

| (w(f)uj,0) | =

/V (m(f)ug)(m)o(m)dm| < |{lw(f)ull - o]l 2 — 0,

since [|w(f)ujll < ||7(F)| llu;ll, and |ju;|| — O by assumption. According to Schwartz,
there exists a distribution Ky € D'(Vg x Vr) such that (7(f)u,v) = K¢(v ® u) for all
u,v € CX(Vr). The properties of the Schwartz kernel K; will depend on the analytic
properties of f, as well as the orbit structure of the underlying Gy-action, and our main
effort in the following sections will be directed towards the elucidation of the structure of
K¢. Denote the coordinates of a point in Vg, respectively Vg, by m1,...,my,, respectively
&,...,&, and put

pe(m) = M = eizyzlmjgj, m e Vg, &€ VR

One has ¢¢(m) € C(Ve x V§), and since f € L'(Go, dg,), we can define the function
(22) f(m,&) =  f@)r(9)ee)(m)da(9) = | Flg)e' ™M Edg, (9), M€ Vi, & € VE

It is continuous in m and &, and |f(m,€)| < || f[l... Since (0% 92 m(g)pe)(m) is, together
with all its derivatives, at most of exponential growth in g, we can interchange the order of
integration and differentiation in (22), yielding f(m, &) € C*° (Vi x RE). The main issue of
this section will consist in proving the theorem.
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Theorem 2 (Structure Theorem). Let (G,p,V) be a prehomogeneous vector space over
R, and (m,Co(VR)) the left regular representation of Gr on V. Then, for f € S(Go),
w(f): C(Vr) — D'(Vk — Sr) is a Fourier integral operator

(23) (r(Ne)m) = [ [ aym, )l d de
whose symbol is given by

ay(m,€) = e f(m, €) € ST((Vie — Sz) x VE).
On Vg — Sg, 7(f) is a pseudodifferential operator of class L~=°°(Vg — Sgr).

For the proof, we will need some lemmas. First note that on Vg — Sgr, one can express the
canonical vector fields 0,,,, of Vg locally as linear combinations in the fundamental vector
fields of the underlying Gr-action.

Lemma 1. Let m € Vg — Sg. Then there exists a neighbourhood U C Vg — Sg of m, and
rational functions ©%(m) on U, such that, for arbitrary ¢ € C*(Vk),

(24) (Om, ) (m) = Y OF (m)dn (X 0)(m),  meU,
k=1

for some indices j1,..., Jn.

Proof. For m € Vg, one has
d | _.x. " d Cnx.

(25)  dm(X;)p(m) = —p(e hxfm)‘ = —m(e " m)| (O, 9)(m).
dh o = dh heo

Because of the local transitivity of the Gr-action on Vg — Sg, the n x d-matrix

d
(gamite™omy ), = (ar(X)mim)

has maximal rang n for m € Vg — Sg, where, by assumption, d > n. For this reason, there
exists a neighbourhood U of m, and indices ji, ..., jn, such that for all m € U

d
det | —m;(e "Xirm > 0.
(dh ( )}h:() i,k 7&

h=0 4,J

Denoting the matrix coefficients of the corresponding inverse matrix by @f (m), the assertion
follows with (25). O

Consider the covering of Gg by the sets Gﬁ{jl""’idjd introduced in (9), and put Géljl eedadd

Gﬁgjl,---,idjd N Go.
Proposition 2. Fix m € Vg — Sg. Then there exists a neighbourhood U C Vg — Sg of m
such that, for arbitrary multiindices 3, ¢ € C*°(Vr), and g € Gy,
(26) @, m(9)p)(m) = > bi(m,g)r(g)dm(X")p(m),  meU.
lvI<18]

The coefficient functions bg(m, g) € C®(U x Go) are rational expressions in the coordinates
of m, and satisfy the estimates

(27) (05, b})(m, g)| < Ce™dl, me K ccl,

for some appropriate constants C,x > 0 depending on «, 3,7, and K, a compact subset of
U.
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Proof. By the previous lemma, there exists a neighbourhood U of m such that, for m € U
and all g € Gy,

(Om: T(9)p)(m) = > OF (m)dr (X, )m(g)p(m).
k=1

Now,
ar(Xur(gho(m) = Y sk ()| w(ghdn(Xi)olm),
£ dh Mo
where the functions s} are given by the equations "Xt g = ®_1(sk(h,g),...,sk(h, g)) =
ges i) X1 esi(h9)Xa  and are real analytic in h and g [10]. Differentiating these equa-

tions with respect to h one obtains

9 . d
9i5(Xrg) = Za— gij © Py )(C)| an st (h, g)‘

h=0
Let X177 = Xiiji,....inja € C™(Go) be a finite, not necessarily compactly supported, par-
tition of unity subordinate to the covering of Gy by the sets G}/ = G“Jl’ ~iada By

definition, (gi,j, © @71, gizjy © ®5 1)/ 0(C1,...,Ca) # 0 for g € Gf)”l """ ‘add  Since
d%l(gij 0o ® 1) (C)jc=0 = 9ij(9X1), we obtain, as a consequence of the last equation,

$7(0,9) 9 (9X1) o 90 (9Xa) \ [ 9insr (Xng)
(28) : => x1s(9) : : : :

$%(0,9) I 9iaja(9X1) -+ Gigja(9Xa) Giaja(X19)

where g € Gy. The coefficients of g and the functions x ;s are, together with their derivatives,
at most of exponential growth, so that equation (28) implies that the derivatives of the
functions sy (h, g) with respect to h satisfy the estimates

d

< eyl
(20) bfﬂh@’ <o

h=0

for some C > 0, and x > 1. Thus we obtain the assertion of the proposition for |3| = 1 with
bi(m,g) = r_, ©%(m)s*(0,g). Assume that the assertion holds for || < N. The general
statement then follows by repeated differentiation. O

Corollary 1. Assume m € Vg — Sg, and let U be a neighbourhood of m as in the preceeding
proposition. Then, for arbitrary multiindices o, N € N, and g € G, the relations

(30) (9 m(g)pe)(m) = 1+|§| T~ dood ) (g)dm(X7)pe(m),  meU,

[v[<I2N

hold, where the coefficients d, y(m,g) € C*(U x Go) are rational functions in the coordi-
nates of m satisfying the estimates

(31) (0% d )(m,g)| <Ce™9,  meKccu,

m Yo, N

for some C,k > 0 depending on o, 3,7, N, and K.

