LOVASZ-SAKS-SCHRIJVER IDEALS AND COORDINATE SECTIONS OF
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ABSTRACT. Motivated by questions in algebra and combinatorics we study two ideals associated
to a simple graph G:
e the Lovdsz-Saks-Schrijver ideal defining the d-dimensional orthogonal representations of
the graph complementary to G and
e the determinantal ideal of the (d + 1)-minors of a generic symmetric with Os in positions
prescribed by the graph G.
In characteristic O these two ideals turn out to be closely related and algebraic properties such
as being radical, prime or a complete intersection transfer from the Lovasz-Saks-Schrijver ideal
to the determinantal ideal. For Lovész-Saks-Schrijver ideals we link these properties to combi-
natorial properties of G and show that they always hold for d large enough. For specific classes
of graphs, such a forests, we can give a complete picture and classify the radical, prime and
complete intersection Lovasz-Saks-Schrijver ideals.

INTRODUCTION

Let Kk be a field, n > 1 be an integer and set [n] := {1,...,n}. For a simple graph G = ([n], E)
with vertex set [n] and edge set E we study the following two classes of ideals associated to G.
e Lovdsz-Saks-Schrijver ideals:
For an integer d > 1 we consider the polynomial ring Kly; ¢ | ¢ € [n],£ € [d]]. For every

edge e = {i,j} € ([Z]) we set

d
F=3 "y yse
=1
The ideal
LE(d) = ([P | e € B) CKlyie | i € [n],£ € [d]
is called the Lovész-Saks-Schrijver ideal, LSS-ideal for short, of G with respect to k. The
ideal Lg(d) defines the variety of orthogonal representations of the graph complementary
to G (see [28, 27]).
e Coordinate sections of generic (symmetric) determinantal ideals:
Consider the polynomial ring K[z;; | 1 < i < j < n] and let X be the generic n x n
symmetric matrix, that is, the (i, 7)-th entry of X is x;; if ¢ < j and z,; if i > j. Let
XZ™ be the matrix obtained from X by replacing the entries in positions (¢, j) and (j,%)
for {i,j} € F with 0. For an integer d let IX(X3™) C K[z;; | 1 <i < j < n] be the ideal
of d-minors of X™. The ideal IX(X&™) defines a coordinate hyperplane section of the
generic symmetric determinantal variety. Similarly, we consider ideals defining coordinate
hyperplane sections of the generic determinantal varieties and the generic skew-symmetric
Pfaffian varieties.

We observe in Section 7 that the ideal I¥, (X2™) and the ideal L¥(d) are closely related.
Indeed, if k has characteristic 0 classical results from invariant theory can be employed to show
that I!jH(XZ?’m) is radical (resp. is prime, resp. has the expected height) provided LX(d) is
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radical (resp. is prime, resp. is a complete intersection). We also exhibit similar relations between
variants of LY (d) and ideals defining coordinate sections of determinantal and Pfaffian ideals.

These facts turn the focus on algebraic properties of the LSS-ideals L'é(d). In particular, we
analyze the questions: when is Lg(d) a radical ideal? when is it a complete intersection? when
is it a prime ideal? We show that for d large enough all three properties hold for L¥(d). Among
others, we are able to give necessary conditions that lead to a full classification of graphs for
which L¥(d) is a complete intersection or prime in case of small d. In characteristic 0 we deduce
sufficient conditions for I 'j _H(XZ?' ™) to be radical, prime or of expected height. To our knowledge
coordinate sections of determinantal varieties have been systematically studied only in the case of
maximal minors, for example the results in [5, 17, 18].

The study of the properties of LSS-ideals has its roots in the work Lovész on orthogonal graph
embeddings (see [27] for references, motivation and an overview) and we think it is interesting in
its own. An orthogonal embedding of a graph G in R? is a map ¢ : V — R? where ¢(i) L 6(4)
if {i,7} is an edge in the edge set E of the graph G' complementary to G. Thus by definition
the real variety associated to the LSS-ideal LRG,(d) of the complementary graph G coincides with
the set of all orthogonal graph embeddings of G' in R?. Note that the variety includes degenerate
embeddings that are not injective or send vertices to the zero vector. Since the geometry of the
variety of orthogonal graph embeddings was first studied in [28] the ideals L (d) carry the name
Lovész-Saks-Schrijver ideals. Indeed, many of our algebraic results are inspired by results from
[27, 28] about the geometry of the real variety of (general position) orthogonal embeddings.

For d = 1,2 LSS-ideals are well understood objects. For d = 1 the LSS-ideal Llé(l) is called
edge ideal of the graph G. As a squarefree monomial ideal it is clearly a radical ideal with respect
to every field. It is prime only when F is empty and a complete intersection if and only if G is
a matching, i.e. any two edges in F have empty intersection. Starting from d = 2 the properties
of being radical, prime and complete intersection become more subtle. For the results in this case
see [22]. For d > 2 we know of no general results beyond the ones described in Section 2.

In Section 1.2 we generalize LSS-ideals to hypergraphs. We are able to state a few of the
results from Section 2 in this generality. But most questions on hypergraph LSS-ideals remain
unanswered. Nevertheless, extending the link between LSS-ideals for graphs and ideals of minors,
hypergraph LSS-ideals for uniform hypergraphs can be related to the closure of the space of
symmetric tensors of bounded rank with prescribed Os in the their expansion in the standard basis
(see Proposition 8.10).

The paper is organized as follows. In Section 1 we introduce basic concepts and notation from
graph theory and Groébner bases theory. Then in Section 2 we formulate our main results on LSS-
ideals and sketch some of the proofs. In Section 3 we provide the proofs for the results showing
persistence of the properties complete intersection and primeness. In particular, it follows that
for fixed d there are graphs which are minimal obstructions to these properties. In Section 4
we exhibit some of these obstructions and prove their necessity. For small d we give complete
characterizations of graphs with prime or complete intersection LSS-ideals. In Section 5 we define
a new combinatorial invariant for graphs. We use it to prove that L‘é(d) is radical, complete
intersection or prime for d large enough. In Section 6 we define our notation for ideals of minors
and Pfaffians of generic matrices and recall classical results about their relation to invariant theory.
Then in Section 7 we use this connection to invariant theory to prove that if L¥ (d) is radical or
prime then same property hold for the ideal of (d 4 1) minors of generic matrices with positions of
0Os prescribed by a graph G. In addition, we give obstructions on GG preventing the corresponding
ideals of minors to be prime. Finally, in Section 8 we pose questions and state open problems.

1. NOTATIONS AND GENERALITIES

1.1. Graph and Hypergraph Theory. In the following we introduce graph theory notation.
We mostly follow the conventions from [12]. For us a graph G = (V, E) is a simple graph on a
finite vertex set V. In particular, F is a subset of the set of 2-element subsets (‘2/) of V. In most
of the cases we assume that V = [n] := {1,...,n}. A subgraph of a graph G = (V, E) is a graph
G' = (V,E') such that E/ C E. More generally, a hypergraph H = (V, E) is a pair consisting
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of a finite set of vertices V and a set E of subsets of V. We are only interested in the situation
when the sets in F are inclusionwise incomparable. Such a set of subsets is called a clutter. In
particular, if G = (V, E) is a graph then G is a hypergraph and F is a clutter.

For d,m,n > 0 we will use the following notations:

K,, denotes the complete graph on n vertices ([n], ([g])),
Kn.n denotes the complete bipartite graph ([m] U [a],{{,j} : i € [m],j € [a] } with
bipartition [m] and [7] = {1,...,7}.
B,, denotes the subgraph of K, ,, obtained by removing the edges {1, 5} withi=1,...,n.
For n > 2 we denote by C,, the n-cycle, i.e. the subgraph of K,, with edges {1,2},{2,3},...,
{n—-1,n},{n,1}.

e For n > 1 we denote by P, the path of length n — 1, i.e. the subgraph of K,, with edges

{1,2},{2,3},...,{n—1,n}.

We denote by G = (V, E) with E = (‘2/) \ E the graph complementary to G = (V, E). Let
W C V. We write Gw = (W,{e € E : e C W}) for the graph induced by G on vertex set W
and G — W for the subgraph induced by G on V' \ W. In case W = {v} for some v € V we simply
write G — v for G — {v}.

A graph G = (V, E) on a vertex set V of size > k + 1 is called k-(vertex)connected if for every
W C V with |[W| = k — 1 the graph G — W is connected. By deg(v) := ‘{e eFE|ve e}‘ we

denote the degree of the vertex v and by A(G) = max,cy deg(v) the maximal degree of a vertex
in G. Clearly, if G is k-connected then every vertex has degree at least k and A(G) <n —k — 1,
where n = |V|. Finally, we denote by w(G) the clique number of G, i.e. the largest a such that G
contains a copy of a complete subgraph K.

The following well known fact follows directly from the definitions.

Lemma 1.1. Given a graph G = ([n], E) and an integer 1 < d < n the following conditions are
equivalent:

(1) G is (n — d)-connected.
(2) G does not contain a subgraph Kqp with a+b=d+1.
1.2. Basics on LSS-ideals and their generalization to hypergraphs. Let H = (V, E) be a
hypergraph. We define for e € E
d
19 = Tlve

{=1 i€e
If F is a clutter we call the ideal

Liy(d) = (f{ | e € E) CKlyie | i € [n], € € [d]
the LSS-ideal of the hypergraph H.

It will sometimes be useful to consider L'I‘l,(d) as a multigraded ideal. For that we equip
Klyie | (i,€) € [n] x [d]] with the multigrading induced by deg(y; ¢) = ¢; for the i-th unit vector e¢;
in Z™ and (4,¢) € V x [d]. Clearly, for e € E the polynomial fe(d) is multigraded of degree > . ¢;.
In particular, L‘jJ (d) is Z™-multigraded. The following remark is an immediate consequence of
the fact that if F is a clutter the two polynomials fe(d) and fe(,d ) corresponding to distinct edges
e, e’ € E have incomparable multidegrees.

Remark 1.2. Let H = ([n], E) be a hypergraph such that F is clutter. The generators féd), e€E,
of L'f{(d) form a minimal system of generators. In particular, L'I‘{ (d) is a complete intersection if

and only if the polynomials féd), e € F, form a regular sequence.

The following alternative description of L (d) for a graph G turns out to be helpful in some
places.

Remark 1.3. Let G = ([n], E) be a graph. Consider the n x d matrix Y = (y; ). Then L¥(d) is
the ideal generated by the entries of the matrix YY7 in positions (i, ) with {i,j} € E. Here YT
denotes the transpose of Y.
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Similarly, for a bipartite graph G, say a subgraph of K,, ,,, one considers two sets of variables
yij With (4, j) € [m] x [d], y;; with (i, j) € [71] x [d] and the matrices Y = (y;;) and Y = (y3;)- Then
Lé(d) coincides with the ideal generated by the entries of the product matrix YYT. in positions
(i,7) for {i,j} € E

1.3. Grobner Bases. We use the following notations and facts from Grébner bases theory, see
for example [4] for proofs and details. Consider the polynomial ring Kly;; | (,7) € [n] x [d]]. For
a vector w = (wij) (i j)e[n]x[d] € R™ and a polynomial

fly) = Z aaza

aeNmIx[d]

we set My (f) = max,, xo{a - w} and

inm(f) = Z Ao 'Xa~

a-w=my (f)

The latter is called the initial term of f with respect to w. For a fixed term order < and w e RI?*[d]
we set y* <w¥ﬁ if and only if either a-to < -t or a-w = 3 - 1w and y* <Xﬁ.
The following will allows us to deduce properties of ideals from properties of their initial ideals.

