
real

Bert I:2 ZC l BC

ZR = i
nR?

n =
nRü

n l BR

GC =
nH'

n = S O
∗
2n

GR =
nC'

n = S On:n

G
c

C =
n:nR'

n:n = S On:n

Bert II:0 Cau ZC l BC

ZR =
nR�

n l BR

GC = G
c

C =
2nRõ

2n = S p
n

(R)

GR =
nR&

n =
nR"

n:R:
= GLn (R)

KC =
nCô

n = Un

KR = KC l GR =
nRô

n = On

KR ::KC



Bert II:1 ZC =
pCq l BC

ZR =
pRq l BR

GC =
p:qCô

p:q = Up:q

GR =
p:qRô

p:q = Up:q (R) = Op:q

G
c

C =
p + q

"Rp + q = S Lp + q (R)

KC =
pCô

p :
qCô

q = Up:U q

KR = KC l GR =
pRô

p :
pRô

p = Op:Oq

KR ::KC

Bert IV:0 ZC l BC

ZR = R:Rn− 1
= R1:n− 1 l BR

GC = G
c

C =
'

2:nR
2:n

= S O2:n

GR =
#

1:n− 1R
1:n− 1:R:

= S O1:n− 1:R:

KC

KR = KC l GR

KR ::KC

Bert IV:1

GC =
'
nR

n:T = S On:T

GR =
#

n− 1R
n− 1

= S On− 1



Bert IV:2 ZC l BC

ZR = Rn− p l BR

GC =
'
pR

p: '
2:n− pR

2:n− p
= S Op:S O2:n− p

GR =
#

p− 1R
p− 1: #

1:n− pR
1:n− p

= S Op− 1:S O1:n− p

KC

KR = KC l GR

KR ::KC

Bert IV:3 ZC l BC

ZR = Rn− 1 l BR

GC =
#

2:n− 1R
2:n− 1

= S O2:n− 1

GR =
#

1:n− 1R
1:n− 1

= S O1:n− 1

KC

KR = KC l GR

KR ::KC



Bert IV:5

GC =
'

2:p + qR
2:p + q

= S O2:p + q

GR =
#

1:pR
1:p: #

1:qR
1:q

= S O1:p:S O1:q

G
c

C =
#

p + 1:q + 1R
p + 1:q + 1

= S Op + 1:q + 1

KC

KR = KC l GR

KR ::KC

complex

Bert I:0 Cau

ZC =
nCn l BC

ZR =
nC�

n l BR

GC =
n:nCô

n:n = Un:n

GR =
nC&

n:R:
= S Ln (C):R:

GR ::GC G
c

C = GC

KC =
nCô

n :
nCô

n = Un:Un

KR = KC l GR =
nCô

n = Un diag

KR ::KC =
nCô

n = Un off-diag = SR



Bert I:1 prod

ZC =
pCq:

pCq l BC = BR:BR

ZR =
pCq real l BR

GC =
p:qCô

p:q:
p:qCô

p:q = Up:q:Up:q

GR =
p:qCô

p:q diag = Up:q

GR ::GC =
p:qCô

p:q space = Up:q

G
c

C = G
C
R =

p + q

"Cp + q = S Lp + q (C)

KC =
pCô

p :
qCô

q :
pCô

p :
qCô

q = Up (C):U q (C):Up:U q

KR = KC l GR =
pCô

p :
pCô

p = Up:U q diag

KR ::KC =
pCô

p :
qCô

q = Up:U q = SR:SR

Bert II:2 prod good

ZC =
nC7

n:
nC7

n n BC

ZR =
nC7

n real l BR

GC =
2nRõ

2n:
2nRõ

2n = S p
n

(R):S p
n

(R)

GR =
2nRõ

2n diag = S p
n

(R)

G
c

C =
2nCõ

2n = S p
n

(C)

KC =
nCô

n :
nCô

n = Un:Un

KR = KC l GR =
nCô

n = Un diag



Bert III:2 prod

ZC =
nC?

n:
nC?

n n BC

ZR =
nC?

n real l BR

GC =
nH'

n:
nH'

n = S O
∗
2n:S O

∗
2n

GR =
nH'

n = S O
∗
2n diag

G
c

C =
2nC'

2n = S O2n (C)

KC =
nCô

n :
nCô

n = Un:Un

KR = KC l GR =
nCô

n = Un diag

Bert IV: prod

ZC = Cn:Cn l BC

ZR = Cn
real l BR

GC =
'

2, nR
2, n: '

2, nR
2, n

= S O2, n:S O2, n

GR =
#

2, nR
2, n

= S O2, n

G
c

C =
#

2 + nC
2 + n

= S O2 + n (C)

KC

KR = KC l GR

KR ::KC

quaternion



Bert I:3 good

ZC l BC

ZR =
nHü

n l BR

GC =
4nRõ

4n = S p
4n

(R)