2
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Proof. The key step in proving the corollary will be to express (1 +£2)N as a linear combi-
nation of derivatives of m(g)pe(m) with respect to m. Since 82, pe(m) = il?1€P e (m), one
computes

N M “10y _ -1 ~ 1 _
(32)  (Om, T(9)pe)(m) =) S (Om.pe)(g™ m) = ipe(g™ m) > (g7 kilns
k=1 J k=1
and repeated differentiation leads to
@O (9)pe)(m) = pe(g ™ m) ("9 ™))"
= @a-pne(g™'m) - (O, 7(9)p) () - (Oun, Tg)pe) ()™
By first taking into account that (32) implies

(33)

& =—ip_e(g7'm) > gi;j(Om, w(g)pe)(m),

k=1
and then applying (33), we obtain for (1 + ¢2)"V the expression
N

A+ =3 (§ )@+t @ =) S la)@nlaoe)m)

k=0 |8|<2N

where the cg(g) are rational functions in the matrix coefficients of g. The corollary now
follows, since by the previous proposition, one computes for m € U

(02 m(g)e) (m) = (g~ m)™il*lpe (g™ m)
1 —1 apla
“TrEeE e ™ 'W;Ncﬁ@)(aiw(g)wg)(m)
1 1

_ — a;|al ¥

- (1+ |£|2)N (g m) g Z cg(g) Z bﬁ(mag)ﬂ(g)dﬂ(X’Y)wf(m)v
|Bl<2N IvI<18]

where the functions bg(m, g) are rational expressions in the coordinate functions of m sat-

isfying the bounds (27). O

We are now in position to prove the Structure Theorem.

Proof of Theorem 2. Fix m € Vg — Sgr, and assume that U C Vg — Sg is a neighbourhood
of m as in Proposition 2. Then, by the same proposition, and its corollary, one has

@ m6) = [ 1(6)(0% 0, 0)g0)m)den o)
- T / J9)0n 32 i n(m.g)n(g)dm(X7)pe(m)day(9)
[v[<2N
1
GENGEDL (O o ) (. 9)
(L +[€?) ﬂ;mﬁ% 51'52 g
Y B mg)e(g)dr(X X pe(m)dgy(9).  mEU.

le|<|62]
Next, for arbitrary ¢ € C*°(Vg) and X € 4,
(34) m(g)dr(X)p(m) = dR(X)pm(9), g€ Go, m € Vk,
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where we set ¢, (9) = 7(g)e(m). Indeed,
m(g)dn(Xi)p(m) = lim h= p(e™"¥ g7 m) — p(g™"m)] = lim h™ pm(ge" ™) = om(9)];

so (34) is correct for X € g. Assuming that the assertion holds for X7 € 4 with |y| =
we obtain for arbitrary X;

m(g)dm (X X")p(m) = lim h™Hdm (X 7)p( e g im) —dr(X7)p(g ™ 'm)]
= lim A= [AR(X)pm(ge" ™) = dR(X7)pm(9)] = dR(XiX7)pm(9),
so that, by induction, we get (34) for arbitrary X € il. Now, integrating by parts according
to (7) yields

(9% 9%, £)(m.) = 1+|§| SN VED O M AT S YOI

|’y‘<2N 61+62=0 ‘8|<|(52

e L, 2, X X e

[v|<2N 61+82=0 |e|<|d2| o1+02=0(¢,7)
0'2 (&S N
[ ARGV m.g)m(a)ecm)da, o)
0

where we set 5
F55.52me9) = 5 F(9) 00 42 ) (ms )05, (. 9)

ve.m(9) = 7(g)pe(m), and X7 = XX 7. Note that, for fixed m € U, Eg gZJ\; .(m,g) €
S(Gy), as a consequence of the estimates (27) and (31), so that integration by parts is
legitimate. Let w be a compact set in Vg — Sg. For each point m € w, let Uy C Vg — Sk be a
neighbourhood of m as in proposition 2. By the Theorem of Heine-Borel, w can be covered
by finitely many Uy, so that |J,c,, Un has a finite subcovering. Fix [ € R, and let k be an
integer < 1. Assume that «, § are arbitrary multiindices. Setting N = |a| + |k|, and taking

into account the above expression for (9¢ 8fn f)(m, £), one computes
|92 00, F(m, )] < Capnw (€)™ < Caprw (O < Caprw(© ™, mew,

for some suitable constants. Thus, f(m,&) € S{((Ve — Sg) x Vi) for all | € R, yielding
ar(m,€) € ST ((Vk — Sr) x Vg ). Now, for ¢ € C(Vr — Sr), Fourier transformation gives

w(f)etm) = [ Fata)etm) do, (o) = [ o) ([ e mepierte) douto

/fm§ & = [ [ emmaym,€)p(m) d e

where the occurring integrals are absolutely convergent, so that we can interchange the order
of integration. This proves Theorem 2. g

5. FIXED POINTS

Let (G, 0,V) be a prehomogeneous vector space with singular set S. In this section, we
restrict our attention to the case where Sg = SNV coincides with the set of fixed points Fr
of the Ggr-action. If Gy is reductive, every fiber of the quotient morphism o : Vg — Vo /Gr
contains exactly one closed orbit (see [9], page 189), so that zero constitutes the only closed
orbit contained in Sg. Therefore, if Sg = Fg, we necessarily must have Sg = {0}. This will
be the case we will be mainly concerned with. Note that if a reductive group G acts on
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a smooth affine variety M, and if M contains exactly one fixed point, then M is a vector
space on which G acts linearly (see [9], page 214) If m € Vi is a fixed point, the symbol of
m(f) at m is simply given by ay(m,§) = fGo 9)dc,(g). Thus, if Sg = Fg, one has

S— Oo(( R)m’XVR) lmeV]R—FR,
(35) as(m,€) € { SO((VR)mr X Vi) if m € Fp.
In this situation, Theorem 2 can be restated as follows.