Proposition 1.4. Let I be a homogeneous ideal in the polynomial ring S, < a term order on
S and w € R™. If in (1) or ing(I) is radical (resp. a complete intersection, prime) then
so is I. Moreover, if for generators fi,...,f. of I the initial terms in(f1),...,in<(f.) (resp.
ing(f1),...,in0(fr)) form a regular sequence then fi,..., f. form a regular sequence and are a
Grébner basis for I.

2. RESULTS AND COUNTEREXAMPLES FOR LOVASZ-SAKS-SCHRIJVER IDEALS

For the first part of this section let G = (V, E) be a graph. We start by studying radicality of
L&(d). As mentioned in the Introduction L¥ (1) is always radical for trivial reasons. For d = 2
the following result from [22] gives a complete answer.

Theorem 2.1 (Thm. 1.1 [22]). Let G = ([n], E) be a graph. If chark # 2 then the ideal LX,(2) is
radical. If chark = 2 then L¥(2) is radical if and only if G is bipartite.

The next examples show that L¥(3) need not be radical. In the examples we assume that k
has characteristic 0 but we consider it very likely that the ideals are not radical over any field.

A quick criterion implying that an ideal J in a polynomial ring S is not radical is to identify
an element g € S such that J : g # J : g°. We call such a g a witness (of the fact that .J is not
radical). Of course the potential witnesses must be sought among the elements that are somehow
“closely related” to J. Alternatively, one can try to compute the radical of J or even its primary
decomposition directly and read off whether J is radical. But these direct computations are
extremely time consuming for LSS-ideals and did not terminate on our computers in the examples
below. Nevertheless, in all examples we have quickly identified witnesses.

Example 2.2. We present three examples of graphs G such that L‘é(3) is not radical over any field
k of characteristic 0. The first example has 6 vertices and 9 edges and it is the smallest example
we have found (both in terms of edges and vertices). The second example has 7 vertices and 10
edges and it is a complete intersection. This shows that L¥(3) can be a complete intersection
without being radical. The third example is bipartite, a subgraph of K54 with 12 edges, and is
the smallest bipartite example we have found. In all cases, since the LSS-ideal L'é(?)) has integral
coefficients, we may assume that k = Q and exhibit a witness g, i.e. a polynomial g such that
LK(3) : g # L¥%(3) : g% The latter inequality can be checked with the help of CoCoA [1] or
Macaulay 2 [19].

(1) Let G be the graph with 6 vertices and 9 edges depicted in Figure 1(1), i.e. with edges

E={{1,2},{1,3},{1,4},{1,5},{2,3},{2,4},{2,6},{3,5},{4,6}}.



(3)

LSS-IDEALS AND COORDINATE SECTIONS 5
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FIGURE 1. Graphs G with non-radical Lk (3)

Here the witness can be chosen as follows. Denote by Y = (y;;) a generic 6 x 3
matrix. As discussed in Remark 1.3 the ideal Lg(3) is generated by the entries of YY7T
corresponding to the positions in E. Now g can be taken as the 3-minor of ¥ with row
indices 1, 5, 6.

Let G be the graph with 7 vertices and 10 edges depicted in Figure 1(2), i.e. with edges

E={{1,2},{1,4},{1,5},{2,3},{2, 7}, {3,4}, {3, 7}, {4,5},{5,6},{6, 7}}.

Here the witness can be chosen as follows. Denote by ¥ = (y;;) a generic 7 x 3 matrix.
Again as discussed in Remark 1.3 the ideal Lg(?)) is generated by the entries of YY7T
corresponding to the positions in . Now g can be taken as the 3-minor of Y with row
indices 1,2,4. The fact that Lg(?)) is a complete intersection can be checked quickly with
CoCoA [1] or Macaulay 2 [19].

Let G be the subgraph of the complete bipartite graph K5 4 depicted in Figure 1(3), i.e.
with edges

B ={{1,1},{1,2},{1,3},{1,4},{2,1},{2,2},{3,2},{3,3},{4,3}, {4,4}, {5, 1}, {5,4}}.

Denote by X = (x;;) a generic 5 x 3 matrix and by Y = (y;;) a generic 3 x 4 matrix. As
explained in Remark 1.3 the ideal Lg(i’)) is generated by the entries of XY corresponding
to the positions in E. Now the witness g can be taken to be the 3-minor of X corresponding
to the column indices 1,2, 4.

The following result shows that the properties complete intersection and prime for L‘é(d) are
closely linked and persist once they occur.

Theorem 2.3. Let G = ([n], E) be a graph. Then:

If L%(d) is prime then L(d) is a complete intersection.

If L%(d) is a complete intersection then L (d + 1) is prime.

If L%(d) is prime then L (d + 1) is prime.

If LX,(d) is a complete intersection then L (d+ 1) is a complete intersection.

If L¥(d) is a complete intersection then LXK, (d) is a complete intersection for every sub-
graph G' of G.

If L%(d) is a prime then L¥,(d) is prime for every subgraph G’ of G.

The proof of the theorem consists of several steps that we first briefly sketch and then present
in full detail in Section 3.

Sketch of the proof. To prove (1) and (2) we interpret L, (d) as the defining ideal of the symmetric
algebra of a module over the quotient of the polynomial ring by L'(‘;fn(d). Then we show that the
statement follows by induction on n employing a result of Avramov [2, Prop. 3] characterizing
complete intersection symmetric algebras and a result of Huneke [24, Thm 1.1] characterizing
symmetric algebras that are domains.
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To prove (3) and (4) we consider the vector b = (0;;) ;. j)e[n]x[d+1] € R™ TV with entries v;; = 1
if (i,7) € [n] x [d] and v; g+1 = 0 for every i € [n]. Observe that in,( éd+1)) = forall e € E.
Therefore, in, (LK (d + 1)) C L% (d). Either L¥(d) is a complete intersection by assumption or by
(1) in case the assumption is that L (d) is prime. This implies that in, (LY (d+1)) = L&(d). Then
the assertions follow by the transfer of properties from in,(J) to J as recalled in Proposition 1.4.

Assertion (5) is obvious. For (6) one observes that by (1) L& (d) is also a complete intersection.
It is a general fact that if a regular sequence of homogeneous polynomials generates a prime ideal
then so does every subsequence. O

Remark 2.4. There is no persistence result for the property of being radical. Indeed, we already
have seen that Llé(l) is always radical and Llé(2) is always radical in case chark # 2. On the
other hand Example 2.2 gives examples of a non-radical L (3). Simple examples also show that
radicality is not inherited by subgraphs.

On the other hand radicality is inherited by induced subgraphs. This follows from the fact that
for every subset W C V one has

L&y, (d) = LE(d) NKlyi; si € W, j € [d]].
as can be checked using the multigraded structure.

We will now see that L¥(d) is a complete intersection and prime (and hence radical) for d large
enough.

We prove this fact in Section 5. Indeed, more generally we show that for d > 1 and a hypergraph
H = (V,E), where E is a clutter, the hypergraph LSS-ideals L'fq(d) is radical and a complete
intersection.

As a vehicle we define a purely (hyper)graph theoretic invariant pmd(H) € N called the positive
matching decomposition of H and show the following.

Theorem 2.5. Let H = (V, E) be a hypergraph for a clutter E. Then:

(1) For all d > pmd(H) the ideal L% (d) has a radical complete intersection initial ideal.

(2) For all d > pmd(H) the ideal L% (d) is a radical complete intersection.

(3) If G = (V,E) is graph then for all d > pmd(G) + 1 the ideal L¥,(d) is prime.

(4) If G = (V, E) is a graph then pmd(G) < min{2|V| -3, |E|} Furthermore, if G is a bipartite
graph then pmd(G) < min{|V| —1,|E|}.

The proof of the theorem consists of several steps that we first briefly sketch and then present
in full details in Section 5.

Sketch of the proof. We show that for every d > pmd(G) there exists a vector v = (0;5) (; j)e[n]x[d] €
R™ such that the set {in,( fe(d)) : e € E'} consists of pairwise coprime monomials. It follows that
in, (LXK (d)) = (iny ( e(d)) : e € E) and hence in, (L¥ (d)) is radical and a complete intersection. This
complete the proof of (1). By Proposition 1.4 then (2) is implied. Therefore, in the graph case
Theorem 2.3(2) implies (3). The claim (4) is derived by simple estimates using the combinatorial
structure of the graph. O

For complete graphs G = K,, and char k = 0 we provide asymptotic (in terms of n) results on
when Lg" (d) is radical, complete intersection or prime in Proposition 7.6 and Corollary 7.7 using
the transfer of properties from Lg“'(d) to I 1 (X&™) and bounds derived using Grébner basis
arguments in Corollary 5.5.

For the case of complete bipartite graphs K, , results by De Concini and Strickland [13] or
Musili and Seshadri [31] imply (1)-(3) of the following theorem.

Theorem 2.6. Let G = K, ,. Then:
(1) L(d) is radical for every d.
(2) LX(d) is a complete intersection if and only if d > m +mn — 1.
(3) L%(d) is prime if and only if d > m +n.
(4) pmd(G) =m+n — 1.
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Proof. Taking into account Remark 1.3, the assertions (1), (2), and (3) follow form general results
on the variety of complexes proved from [13] and, with different techniques, from [31]. It has been
observed by Tchernev [33] that the assertions in [13] that refer to the so-called Hodge algebra
structure of the variety of complexes in [13] are not correct. However, those assertions can be
replaced with statements concerning Grobner bases as it is done, for example, in a similar case in
[33]. Hence, (1),(2) and (3) can still be deduced from the arguments in [13]. Alternative proofs of
(2) and (3) are given also in Section 4. Assertion (4) is proved in Section 5. O

Seeing Theorem 2.6(2) and (3) one may wonder if the assertion (2) in Theorem 2.3 can be
reversed. The next example shows that in general this is not the case:

Example 2.7. Let G = C,, be the n-cycle. If n is even and n # 4 then the ideal L¥(d) is prime
if and only if it is a complete intersection if and only if d > 3. These assertions are special cases
of the subsequent Theorem 2.9.

In view of Theorem 2.3 for fixed d and K the graphs G for which L'é(d) is a complete intersection
or prime define (downward) monotone graph properties. Thus by persistence there are graphs G
and numbers d such that L¥(d) is not prime, L¥,(d) is prime for each proper subgraph G’ of
G and L% (d + 1) is prime. Such a pair G and d can be considered as a “minimal obstruction”
to primeness. Similarly, we have minimal obstructions to being a complete intersection. The
next results are first steps towards a classification of minimal obstructions. The results are partly
inspired by theorems from Lovész’s book [27, Ch. 9.4].

Proposition 2.8. Let G = ([n], E). Then we have:
(1) If LK(d) is prime then G does not contain a subgraph isomorphic to K, with a+b = d+1,

i.e. G is (n— d)-connected. Furthermore, if d > 3 and chark = 0 then G does not contain
a subgraph isomorphic to By.

