MODULAR LOCALIZATION OF ELEMENTARY SYSTEMS IN
THE THEORY OF WIGNER
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ABSTRACT. Starting from Wigner’s theory of elementary systems and follow-
ing a recent approach of Brunetti, Guido, Longo and Schroer we define certain
subspaces of localized wave functions in the underlying Hilbert space with the
help of the theory of modular von—-Neumann algebras of Tomita and Take-
saki. We characterize the elements of these subspaces as boundary values of
holomorphic functions in the sense of distribution theory and show that the
corresponding holomorphic functions satisfy the sufficient conditions of the
theorems of Paley—Wiener—Schwartz and Hérmander.

1. INTRODUCTION

The subject of this paper is the localization of elementary systems in the sense
of Wigner. These are quantum mechanical systems whose states are all obtainable
from any state by relativistic transforms and superposition. They constitute a
relativistic invariant linear manifold and the corresponding wave functions satisfy
relativistic invariant wave equations.

Bargmann and Wigner [BW48] realized that these wave equations can be re-
placed by representations of the inhomogeneous Lorentz group given by these same
equations. A classification of all possible representations amounts then to a clas-
sification of all possible relativistic wave equations. In this way it is possible not
only to construct solutions of the wave equations but also to specify their relevant
invariant properties. It is natural to realize these representations in momentum
space since the momenta and energies of the system, but not the coordinates, are
defined by the Lorentz group as infinitesimal translations.

A priori it is not clear which localization properties do correspond to the different
elementary systems, since the coordinates which appear as arguments in the coor-
dinate space wave functions are not eigenvalues of the position operator conjugate
to the momentum operator.

General quantum field theory in the sense of Haag, Araki and Kastler [Haa92] is
primarily concerned with local operations. Thus to each open region in Minkowski
space there is associated an algebra of operators acting on the underlying Hilbert
space which are interpreted as physical operations or observables that can be per-
formed within this region. The states of the system are then defined as positive
linear functionals over these algebras. Since it is sufficient to consider only bounded
operators one is led to the study of von—Neumann algebras; their properties can

1991 Mathematics Subject Classification. 22E70, 44A12, 46110, 81T10.

Key words and phrases. General quantum field theory, representation theory of the inhomo-
geneous Lorentz group, distribution theory, Fourier—Laplace transform, modular von—-Neumann
algebras.

Supported by the SFB 288 of the DFG.



2 PABLO RAMACHER

be analysed independently of the generating fields. By the theory of modular
von—Neumann algebras of Tomita and Takesaki [Tom67], [Tak70] it is possible to
associate operators to certain states and space time regions which contain impor-
tant features of the theory. It was first pointed out by Brunetti, Guido and Longo
[BGLa, BGLD| and later by Schroer [Sch97, Sch99] that by knowing these modular
operators for certain regions one can associate real subspaces of localized wave func-
tions in the original Wigner representation space to space time regions in Minkowski
space. These real subspaces can then be used to construct free quantum theories.

In this paper we characterize the elements of these subspaces as boundary values
of analytic functions in the sense of distribution theory which fullfill certain bound-
ary conditions and we show that these analytic functions are the Fourier—Laplace
transforms of distributions with support in the considered closed, but not necessar-
ily compact, convex regions. We restrict ourselves to the case of the massive scalar
field, but all our considerations can be carried over to massive quantum fields with
arbitrary spin as well as to massless fields with discrete spin.

2. REPRESENTATIONS OF THE INHOMOGENEOUS LORENTZ GROUP

Let R* be the four dimensional Minkowski space with coordinates z°, z!, z2, x>

and metric tensor g given by goo = 1, g11 = g22 = ¢33 = —1, g;5 = 0, ¢ # j. The
group of all linear transformations which leave the quadratic form
(2)? = (') = (2%)* = (2°)?

invariant is called the general homogeneous Lorentz group. An inhomogeneous
Lorentz transform is a transformation which consists of a homogeneous Lorentz
transform together with a translation in Minkowski space, the translation being
performed after the homogeneous Lorentz transform. The component of the unity
of the general inhomogeneous Lorentz group is denoted by PL(B, 1), the proper
orthochronous inhomogeneous Lorentz group.