Theorem 3. Let (G, 0,V) be a prehomogeneous vector space defined over R, and assume
that Sg is equal to the set Fr of fized points of the underlying Gr-action. Then 7(f) :
C°(Vr) — D'(VRr) is given by the family of oscillatory integrals

(n(f)e)(m) = / / ) Eq L (m, €)p(mdm! dE

where

af(m,f) = e—im~§f(m7£) € SO((VR)W’ X V]lg)a m € Vg;
for m ¢ Fr, one has ay(m,§) € ST°((Vr)ms x V). Its Schwartz kernel Ky € D' (Ve x VRr)
is given by the continuous family of oscillatory integrals

Ve d5mm— ICf,m = /ei(mf-)-faf(m,g)dz.

Furthermore, one has af(m,&) € ST°((Vk — Fr)m X (Ve)m' X V§) so that, in particular,
7T(f) S L_OO(V]R — FR).

Example 1. Consider the simplest prehomogeneous vector space, (C*, C), where C* acts by
multiplication on C. Then S = Sk = {0}, and p(m) = m is a relative invariant corresponding
to x(g9) = 9, g € C*. One has Vg — Sg = R* = V1 UV, with V; = R%, Vo = R*. The
Fundamental Theorem yields in this case the relations

B0 [l e de = T 2es T [ emdn, o e S®)

(see [5], Proposition 4.21).

Example 2. Let B be a positive definite real symmetric matrix of degree n > 3, and
consider the positive definite quadratic forms p(m) = m!Bm, p*(m) = m*B~'m on C".
We define SO(n, B) = {X € SL(n,C) : X!BX = B}. Setting o(a, g)m = agm, o*(a,g) =
a g™ 1)tm, where a € C*, g € SO(n, B), one obtains actions of G = GL(1,C) x SO(n, B)
on V=V*=C". Again, Sg = {0}, and by the Fundamental Theorem one obtains the
functional equations

B [ WOr Ol = VA B [ )l ~(m) dm,

R™—{0} (3 —3) Jrn {0}

where ¢ € S(R™) (see [5], Proposition 4.22).

Returning to the situation of the previous theorem, note that on (Vg — Fr) x Vg, the
Schwartz kernel Ky of 7(f) is given by the function

K¢(m,m') = /e“m—m/)‘faf(m,g)dg € C®((Vg — Fir) x Vi),

while, as distributions, K¢, — K¢z, = fGo 9)dc,(9) - Omp as m — mp € Fg. In this
way, the orbit structure of the underlying G- actlon is reflected in the singular behaviour
of the Schwartz kernel of 7(f) : C°(Vk) — D'(Vk) at Fg. In what follows, we will assume
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that Sg = {0}. In order to get a better understanding of the Schwartz kernel Ky of m(f),
and, in particular, of its restriction to the diagonal, we define the auxiliary symbol

~ _imeg
ap(m,§) = e "1 f(m/|m|,§) = ay(m/Im],§),  m #0.
By introducing the inverse Fourier transform

Ayt = [ ™ <as(m. )de
of a(m, ), and since af(am,§) = af(m,af), a € R, we obtain the relation

m—m'

). ~ 1 -
Kf(mvm/) = /ez(m )gaf(ma |m|§)de = WAf (77% W

), m # 0.

Lemma 2. K¢(m,m’) € L. _(R*") N C>(R?" — {0}).

loc

Proof. By the Structure Theorem, ay(m,§) € S™>°(Vk — {0}, Vk), which implies that
Ay (m,m’) vanishes to all orders as |m’| — oo. Since At (m,m’) only depends on the direction
of m, As(m, (m —m’)/|m|) goes to zero to infinite order as |m| — 0, provided m’ # 0. By
setting K¢(m,m’) =0 for m = 0, m’ # 0, we therefore obtain K(m,m’) € C>®(R?" —{0}).
Let L be a compact set in R2”. Then, for arbitrary N,

/K( ’)dd’<C/ il dm dm’
m,m’)dmdm'| < Cy mdm’.
P ooy (ml? +Jm —m/[2)N
For N = n/2, the last integral reads
R
/ dm dm/’ _/ / r2n =1 dr dw
-0y (P [ — P (o~
0 g2n—1

where we introduced in Vg x Vg ~ R2" the polar coordinates » € RT and w € §2"~1 c R?",
and assumed that L is contained in a sphere of radius R. Since Y . w? + (w; — wp4i)? > 0
is a real valued, continuous function on the (2n — 1)-dimensional sphere which is bounded
from below, the infimum is adopted. Hence, there is a strictly positive number  such that
S w?+ (wi — wpti)? > k. This proves the lemma. O

The last lemma implies that ICy is given by the locally integrable function K¢(m,m’).
Let us examine its restriction to the diagonal. By the Structure Theorem,

mmw=Kﬂmmw=/ﬁAm@m5=

We then have the following proposition.

#Af(m,m € (Ve — {0}).

Proposition 3. Let (G,p,V) be a reductive prehomogeneous vector space, and Sg = {0}.
Set kf.s(m) = |m|°Af(m,0). Then, for ¢ € C(R™), the integrals

/ kg o (m)p(m) dm,
Rn—{0}

can be continued to meromorphic functions on the whole s-plane, with simple poles at s =
—n,—(n+1),.... For p € C(R"™ — {0}), they satisfy the functional equations

/ |5F“*%>AZ?IB@@>d5::w%*%——fliL—l/ by —an(m)p(m) dm.
R™—{0} I‘( s) R —{0}

n
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Proof. Put p(m) =m? +--- +m2 = |m|?, and assume Res > —n/2. One then computes

[ hpetmyetmyan = [ o)l m,0)gm) din
R" {0} Rn {0}

:/ flf(w,O)/ o(rw)rs T Ldrdw,
Sn-1 0

since everything in sight is absolutely convergent. Consider now the n-dimensional Mellin
transform

M, : S(R") — C=(S"71), Ms(o)(w) = /000 o(rw)ridr, Res > —1,

which can be continued meromorphically in s with simple poles at s = —1,—2,.... Since,
by the above computation,

[ katmigmydn = [ A, 0Mapoa()(w)de,

R~ {0} -1

we obtain the first assertion. The second one follows directly from the relations (37). g
Now, although the integrals fRnf{o} kr(m)p(m)dm become singular for general ¢ €

C2°(R™), it is nevertheless possible to extend ky, as a distribution, to R™. First note that,
since Ky(tm,tm) =t""Ks(m,m) on Vg — {0}, where ¢ > 0, ky(m) defines a homogeneous
distribution on Vg — {0} of degree —n according to

(k. ) = /u.)_l /000 kr(w)r~to(rw) dr dw.