GR =
2nCõ

2n = S p
n

(C)

G
c

C =
4nCó

4n n
2n:2nCô

2n:2n = S p
n:n

KC =
2nCô

2n = U2n

KR = KC l GR =
nHô

n = S p
n

KR ::KC

Bert III:0 Cau

ZC l BC

ZR =
nH�

n l BR

GC = G
c

C =
2nH'

2n = S O
∗
2n

GR =
nH"

n:R:
= S Ln (H):R:

= S U
∗
2n:R:

KC =
2nCô

2n = U2n

KR = KC l GR =
2nCõ ∗ U

2n =
2nCó

2n n
2nCô

2n = S p
n

KR ::KC



Bert III:1

ZC l BC

ZR =
pHq l BR

GC =
2p:2qCô

2p:2q = U2p:2q

GR =
2p:2qCô

2p:2q l
2 (p + q)Cõ

2 (p + q)
= S p

p:q

G
c

C =
p + q

"Hp + q = S U
∗
2 (p + q)

KC =
2pCô

2p:
2qCô

2q = U2p:U2q

KR = KC l GR =
pHô

p :
qHô

q = S p
p
:S p

q

KR ::KC

octonion

Bert V:1 cpt

GC = E6:− 14:T

GR = F 4:− 20

G
c

C = E6:− 26

KC

KR = KC l GR

KR ::KC

S = cpt



Bert V:2

GC =
ô

6:2C
6:2

= S U6:2

GR =
ô

6:2C
6:2 l õ

8C
8

= S p
3:1

G
c

C

KC

KR = KC l GR

KR ::KC

Bert V: prod ZC = O1:2

C
:O1:2

C

ZR = O1:2

C
real

GC = E6:− 14:E6:− 14

GR = E6:− 14 diag

G
c

C = E6

KC

KR = KC l GR

KR ::KC



Bert VI:0 Cau ZC

ZR =
3O�

3

GC = E7:− 25 = G
c

C

GR = E6:− 26:R:

KC

KR = KC l GR

KR ::KC

Bert VI: prod ZC =
3

C
O�

3
: 3

C
O�

3

ZR =
3

C
O�

3
real

GC = E7:− 25:E7:− 25

GR = E7:− 25 diag

G
c

C = E7

KC

KR = KC l GR

KR ::KC

Bert VI:3

GC = E7:− 25

GR =
4H"

4 = S U
∗
8

G
c

C = E7:7

total



I0 Cau

ZC =
nCn l BC

ZR =
nC�

n l BR

GC =
n:nCô

n:n = Un:n

GR =
nC&

n:R:
= S Ln (C):R:

GR ::GC G
c

C = GC

KC =
nCô

n :
nCô

n = Un:Un

KR = KC l GR =
nCô

n = Un diag

KR ::KC =
nCô

n = Un off-diag = SR

I1 prod

ZC =
pCq:

pCq l BC = BR:BR

ZR =
pCq real l BR

GC =
p:qCô

p:q:
p:qCô

p:q = Up:q:Up:q

GR =
p:qCô

p:q diag = Up:q

GR ::GC =
p:qCô

p:q space = Up:q

G
c

C = G
C
R =

p + q

"Cp + q = S Lp + q (C)

KC =
pCô

p :
qCô

q :
pCô

p :
qCô

q = Up (C):U q (C):Up:U q

KR = KC l GR =
pCô

p :
pCô

p = Up:U q diag

KR ::KC =
pCô

p :
qCô

q = Up:U q = SR:SR

I2

ZC l BC

ZR = i
nR?

n =
nRü

n l BR

GC =
nH'

n = S O
∗
2n

GR =
nC'

n = S On:n

G
c

C =
n:nR'

n:n = S On:n



I3 good

ZC l BC

ZR =
nHü

n l BR

GC =
4nRõ

4n = S p
4n

(R)

GR =
2nCõ

2n = S p
n

(C)

G
c

C =
4nCó

4n n
2n:2nCô

2n:2n = S p
n:n

KC =
2nCô

2n = U2n

KR = KC l GR =
nHô

n = S p
n

KR ::KC

II0 Cau

ZC l BC

ZR =
nR�

n l BR

GC = G
c

C =
2nRõ

2n = S p
n

(R)

GR =
nR&

n =
nR"

n:R:
= GLn (R)

KC =
nCô

n = Un

KR = KC l GR =
nRô

n = On

KR ::KC

II1

ZC =
pCq l BC

ZR =
pRq l BR

GC =
p:qCô

p:q = Up:q

GR =
p:qRô

p:q = Up:q (R) = Op:q

G
c

C =
p + q

"Rp + q = S Lp + q (R)