According to Wigner [Wig39] the unitary irreducible representations of the in-
homogeneous Lorentz group can be classified as follows:

Theorem 1. The representations of class P; are given by a positive number P =
m? > 0 and a discrete parameter s = 0,1/2,1,... and p° > 0. They correspond to
particles with mass m and spin s. There is also a class Py with p° < 0. The class
0F contains representations which correspond to massless particles with discrete
helicity and there is also a class 0. The representations which are given by P =
0, p° > 0 and a positive real number = constitute the classes 07(Z), 0F(Z') and
correspond to elementary systems of mass zero and continuous spin. They are single
respectively two valued. The classes 07 (2), 07 (E) are characterized analogously.

The remaining classes are given by the cases p =0 and P < 0.

Physical realizations are only known of the classes P}~ and 0F. They are realized
in Hilbert spaces of L?~integrable functions ¢(p, o) on the pseudo-riemannian space
forms

FJIS:{pER4:pkpk:P,pO>O}.
The variable ¢ is discrete and can assume the values —s,....+ s. To each Lorentz
transformation y* = A¥;2! + a* corresponds a unitary operator U(L) = T'(a)d(A)
whose action is given by

(1) U(L)p(p, o) = P Q(p, A)p(A'p, o),
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where Q(p, A) is a unitary operator which depends on p but acts only on the variable
o. By the continuity of the representations there is for each one—parameter group
of unitary operators U (t) an uniquely determined self adjoint operator H such that
U(t) = exp(—itH).

In the following we will consider analytic elements of the given representations
and use them to characterize real subspaces of localized wave functions. As a
corollary of Nelson’s analytic vector theorem we have the following proposition
[RS75].

Proposition 1. A closed symmetric operator H with domain D(H) acting on a
Hilbert space 'H is self adjoint if and only if there is a dense set of analytic elements
in D(H). The vector—valued functions

Uty =e ™y =3 —(_Z)HHW eM
n=0 ’

are then analytic in 7 € C for each analytic element 1.

The domain of the closed operator U(7) depends only on Im 7. Set 7 = A+ ip
and let Dy () be the subset of H such that (U(7), Dy(p)) is a closed and normal
operator. Then the following statement holds [BW75].

Proposition 2. If ¢ € Dy(p) then the vector—valued function

U(r)e
is strongly continuous for 0 <Im7/p <1 and analytic for 0 <ImT/p < 1.

3. BOUNDARY VALUES OF ANALYTIC FUNCTIONS AND FOURIER—LAPLACE
TRANSFORM

We consider boundary values of analytic functions in the sense of distribution
theory and specify the necessary conditions for the existence of such limits. We
also state the theorems of Paley—Wiener—Schwartz and Hormander which will be
of relevance in the ensuing sections.

The following is a generalization of a theorem proved by Epstein [Eps66] for
boundary values of analytic functions in &’'(R).

Theorem 2. Let T be an open convex cone in R™ and T = R™ +4[. If f(¢)
is analytic in T and converges for In{ — 0 to a tempered distribution, that is
limyy c—o f(- +4Im() exists in S’'(R™), then for each compact set M in T there is
an estimate

(2) FQOI<C+)Y,  Im¢eM,

where || ;= max; {¢;}.

Proof. We choose in I' an open convex cone A and n affine independent vectors in A
such that in this basis the components of each vector in R™44iA have strictly positive
imaginary parts. Let f(. + 1) converge in S’(R™) to the tempered distribution w.

This means that we can choose n positive numbers 0 < v; < 00, j =1,...,n, such
that for n e A, :=={n e A:0<n; <~} and any ¢ € S(R™) the relation

lim / F(€ + in)p(€)de = u(p)
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holds. We set fo = u and write this in what follows also as

fale) = (f(. +1m), ) — (fo,») = fole).

Since A can be chosen in such a way that A\ {0} C T, we obtain a continuous map
n +— fy from the compactum A, to 8'(R™). The image of this map is also compact
and hence bounded. One can then infer the existence of a seminorm |-, in S(R™)
such that all f, with n € Z’r are uniformly continuous with respect to this norm,
i.e. there are is a constant C' and a positive number k such that for each ¢ € S(R™)
and n € Z’r the inequality

(3) [{(fns )| < C Z sup [2°0°p(z)| = C |loll,,
lal, [BI<k

is fulfilled. In this way the distributions f, can be extended to linear functionals
on the Banach space whose topology is induced by the seminorm ||-||,. So the f,
can be considered as elements of S'"(R™).