By [3], Theorem 3.2.4, an extension of ks to Vg can then be constructed as follows. Let s
be a complex number with Res > —1, and consider on R the locally integrable function
=t ift>0, =0 ift<0.

It is homogeneous of degree s, and can be extended, as a distribution, to arbitrary complex
values of s by analytic continuation, except for simple poles at s = —1,—2,.... The residue
of the function s — t% (¢) at s = —k, where ¢ € C°(R), is given by

i (s + )t () = o5V (0)/(k — 1),

so that one defines t"(¢) as the limit of 5 () — *~1(0)/((k — 1)!(s + k)) as s — —Fk,
getting in this way
b

For s # —1,-2,..., t} is a homogeneous distribution on R. Now, for m # 0, and ¢ €
C(WR), set Rsp(m) =t (p(tm)), and let ¢ € CZ° (Vi — {0}) satisty

e dt
/ Y(tm)— =1, m#0.
0 t
Then, the extension of k¢ is defined as

(38) ki(9) = (kg R-pp), ¢ € CX(1R).

Summing up, we have obtained the following proposition.

k

-

M) =~y | ot @+ e Vo)

P

<
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Proposition 4. Let (G, ,V) be a prehomogeneous vector space, and Sg = {0}. Then, the
restriction of the kernel of w(f) € L=>°(Vr—{0}) to the diagonal is given by the homogeneous
distribution ky = Kg(m,m) € C®°(Vg — {0}) of degree —n, which has an extension to Vg
given by (38).

Remark 2. The regularization procedure employed above is essentially due to Riesz. The
extension ky is unique up to a linear combination of d-distributions at zero, and is no longer
homogeneous. One could also have defined %k by

Kp(p) = /| R g s o e CF (V)

Each of the extensions & ¢, which are obtained by subtracting the singular part of ks s(¢) at
—n, could then be regarded as a trace of w(f). Note that the residue of ky s(p) at s = —n

is (0) flwlzl Ap(w,0) dw.

6. TOTALLY CHARACTERISTIC PSEUDODIFFERENTIAL OPERATORS ON PREHOMOGENEOUS
VECTOR SPACES

Let (G, 0, V) be a reductive prehomogeneous vector space defined over R, and assume that
the singular set S is an irreducible hypersurface. Denote by p the corresponding relative
invariant with character x such that (10) is satisfied, and by (mw, Co(Vr)) the left regular
representation of Gg on the Banach space Co(Vr). As already explained in Section 4, given
a function f € S(Gp), the restriction of the operator 7(f) to C°(Vg) defines a continuous
linear operator

m(f) : CZ(Ve) — C*(Vr).
Now, if Vg — Sg = V1 U--- UV, denotes the decomposition of the generic Gr-orbit into
its connected components, the restriction of 7(f)¢ to V; only depends on the restriction of
¢ € Co(VR) to V;, so that one naturally obtains the continuous linear operators

(v, : CZ (Vi) — CF(Vy),

which are elements in L~=°°(V}), by the Structure Theorem. Let Sﬂsg "8 respectively (0 V;)s"8,
be the set of non-regular points of Sk, respectively 0 V;. The main goal of this section is to
prove Theorem 4, which gives a precise description of the kernel of m(f) as an operator on
VR — S]Eng, under certain assumptions regarding the Gr-action of the underlying prehomoge-
neous vector space. As an immediate consequence, Proposition 5 states that the restrictions
of the operators 7(f) to V; — (0 V;)¥"& are totally characteristic pseudodifferential operators
of class L, °°, with the singular set Sg playing the role of the boundary.

Remark 3. If (G, ,V) is a reductive prehomogeneous vector space whose singular set is
an irreducible hypersurface, the Hessian of its relative invariant p is non-singular on V — S.
Let us assume that it is also non-singular on S, as in Example 3 below. Then Sﬂsgng = {0}.
Indeed, as already explained at the beginning of section 5, zero is the only closed orbit in
Sk, and by the Lemma of Morse (see e.g. [8], page 8), every non-degenerate critical point
must be isolated; this implies that zero is the only critical point of p in Sg.

In order to formulate our assumptions, we define the closed subgroups

G(p) ={9€ G :plgm)=p(m)} ={g€G:x(9) =1},  Gr(p) =G(p)NGCr.
Clearly, Ggr(p) acts transitively on each generic fiber of the categorical quotient o : Vg —
Vk/Gr, and its Lie algebra is given by g(p) = {X € g : dx(X) = 0}, where dy denotes the
infinitesimal representation corresponding to y. There always exists a Y € g such that
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dx(Y') # 0; otherwise, Vg — Sg would decompose into an infinite number of Gg-orbits. Our
assumptions then read as follows.

Assumption 1. Sg = SN Vg is an irreducible hypersurface.

Assumption 2. For each m € VR—SD?ng, there exists an open neighbourhood Z C VR—SD?ng
of m and elements X1,...,X,_1 € g(p) such that m' — (X1(m/),..., Xn_1(m)) defines a
section in T(p~Y(c) N Z) for each c € R.

Here we wrote X (m) = £ (o(e"X )m) = for the fundamental vector field of the un-
derlying Ggr-action on Vg induced by X € g. The second assumption basically states
that Gr(p) acts locally transitively on Sgt = Sk — Sﬂsgng. Note that, locally, the vector
fields Y, X1,..., Xn_1 generate the algebra of totally characteristic differential operators
Diff, (Vi — (0 Vi )Smg) (see [4], page 113). Let us illustrate these assumptions by two exam-
ples.