(2) If L% (d) is a complete intersection then G does not contain a subgraph isomorphic to Kg
with a +b=d +2, i.e. G is (n —d+ 1)-connected. Furthermore, if d > 2 and chark = 0

then G does not contain a subgraph isomorphic to Bgi1.

Further obstructions are derived from Proposition 7.6 in Corollary 7.8. For example, in charac-
teristic 0, if LK (6) is prime then G cannot contain Kg. But for small values of d the implications
of Proposition 2.8 are actually equivalences.

Theorem 2.9. Let G be a graph.

(1) For d < 3 then the following are equivalent:
(a) L¥(d) is prime.
(b) G does not contain a subgraph isomorphic to K, p with a+b=d+ 1.
(¢) G is (n — d)-connected.
(2) For d < 2 the following conditions are equivalent:
(a) L&(d) is a complete intersection
(b) G does not contain a subgraph K, with a +b = d + 2 and when d = 2 the graph G
does not contain an even cycle.
(¢) G is (n —d + 1)-connected and when d = 2 the graph G does not contain an even
cycle.

For forests (i.e. graphs without cycles) we can give a quite complete picture.

Theorem 2.10. Let G be a forest and K any field. Then:
(1) LK(d) is radical for all d.
(2) L% (d) is a complete intersection if and only if d > A(G).
(3) L% (d) is prime if and only if d > A(G) + 1.

The main tool in the proof of Theorem 2.10 is the notion of Cartwright-Sturmfels ideals devel-
oped in [9, 10, 11] and inspired by [7, 8]. Indeed it turns out that for a forest G the ideal L (d)
is a Cartwright-Sturmfels ideal.
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3. STABILIZATION OF ALGEBRAIC PROPERTIES OF LK (d)

In this section we prove Theorem 2.3 and state some of its consequences. Before embarking in
the proofs we need to recall important results on properties of the symmetric algebra of a module.
We will state the results in the way that suit our needs best.

Recall that, given a ring R and an R-module M presented as the cokernel of an R-linear map

f:R™ = R"
the symmetric algebra Symp (M) of M is (isomorphic to) the quotient of Symp(R"™) = R[x1,. .., Zy]
by the ideal J generated by the entries of A (z1,...,7,)? where A is the m x n matrix representing
f. Vice versa every quotient of R[z1,...,z,] by an ideal J generated by homogeneous elements
of degree 1 in the x;’s is the symmetric algebra of an R-module.

Part (1) of the following is a special case of [2, Prop. 3] and part (2) a special case of [24, Thm
1.1]. Here and in the rest of the paper we denote for a matrix A with entries in a ring R and a
number ¢ by I;(A) the ideal generated by the t-minors of A in R.

Theorem 3.1. Let R be a complete intersection. Then
(1) Sympg (M) is a complete intersection if and only if height I;(A) > m —t+ 1 for all t =
1,...,m.
(2) Symp(M) is a domain and I,,(A) # 0 if and only if R is a domain, and height I;(A) >
m—t+2 forallt=1,...,m.
The equivalent conditions of (2) imply those of (1).

Remark 3.2. Let G = ([n], F) be a graph. The (multigraded) ideal L¥(d) € S = Kly;; : i €
[n], j € [d]] is generated by elements that have degree at most one in each block of variables.
Hence L'é(d) can be seen as an ideal defining a symmetric algebra in various ways.

For example, set Gy = G—n, U ={i € [n—1|{i,n} € E},u=|U|, 8" =Kly;; :i € [n—1], j€
[d]] and R = S"/L¥ (d). Then S/L¥(d) is the symmetric algebra of the cokernel of the R-linear
map

R" — R?
associated to the u x d matrix A = (y;;) withi e U and j=1,...,d.

Remark 3.3. In order to apply Theorem 3.1 to the case described in Remark 3.2 it is important
to observe that for every G no minors of the matrix (ys;)(,j)e[n]x[q) Vanish modulo L'é(d). This
is because L'é(d) is contained in the ideal J generated by the monomials iy, and the terms in
the minors of (y;;) do not belong to J for obvious reasons.

We will formulate our next results in terms of the following algebraic invariants. Given an
algebraic property P of ideals and a graph G we set

asymy (P, G) = inf{d : LE(d') has property P for all d’ > d}.

Here we are of course interested in the properties P € {radical, c.i., prime}. Other properties
of ideals such as defining a normal ring or a UFD are interesting as well but will not be treated
here.

Before we use this new notation we provide the proof of Theorem 2.3(4) and (5).

Proof of Theorem 2.3(4) and (5). Assume L¥ (d) is a complete intersection. Then each minimal
generating set is a regular sequence. By Remark 1.2 the fe(d) for e € E form a minimal generating
set and hence a regular sequence. In particular, each subset is a regular sequence as well. From
this (5) follows.

For (4) we consider the vector to assigning weight 1 to all variables y;, for (i,¢) € V x [d] and
weight 0 to all other variables. Then iny( e(d )) = fe(d) for every d > d and ¢ € E. Hence the
initial forms of the generators of Lg(d') form a regular sequence. It follows that the féd ), e€k,
form a regular sequence and hence LX(d’) is a complete intersection. O

In terms of asym,(c.i., G) Theorem 2.3(4) yields the following corollary.
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Corollary 3.4. Let G = (V,E) be a graph. Then
asymy(c.i., G) = inf{d : L&(d) is ci.}.
Now we are in position to prove Theorem 2.3 (1) and (6).

Proof of Theorem 2.3 (1) and (6). First we show that (1) implies (6). From Remark 1.2 we know
that the fe(d), e € E, form a minimal system of generators. Thus if L'é(d) is a complete intersection
then these generators form a regular sequence. If a regular sequence generates a prime ideal in
a standard graded algebra or in a local ring then so does every subset of the sequence. Now (6)
follows.

To prove (1) we argue by induction on the number n of vertices. As usual we assume V' = [n].

The case n < 2 is trivial. We use the notation from Remark 3.2. Note, that S’/L¥ (d) is an
algebra retract of S/L(d). Therefore LY, (d) = L¥(d)NS" and so L¥, (d) is prime. By induction
it follows that L‘él (d) is a complete intersection. Since u is the degree of the vertex n in G we have
that K;, C G and hence, by Proposition 2.8, 1 +u < d+ 1, i.e. u < d. By virtue of Remark 3.3
we have that the minors of the matrix A are non-zero in S'/L¥, (d). In particular, I,(A) # 0 in
S’/L¥ (d) and hence (2) in Theorem 3.1 holds. Then (1) in Theorem 3.1 holds as well, i.e. L (d)
is a complete intersection. O

As an immediate corollary of Theorem 2.3(1) we obtain.
Corollary 3.5. Let G = (V, E) be a graph. Then asymy(c.i., G) < asym, (prime, G).
Before we can proceed to the proof of Theorem 2.3(2), we need another technical lemma.

Lemma 3.6. Let A be an m x n matriz with entries in a Noetherian ring R. Assume m < n.
Let S = R[z] = R[x1,...,zn] be a polynomial ring over R and let B be the m x (n + 1) matriz
with entries in S obtained by adding the column (x1,...,2,)T to A. Then we have height I (B) =
height I; (A) + m and

height I;(B) > min{height I;_;(A), height I;(A) + m — ¢t + 1}
foralll <t <m.

Proof. Set u = min{height I;_1(A), height I;(A)+m—t+1}. Let P be a prime ideal of S containing
I;(B). We have to prove that height P > u. If P O I;_1(A) then height P > height I; _1(A) > w.
If P2 I,_1(A) then we may assume that the (¢ —1)-minor F' corresponding to the first (¢ —1) rows
and column of A is not in P. Hence, height P = height PRp[x] and PRp[z] contains I;(A)Rp[z]
and (z; — F7'G; : j =t,...,m) with G; € R[x1,...,2;—1]. Since the elements z; — F~'G; are
algebraically independent over Rp we have

height PRy [z] > height I;(A)Rp 4 (m — t + 1) > height I, (A) + (m — t + 1).

Now we turn to the proof of Theorem 2.3(2) and (3).

Proof or Theorem 2.3 (2) and (3). First, we show that (2) implies (3). If L¥ (d) is prime then by
(1) L% (d) is a complete intersection. Now by (2) it follows that L¥ (d+1) is prime. This completes
the proof of (3).

For the proof of (2) we argue by induction on the number n of vertices.

If n < 2 the assertion is obvious. Assume n > 2. Set G; = G —n, U = {i € [n]|{i,n} € E},
u=IULY = (yi),jyeux(a+1]: S =Klyi; :i € [n], j € [d+1]], " =Klyi; 1 € [n—1], j € [d+1]
and R = S'/L¥, (d+1). By construction, S/L(d + 1) is the symmetric algebra of the R-module
presented as the cokernel of the map R* — R*t! associated to Y.

By assumption LY (d) is a complete intersection and hence L‘él(d) is a complete intersection
as well. It then follows by induction that L (d + 1) is prime and hence R is a domain. By
Proposition 2.8 we have u < d and by Remark 3.3 I,,(Y') # 0 in R. Therefore, by Theorem 3.1(2)

we have

LE(d+1) is prime < heightl,(Y) > u —t+2in R for every t = 1,...,u.
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Equivalently, we have to prove that

height([t(Y)—&—L'él(d—i—l)) >u—t+2+gin S foreveryt=1,...,u

where g = height L'él(d +1)=|E| —u.

Consider the weight vector v € R™*4*+1 defined by w;; = 1 and w; 441 = 0 for all j € [d] and
i € [n]. By construction the initial terms of the standard generators of iny, (L'éle (d+ 1)) are the
standard generators of L¥ (d).

Since the standard generators of I;(Y") coincide with their initial terms with respect to iny it
follows that ing, (1:(Y)) 2 I;(Y) (indeed equality holds but we do not need this fact).

Therefore, iny (I;(Y) + L, (d+ 1)) 2 I,(Y) + L (d) and it is enough to prove that

height([t(Y) —|—L‘él(d)> >u—t+2+ginS foreveryt=1,...,u

or, equivalently,

height[,(Y) >u—t+2in R forevery t =1,...,u
where R’ = S'/L¥ (d).

The variables y14+1,.--,Yn—14+1 do not appear in the generators of L'él(d). Hence R =
R'W1d41)s - Yn—1a+1] with R” =K[y;; : (i,5) € [n— 1] x [d]]/L¥_,,(d). Let Y’ be the matrix Y
with the d + 1-st column removed. Then S/L¥ (d) can be regarded as the symmetric algebra of
the R”-module presented as the cokernel of
(1) 0 (R X (R

By assumption S/L¥(d) is a complete intersection. Hence by Theorem 3.1(1) we know

height I(Y') > u —t+1in R” for every t = 1,...,u

Since Y is obtained from Y’ by adding a column of variables over R” by Lemma 3.6 we have:

height, I;(Y') > min{height, I, _1(Y"), height, I, (Y') +u —t+1} >u—t+2
in R and forallt=1,...,m. O

Theorem 2.3(2) and (3) together with Corollary 3.5 directly imply the following.

Corollary 3.7. Let G = (V,E) be a graph.

Then

asymy(prime, G) = inf{d : L&(d) is prime}
and
asymy(c.i., G) < asym(prime, G) < asymy(c.i.,,G) + 1.

