
linear Recursion F 0 = 0/F 1 = 1/n > 2: F n = F n − 1 + F n − 2

F (x) =
∑
n > 0

F n xn = x +
∑
n > 2

F n xn

F (x) =
x

1− x− x2

F (x)− x =
∑
n > 2

F n xn =
∑
n > 2

(
F n − 1 + F n − 2

)
xn =

∑
n > 2

F n − 1 xn +
∑
n > 2

F n − 2 xn

= x
∑
n > 2

F n − 1 xn − 1 + x2
∑
n > 2

F n − 2 xn − 2 = x
∑

m > 1

Fm xm + x2
∑

m > 0

Fm xm

= xF (x) + x2F (x) =
(
x + x2

)
F (x) � F (x)

(
1− x− x2

)
= x

Factorization 1− x− x2 = (1− ax) (1− bx)

a =
1 +

√
5

2
golden ratio : b =

1−
√

5

2

1− x− x2 = (1− ax) (1− bx) = 1− (a + b) x + abx2
� a + b = 1 � b = 1− a

ab = a (1− a) = −1 � a2 − a− 1 = 0

a =
1

2
+

√
1

4
+ 1 =

1 +
√

5

2
: b = 1− a =

1−
√

5

2

part fractions F (x) =
x

1− x− x2
=

1/
√

5

1− ax
− 1/

√
5

1− bx

F (x) =
c

1− ax
− d

1− bx
=

c (1− bx)− d (1− ax)

(1− ax) (1− bx)
=

(c− d) + (ad− bc) x

1− x− x2

� (c− d) + (ad− bc) x = x � c = d: 1 = ad− bc = d (a− b) = c
√

5 � c = 1/
√

5



F n =
an − b

n

√
5

=
1√
5

(1 +
√

5

2

)n

−

(
1−

√
5

2

)n


closed form/no summation/why integer / all n > 0/ why recursion

F (x) =
1√
5

∑
n > 0

(ax)
n − 1√

5

∑
n > 0

(bx)
n

=
1√
5

∑
n > 0

(
an − b

n
)

xn
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