Example 3. As the generic case in the theory of prehomogeneous vector spaces, consider
an indefinite quadratic form p with signature (¢,n — ¢), 1 < ¢ < n —1, on R. Then, by
Sylvester law, p(m) = B'1,,_qm'Bm, for some B € GL(n,R). Define the orthogonal,
respectively special orthogonal, group of p by O(p) = {g € GL(n,C) : p(gm) = p(m)}, re-
spectively SO(p) = {g € SL(n,C) : p(gm) = p(m)}, and introduce on V = C™ an action of
G = GL(1,C) xSO(p) by setting o(a, g)m = agm. Then p is an irreducible relative invariant
of (G,0,V), and Vg — Sg = V4 UV_, where Vi = {m € Vg : £p(m) > 0}. By the Theorem
of Witt, p~1(0) — {0} is O(p)-homogeneous, and SO(p)-homogeneous for n > 3. Hence, the
Assumptions 1 and 2 are clearly satisfied. In this case, the Fundamental Theorem yields the
functional equations

fVi " ()*~ % @(€) d€ _ f+ [p(m)|~%p(m) dm
39 ( o I (@) 5 (6) de ) =) ( Jy. plm)|~*p(m) dm )
where ¢ € S(W&), and

o T(n=q)
sin ——

O(s) = r(s +1- g)F(s)|det Blr—2s+3-1 (

—sinm(s — ) sin %t
) 3

see [5], Proposition 4.27.

Example 4. As an example of a non-regular prehomogeneous vector space, consider the
subgroup G of upper triangular 2 x 2-matrices in GL(2, C) acting regularly on V = C2. In
this case, S = {m cC?:my = O}. As one verifies, Assumption 2 is not satisfied.

We introduce now local coordinates in Vp — S]Eng. Since the fibers of the categorical
quotient p : Vg — V& /GR are, apart from the exceptional divisor Sg, smooth affine varieties,
we have gradp(m) # 0 on Vg — Sp"®. Defining the open subsets

(Ve — S3v8), = {m € Vi — S 2 (8 ) O, p)(m) # o} ,
and the coordinates
k(m) = (z1(m),...,z,(m)), x1(m) =p(m), xza(m)=my,...,z,(m)=my, _,

on (Vg — S5"8);, where {I1,...,l,_1}U{j} = {1,...,n}, one gets

(40) det Oz (m)) #0  forme (Vg — Sa"8),.
dmy, ik
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By the Inverse Function Theorem, there exists for every m € (Vg — Sﬂs{f“g)j an open neigh-
bourhood W; C (Vi — S3™®); of m such that x : W; — W; = x(W;) C R" becomes a
diffeomorphism, and we obtain a covering of Vg — Sﬂs{f“g by charts. Fix m € (g — ng“g)j,
and let W; and Z be neighbourhoods of m as specified above. Let U, U; be open sets con-
taining m such that U C U; € W; N Z, and assume that U is chosen in such a way that
the set {g € Go: gU C Uy} acts transitively on the Gg-orbits of U. The so defined sets
U constitute an open covering of Vg — Sgng . By choosing a locally finite subcovering, we
therefore obtain an atlas {(k+,U7)} of V& — S with the following properties:

(i) the coordinates of m € U" are k(m) = (x1,...,2,) = (p(m), my,,...,my, ), where

{li,...,ln—1}U{4} ={1,...,n} for some j = j(v);
(ii) for each U7, there exist open sets G¥ C G C Gy, stable under inverse, acting transitively
on the Gy-orbits of U7;
(iii) for m € Ugegy gU7, one has aimjp(m) # 0 for j = j(v);
(iv) there exist X1,..., X,_1 € g(p), such that m — (X1(m), ..., X,,_1(m)) defines a section
in T(p~"(c) NUyeqy 9U7) for each c € R.

Consider now with respect to the atlas {(+, U")} the local operators Aju = [7(f) |y~ (uo

fiy)] 0 k1 introduced in Section 3, where u € C(U7). They are given explicitely by

Afu(z) = : Fo)m(g)(uo ry)(ky  (@))da, (9),  x €U

Let ¢y € C®(Gp) be a smooth function on Gy with support in G7 satisfying ¢, =1 on G7.
Then A} can be written as

Ajuta) = [ J@)wo ) @es(oanls), v e

where we put 7 = k, 0 g~ o ;' We define

(41) &)= | fl@e™s@ e (g)da,(9),  aj(x,&) =e ™ f (,6).

Go

By the Theorem of Lebesgue on Dominated Convergence, we can differentiate under the
integral sign, yielding f,(z, &), aj(z,€) € C(UY x RE). Set

_( ™ 0 7Y
TZ—(O 1n1)’ zelU”,

and define the symbol

P
Q
[
@
-+
=
I
\.L—P
on
<
@
Q
o
o
=
o
=
—~
—_
=
=B
—
)
=
L
8
~—
I
=
S
=
—~
N
5
—
—
8
~
~—

= x(g)x1, so that

5
T (@) = T @a (g7 65 @), (9™ 0, (@) = (g ™), (97 67 (@), )
this implies
~ —i(1l,x2,...,2n)" 7 “Hm 1N @)),...)-
(42) a}(% ) = e~ i l@2rnmn) € ; Fg)e?Xta™ )y (g7 m (@), )507(g)dco(g),
0
yielding a(z, &) € C>=(U" x R%). Finally, put

01:{1607::“20}, U'Y:{xGU'V:mSO}, UZ:{xGU'V::E17éO}.
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We can now state the main result of this section. In what follows, {(k,U7")} will always
denote the atlas of Vg — Sp"® constructed above.

Theorem 4. Let (G, 0,V) be a reductive prehomogeneous vector space whose singular set
S is an irreducible hypersurface, and let Assumptions 1 and 2 be satisfied. Take f € S(Gy).
Then, on Vi — Sy "8, the operators w(f) are locally of the form

(43) Aju(e) = [ o Oi)de, e CEO)

where a}(z,§) = a;(z, TxE), and a}(v,§) € SQOO(U'Y x Ry) is giv~en by~(42). In particular,
the kernel of the operator A’fY is determined by its restrictions to UY x UY, and given by the
oscillatory integral

(44) Kuy (x,y) = /ei(zfy)'ga}(x,f)df.