The following proposition is an immediate consequence of Theorem 2.3 and Theorem 2.5.
Proposition 3.8. Let G = (V, E) be a graph. Then

asymy (radical, G) < 2|V| -3, asymy(c.i.,G) < 2|V|— 3 and asymy(prime,G) < 2|V]| — 2.
If G is bipartite then

asymy (radical, G) < |V| -1, asymy(c.i.,G) < |V|—1 and asym,(prime, G) < |V].

These bounds are not tight in general as the following example shows.
Example 3.9. Using CoCoA [1] or Macaulay 2 [19] one can check for fields K of characteristic 0
that L% (2) is not a complete intersection while L¥ (3) is. Hence by Theorem 2.3 (4) we have
asymy(c.i., K4) = 3. Similarly, one can check that L% (d) is not prime for d = 3 and hence

Theorem 2.3 implies that asym, (prime, K4) = 4. Finally, one checks that L (d) is radical for all
1 < d < 3 and hence asym, (radical, K4) = 1.

In Corollary 7.7 we will be able to analyze the asymptotic behavior of asym, (prime, K,,) for
n — 0Q.



LSS-IDEALS AND COORDINATE SECTIONS 11

4. OBSTRUCTIONS TO ALGEBRAIC PROPERTIES

In this section we prove Theorem 2.9 and study necessary and sufficient conditions for L'é(d)
to be radical, complete intersections or prime. First, we turn to necessary conditions which yield
lower bounds on asym, (radical, G), asym, (prime, G) and asym,(c.i., G).

We start with the proof of Proposition 2.8.

Proof of Proposition 2.8. First, we show that (1) implies (2). If L¥(d) is complete intersection
then by Theorem 2.3 (2) it follows that L (d + 1) is prime. Hence if G contains K,; with
a+b>d+1or By (in case chark = 0 and d > 2) then G violates the conditions from (1) for
primeness of L¥(d + 1). This implies (2).

For (1) we first prove that if L (d) is prime then G does not contain K, j for a+b > d. Suppose
for contradiction that L'é(d) is prime and G contains K, ; for some a + b > d. We may decrease
either a or b or both and assume right away that a +b=d+ 1, a,b > 1. In particular a,b < d.

We assume that V' = [n] and that K, ; is a subgraph of G, where after renaming vertices here
K, is the complete bipartite graph with edges {i,a+j} for i € [a] and j € [b]. Set R = S/LK(d)
and Y = (y;¢) € R**? and Z = (ze) € R4Xb with 20i = Yita,e- Since Kgp is a subgraph of G we
have YZ =0in R

By assumption R is a domain and YZ = 0 can be seen as a matrix identity over the field of
fractions of R.

Hence

rank(Y) + rank(Z) < d.

From a + b= d+ 1 it follows that rank(Y) < a or rank(Z) < b. This implies that any a-minor of
Y or any b-minor of Z is zero, i.e., I,(Y) =0 or I;(Z) = 0 as ideals of R.

But by Remark 3.3 none of the minors of Y and Z are in L (d). This is a contradiction and
hence LK (d) is not prime.

It remains to be shown that if chark = 0 and d > 3 then G does not contain a copy of By.

Here, we unfortunately have to resort to Proposition 7.4 and Lemma 7.13(iii) from Section 7.
But it is easily seen that its derivation is independent of results from preceding sections.

By Theorem 2.3(6) we know that if L¥(d) is prime then so is LIJ(Bd (d). Then Proposition 7.4
implies that ;41 (X§") is prime for a generic matrix X of arbitrary size and this contradicts
Lemma 7.13(iii). O

Next we provide the proof of Theorem 2.9.

Proof of Theorem 2.9 part (1). By Lemma 1.1 conditions (b) and (c) in Theorem 2.9(1) are equiv-
alent. Hence it suffices to prove the equivalence of (a) and (b).

For d = 1 the statements are obvious: L'é(l) is prime if and only if G has no edges set which
is equivalent to not containing Ki;.

For d = 2 we know by Proposition 2.8 that (a) implies (b). When (b) holds then the edges of
G are pairwise disjoint. It follows that the monomial ideal L (1) is a complete intersection. Then
by Theorem 2.3 (2) assertion (a) follows.

For d = 3 again by Proposition 2.8 condition (a) implies (b). To prove that (b) implies (a) we
may assume that K is algebraically closed. Then, since the tensor product over k of k-algebras that
are domains is a domain (see Corollary to Proposition 1 in Bourbaki’s Algebra [6, Chapter v, 17]
or [30, Prop. 5.17]) we may assume that the graph is connected. A connected graph satisfying (b)
is either an isolated vertex or a path P, with n > 2 vertices or a cycle C,, of length n # 4. Hence
we have to prove that L‘é(?;) is prime when G = P,, with n > 2 or G = C,, with n > 3 and n # 4.
If G = P, then pmd(P,) > 2 (indeed pmd(P,) > 2 for n > 2). This can be seen easily form the
definition or by using Lemma 5.2(iv) to check that a maximal matching and its complement form
a positive matching decomposition. Hence by Theorem 2.5(3) it follows that L'l‘pn(?)) is prime.

Now let G = C,, be the n-cycle for n > 3 and n # 4 and set m = n — 1. To prove that Lgn (3)
is prime we use the symmetric algebra perspective. Observe that C,, — n is P,, for m = n — 1.
Set J = L% (3), S =Klyi; :i € [m] j € [3]] and R = 5/J. We have already proved that J is a
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prime complete intersection of height m — 1. We have to prove that the symmetric algebra of the
cokernel of the R-linear map:

R2 YL R3withy = ( Y10 Y1z U3
Ym1i Ym2 Ym3
is a domain. Since by Remark 3.3 I2(Y) # 0 in R, taking into consideration Remark 3.2 we may

apply Theorem 3.1. Therefore, it is enough to prove that

height I;(Y") > 3 and height I(Y) > 2 in R.
Equivalently, it is enough to prove that
(2) height I (Y) + J
(3) height Io(Y) + J
We prove first (2). Since height I1(Y) = 6 in .S then (2) is obvious for m < 4. For m > 4 observe

that I (Y) + J can be written as I;(Y) + H where H is the LSS-ideal of the path of length m — 2
on vertices 2,3,...,m — 1. Because I;(Y) and H use disjoint set of variables, we have

height 1(Y)+ H=6+m—-3=m+3

and this proves (2). Now we note, en passant, that the condition height Io(Y) > 1 holds in R
because R is a domain and I3(Y) # 0. Hence we deduce from Theorem 3.1(1) that L'é (3)is a
complete intersection for all n > 3.

It remains to prove (3). Since height Io(Y) = 3 in S the assertion in obvious for m = 2,
ie. m = 3. Hence we may assume m > 4 (here we use n # 4). Then let P be a prime ideal
of S containing I5(Y) + J. We have to prove that height P > m + 1. If P contains I;(Y) then
height P > m+2 by (2). So we may assume that P does not contain I;(Y'), say y11 ¢ P, and prove
that height PS, > m + 1 where = y11. Since I2(Y)S: = (Ym2 — T Um1¥12, Ym3 — T Ym1y13)
we have

m + 2 and

>
> m+1in S.

£ = Yme11Yml + Yme1,2Ym2 + Yme1,3Ym3
= Ym-1,1Ym1 + ymfl,zﬂflymlylz + ym71,3x71ym1y13
= x_lymlfl(ig%l mod I5(Y)S,

Since fr(s’l € J, we have ymlfl(i?%l € PS,. Then we have that either y,,; € PS, or
f (3) € PS,. In the first case PS, contains ym,1,Ym2,Ym3s and the LSS-ideal associated to the

1,m—1

path of length m — 2 with vertices 1,...,m — 1. Hence height PS, > 34+ m —2 =m+ 1 as
desired. Finally, if ffi?kl € PS, we have that PS, contains the ideal Lém_l(?)) associated to

1,m

the (m — 1)-cycle with vertices 1,...,m — 1 and we have already observed that this ideal is a
complete intersection. Since Yma — £~ Wm1¥12, Yms — T Ym1y1s are in PS, as well it follows that
height PS, >24+m—-1=m+ 1. O

Proof of Theorem 2.9 part (2). By Lemma 1.1 conditions (b) and (¢) in Theorem 2.9 (2) are equiv-
alent. Hence it suffices to prove the equivalence of (a) and (b). We prove first that (a) implies (b).
By Proposition 2.8 that (a) implies that G does not contain K, , with a+b = d+1. Suppose then
by contradiction that G does contain Cy,,. Hence L&m (2) is a complete intersection of height
2m. But the generators of L'é2m(2) are (up to sign) among the 2-minors of the matrix:

( Yy —Y22 Y31 ... Yom—-1,1 —Y2m,2 )
Y2 Y21 Y32 ... Y2m-12 Yom,1
and the ideal of 2-minors of such a matrix has height 2m — 1, a contradiction.

Now we prove that (b) implies (a). We may assume that K is algebraically closed. Since the
tensor product over a perfect field k of reduced k-algebras is reduced [6, Thm 3, Chapter V, 15],
we may assume that G is connected. A connected graph satisfying (b) is either an isolated vertex,
or a path or an odd cycle. We have already observed that pmd(P,) < 2. By Theorem 2.5 it
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follows that L'I‘gn (2) is a complete intersection. It remains to prove that L'(‘;M+1 (2) is a complete

intersection (of height 2m + 1). Note that L'}Szmﬂ(Q) C L'é2m+1(2) and we know already that
Lk

Pom41
not belong to any minimal prime of L%  (2). The generators of L'},ZTLH (2) are (up to sign) the

Py
adjacent 2-minors of the matrix:

(2) is a complete intersection of height 2m. Hence it remains to prove that fl(?Q)m 41 does

y — Yii —Y22 Y31 ... Yom—-1,1 —Y2m,2 Y2m41,1
Y12 Y21 Y32 .- Y22m-12 Yoam,a1  Y2m+1,2

The minimal primes of Llj)2n+1(2) are described in the proof of [15, Thm.4.3], see also [23] and
[21]. By the description given in [15] it is easy to see that all minimal primes of L'I‘DMH(Q) with
the exception of I(Y') are contained in the ideal @ = (y;; : 2 <i<2m+1 1 <j <2). Clearly
f1(,22)m+1 ¢ (). Finally one has fl(,22)m+1 ¢ I,(Y) since the monomial y11yam+1,1 is divisible by no
monomials in the support of the generators of I»(Y). O

We proceed with the proof of Theorem 2.10. For the proof we first formulate a result that is a
special case of a more general statement. For this we need to introduce the concept of Sturmfels-
Cartwright ideals. This concept was coined in [9] inspired by earlier work in [8] and [7]. It was
further developed and applied to various classes of ideals in [10] and [11].

Consider for di,...,d, > 1 the polynomial ring S = K[y;; : i € [n],j € [d;]] with multigrading
degy;; = ¢; € Z™. The group G = GLg, (K) x --- x GLg, (k) acts naturally on S as the group of
Z"-graded K-algebra automorphism. The Borel subgroup of G is B = Uy, (K) x - - - x Uy, (K) where
Uq4(K) denotes the subgroup of GL4(K) of the upper triangular matrices. A Z"-graded ideal J is
Borel fixed if g(J) = J for every g € B. A Z"-graded ideal I of S is called a Cartwright-Sturmfels
ideal if there exists a radical Borel fixed ideal J with the same multigraded Hilbert-series.