Since f is an analytic function in 7, = R™ +¢A,, f({)/ H?:1(Cj +1i)7* is also
analytic in 7, = R™ +¢A, and by Cauchy’s integral formula we obtain for f(¢) the

representation
Cg +1) / / flz1,. 0 20)
L —dzy - - dzy,
27m H] 1(z5 = G (25 +8)F "

where each k; is a closed path in the strip ; = {2; € C: 0 <Imz; < ;} around
¢;j respectively. This representation is independent of the chosen paths and we
may thus take them as borders of the rectangles [— le, zj] [y],yj] :cjl >0,0<
yj1 < yj2 < ;. If we now let the rectangles approach the strips in which they are
contained, the integrals along the borders [y}, y] disappear and we obtain for f(¢)

the expression

I (G + )" f(x +i6)
(2mi)™ Z / HJ (@5 +i0; — G)(z; +i‘9j+i)kdml.”dxn

where § = (61, ...,6,) and the 6; are equal to y]l or equal to 7; respectively and
the sign in the sum over € depends on the orientation of the corresponding borders.
We put

n
@Cﬁg(x) = H(ZL'] + ’ij — gj)il(ﬂfj + Zﬂj + Z‘)ik
j=1
The functions ®¢ ¢ as well as their derivatives up to order < k£ decrease at infinity
faster than any polynomial %, |a| < k. On the other hand 6 — ®; ¢ is a continuous
map for 0; # n; = Im(; into the Banach space S¥(R") and @,y remains in a
compact set for # — 0 and fixed 7;. For § — 0 we have therefore

(fo, ®c.0) = (fo, Pc.0) -
We obtain for f in 7., the expression

F(O) = 511G + 97 Zi fo, Bc0)

27m

where 6 = (61, ...,0,) is equal to ~y or zero.
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As a consequence of the continuity condition (3) it follows for f(¢) the estimate

|<CH|CJ +il* le‘l’ceﬂk
Jj=1
21 CEYUDIPETE L e

0 lal,|181<k

(4)

where we have made use of

k
(¢ + )" §:|¢nk’wgf§:\cﬂgf 1+ ¢ D"

Differentiation yields for the sum over |af, |ﬁ | <k

Z s S1k!

€ —(351 + Z91 Cl)iii&l e (xn + 'Len - gn)ilié
lal.181<k  *

el
5jte; =B,

X (1 4101 +48)F T (@, + 10, +8)

so that the estimate (4) now reads

5)  If( |<0H LHIGDEY T S g — 64707 - [Im Gy — 0,7
j=1 o 1o|<k
The 0, are equal zero or equal v; and we have 0 < Im(; < «;. Since A and the
numbers ; are arbitrary, we obtain for each compact M in I' an estimate of the
form
fOI<Cca+[ehY,  ImCeM,
for a positive integer N and a constant C. 0

It can be shown that the given conditions, especially relations (4) and (5), are
also sufficient.

The Fourier transform is an isomorphism of S, so that the Fourier transform of
a tempered Distribution u € §’'(R™) can be defined as

i(p) =u(@), peS.
For distributions with compact support the Fourier transform is given by the entire
analytic function
Q) = ua (e ¢cecn
It is called the Fourier-Laplace transform of w.
For each closed convex set E we define now the convex, positively homogeneous
function

(6) HE(&) ‘= sup <$7£>5 5 e R™
z€E

with values in (—oo,00]. It characterizes the set E completely, since F is given
as the set of all z € R™ for which (z.£) < Hg(£), £ € R™. Conversely, if H is a
function with the mentioned properties, there exists exactly one closed convex set
E such that H = Hg and F = {z: (z,§) < H(§), £ € R"}. If F is compact then
HEg(§) < oo for each €.

We state now the theorems of Paley—Wiener—Schwartz [Sch51] and Hérmander
[Hor83).
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Theorem 3. Let K be a compact convex set in R™ with support function Hg . If
w s a distribution of order N with support contained in K, then

(7) [a(Q)] < C(1+[¢))NexUmO ¢ e

Conversely, every entire analytic function in C™ which satisfies the relation (7) for
some N 1is the Fourier—Laplace transform of a distribution with support in K.

It turns out that it is possible to define the Fourier—-Laplace transform at least
on certain subspaces of C™ for more general distributions. So for ( € C™ and fixed

n=1Im¢
() = (u, ™0
could be defined as a distribution in £ = Re ¢ if e¢-"u € §’. We set
(8) r,= {UER" :e("">u68'}.
Then the following theorem holds.

Theorem 4. If u € D'(R"), (8) defines a convex set T'y. If its interior IS, is not
empty, there exists a function G analytic in R™ 4Ly, such that the Fourier transform
of €My is given by (. +1in) for all m € T, For each compact set M C TS there
18 an estimate

9) [l <c@+hY,  Im¢e M.

