ENUMERATIVE ¢g-THEOREMS FOR THE VERONESE
CONSTRUCTION FOR FORMAL POWER SERIES AND GRADED
ALGEBRAS

MARTINA KUBITZKE AND VOLKMAR WELKER

ABSTRACT. Let (a,)n>0 be a sequence of integers such that its generating series satisfies

Y om0 0nt" = (lh(t)) for some polynomial h(t). For any r > 1 we study the coefficient

sequence of the numerator polynomial ho(al™) + - + hy (am)t’\/ of the r*" Veronese
series a'") (1) = > n>0 anrt™. Under mild hypothesis we show that the vector of successive
differences of this sequence up to the L |t entry is the f-vector of a simplicial complex
for large r. In particular, the sequence satisfies the consequences of the unimodality
part of the g-conjecture. We give applications of the main result to Hilbert series of
Veronese algebras of standard graded algebras and the f-vectors of edgewise subdivisions
of simplicial complexes.

1. INTRODUCTION

We consider rational formal power series

S RS N0 0

— ) ’
= (1—1)

with integer coefficients (a,),>0, where hy(a) # 0. We will always use the convention that
hi(a) = 0 if i > X\. For an integer » > 1 we are interested in the r* Veronese series

I TS
Qpyr =

n>0 (1 =1) ’
where hy(a™) # 0. We call h(a) := (ho(a),...,hx(a)) the h-vector of the rational
series a(t) and g(a) := (go(a),. .. 912 (a)) the g-vector of a(t), where go(a) := ho(a) and
gi(a) := hi(a) — hi_y(a) for 1 < i < |4]. If we write a(t) as by(t) + (ll’z_(?d for polynomials

b1(t), bo(t) where bo(t) is of degree < d, then we call x(a) := b1(0) the characteristic of a(t).
We are interested in enumerative properties of h(a‘”) and g(a‘™) for large r. Our approach
builds on results from [5] where the transformation h(a) — h(a‘") was described as a linear
transformation and uses ideas from [12] where results similar in spirit to ours were derived
for barycentric subdivisions of simplicial complexes. Algebraic, analytic, enumerative and
probabilistic aspects of the transformation h(a) ~ h(a'™) have recently been studied in a
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series of papers connecting this transformation to numerous other mathematical objects
(see for example [2, 4, 5, 8, 11]).

The following is our main result. In the formulation of the result we denote by f(A) :=
(f-1(A), fo(A), ..., fai_1(A)) the f-vector of a (d — 1)-dimensional simplicial complex A,
where

filA)y:={FeA| dmF =i}

for —1 <i < d—1. Recall, that dim F := |F|—1 for F € A and that the dimension dim A
of A equals maxpea dim F.

Theorem 1.1. Let a(t) = Y, ~oant" = %W be a rational formal power series
with integer coefficient sequence (a,)n>0, where hy(a) # 0 and ho(a) = 1.
(i) If hi(a) > 0 for 1 <i < X and r > max(d, \), then there exists a simplicial complex

A, such that
9i(a) = fisa(A) for0<i< EJ ,

(ii) If there is an N > 0 such that a, > 0 for n > N and x(a) > 0, then there is an
R > N such that for each r > R and s > d, there exists a simplicial complex A, s
such that

gi(a" ) = fi1(Ars) for0<i< BZJ .

Our main motivation and application for the preceding result lies in the study of Hilbert
series of Veronese algebras of standard graded algebras. Let k be a field and A = @, ., A,
be a standard graded k-algebra of dimension d. For r > 1 the r** Veronese algebra of A
is the k-algebra A := D,~o Anr, which again is standard graded of dimension d. The
Hilbert series Hilb(A,t) :== > _,dimy A,t" is a rational formal power series of the form
(1). By definition we have Hilb(A™ ¢) = Hilb(A,¢). We call h(A) := h(Hilb(A,t)) the
h-vector of A and g(A) := g(Hilb(A,t)) the g-vector of A. Using the fact that Cohen-
Macaulayness of a standard graded k-algebra A implies that A(A) > 0 [7, Cor. 4.1.10] the
following corollary is a direct consequence of Theorem 1.1:

Corollary 1.2. Let A be a d-dimensional standard graded k-algebra with Hilbert series

Hilb(A, 1) = telebtip(r,

(i) If A is Cohen-Macaulay and v > max(\,d), then there exists a simplicial complex
A, such that

gi(A") = fiii(A,) for 0 <i < EJ :

(ii) If x(A) > 0, then there is an R > 0 such that for r > R and s > d, there exists a
simplicial complex A,.; such that

gl(A<rs>) = fifl<Ar-s) fOT 0 < i < \‘gJ .
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As a second application of our results, we can deduce properties of h- and g-vectors of the
edgewise subdivision of a simplicial complex. Since the definition of edgewise subdivision
requires some preparation we postpone the formulation of these results till Section 4.2.
In Section 4.1 we formulate further consequences of Theorem 1.1 and some questions.
Section 3 contains the proof of Theorem 1.1 which will be based on a detailed analysis of
the transformation of the h-vector under the Veronese transformation given in Section 2.

2. ANALYSIS OF THE h-VECTOR TRANSFORMATION

In [5] it is shown that the map h(a) — h(a{) is given by a linear transformation with
positive integer coefficients. The coefficients are defined as follows. For integers r > 0,
d>1 and i, let

e(r,d.i) := {(ur,... uq) € Z* | ogﬁ;éﬁ‘@gd :
Then set C(r,d, i) := |€(r,d,i)| for d > 1 and C(r,0,17) := g .

Theorem 2.1. [5, Cor. 1.2] Let a(t) = Y, 5o ant" = hO(a)+h1((‘ll)fgd"JrhA(a)tA and hy(a) # 0.