Before we proceed with the proof, let us note that by restricting A} to Ul, respectively

U7, one obtains the continuous linear operators

(45) TATCR(UY) — C(UY),  TAT:CR(UY) — C(U0).

By the theorem to be shown, *A} € L, >(U7), TAj € L, °°(U2). We therefore have the
following proposition.

Proposition 5. Let (G,p,V) be a reductive prehomogeneous vector space whose singular
set S is an irreducible hypersurface, and let Assumptions 1 and 2 be satisfied. Then, for
f € 8(Gy), the operators

TP, vy * CX(Vi = (9Vi)™8) — C=(V; — (9 V;)*%)
are totally characteristic pseudodifferential operators of class Ly >.

We will divide the proof of Theorem 4 in several parts. To begin with, let us first state
a lemma.

Lemma 3. Let X1,...,X,—1 be elements in g(p) satisfying condition (iv) with respect to a
chart (k~,U"), and X,, € g be such that dx(X,) # 0. Set x(g9) = x(¢7 "), and put
dx(X0)x(9) m, (X9 'Ry (2) o omu, (Xag T RS ()
F(:L', g) = - : e : )

IX(X)R(0) iy (Xng W (@) .., (Xng™ 62 (@)

as well as ¢/ ,(9) = pr-1(k](x)). Then

dR(X1)@{ .(9)
(46) : =i¢! (9T (z,9) ¢
dR(Xn)QZ'g@ (9)

Moreover, T'(x, g) is invertible for x € U, g € supp c.
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Proof. First, one computes for X € g, g € Gg,

~ d T;lmW ())& L~ = d _
dR(X)@g,x(g) = %6 ( geh ) lh=0 = “Pg,x(g) Z@%(Tm 1nghx (l‘))

j=1 j|h:o
= i, (9) [C1dR(X)R(9) + D GAR(X)m, 1) (9)]

By noting that
d . nx
dR(X)x(e) = —-x(" )y = dx (X)),
we get dR(X)x(g) = dx(—X)x(g). Similarly, one verifies the relation dR(X)mljﬁ;l(z)(g) =
—my,(Xg~ 'k (x)), thus obtaining (46). Now,

¥
my, (X197 e (@) o, (=X T e (7))

det I'(z, g) = dx(=Y)x(9) [ :
V@) e (— X g R )

Hence, detI'(x,g) vanishes if, and only if, the fundamental vector fields X;(m) = X;m,
i=1,...,n—1, do span the tangent spaces Ty, (p~"(c) N V&) at each point m = g~'x7 (),
and if their span is not perpendicular to the hypersurface {m € Vg : m; = 0}. The latter
condition is equivalent to gradp(m) ¢ {m € Vg : m; = 0}, which in turn is equivalent to

the condition dp/dm;(m) # 0 for m = g~'x7!(x). By construction, these conditions are

fulfilled for € U” and g € supp cy(g) C G7, as a consequence of the properties (iii) and
(iv) of the chart (k7,U7). Thus, I'(z, g) is invertible for z € U7, g € supp c,. O

my, (—Xn-19~

Consider now the extension of I'(z, g), as an endomorphism in C! [R¢], to the symmetric
algebra S((Cl[R’g]) ~ C[R{]. Since, forz € U7, g € supp ¢y, I'(z, g) is invertible, its extension
to SN((Cl[]R?]) is also an automorphism. Regarding the polynomials 1, ..., &, as a basis in
(Cl[Rg], let us denote the image of the basis vector §; under the endomorphism I'(z, g) by
I'¢;. Every polynomial &, ®---®&;, =&, . ..&, can then be written as a linear combination

(47) £ = ZAg(ﬂf,g)Ffﬁl e Ffﬁ\aw
B

where the Af(z,g) are C* functions on U7 x supp ¢y which, in addition, are rational in g,
and ¢y = —igY . (9)dR(Xk)${ ,(9), by (46).

Lemma 4. For arbitrary indices 31, ..., 3, one has
"8 (9)TEp, -+ TEp, = dR(Xp, -+ X3,)¢¢ ,(9)
(48) - »
+Z Z d 1’,...7,a2($’g)dR(X041 'Xas)‘:pg :c(g)’
s=1ay,...,a

where the coefficients dglll'.'.'_’,g[s (x,9) € C"O([NJV X supp ¢y) are at most of exponential growth
in g, and independent of §.

Proof. For r =1 one has i3} ,(9)T'¢x = dR(Xy)${ ,(9), and differentiating the latter equa-
tion with respect to X; we obtain, by taking (47) into account,

n

—@% L(OTE T = dR(X; Xi) 3L 1 (9) — D (AR(X;)Txt)(w, 9)AL(x, 9)dR(X) Y . (9)-

l,r=1
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Hence, the assertion of the lemma is correct for » = 1,2. Now, assume that it holds for
r < N. Setting r = N in equation (48), and differentiating with respect to X}, yields for
the left hand side

n

l,g=1

plus additional terms. By assumption, we can apply (48) to the products I'{,I'és, - - - T'ég,, . . .
of at most N factors. This proves the lemma. O

We are now in position to prove Theorem 4.

Proof of Theorem 4. We first show that &’}(z,{) € ST(U" x RE).  As already noted,
d} (x,€) € C"O(U”’ X R’g) While differentiation with respect to £ does not alter the growth
properties of d}(m, £), differentiation with respect to z yields additional powers in . Now,
as an immediate consequence of equations (47) and (48), one computes

2N

(49) 2L+ N =30 bl (@, 9)dR(X)EY ,(9),

r=0 |oz\:r

where the coefficients b (z, g) € C‘X’(U Y X supp ¢y) are rational expressions in the matrix
coefficients of g. Now, (9¢ a? a;)(w,€) is a finite sum of terms of the form

e o) g F(9)dss(x, 9)27 . (9)cy(9)dcs (9),
0

the functions dss(z, g) € C(U” xsupp c¢,) being at most of exponential growth in g. Making
use of equation (49), and integrating by parts according to Proposition 1, we finally obtain
for arbitrary «, 3 the estimate

1
8 =Y
[(0¢ 05 ap)(z, &) < WC’Q,QM T Ew,
where w denotes an arbitrary compact set in U? and N = 1,2,.... This proves that

aj(z,€) € S=(U" x RE). Equation (43) is an immediate consequence of Fourier Inversion
Formula, and it remains to show that a}(, ) satisfies the lacunary condition (18). We have
aj(z, &) = aj(v,21&,¢'), and by the estimates

242N @ for [a1] > 1
(I+ (@1&)* + -+ &) S{ 21N (Y for 0 < o] <1

one concludes that a}(z,§) € S—(U7 x R%), which is also clear from Theorem 2. Hence,

A}\UV e L=°°(U7), by Equation (43). The Schwartz kernel of A}

tory integral

72 is given by the oscilla-

/ Y (2, £)dE, a1 #0.