Theorem 4.1. For dy,...,d, > 1 let S = Ky;; : @ € [n],j € [di]] be the polynomial ring with
Z™ multigrading induced by degy;; = ¢; € Z". and G = (V, E) be a forest (i.e. a graph without
cycles). For each e = {i,j} € E let f. € S be a Z"-graded polynomial of degree e; 4+ ¢;. Then
I=(f : eé€ E)is a Cartwright-Sturmfels ideal. In particular, I and all its initial ideals are
radical.

Proof. First, we observe that we may assume that the generators f, of I form a regular sequence.
To this end we introduce new variables and add to each f. a monomial m, in the new variables of
degree e so that m. and m. are coprime if e # €’. The new polynomials f. 4+ m. with e € F form
a regular sequence by Proposition 1.4 since their initial terms with respect to an appropriate term
order are the pairwise coprime monomials m,.. The ideal I arises as a multigraded linear section
of the ideal (fe +me : e € E) by setting all new variables to 0. By [8, Thm. 1.16(5)] the family of
Cartwright-Sturmfels ideals is closed under any multigraded linear section. Hence it is enough to
prove the statement for the ideal (f. + m. : e € E). Equivalently we may assume right away that
the generators f. of I form a regular sequences.
The multigraded Hilbert series of a multigraded S-module M can by written as

Kn(z1,...,20)
[T (1 = z)%
The numerator Kps(z1, ..., 2,) is a Laurent polynomial polynomial with integral coefficients called

the K-polynomial of M. Since the f.’s form a regular sequence the K-polynomial of S/I is the
polynomial:

F(z)=F(z1,...,z) = [[ (1=2z)€Qla,..., 2.
{i,j}€E
To prove that I is Cartwright-Sturmfels we have to prove that there is a Borel-fixed radical
ideal J such that the K-polynomial of S/.J is F(z). Taking into consideration the duality between
Cartwright-Sturmfels ideals and Cartwright-Sturmfels* ideals discussed in [9], it is enough to
exhibit a monomial ideal J whose generators are in the polynomial ring S’ [Y1,Y2, -« Yn]
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equipped with the (fine) Z"-grading degy; = ¢; € Z™ such that the K-polynomial of J regarded
as an S’-module is F(1 — z1,...,1 — 2,), that is,

H (Zl + Zj — ZZZ])
{i,j}eE

We claim that, under the assumption that ([n], F) is a forest, the ideal

J=11 i)
{i,j}€E
has the desired property. In other words, we have to prove that the tensor product
Te= @ Tis
{i,j}€E
of the truncated Koszul complexes:
T{i,j} 0 — S’(—ei — Qj) — S’(—ei) (&) S’(—ej) —0
associated to y;,y; resolves the ideal J. Consider a leaf {a,b} of E. Set E/ = E'\ {{a,b}},
I =11 wiu)
{i,j}eE’
and J” = (Ya,yp). Then by induction on the number of edges we have that Tg/ resolves the
ideal J’. Then the homology of Tg is Torf/(J’, J"). Since since {a,b} is a leaf one of the two

variables vy, y, does not appear at all in the generators of J'. Hence y,,y, forms a regular J'-
sequence. Then Torgl(J’,J”) = 0 and hence Tg resolves J' ® J”. Finally, J' @ J' = J'J"

since Torf/(J’ ,S/J") = 0. This concludes the proof that the ideal I is a Cartwright-Sturmfels
ideal. Every initial ideal of a Cartwright-Sturmfels ideal is a Cartwright-Sturmfels ideal as well
because the property just depends on the Hilbert series. In particular, every initial ideal of a
Cartwright-Sturmfels ideal is radical. O

Now we are ready to prove Theorem 2.10:

Proof of Theorem 2.10. (1) Settingd; =---=d,, =d and f. = @ i Theorem 4.1 we have
that L¥ (d) is a Cartwright-Sturmfels ideal and hence radical.
(2) If L¥(d) is a complete intersection then, by Proposition 2.8, G' does not contain a copy
of Kj 441 as a subgraph, that is, A(G) < d. Vice versa if d > A(G) one proves that
LX(d) is a complete intersection by using induction on the number of vertices of G and
the symmetric algebra point of view. As G is a forest we may assume that {n — 1,n} is a
leaf. Then Gy = G —n is a forest with A(G1) < A(G) < d. Hence by induction L¥ (d) is
a complete intersection. Set

R=Klyi; i€ [n—1].j € /L, (d)

We may interpret Lé(d) as the ideal defining the symmetric algebra of the R-module
defined as the cokernel of the R-linear map R — R? associated to the matrix A =
(Yn—=1,15---,Yn—1,d)- Hence, by virtue of Theorem 3.1(1), it is enough to prove that

height (1,1, -, Yn-1,4) > 1in R
equivalently,
height (yn—1.1, - -, Yn—1,a) + L&, (d) > height LE (d)

which is true because at most A(G) — 1 of the generators of L'él (d) are contained in
(ynfl,lv cee aynfl,d)~
(3) If L¥(d) is prime then, by Proposition 2.8, G' does not contain a copy of K 4 as a subgraph,
that is, A(G) < d — 1. Vice versa, we know by (2) that LX(d) is a complete intersection
for d > A(G). Hence by Theorem 2.3 L¥(d) is prime for d > A(G) + 1.
O
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Hence for a forest G we have a complete picture of asymptotic behaviour:
Corollary 4.2. Let G be a forest and K any field. Then: asym,(radical, G) = 1, asymy(c.i.,G) =
A(G) and asym,(prime, G) = A(G) + 1.
5. POSITIVE MATCHING DECOMPOSITIONS

In this section we introduce the concepts of positive matchings and positive matching decom-
position and prove Theorem 2.5.

Definition 5.1. Given a hypergraph H = (V| E) a positive matching of G is a subset M C FE
of pairwise disjoint sets (i.e., a matching) such that there exists a weight function w : V" — R
satisfying:

> w(i) >0 if AeM
(4) i€EA

> w(i)<0if AeE\M.

i€EA

We illustrate the definition for subgraphs of K4. The edge set M = {{1,2}, {3,4}} is a matching
in K, but it is not positive. Nevertheless, the matching M is positive in the graph with edge set
{{1,2},{1,3},{2,3},{3,4}} with respect to the weight function w(1) = 0,w(2) = 1,w(3) = —2
and w(4) = 3.

The next lemma summarizes some elementary properties of positive matchings.

Lemma 5.2. Let H = (V, E) be a hypergraph such that E is a clutter, M C E and Var = J qcps A-

(i) M is a positive matching for H if and only if M is a positive matching for the induced
hypergraph Hy,, = Vi, {A€ E | AC Vp}).
(ii) If M is a positive matching on H and A € E is such that M U {A} is a matching and
there is no B € M with BNV # 0 # BN A then M U{A} is a positive matching on H.
(iil) If H is a bipartite graph with bipartition V.= V3 UV, then M is a positive matching if and
only if M is a matching and directing the edges e € E from Vi to Vo if e € M and from
Vo to V1 if e € E\ M vyields an acyclic orientation.

Proof. (i) Clearly a weight function on V for which M is a positive matching restricts to Vi,
making M a positive matching on Hy,,. Conversely, setting w(i) = —max{|A| : A €
M} -max{w(j) : j € Vi) for i € V' \ Vs extends a weight function on Vi to V' and
shows that M is a positive matching on H.

(ii) Let w we a weight function for which M is positive. Set T = max{1,w({) : £ € Var} > 0.
We define w’ : V' — R as follow. If £ € Vi we set w'(¢) = w(f). If £ € A we set w'({) =T
and for £ € V' \ (Var N A) we set w'(¢) = —|max{|A|,|B|] : B&€ M} -T — 1. One easily
checks that M U {A} is a positive matching with respect to w’.

(iii) We change the coordinates w(i) to —w(7) for i € V5 in the inequalities defining a positive
matchings. As a simple reformulation of (4) we get that in these coordinates a matching
M is positive if and only if there is a weight function such that for {i,j} € E, i € V4,
J € Vo we have

w(i) > w(j) if {i,j} e M,

w(i) <w(y)if {ij}e E\M.
This is equivalent to the existence of a region in the arrangement of hyperplanes w(i) =
w(j) for {i,5} € E in R satisfying (5). But it is well known that the regions in this
arrangement are in one to one correspondence with the acyclic orientations of G (see [20,

Lemma 7.1]).
0

Now we are in position to introduce the key concept of this section.



16 A. CONCA AND V. WELKER

Definition 5.3. Let H = (V, E) be a hypergraph for which E is a clutter. A positive matching
decomposition (or pm-decomposition) of G is a partition F = |J/_, E; into pairwise disjoint subsets
such that E; is a positive matching on (V E\Uz YE;) fori=1,...,p. The E; are called the parts
of the pm-decomposition. The smallest p for whlch G admits a pm-decomposition with p parts
will be denoted by pmd(H).

Note that by definition one has pmd(H) < |E| because of the obvious pm-decomposition
Uace{A}. On the other hand pmd(G) is smaller than |E| for most clutters. Next we prove
the bound from Theorem 2.5(4).

Proof of Theorem 2.5(4). First, consider the case when G = (V, E) is an arbitrary graph. Set
n = |V|. We may assume that G is the complete graph K, because any pm-decomposition of K,
induces a pm-decomposition on its subgraphs. For £ =1,...,2n —3 we set E, = {{i,j} : i +j =
¢+ 2}. For example, for n = 7 we have

By = {12}, E, = {13}, By={14,23}, By ={1524},
Bs = {16,25,34}, Eg={17,26,35}, B ={27,36,45}, Ex= {37,46},
Eqy = {47,56}, Ey = {57}, Ey = {67}

where for simplicity we have written ij for the edge {4, j}.

Clearly one has E = Uf”l‘SEg and this is a pm-decomposition of K, since when a new edge

is inserted the smallest index involved in that edge satisfies the condition of Lemma 5.2 (ii) with
respect to the current data. For example for n = 7 when we insert the edge 27 in E; the vertex
2 satisfies the condition of Lemma 5.2 (ii) with respect to the matching {36,45}, i.e. the edges
23,24,25,26 are already used in an earlier step of the construction.

Now consider the case when G = (V, F) is a bipartite graph. Let V = V3 U V5 be a the
bipartition for G. We may assume Vi = [m] and Vo = [a] = {1,...,n} for numbers m,n > 1
and we may assume that G = K,,,. We show that £ = U5:1 Ey with p = m +n — 1 and
Ey = {{i,j}: i+j={+ 1} is positive matching decomposition of K, ,. That is, we show that
Ey is a positive matching on F \ Ui;ll Epfort=1,...,m+n—1.

For ¢ = 1 the assertion is obvious since F; contains a single edge. Now assume ¢ > 2. By
Lemma 5.2(iii) it suffices to show that directing the edges in E;, from [m] to [#] and the edges in
E\ Ui:1 E} in the other direction yields an acyclic orientation. Assume the resulting directed
graph has a cycle. As a cycle in a bipartite graph is of even length this cycle must contain at least
two edges of type i — j for {i,7} € F; or equivalently i + j = £ 4 1. We assume {i,j} € Ey is
chosen with this property so that j is maximal. The next edge in the directed cycle is an edge
J — i’. We must have i’ < i or i/ > i. If i < i then the following edge in the cycle i’ — j' must
again satisfy ¢’ + 7' = £+ 1. But by i <iandi+j=/{+1it follows that j' > j a contradiction.
Analogously, consider the edge 7" — i preceding i — j. Again by construction j” +i > £ + 1.
But then j” > j again a contradiction. Hence there is no cycle and F, is a positive matching on

-1
E\U,_; Ex. O

In the bipartite case, Theorem 2.6(4) shows that pmd(K,,,) = m + n — 1 and computer
experiments show that pmd(K,,) = 2n — 3 holds for small value of n.
Next we connect positive matching decompositions to algebraic properties of LSS-ideals.