Conversely, if ' is an open convex set in R™ and U an analytic function in R™ + il
which fulfills an estimate of the form (9) for every compact set M in T, then there
is a distribution u such that ey € S" with Fourier transform U(- + in) for all

nel.
If in addition suppu C K, then
(10) [a(Q) < C(1+ [¢Nefletimen),

ifne M, Hx(Im( —n) < oo, where M is a compact set in I',. If conversely there
is an n for which (10) holds, then suppu C K if K is closed and convez.

4. LOCALIZATION FOR THE MASSIVE SCALAR FIELD

Algebraic quantum field theory is concerned with von Neumann algebras M(O)
of observables localized in space time domains O together with states w on these
algebras satisfying certain selection criteria. Due to the Reeh—Schlieder property of
the vacuum one may associate with certain regions O and states w the operators §
and j of the modular theory of Tomita and Takesaki. Here ¢ is a positive operator
which generates a one parameter group of automorphisms ad §* of M(O) and j is
an antiunitary operator that defines the conjugation ad j which maps M (O) onto its
commutant in the Hilbert space associated with w by the Gelfand—Neumann-Segal
construction.

Important features of the theory are contained in these operators but explicit
realizations of them are only known for certain regions, w being the vacuum state.
So in the case where O is a spacelike wedge and the local algebras are generated
by Wightman fields that transform covariantly under a finite dimensional represen-
tation of the Lorentz group the modular group is the group of velocity transforms
that leave the wedge invariant, and the conjugation is the PCT operation combined
with a rotation.
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With the knowledge of these modular objects for wedge like regions we associate,
following Brunetti, Guido, Longo [BGLa, BGLb] and Schroer [Sch97], to certain
closed and convex sets in Minkowski space which arise out of the intersection of
wedges real subspaces of wave functions in Wigner representation space. These
wave functions can then be viewed as localized in the corresponding regions.

We characterize the elements of these subspaces as boundary values of analytic
functions on three—dimensional complex submanifolds of complex Minkowski space
which satisfy certain boundary conditions and show that the latter can be analyti-
cally continued to open regions in Minkowski space. They converge in the sense of
distribution theory to square—integrable functions and we show that they satisfy the
sufficient conditions of the theorems of Paley—Wiener—Schwartz and Hérmander.

In the following we will restrict ourselves to the massive scalar field. This field
corresponds to the representations of class PS‘ of the inhomogeneous Lorentz group
PL(S, 1). The wave functions have only one component and the unitary operator
Q(p,A) in equation (1) is equal to 1. In this case the wave equation reduces to
p*pr = P. To each Lorentz transformation y* = Afxl + a” corresponds a unitary
operator U(L) = T'(a)d(A) whose action on any ¢ € L2(I'}) is given by

(11) U(L)p(p) = e P o(A™"p),

while the PCT transformation is realized by the antiunitary operator

O¢(p) = @(p)-

We consider now in Minkowski space the region W := {z € R* : 2% > |2°|}. W is
open and convex as well as invariant under velocity transformations in 3~ direction,
under rotations around the 23— axis and under translations in direction of ! and
22, All these transformations constitute a subgroup of isometric isomorphisms of
W in P1(3, 1). The velocity transforms in z3— direction

yF = A (1)

are given in their active form in the coordinates x°, 2!, 22, 23 by the matrices

cosht 0 0 —sinht
0 1 0 0
0 0 0 ’
0

1 teR.
—sinht 0 cosht

By transformation with elements L = (a, ) of PE_(B, 1) we obtain from W open
convex regions Wy, to which correspond again certain subgroups of isometric auto-
morphisms. The corresponding velocity transformations

yk = IklAlm(t)(Iil)mnxn + (55 - IklAlm(t)(Iiwmn)an

constitute a one—parameter abelian subgroup to which we associate the one—parame-
ter group of unitary operators

(12)  UL(t) :=U((1 = IA() T VYa, IA#)T™Y) = T(a)d(I)d(A(t))d(I) T (a) .
Finally, each L defines the antiunitary involution
(13) jr = T(a)d()d(T)Od(I) ' T(a)™ = T(1 4+ ITI Ya)d(ITI )0,

where Y denotes a rotation by 7 around the z3-axis.
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Following Bisognano and Wichmann [BW75] we consider the analytic continua-
tion of the operators UL (t) and define the closed operators

(612, D4) = (Urlin), Dy, (m)). (82, D-) = (Ur(~im), Dy, (~m)).
Together with the involution j; they define the antilinear closed operators
(514, Dy) = (e 3, Dy),  (sn,—, D)= (6,2, D).