On the other hand, since on U7, respectively U~ Aju only depends on the restriction of u

to f]l, respectively U” , we must have

supp K7 € (UL x U]) U (U2 x U2),
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where K A7 € D’ (U”’ X U”’) is the Schwartz kernel of A} as a continuous linear operator from
C(U7) to C°(U"). Consequently,

/ez‘(zﬁyl)&d'fy(z,x1§1,§/>d§17

which is a C* function for z; > 0,y; < 0, respectively z1 < 0,y > 0, must vanish then. By
making the substitution ¢ = y; /21 — 1, we arrive at the condition

(50) Maj(x,&'5t) = /e‘it&ld}(x,g) & =0 fort < —1, z € UY;

since d'fY (z,€) € C(U x RY) is rapidly falling in ¢, (50) must hold also for x € U7, meaning
that d'}(z, £) satisfies the lacunary condition (18). Finally, consider the operators introduced
in (45). They extend to continuous linear operators from £ (UJ) to D'(UY), and according
to [7], Lemma 4.1, their Schwartz kernels are given by their restrictions to Int(fﬂr) x Int (fﬂr),
respectively Int(U”) x Int(U”). Consequently, the kernel K A7 must be determined by its
restriction to U x U7, and hence, by the oscillatory integral (44). This completes the proof
of Theorem 4. i

As a consequence of Theorem 4 we can write the kernel of A} in the form
i(x—y)- i(x—y)- T, e~ —
Koy w) = [ @08}, ) = [ 0T 0, ¢)lden (21 (O

(51)
(vazil(z*y)% T #07

where fl}(ac, y) denotes the inverse Fourier transform of a}(x,£),

B = [eviayie. e

Since, for z € U7, at(z,€) is rapidly falling in &, it follows that fl}(m,y) € S(Ry), the
Fourier transform being an isomorphism on the Schwartz space. Consider the restriction of
the atlas {(k+,U")} to Vg — Sgr; by (51), the restriction of the kernel of the operator m(f)
to the diagonal is given by the family of functions

1

kj(m) = Kay(ry(m), iy (m)) = =]

and we denote the corresponding density on Vg — Sgr by kj.

A (k4 (m), 0),

Proposition 6. Let (G¢,0,V) be a reductive prehomogeneous vector space whose singular
set is an irreducible hypersurface, and for which Assumptions 1 and 2 are satisfied. Let
Ve —Sr =V1U---UV] be the decomposition of Vk — Sr into its connected components, and
define the family of functions

K} (m, s) = [p(m)[* A} (k (m), 0).

Denote the corresponding density on Ve — Sr by k¢ s. Then, for ¢ € C°(Vg — Sﬂsgng), the
integrals

l
(52) / okfs = / okys
Ve —Sr d ; Vi d

converge for Res > 0, and can be continued analytically to meromorphic functions in s € C,
satisfying functional equations of the form (12).
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Proof. Let x. be a partition of unity subordinated to the covering {U7}. Identifying the
functions k(m, s) with the densities k}(m, s) dm, we obtain

Z/ sakfrzz/ o (m)K} (m, ) dm

i=1 v VmUw
_z;z/mm (m)A}(HV(m)’Oﬂp(mﬂsdm.

Since ga(m)x,y(m)/ffy(n,,(m), 0) € C(Vg — Si"8), the assertion follows with Theorem 1.
Note that there exists a finite covering of supp ¢ by the U7, so that, in particular, the sum
over 7 is finite. O

Let us illustrate this in the situation of Example 3. By (39), one has, in this case, the
functional equations

Jo: @ *@(&)dﬁ e <fv+ Y m)so(m)dm)
Jo P @178 x, AY(€) d€ Jv_ K} _xy(m)p(m)dm |

where we set A}(m) = A} (ky(m),0), and p € C*(Vg — Ssmg)_

w\:

w\:

Remark 4. We close this section by noting that a trace of m(f) can be defined in the
situation of Propositions 5 and 6 by a regularization procedure analogous to the one in
Proposition 4. Alternatively, one could also use a method due to Hadamard, which would
essentially yield the b-trace introduced by Melrose in his work on totally characteristic
pseudodifferential operators.

7. STRONGLY ELLIPTIC DIFFERENTIAL OPERATORS AND KERNELS OF HOLOMORPHIC
SEMIGROUPS

As an application of the results of the previous sections, we study the holomorphic semi-
group generated by a strongly elliptic differential operator associated with the left regular
representation (7, Co(VR)) of a prehomogeneous vector space (G, p,V). Let 7 be a contin-
uous representation of a Lie group G on a Banach space B, g the Lie-algebra of G, and
X1,...,X4 abasis of g. A differential operator

Q=Y (=i)cadm(X®)

lal<t

associated with the representation 7 is called strongly elliptic if, for all £ € R?, the relation
Re Z\a|:l cal® > kl€|! is satisfied, where k > 0 is some positive number. By Langlands
[6], the closure of a strongly elliptic operator generates a strongly continuous holomorphic
semigroup of bounded operators on B given by

1 _
= —,/e’\t(/\lJrQ)_ld/\,
Iy

t
27

where I' is a appropriate path in C coming from infinity and going to infinity, such that
A ¢ o(Q) for A\ € T. Here |argt| < a for an appropriate a € (0,7/2], and the integral
converges uniformly with respect to the operator norm. The proof of this fact essentially
relies on the verification of a criterion of Hille [2] in the theory of strongly continuous
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semigroups. The subgroup S; can be characterized by a convolution semigroup of complex
measures ¢ on G according to

Sy = /G m(g9)dp(9),

7 being measurable with respect to the measures p;. The measures p; are absolutely con-
tinuous with respect to Haar measure dg on G, and denoting by K;(g) € L'(G,dg) the
corresponding Radon-Nikodym derivative, one has

St=w(Kt)=/GKt(g)7T(g)dG(g)-

The function Ky(g) € L'(G,dg) is analytic in ¢ and g, and universal for all Banach repre-
sentations. Moreover, it is supported on the identity component G° of G. In the following,
it will be called the Langlands kernel of the holomorphic semigroup S;. Though, in general,
the Langlands kernel is not explicitely known, it satisfies the following L!- and L>°-bounds.
A detailed exposition of these facts can be found in [11], Chapter III (see, in particular,
pages 152, 166, and 209).