Lemma 5.4. Let H = (V, E) be a hypergraph such that E is a clutter, d > p := pmd(H) and
E =J)_, E/ a positive matching decomposition. Then there exists a term order < on S such that
for every £ and every A € E; we have

(6) in< (d) H Yie-

€A

Proof. To define < we first define weight vectors tvy,...,1, € RYV*l9 For that purpose we use
the weight functions wy : V' — R, associated to each matchmg E;, 0 =1,...,p. The weight vector
toy is defined as follows:

o mg(yik) =0if k 7é ¢ and
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° mg(yw) = ”LUg(Z)
By definition the weight of the monomial HieA yix with respect to wy is 0 if & # ¢ and
Y icawe(i) if k = £. Hence, by definition, the weight of J[,., vie is positive if A € E, and
negative if A € E\U'_,E,.
It follows that:

[Licavi if Ae Fy
. )y _ d
(7) inw, (fa') = Z H yie fAeE\{E}

k=2i€A
We define the term order < as follows: y® < y” if
(1) |af <[B] or
(2) |a| = |B| and 1, (y®) < wy(y?) for the smallest ¢ such that w,(y*) # w,(y®) or
(3) |af = |B| and 1o, (y*) = w,(y?) for all £ and y <¢ y” for an arbitrary but fixed term order

<p.
A simple induction using (7) now shows that for all £ and for all A € E we have in( Xl)) =
[Licavie O

We conclude this section with the proofs of Theorem 2.5(1)-(3) and Theorem 2.6(4) and a
simple corollary.

Proof of Theorem 2.5. Let p = pmd(H) and E = | J;_, E; a pm-decomposition of H.

Hence by Lemma 5.4 there is a term order < satisfying (6). Since each Ep, ¢ = 1,...,p, is
a matching (6) implies that the initial monomials of the generators fﬁ{i), A € E, of Ly(d) are
pairwise coprime. Hence in. (LX(d)) = (in<( @ ee E) is a radical complete intersection. This
prove (1). Then (2) follows from (1) and Proposition 1.4 and (3) follows from Theorem 2.3. O

Now we can also complete the proof of Theorem 2.6(4).

Proof of Theorem 2.6(4). From Theorem 2.5(4) we know that pmd(XK,,,) < m +n — 1. From
Theorem 2.5(3) we know that L';(m’n(d) is prime for d > pmd (K, ) + 1. From Theorem 2.9(3)
we know that if L';(m N (d) is prime then K,, ,, does not contain a subgraph K, with a+b = d+1.
The latter then impl,ies d > n+m. Hence pmd(K,, ) > m +n — 1 and therefore pmd(K,, ) =
m+n—1 O

Using the fact Theorem 2.3(6) that primeness is inherited by subgraphs the following is an
immediate consequence of Theorem 2.5.

Corollary 5.5. (i) Let G be a subgraph of K,, then LE(d) is a radical complete intersection
for d > min{2n — 3, |E|} and prime for d > min{2n — 3,|E|} + 1.
(ii) Let G be a subgraph of K, ,, then LE (d) is a radical complete intersection for d > min{m+
n—1,|E|} and prime for d > min{m +n — 1, |E|} + 1.

6. DETERMINANTAL RINGS FROM THE POINT OF VIEW OF INVARIANT THEORY

The goal of this section is to recall some classical results in invariant theory (see for example
[34]) that have been treated in modern terms by De Concini and Procesi in [14]. In particular,
we recall how determinantal/Pfaffian rings arise as invariant ring of group actions. We assume
throughout that the base field K is of characteristic 0.

6.1. Generic determinantal rings as rings of invariants (gen). We take an n x m matrix
of variables X8 = (2i;)(i j)e[m]x[n) and consider the ideal I¥,  (X&%) of 58" =Kz;; : (i,4) €

m,n m,n

[m] x [n]] generated by the (d+ 1)-minors of X5, . Consider two matrices of variables Y and Z of
size m x d and d x n and the following action of ® = GL4(k) on the polynomial ring K[Y, Z]: The
matrix A € & acts by the k-algebra automorphism of K[Y, Z] that sends Y — YA and Z — A~1Z.

The entries of the product matrix Y Z are clearly invariant under this action. Hence the ring of
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invariants K[Y, Z]® contains the subalgebra K[Y Z] generated by the entries of the product Y Z.
The First Main Theorem of Invariant Theory for this action says that K[Y, Z]® = K[Y'Z]. We have
a surjective k-algebra map:

¢ : S5 5 K[Y, Z]® =K[Y Z]

sending X to Y Z, that is x;; to (YZ);; = 22:1 Yiezej. Clearly the product matrix Y'Z has
rank d and hence we have I§+1(X§f";) C Ker ¢. The Second Main Theorem of Invariant Theory
says that I, (X&) = Ker ¢. Hence

m,n

(8) S/Ig (XEL) = K[YZ]

6.2. Generic symmetric determinantal rings as rings of invariants (sym). We take an
n X n symmetric matrix of variables

T11 T12 T13 Tin-1 Tin
T12 22 €23 co T2n—1 T2n
Z13 €23 Z33 ce T3n—1 T3n
sym __
X0 =
Tin—1 T2n—1 L3n—1 *°° Tp—1ln—-1 In—-1n
T1in Ton T3n e Tn—1n Tnn

and consider the ideal I, | (X3¥™) generated by the (d 4 1)-minors of X5™ in the polynomial
ring S%™ = K[z;; : 1 <i < j < nl. Consider a matrix of variables Y of size n x d and the following
action of the orthogonal group & = O4(k) = {A € GL¢(k) : A=* = AT} on the polynomial ring
K[Y] =Kly;;|Yi; : (4,5) € [n] x [t]]: Any A € & acts by the k-algebra automorphism of k[Y] that
sends Y to Y A. The entries of the product matrix YY 7 are invariant under this action and hence
the ring of invariants contains the subalgebra K[Y'Y?] generated by the entries of YYT. The First
Main Theorem of Invariant Theory for this action asserts that K[Y]¢ = k[YYT]. Then we have a
surjective presentation:

¢SV S K[YYT]

sending X to YY7. Since the product matrix YY7T has rank ¢ we have I;,1(X) C Ker¢. The
Second Main Theorem of Invariant Theory then says that I;,1(X) = Ker ¢. Hence

(9) SV (X)) = kY'Y,

6.3. Generic Pfaffian rings as rings of invariants (skew). We take an n X n skew-symmetric
matrix of variables

0 T12 T13 e Xip-1 T1in
—I12 0 Z23 e Xoap—1 Top
—T13 —T23 0 v T3p-1 T3y
skew __
X, =
—Tip—1 —T2ap—1 ~—T3p—1 °°° 0 —Tn_1n

—Tin —T2n —T3n o —Tp—1n 0
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and consider the ideal PngQ (X) generated by the Pfaffians of size (2d +2) in K[z;; | 1 <i <
j < n] of X3k in the polynomial ring SskeV = Klz;; : 1<i<j<n]. Consider a matrix of
variables Y of size n x 2d and let Jo; be the 2d x 2d block matrix with d blocks

(50)

on the diagonal and 0 in the other positions. The sympletic group & = Sp,;(K) = {A € GLy:(K) :
AJAT = J} acts on the polynomial ring K[Y] = Kly;;] as follows: an A € & acts on K[Y] by
the automorphism that sends Y — Y A. The entries of the product matrix Y .Jo,Y” are invariant
under this action and hence the ring of invariants contains the subalgebra K[Y .J;Y 7] generated by
the entries of Y JoqY' ™. The First Main Theorem of Invariant Theory for the current action says
that K[Y]¢ = K[Y Jo;Y'T]. Then we have a surjective presentation: ¢ : SV — K[Y'Y 7] sending X
to Y JYT. The product matrix Y JYT has rank 2d and hence we have Ple(dJrQ(X) C Ker ¢. The

Second Main Theorem of Invariant Theory for this action says that Pf§d+2 (X) = Ker ¢. Hence
(10) Skew ) pEk o (XSkewy  ~ K[V JYT].

7. DETERMINANTAL IDEALS OF MATRICES WITH 0’S AND THEIR RELATION TO LSS-IDEALS

The classical invariant theory point of view described in Section 6 shows that the generic
determinantal and Pfaffian ideals are prime as they are kernels of ring maps whose codomains
are integral domains. Their height is also well know (see for example [3] and the references given
there):

(gen) The height of the ideal I(X&™) of d-minors of a m x n matrix of variables is (n + 1 —

d)(m +1 - d). ’
(sym) The height of the ideal IX(X™) of d-minors of a symmetric n x n matrix of variables is
(n7d+2>
5 ).

(skew) The height of the ideal of Pfaffians Pf§,(X5k") of size 2d (and degree d) of an n x n

skew-symmetric matrix of variables is ("_22d+2).

If one replaces the entries of the matrices with general linear forms in, say, u variables, then
Bertini’s theorem in combination with the fact that the generic determinantal/Pfaffian rings are
Cohen-Macaulay implies that the determinantal/Pfaffian ideals remain prime as long as u >
2+height and radical if u > 1+height.

But what about the case of special linear sections of determinantal ideals of matrices? And
what about the case of coordinate sections? Are the corresponding ideals prime or radical? To
describe coordinate sections we employ the following notation.

(gen) In the generic case we take — as described in the introduction — a bipartite graph G =
(Im]U[n], E) where E C [m] x [] and denote by X&™ the matrix obtained from the m x n
matrix of variables X = (4;)(;, j)e[m]x[n] by replacing the entries in position (i, j) with 0
for {i,7} € E.

(sym) In the generic symmetric case we take a subgraph G = ([n], F) of K, and denote by
XZ™ the matrix obtained from the generic symmetric matrix X™ by replacing for all
{i,j} € E the entries in row ¢, column j and row j, column i with 0.

(skew) In the generic skewsymmetric case where we take a subgraph G = ([n], E) of K,, and
denote by X%kew the matrix obtained from the generic skewsymmetric matrix X$<% by
replacing for all {i,j} € F the entries in row 4, column j and row j, column ¢ with 0.

In this terminology IX(XE™) (resp. IK(XZ&™)) is the ideal of d-minors of X&™ resp. Xgi™) in
S8 (resp. SY™). We write Pf;d(X(S;keW) for the ideal of Pfaffians of size 2d of XV in Sskew,
We ask for conditions on G that imply that TK(XE™) (resp. IK(XZ™) or Pfk, (X)) is radical
or prime.

,J
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Simple examples show that special linear sections of relatively small height of generic determi-
nantal ideals can give non-prime and non-radical ideals. On the positive side, for maximal minors,
we have the following results:

Remark 7.1. (1) Eisenbud [17] proved that the ideal of maximal minors of a 1-generic m xn
matrix of linear forms is prime and remains prime even after modding out any set of
< m — 2 linear forms. In particular, the ideal of maximal minors of an m X n matrix of
linear forms is prime provided the ideal generated by the entries of the matrix has at least
m(n — 1) + 2 generators.