They are then the modular operators corresponding to the region Wr. We
consider now in Minkowski space a closed polyhedral region K with vertices a;,
i =1,...,n, which arises out of the intersection of the family

(14) {WL}LGXK

of closed convex regions W ; Xk is some subset of PE_(B, 1) depending on K. This
family is supposed to decompose into n subfamilies
(15) {W(aivl)}leXK,ai

where the X ,, are nonempty closed convex 6-dimensional subsets of PE_(B, 1)
associated to each vertex a;. These assumptions correspond to the prescription that
the intersection over the family {W L} LeXx is to be understood as the intersection

of all the regions W, which contain K.

Definition 1. Let K be a closed convex region as above. We associate to K in
L2(I'}) the real subspaces

H%i = {go €L2(Th) isprp=¢p, L€ XK} .

Let ¢ € H%_F Then ¢ € Dy, () for all L € Xk and we define for each vertex
a; the functions

(16)  ugq,(C):=Ur(melp), L=(a;,I), I€Xkaq, 0<Im7t<m,
where p € 'S, and ¢ = IA(1) "1 !p.
Lemma 1. For every vertex a;, the set

(17) M, = {g el ¢ =INr) " p, pelh, 0<Imr<m [ € X;w}

is a complezx 3-dimensional submanifold in C* and the function uy 4, is holomorphic
on M}E a; and hence uniquely determined. For 0 <Im7 <7, uy 4, i continuous.

Proof. It can be shown that the sets M;ga are given by
ME, =T 0T,
where TI}",M =R*+ il"}ai and
F;r(,a.; = {77 eRY:n=1Iy, Iec Xk, n € F+} ,
rt:= {UER4:777<0, nt >0, 771:772:0}.

Since Fgf) is given as the set of zeros of the analytic function u () = {¢,(} — P it
is a complex submanifold of C* and since Tf{ «; 1S open in C*4, so0 is M;a as well.
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L, (C) acts transitively on T’ gf) and the isotropy group of a point ¢ € I‘gf) is given
by SU(3), so that

1o ~ 1,(C) / SU(3).
Fgf) is thus the orbit of a point { under complex velocity transforms and we can
write each ¢ in M;ga = 1"55) N le,ai as

¢ =TAN(r) I 'p = AT (1) Ay (72) A5 (73)po,

where the A;(7;) are complex velocity transforms in z;—direction with 0 < Im7; <
w1 = 1,2,3, and pg is a fixed point in FJIS. We can thus interpret the functions
U4 q,(C) as functions of 7 = (71, 72, 73) and write uy o,(¢) = U+ q, (71, T2, 73). Since
every complex velocity transform can be obtained from any other by adjoining the
latter with a homogeneous Lorentz transform, the analycity of the u, 4, follows by
Proposition 1. O

The u4 4, satisfy the boundary conditions

Ut a0, (—8) = Ur(im)p(p) = jro(p) = e'tPaitellSady, , (€)

forall ¢ = IT ' 'p, p e}, I € Xk, Note that A~1(ir) = —T. Analogous
considerations hold in the case that ¢ € ’Hlpgﬁ. Hence we have the following
proposition.

Proposition 3. Let an irreducible representation of the inhomogeneous Lorentz
group P(3,1) of class Py~ be given in the Hilbert space L2(I'5) of L2—integrable
functions on FJIS. The subspaces 'Hfgi associated to the polyhedral region K with
vertices a;, i = 1,...,n, are then given by the set of all functions ¢(p) € L2(I'})
which are boundary values of analytic functions uy o, Tesp. U_ q;, N M;;a resp.
My, for some i satisfying the boundary conditions

(18) Ut (=€) = ePrdetlEatay , (¢)

for all ¢ =IYI"'p, pe T}, and (a;,I) € {a;i} x Xk .0, C Xi respectively.

By the second theorem of Cartan every holomorphic function on a closed analytic
submanifold of a Steinian manifold X is the restriction of a holomorphic function
defined on X [GR65]. Therefore everyu, 4, can be extended analytically to T; @

respectively. Since the holomorphic hull of Tgy «, 18 given by its convex hull, we
have the following lemma.