KC =
pCô

p :
qCô

q = Up:U q

KR = KC l GR =
pRô

p :
pRô

p = Op:Oq



KR ::KC

II2 prod good

ZC =
nC7

n:
nC7

n n BC

ZR =
nC7

n real l BR

GC =
2nRõ

2n:
2nRõ

2n = S p
n

(R):S p
n

(R)

GR =
2nRõ

2n diag = S p
n

(R)

G
c

C =
2nCõ

2n = S p
n

(C)

KC =
nCô

n :
nCô

n = Un:Un

KR = KC l GR =
nCô

n = Un diag

III0 Cau

ZC l BC

ZR =
nH�

n l BR

GC = G
c

C =
2nH'

2n = S O
∗
2n

GR =
nH"

n:R:
= S Ln (H):R:

= S U
∗
2n:R:

KC =
2nCô

2n = U2n

KR = KC l GR =
2nCõ<

2n =
2nCó

2n n
2nCô

2n = S p
n

KR ::KC

III1

ZC l BC

ZR =
pHq l BR

GC =
2p:2qCô

2p:2q = U2p:2q

GR =
2p:2qCô

2p:2q l
2 (p + q)Cõ

2 (p + q)
= S p

p:q

G
c

C =
p + q

"Hp + q = S U
∗
2 (p + q)

KC =
2pCô

2p:
2qCô

2q = U2p:U2q



KR = KC l GR =
pHô

p :
qHô

q = S p
p
:S p

q

KR ::KC

III2 prod

ZC =
nC?

n:
nC?

n n BC

ZR =
nC?

n real l BR

GC =
nH'

n:
nH'

n = S O
∗
2n:S O

∗
2n

GR =
nH'

n = S O
∗
2n diag

G
c

C =
2nC'

2n = S O2n (C)

KC =
nCô

n :
nCô

n = Un:Un

KR = KC l GR =
nCô

n = Un diag

IV0

ZC l BC

ZR = R:Rn− 1
= R1:n− 1 l BR

GC = G
c

C =
'

2:nR
2:n

= S O2:n

GR =
#

1:n− 1R
1:n− 1:R:

= S O1:n− 1:R:

KC

KR = KC l GR

KR ::KC

IV1

GC =
'
nR

n:T = S On:T

GR =
#

n− 1R
n− 1

= S On− 1

IV:2

ZC l BC

ZR = Rn− p
=l BR

GC =
'
pR

p: '
2:n− pR

2:n− p
= S Op:S O2:n− p



GR =
#

p− 1R
p− 1: #

1:n− pR
1:n− p

= S Op− 1:S O1:n− p

KC

KR = KC l GR

KR ::KC

IV3

ZC l BC

ZR = Rn− 1
=l BR

GC =
#

2:n− 1R
2:n− 1

= S O2:n− 1

GR =
#

1:n− 1R
1:n− 1

= S O1:n− 1

KC

KR = KC l GR

KR ::KC

IV prod

ZC = Cn:Cn l BC

ZR = Cn
real =l BR

GC =
'

2:nR
2:n: '

2:nR
2:n

= S O2:n:S O2:n

GR =
#

2:nR
2:n

= S O2:n

G
c

C =
#

2 + nC
2 + n

= S O2 + n (C)

KC

KR = KC l GR

KR ::KC

IV5

GC =
'

2:p + qR
2:p + q

= S O2:p + q

GR =
#

1:pR
1:p: #

1:qR
1:q

= S O1:p:S O1:q

G
c

C =
#

p + 1:q + 1R
p + 1:q + 1

= S Op + 1:q + 1

KC



KR = KC l GR

KR ::KC

V1 cpt

GC = E6:− 14:T

GR = F 4:− 20

G
c

C = E6:− 26

KC

KR = KC l GR

KR ::KC

S = cpt

V2

GC =
ô

6:2C
6:2

= S U6:2

GR =
ô

6:2C
6:2 l õ

8C
8

= S p
3:1

G
c

C

KC

KR = KC l GR

KR ::KC

V prod

ZC = O1:2

C
:O1:2

C

ZR = O1:2

C
real

GC = E6:− 14:E6:− 14

GR = E6:− 14 diag

G
c

C = E6

KC

KR = KC l GR

KR ::KC

VI0 Cau



ZC

ZR =
3O�

3

GC = E7:− 25 = G
c

C

GR = E6:− 26:R:

KC

KR = KC l GR

KR ::KC

VI prod

ZC =
3

C
O�

3
: 3

C
O�

3

ZR =
3

C
O�

3
real

GC = E7:− 25:E7:− 25

GR = E7:− 25 diag

G
c

C = E7

KC

KR = KC l GR

KR ::KC

VI3

GC = E7:− 25

GR =
4H"

4 = S U
∗
8

G
c

C = E7:7