Theorem 5 (Robinson). Let (L, C*°(G)) be the left reqular representation of G. Then, for
each k > 0, there exist constants a,b,c > 0, and w > 0 such that

/ LX) 80 Ky(g)|e™!?! dan (g) < abl®le? |t BI(1 + =51/t
GO

forallt >0, 3=0,1,2,... and multiindices . Furthermore,
[dL(X®) Y K,(g)| < abl®lcP|alt BI(1 + t=F~ Ual+dt1)/hywt o—xlgl
for all g € GY, where d = dim g, and | denotes the order of Q.

Let (G, 0, V) be a reductive prehomogeneous vector space defined over R, and denote by
(m,Co(VR)) the regular representation of Ggr on Vg. Assume that Q is a strongly elliptic
operator associated with 7, and consider the corresponding holomorphic semigroup S; =
7m(K:) with Langlands kernel K;. It induces a continuous linear mapping

(53) S; : CP(R") — Co(R™) C D'(R™),

and since K; € S(Gp) by the previous theorem, the results of the previous sections concerning
the Schwartz kernel of the operator (53) are applicable. We will illustrate this for the classical
heat kernel and the simplest prehomogeneous vector space of Example 1.
Thus, let G = C*, V=C, Gg = GL(1,R) = R}, and Vg = R. Let a = 1 be a basis of
g = R. The action of dr(a) on the Garding subspace Co(R)o is given by the vector field
d d
dr(a)e(x) = grad p(z) - (E e™h x)} = fxacp(x).

The Casimir operator 2 = (d7r(a))2 € il of the considered representation therefore reads

d? d
Q=a>— —
T2 * T
and constitutes a differential operator of Euler type. Let dg,(x) = dr/z be Haar measure
on GL(1,R). Denoting by S; the holomorphic semigroup generated by €2, and by K;(x) the

corresponding Langlands kernel, we get

Se) = [ Kr@e T, e Cal)
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In order to compute K(z) explicitely, we consider the Banach representation (m, Co(R})),
introducing on R} the new coordinate x+ = e",r € R. The Casimir operator is then
given by d?/dr?, and the Langlands kernel coincides with the classical heat kernel Ky(r) =
(2mt)~1/2 exp(—r? /4t). By transforming back, we get for K;(z) the universal expression

1 2
K (z) = _e—(log;v) /4t.
(@) V2mt
Since the Langlands kernel is explicitely known in this case, it is illustrative to give a direct

proof of Theorem 3. Since G is unimodular, one has

1T d o
st(z,§) = e‘”g% /e_(logy)2/4te”y5?y = e " fi(—af),
0

where we defined the function f;(y) by K:(y)y~! for y > 0, and set it equal 0 for y < 0.
Clearly, f; € S(R). Indeed, K;(y)y™ € C>®(RJ) for all m € Z, and by the substitution
y = €, we obtain
1 2 1 2, 2
K mo_ e " /4t+mr — e—(r/(2\/f)—\/fm) +m t;
Wy V2rt V2rt

for y — 0 and y — oo, K¢(y)y™ goes to zero together with all its derivatives, implying
ly™ 85 ft(y)| < oo for arbitrary multiindices «, 3. Hence we deduce s¢(z,€) € S' (R, x Ry)
for arbitrary z € R, and s¢(z,§) € ST°(Ry x R¢) for z # 0. Since

0700 fi(—x¢) = > o O fi () e ()™ B+ (B — a2 + 1)(—€)P 72,

we finally obtain s;(z,£) € ST°(R, — {0} x R, x R¢). Thus, S; : C°(R) — D'(R) is given
by the family of oscillatory integrals

(Sio)la) = [ Vs (o, €)plu)duds
In particular, S; € L™*°(R — {0}), proving Theorem 3 in the present situation. Now, an

easy computation shows that if we define

_ Ki(zy= Y|yt for zy~' >0
St(:rvy) - { 0 for I‘y_l < 0’

we get for S; the representation

f St(za y)@(y)dy’ x 7é Oa

1Kl 2 p(0), z=0.
Lemma 2 then implies that the Schwartz kernel of S; : C(R) — D'(R) is given by the
function S¢(z,y). Indeed, for x # 0,

/ VE g, (0, €)dE = / / e, o) L dede = iyl = Siany).

||

(Sep) () =

Following the discussion in Section 5, we define the auxiliary symbol
Qr(2,8) = e~ fu(~€) € ST%(Ry x Re),
so that s;(z, &) = ai(z, ). The inverse Fourier transform

Ay(a,y) = / ¢¥a (2, €)dE = fi(1 — )
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is a Schwartz function which vanishes for y > 1 together with all its derivatives, implying
that a:(z, £) satisfies the lacunary condition (18). For z # 0 one computes

. 1 - —

Si(w,y) = / ey (2, m€)dE = ﬁAt(:c,u), z #0.

x x

In concordance with Proposition 4, the restriction s;(z) = Si(x,x) of S; to the diagonal

defines a homogeneous distribution of degree —1 on R — {0}, which has an extension to

R given by (38). Note that A;(z,0) = K;(1) = (2rt)~*/2. Finally, setting s; () =

(2rt)~1/2|2|¢, we obtain with (36) the functional equation

/_ Ste—19(8) d€ = 2(27r)_<1"(C) cos %C /_ st,—c(x)p(z) dz, v € S(R).
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