(2) Giusti and Merle in [18] studied the ideal of maximal minors of coordinate sections in
the generic case. One of their main results, [18, Thm.1.6.1] characterizes, in combinato-
rial terms, the subgraph graphs G of K, ,, m < n, such that the variety associated to
IX (XE™) is irreducible, i.e. the radical of IK (X&™) is prime.

(3) Boocher proved in [5] that for any subgraph G of K, ,, m < n, the ideal IK (X&™) is
radical. Combining his result with the result of Giusti and Merle, one obtains a charac-
terization of the graphs G such that IK (X&™) is prime.

(4) Generalizing the result of Boocher, in [8] and [9] it is proved that ideals of maximal minors
of a matrix of linear forms that is either row or column multigraded is radical.

In the generic case every non-zero minor of a matrix of type XZ " has no multiple factors
because its multidegree is square-free. This suggests that the determinantal ideals of XZ" might
always be radical. The following example shows that this is not the case:

Example 7.2. Let XZ™ be the 6 x 6 matrix associated to the graph from Example 2.2(3). That
is, in the 6 x 6 generic matrix we set to 0 the entries in positions

(1,1),(1,2),(1,3),(1,4),(2,1),(2,2),(3,2),(3,3), (4,3), (4,4), (5,1), (5,4).

Then IX¥(XE™) is not radical over a field of characteristic 0 and very likely over any field. Here
the “witness” is g = 15, i.e. IK(XE™) : g # I§(XE™) : g% Since G is contained in K54 one can

consider as well I§(X&™) in the 5 x 5 matrix but that ideal turns out to be radical.

Similarly for symmetric matrices we have:

Example 7.3. Let X2™ be the 7 x 7 generic symmetric matrix associated to the graph from
Example 2.2(1). That is, in the 7 x 7 generic symmetric matrix we set to 0 the entries in positions

{1,23, {1, 3}, {1,4}, {1,5},{2,3}, {2, 4}, {2,6}, {3, 5}, {4, 6}
as well as in the symmetric positions. Then I ff(Xg ™) is not radical over a field of characteristic

0 The witness here is g = x; 6. Since G is contained in K¢ one can consider as well I!,f(ngm) in
the 6 x 6 matrix but that ideal turns out to be radical.

The examples Example 2.2, Example 7.2 and Example 7.3 are indeed closely related as we now
explain.

Let G = ([m] U [n], E) be a subgraph of the complete bipartite graph K, ,. In view of the
isomorphism (8) we have that

52 ) (11 (XE™) + (s | {027} € B)) = KIY 2]/ Ja(d)

where Y = (y;;),Z = (z;;) are respectively m x d and d x n matrices of variables and Jg(d)
is the ideal of K[Y Z] generated by (Y Z);; with {i,j} € E. The LSS-ideal L (d) C K[Y,Z] is
indeed equal to Jg(d)K[Y, Z]. Now it is a classical result in invariant theory, (derived from the
fact that linear groups are reductive in characteristic 0) that K[Y Z] is a direct summand of K[Y, Z]
in characteristic 0. This implies that

Jo(d) = LE(d)NK[YZ].

The next proposition is an immediate consequence.
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Proposition 7.4. Let k be a field of characteristic 0, d > 1 and G = ([m] U [n], E) be a subgraph
of K. If the LSS-ideal L'é(d) is radical (resp. is a complete intersection, resp. is prime) then
the coordinate section I§+1(Xg°n) of the generic determinantal ideal is radical (resp. has mazimal
height, resp. is prime).

Now we start from a subgraph E C {{i,j} : 1 <i < j < n} of K,,. For d+1 < n we may

consider the coordinate section I, | (XZ¥™) of Ik, | (X5¥™). Using the isomorphism (9) we obtain:

Proposition 7.5. Let k be a field of characteristic 0 and G = ([n], E) a subgraph of K,,. If the
LSS-ideal L¥(d) is radical (resp. is a complete intersection, resp. is prime) then the coordinate
section I§+1(ngm) of the generic determinantal ideal is radical (resp. has mazimal height, resp.
is prime).

Now we can go back to LSS-ideals.

Proposition 7.6. Let K be a field of characteristic 0 and n € N. Let w, be the largest positive
integer such that (“’2") <n. Then:

(a) LY (d) is not prime for d =n + (%) - 1.

(b) L% (d) is not a complete intersection for d =n + (T — 2.

Proof. (a) Weset h,, = (“’2”) and m,, = w, +d—1. The numbers are chosen so that, using the
formulas mentioned at the beginning of the section, the ideal I;1(X) of (d + 1)-minors
of a generic symmetric m, x m, matrix X has height h,. Consider K, as the graph
([mn], ([g})) on my, vertices where the vertices n+1,...,m, do not appear in an edge. If,
by contradiction, the ideal L'}<n (d) is prime then by Proposition 7.5 the ideal I§+1(X;§':l)
is prime and of height h,. But one has

(11) I§+1(X;¥:1) C (w11, 222, Thyhy,)
which is a contradiction. To check (11) it is enough to prove that the rank of the matrix
X;g:n mod (xlh T2, ... ’:L.hnhn)

is at most d. That is, we have to check that the rank of an (m,, x m,, )-matrix with block
decomposition
0 A
(5¢)

where 0 is the zero matrix of size (h, X n), is at most d. Since d = m,, — n+m, — h,
the latter is obvious.
(b) We set h,, = (“’"2“) and m, = wpy1 +d — 1. As above, the numbers are chosen so that
the ideal I;41(X) of (d+ 1)-minors of a generic symmetric m,, x m, matrix X has height
Ry
Assume, by contradiction, that LI}Q (d) is a complete intersection. From Proposition 7.5
it follows that I, (X3™) has height h,,. But

(12) L5 (X)) C (11,22, T2, 1)

which is a contradiction. As above (12) boils down to an obvious statement about the
rank of a matrix with a zero submatrix of a certain size.
O

Using this result we can now analyze the asymptotic behavior of both asym,(c.i., K,) and
asymy (prime, K,,).

Corollary 7.7. Let k be a field of characteristic 0. Then

(13) lim asymy (c.i., Kp,) ~ im asymy (prime, K,)

n—o0 n n—00 n

=2
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Proof. By Corollary 5.5(i) we have asym, (prime, K,,) < 2n — 2. By Proposition 7.6 we have

-2
(14) n+ (wn+; ) -1 < asymy(c.i., K,) < asymy(prime, K,)
Hence the equalities in (13) follow from the fact that
(57
lim ~—2—= =1.
n— oo n

Using Proposition 7.6 and Theorem 2.3 we obtain further obstructions.
Corollary 7.8. Let G be a graph on n wvertices and K a field of characteristic 0. Then L'é(d)
is mot a complete intersection for d < w(G) + (**(§*) — 2 and L¥(d) is not prime for d <
w(G) + (w‘”Q(@) — 1 where wy(q) is defined as in Proposition 7.6.

To get an actual feeling of the obstruction. We list a few explicit example of new obstructions
derived from Corollary 7.8.

d obstruction to complete intersection obstruction to primeness

d<3 Ky
d<4 K5

d<5b Kg K
d<6 K, K
d<7 Ky Ky
d<8 Kg
d<10 K,

d<11 Ky Ko
d<12 K12 K3

For 2d + 2 < n we may consider the coordinate section Pf';d” (Xgrew) of Pf§d+2 (Xskew) We

may as well consider the same graph G = ([n], E) and the associated twisted LSS-ideal LK, (d)
defined as follows. For every i € [n] we consider 2d indeterminates y;1,...,y;24. For e = {i,j},

1<i<j<n weset féd) to be the entry of the matrix Y.JY7 in row i and column j, i.e.

d
fe(d) = Z (yi2k71yj 2k — Yi2kYj 2k*1)'
k=1
Then we call

LX(d) = (fD . eeE).
the twisted LSS-ideal associated to G. For d = 1 the twisted LSS-ideal coincides with the
so-called binomial edge ideal defined and studied in [21, 25, 29, 32].
Remark 7.9. Assume /—1 € k and G is bipartite with bipartition [n] = V3 UV, then the
coordinate transformation
® Yiok—1 '+ Yizk—1 and yiop — /=1y for i € Vi,
® yjok = V=1 yiop_1 and yjor_1 — Yok for j € Vs,
sends L (d) to L% (2d). In particular, for a bipartite graph G we have that L¥(d) is radical
(resp. prime) if and only if L (2d) radical (resp. prime).

Using the isomorphism (10) we obtain:

Proposition 7.10. Let K be a field of characteristic 0 and G = ([n], E) a subgraph of K,. If
the twisted LSS-ideal L¥ (d) is radical (resp. is c.i., resp. is prime) then the coordinate section
Pf§d+2 (X&) of the generic Pfaffian ideal is radical (resp. has mazimal height, resp. is prime).
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We have:

Theorem 7.11. Let k be a field of characteristic 0.
en) If G is a subgraph of K, ,, then the ideals IN(XE™) and IX(X&™) are radical.
(gen) grap , 2\Aa 3\Ag
sym) If G is a subgraph of K,, then the ideals IS(XX™) and IX(X3™) are radical.
2 Xg 3\ia
(skew) If G is a subgraph of K, then the ideal Pf§(XEV) is radical.
Furthermore if G is a forest then
(1) I5(XE™), IK(XE™) and PEs,(XEY) are radical for all d.
(2) IN(XE™) and IK(XZ™) have mazimal height if d > A(G) + 1.
(3) IX(XE™) and IK(XZ™) are prime if d > A(G) + 2.

Proof. The statements for ideals of 2-minors in the cases (gen) and (sym) follow from Proposi-
tion 7.4 and Proposition 7.5 using the fact that the edge ideal of a graph is radical. Indeed these
results hold over a field of arbitrary characteristic as the corresponding ideals are “toric.”

By [22, Thm. 1.1] the ideal LK(2) is radical for all graphs G. Using Proposition 7.4 and
Proposition 7.5 this implies that IX(X&™) is radical for bipartite graphs G and I§(XZ™) is radical
for arbitrary graphs.

By [21, Cor. 2.2] the ideal ﬁ'é(l) is radical for all graphs G. Using Proposition 7.10 this implies
the Pf'Z(ngeW) is radical for arbitrary graphs.

Finally, for a forest G the results in the case of minors are derived from Proposition 7.4,
Proposition 7.5 and Theorem 2.10. In the Pfaffian case they follows using Theorem 4.1 and
Proposition 7.10. O

The following corollary is an immediate consequence of the assertion (skew) in Theorem 7.11.

Corollary 7.12. Let G(2,n) be the coordinate ring of the Graffimannian of 2-dimension subspaces
in K™ equipped in its standard Pliicker coordinates. Then any subset of the Pliicker coordinates
generates a radical ideal in G(2,n).

We note that there are subsets of 2-minors of a generic matrix that define non-radical ideals.
For example the ideal generated by the four 2-minors [12]12], [12|23], [23]|12], [23]23] of a generic
3 x 3 is not radical.

A statement analogous to Corollary 7.12 for higher order Gramannians is not true. Indeed, the
point is that a set of m-minors of a generic matrix m xn does not generate a radical ideal in general
(as it does for m = 2). For example in the Grafimannian G(3,6) modulo [123],[124],[135], [236]
the class of [125][346] is a non-zero nilpotent.