Lemma 2. u 4, can be analytically extended to convh TI}L,ai'
We consider now the operator R(A)¢(p) = ¢(A~1p) and set
Rr(t) := R(IIA ()T 7).
By definition we have
UL(typ(p) = e P} UNTOT R Ry (1)0(p).
If ¢ € Dr(m) we define the function
(19) r+(Q) == Ri(r)e(p), (a,]) € Xg, 0<Im7 <.

In a similar way as before for the functions u4 4, we have the following lemma.
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Lemma 3. 74 is holomorphic on the complex manifold
Mg+ = {C € Fgﬁ) (=IANT)" " p,pel), 0<ImT <, L=(al)€ X}’(}
and can analytically be extended to convh T;, where
k= {77 eR*:n=1Iy,(a,]) € X3, 0 € F*}.
As before we can represent each element ¢ of Mg 4 = Fgf) N TI;F as
¢=IATN )T p = AT (1) Ay (72) A5 (73)po,

where A;(7;) are complex velocity transformations in z; direction with 0 < Im7; <
w1 =1,2,3, and pg a fixed point in FJIS. We can therefore interpret 74 () as a
function of 7 = (71, 72, 73) and write

() = r(11,72,73) =
= R(A3(73)) R(A2(72)) R(A1(71))0(Po) = Rasasn, (7).

Proposition 4. r satisfies in convh ’T; an estimate of the form
(20) QI <C+ )Y,  Im¢ed,

where H is a compact set in convh F}’;.

Proof. The element R;(77)p(.)in L%(T'5) is a tempered distribution

RA3A2A1 (T)QO() = RASAZAI ( + ig)(p(po)
which depends on the parameters o = (g1, g2, ¢3); for ® € S(I'5) we have thus

<RA3A2A1 (i9)907 (I)> =

- / Ragnns (N 4 i0)0(po) (AT (XA (V)A5 L (X )po) dN' =

— 00

_ / _ Bagnan, (i0)2(p) 2(p) dM

where }a(pl,pQ,p3)/6()\1,)\2,)\3)’ = p°. Now R;(11)¢ = R, (T)p is strongly
continuous for 0 < Im7; < 7 as well as for corresponding values of 7;, i = 1,2, 3;
in particular we obtain
HRASAZAI (7_)90 - 90” —0 for 7—0;

since strong convergence implies weak convergence we have for all elements v of
LA(T})

(RA3A2A1 (T)va) - ((pa 7;[}) for 7—0.
Hence it follows that

lim /F+ Rasnan, (10)p(p)2(p) dM = ¢(D),

0—0

and by Theorem 2 we obtain for r1 ({) = Ra,a., (T)@(po) in Mk + an estimate of
the form

(21) Q<@+, Im¢ed,

where H is a compact set in Im Mg . Continuing ry = ry(¢%), " = 7, ¢* =
1(¢) — P, analytically to convh ’TI}" in such a way that r also has a bound of the
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given form with respect to (* we obtain for 74 in all convh7;{ an estimate of the
form (21) where H is now a compact set in convhI'}f. ]

For all functions u4 4, the relation
(22) Up 0, (C) = ePaitemHCaity (0, ¢ € convh T, .
holds and we obtain with (20) the estimates
g0, ()] = M r(Q)] <
< CL+ YN MmO ¢ e m,

for each compact set H in convh F;r( o, and all a;, i =1,...,n. We reformulate this
and summarize the above results in the following theorem.

Theorem 5. Let K be a polyhedral region in R* with vertices a;, i = 1,...,n,
and p € H%Jr resp. 'Hlpéyf the boundary value of the functions ui o, resp. u— 4,

analytic in M};ai = Fgf) NTy o+ resp. My, = Fgf) N7k 4 Then uy o and u_ 4,
can be analytically extended to convh ’T;ai resp. convh Ty - and satisfy for each
compact set H in convh I‘}}’ai resp. convhI'y = an estimate

,3)
1.0, (O] < O+ [¢)NeHx ™ mEm ¢ ¢ convh T,
ifne H and Hj((l’?’)(hng — 1) < 0.

Thus the functions u4 4, and u4 o, satisfy the sufficient conditions of Theorem
4. If in addition K is compact we have the following theorem.

Theorem 6. Let K a compact polyhedral region in R* and ¢ € ’H%Jr resp. H%,.
Then ¢ is the boundary value of an entire analytic function u(¢) which satisfies an
estimate of the form

(1,3)
[u(Q)] < C(A+[¢))Nelx"mAO et

According to Theorem 3 the elements of HII% 4 Tesp. H%_ are then boundary
values of Fourier—Laplace transforms of distributions with support in K.
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