Next we look into necessary conditions for IK(X&™) and IK(X2™) to be prime. The condition
tie in with Proposition 2.8.

Lemma 7.13. Let G = ([n],G) be a graph.

(i) IfI%, ,(X2™) is prime then G does not contain a subgraph isomorphic to K, for a+b > d
(i.e. G is (n — d)-connected).

(ii) Assume G is bipartite with bipartition [n] = V4 U Vs and d+1 < Vi, |[Va|. If 1%, (XE™)
is prime then deleting any |V1| — d — 1 vertices from Vi and |Va| —d — 1 vertices from Va
yields a connected graph.

(ili) If G = By with d > 4 and X is the generic (d + 2) x (d + 2) matriz then I%,  (XE™) is
not prime.

Proof. (i) Assume G is not (n — d)-connected. Then there are n — d — 1 vertices such that
the graph obtained from G by deleting the vertices is disconnected. This implies that
selecting in X7™ the rows and columns corresponding to the remaining d + 1 vertices
yields a matrix which after reordering the vertices is block-diagonal with at least two
blocks. Hence its determinant is non-zero and reducible. Since the determinant is among
a minimal generating set, it follows that I 11 (X@™) cannot be prime.

(ii) One easily checks that similar arguments as for the proof of the first part of (i) verify the
assertion.



24 A. CONCA AND V. WELKER

(iii) Set Yq = X5, ie.,

T11 0 e 0 T1,d+1 Z1,d+2
0 Tog -0 T2 d+1 2,442
Y, =
0 e 0 244
Td+1,1 LTd4+1,2 - 0 Td4l,d+1l Td+1,d+2
Td+2,1 Td4+22 - 0 Td42,d+1  Td+2,d+2

and J = I;41(Yy) and let S be the polynomial ring whose indeterminates are the non-zero
entries of Yy. First, we prove that for every d > 1 the ideal J has the expected height,
i.e. height J = 4. For d = 1,2, 3 the ideal J is indeed prime of height 4: for d = 1 this is
obvious because Y7 is the generic 3 x 3 matrix while for d = 2 and d = 3 it follows from
the fact that the corresponding LSS-ideal is prime by virtue of Proposition 7.4. For d > 3
let P be a prime containing J. If P contains (x11,x22, ¥33,44) then height P > 4. If P
does not contain (x11, T22, 33, T44) We may assume x1; € P. Inverting x1; and using the
standard localization trick for determinantal ideals one sees that PS,,, contains, up to
a change of variables, I;(Yy—1). Hence height P = height PS, > 4. Now that we know
that J has height 4 to prove that J is not prime for d > 4 it is enough to observe that
J C (211, T22,%33,T44). The latter is straightforward since mod (x11,x22, 33, %44) the
submatrix of Y consisting of the first 4-rows as rank 2.

O

8. QUESTIONS AND OPEN PROBLEMS

In Corollary 3.4 and Corollary 3.4 we have seen that for the properties c.i. and prime of L¥ (d)
there is persistence along the parameter d but Example 2.2 shows persistence need not to hold for
the property of being radical.

Question 8.1. What patterns
{d < asymy(radical, G) : L¥(d) radical }
can occur for graphs G?

We expect that erratic behavior can occur. For example we believe that there exists a graph G
and a number d > 3 such that L¥ (d) and L (d + 2) are non-radical while L¥(d + 1) is radical.

We have seen in Theorem 2.9, [22, Cor. 1.4] and [22, Thm 1.1] that for certain fixed d we can
combinatorially classify the graphs G for which L‘é(d) is radical, complete intersection or prime.
These classifications are based on rather simple graph theoretic properties of G.

Question 8.2. Fix a number d. Are there a (simple) combinatorially defined classes Gyadical,d,
Ge.i.,d and Gprime,q such that (say for fields Kk of characteristic 0):

Llé(d) is radical < G € Gradical,d

and
L¥(d) is a complete intersection < G € Gei g

and
L¥(d) is prime < G € Gprime.a?

As said above, we expect that the pattern of numbers d for which LX(d) is radical can be quite
erratic. Therefore, let us concentrate on the properties prime and complete intersection. Here the
fact that the property is inherited by subgraphs supports hope for the classifications asked for in
Question 8.2. After Theorem 2.9 d = 3 for complete intersection and d = 4 for primeness are the
first parameters for which the classification is open.

For d = 3 we do not even have a conjecture when LY (d) is a complete intersection. The graph
G from Figure 1(1) gives a graph G for which it can be checked that L¥(3) is not a complete
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intersection for char k = 0 while G still satisfies the necessary conditions from Proposition 2.8, i.e.
has no subgraphs K, ; with a +b =5 and Bjy.

For d = 4 geometric results from Lovéasz’s [27, Ch 9.4] book indicate that Proposition 2.8 still
carries the essential obstacles for L (4) being prime.

Question 8.3. Is it true that L'é(él) is prime if and only if G does not contain a subgraph
isomorphic to K, for a + b =5 and no subgraph isomorphic to By?

Via the fact that primeness of Lé(d) implies primeness of Ig 11(X¢@) a result by Giusti and
Merle [18, Thm. 1.6.1] guides the intuition behind the following question.

Question 8.4. Let G be a subgraph of K, ,, graph and assume m < n. Is it true that Llé(m -1)
is prime if and only if G does not contain a subgraph isomorphic to K, for a +b > m?

By Proposition 7.4 and Proposition 7.5 we know if L (d) is radical or prime then so are
I% (XE™) and I, (XZ™) respectively. But our general bounds for asymy(radical, G) and
asymy (prime, G) from Corollary 5.5 are not good enough to make use of this implication. In-
deed, Corollary 7.7 shows that for the properties complete intersection and prime and n large
enough there are graphs G for which Proposition 7.5 does not prove primality of an interesting
ideal. On the other hand the use of Theorem 2.10 in Theorem 7.11 shows that one can take
advantage of this connection in some cases. It would be interesting to exhibit classes different
from forests where this is possible.

Question 8.5. Are there more interesting classes of graphs G = ([n], E') for which asymy(c.i., G) <
n or asym, (prime, G) <n—17

Despite the fact that Proposition 7.6 destroys the hope for using Theorem 7.11 for general
graphs, it would be interesting replace the asymptotic result by an actual value. By Corollary 7.7
for n large we have asym,(prime, K,,) = 2n — ¢, for some numbers ¢, € o(n) which using the
notation of Proposition 7.6 satisfy n — (“’"2_2) +1 > ¢, > 2. But we have no conjecture for an

actual formula for c,,.
Question 8.6. What is the value of asym, (prime, K,,)?
For radicality we have a concrete conjecture in the case G = K,,.

Conjecture 8.7. We conjecture that asym, (radical, K,,) = 1 (at least if chark = 0). In other
words, given a matriz of variables X of size n X d we conjecture the ideal of the off-diagonal entries
of XX is radical for all n,d.

It would also be interesting to study the ideal generated by all the entries of X XT. We note
that the symplectic version of this problem has been investigated by De Concini in [12].

Next we turn to open problems about hypergraph LSS-ideals. We know from Theorem 2.5(2)
that for a hypergraph H = (V, E) for which E is a clutter the ideal L%, (d) is a radical complete
intersection for d > pmd(G). But we prove in Theorem 2.5(3) that Lz (X) is prime for d >
pmd(H) + 1 only in the case that H is a graph.

Question 8.8. Is it true that for a hypergraph H = (V, E), where E is a clutter, we have L (d)
is prime for d > pmd(H) + 1?7

Similarly, the persistence results from Theorem 2.3 ask for generalizations.

Question 8.9. Let H = (V, E) be a hypergraph, where E is a clutter. Is it true that if L¥,(d) is
a complete intersection (resp. prime) then so is L% (d + 1)?

For a number r > 1 we call a hypergraph H = (V, E) an r-uniform graph if every element of F
has cardinality r. In particular, F then it is a clutter. For example, graphs are 2-uniform graphs.
We say that an r-uniform graph H = (V| E) is r-partite if there is a partition V=V, U--- UV},
such that #(ANV;) =1 for all ¢ € [r]. For r = 2 a 2-uniform hypergraph is 2-partite if and only
if the hypergraph considered as a graph is bipartite. Now we connect the study of ideal Lz(d) for
r-uniform (r-partite) graphs with the study of coordinate sections of the space of tensors with a
given rank. We consider two mappings:
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(¢) Let e,..., e, be the standard basis vectors of k™. For vectors v; = (v;;)je(q € K%, i € [r],
consider the map ¢ that sends (v1,...,v,) € (k%)" to the tensor

d
Z Z Vo(i),j " Vo(r),j Co(l) @ Do) EK' @ - @K".
——

j=1lo€S, r

We take the sums over the different tensors arising from e¢;; ® --- ® ¢;,, for numbers
1 <4 <--- <14 < n, by permuting the positions as standard basis of the space of
symmetric tensors.

(v) Let n = ny + -+ + n, for natural numbers nq,...,n, > 1. Let egj) € k™ be the i-th

standard basis vector of k"7, i € [n;] and j € [r]. For vectors vz(j) = (Ui.,j)jE[d] e k4 for
i € [n;] and j € [r] consider the map 1 that sends (v(j))

3

(i.5)€ln,]x[r] tO

11 r 11 ir
(il,...,i,,-)e[nl] XX [’I’L,]

We take the tensors el(-ll) Q- ® eg) for numbers i; € [n;], j € [r] as the standard basis of
km@...@knr.

Recall that a (symmetric) tensor has (symmetric) rank < d it can written as a sum of < d
decomposable (symmetric) tensors. For more details on tensor rank and the geometry of bounded
rank tensors we refer the reader to [26]. Let H = (V, E) be a hypergraph. We write V(L% (d))
for the vanishing locus of L‘;I(d). The the definition of the maps ¢ and ¥ immediately implies the
following proposition.

Proposition 8.10. Let H = ([n], E) be an r-uniform hypergraph and K an algebraically closed
field.

(i) Then the restriction of the map ¢ to V(L';I(d)) is a parametrization of the space of symmet-
ric tensors in K" ® - - - @ K" of rank < d which when expanded in the standard basis has zero
—_——

T

coefficient for the basis elements indexed by 1 < iy < -+ < i, < n and {i1,...,i,} € E.
In particular, the Zariski-closure of the image of the restriction is irreducible if L';I(d) i
prime.

(ii) If H is r-partite with respect to the partition V.= V1U- - -UV,. where |V;| = n;, i € [r]. Then
the restriction of the map 1 to V(LX (d)) is a parametrization of the space of tensors in
k" ®---@K"™ of rank < d which when expanded in the standard basis have zero coefficient
for the basis elements indexed by i1,...,1, where {i1,...,i,} € E. In particular, the
Zariski-closure of the image of the restriction is irreducible if L'fq(d) 18 prime.

Proposition 8.10 gives further motivation to Question 8.8. Indeed, it suggests to strengthen
Question 8.5.

Question 8.11. Let k be an algebraically closed field. Can one describe classes of r-uniform
hypergraphs H for which L'fq (d) is prime for some d bounded from above by the maximal symmetric
rank of a symmetric sensor in K" ® --- @ K™.

—_———

r

An analogous question can be asked for r-partite r-uniform hypergraphs and tensors of bounded
rank.
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