Then for any r > 1 we have
ho(a<r>> + hl(a<r>)t 4+ .4 hm(a<r>>tm

a<r>(t) _ T 7

where m := max(A,d) and
hi™ =3 Clr—1,d,ir - j)hy(a)
=0

fori=20,...,m.

In the following we focus on properties of the numbers C(r,d,i). As a first result, we
show that they exhibit a certain symmetry and satisfy a recurrence relation.

Lemma 2.2. (i) Forr >1,d>0 and 0 <i,j < d it holds that
C(r,d,i) = C(r,d,dr —1).
(ii) Forr>1,d> 1,14 >0 it holds that

C(ryd,i) =Y _ C(rd—1,i—m).
m=0

Proof. (i) Consider the map
{ <(r,d,i)  — C(r, d, dr —1i)
D
(ug,y ... ug) — (r—up,...,r —ug).
This map is easily seen to be a bijection between the two given sets. Now the claim
follows from the definition of C(r,d, ).
(i) Let (uq,...,uq) € €(r,d,i). Then u; = m for some 0 < m < r and (ug,...,uy) €
¢(r,d — 1,7 —m). This implies the claimed recursion.
O
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The following example illustrates the symmetry stated in the last lemma.

Example 2.3. For r > d > 1 let C"* = (C(r — 1,d,ir — j)) o<i<a be the matrix which
0<j<r—1
describes the h-vector transformation from Theorem 2.1. For » =9 and d = 4, we obtain

1 0 0 0 0 0 0 0 0

216 165 120 84 56 35 20 10 4
C%* = | 456 480 489 480 456 420 375 324 270
56 84 120 165 216 270 324 375 420

0 0 0 0 1 4 10 20 35

Note that the submatrix of C%* which consists of the last four rows and columns is sym-
metric. More generally, a similar argument as in the proof of Lemma 2.2 (i) shows that we
have

Cir—1,d,ir—j)=C(r—1,d,(d+1—-0)r—(r—(j —d))) (2)
for j > d+ 1.

To simplify notation we need a few definitions.

Definition 2.4. Let d > 1, r > 1 and k£ > 0 be integers.

(i) For 0 < k < r —1let Cp* € Z4" be the vector whose (i + 1)* entry equals
C(r—1,d,ir — k) for 0 < i < d. Equivalently, C’,:’d is the transpose of the (k4 1)
column of C™®. For k > r we set C,:’d € Z41 to be the all zero vector.

(ii)) For 0 < k <r —1 let Q,:’d = (90,91, - - - ,gL%J-}-l) € Z!21+2 be the vector defined by
go:=C(r—1,d,0-r—k) =dpx and g; := C(r—1,d,i-r—k)—C(r—1,d,(i—1)-r—k)
for 1 <i< ng + 1. For k > r we set g;;d € 715142 to be the all zero vector.

(iii) Let g € ZL31+1 be the vector obtained from g% by deleting its last entry.

For example in Example 2.3 we have Cf’A‘ = (0,165,480,84,0). We can rewrite the
h-vector and induced g-vector transformation for power series of the form (1) in terms of
the vectors Cp* and g} *.

Remark 2.5. Let
_ ho+h(a)t+ -+ hy(a)th
alt) = (1—1)

be a rational series with hy(a) # 0. For r > 1 we have

A A
Z he(a)Cp® and g(a®) = hi(a)g;”.
k=0

=0
For b € Z and a vector v = (vy,...,v4) € Z¢ we use the notation
(b,v) := (b,vl,...,vd) and (v,b) :== (v1,...,v4,0).

Moreover, we denote by last(v) the rightmost entry of v. We record some first observations

about the vectors gp¢ and ;.
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Lemma 2.6. Let 1 < d <r and 0 < k < d be integers.

(i) If d is odd, then last(g,:d) + last(ggdk) =0.

(it) If d is even, then last(gy?) + last(g7%,) = 0.
Proof. The proof follows exactly the same steps as the proof of Lemma 2.7 in [12] except
of the use of Lemma 2.2 instead of [12, Lem. 2.5 (ii)]. O

The next lemma provides some helpful recursions for the vectors C’,:d, gy 4 and g;d.

Lemma 2.7. Let 1 < d <r and 0 < k < d be integers. Then:

(i)

k—1 r—1
C]:,d _ Z<07 C;’dil) + (Crd 1 )
7=0 =k

(ii) If d is even, then

k—1
=30 ®
=0

In particular,

last(g Zlast rd=l +Zlast g, (4)

(iii) If d is odd, then

In particular,

last(g Zlast rdl +Zlast . (6)

Proof. (i) is a rephrasing of the recursion given in Lemma 2.2 (ii). Part (ii) and (iii)
follow by a straightforward computation from the definition of the vectors gy and g;* and
Lemma 2.2 (ii). O

We will further need the following technical lemma, which analyzes the behavior of the
last entries of the vectors g;’d for k > d+1 (as opposed to Lemma 2.6 where this is achieved

for 0 < k < d).

Lemma 2.8. Let 1 <d<r andd-+1<k<r—1 be integers.
(i) If d is even, then last(g;?) + 1ast(gT (heay) =0
(ii) If d is odd, then

d+1 d—1
last(gzd)—I—C(r—l,d,%r—i—k—d) = COr—1.dr+k—d)
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Proof. (i) Let d be even and d +1 < k <r — 1. By definition it holds that
r d d
last(gk’d) = C(rfl,d,(§+1)r7k> 7C(r71,d,5r7k)
= C(r—l,d,gr—(r—(k—d))) —C(r—l,d,(g—i-l)'r—(r—(k—d)))
= 713‘St(g:ij(k_d)):

where the second equality follows from the symmetry in (2). This shows (i).
(ii) Let d be odd and d 4+ 1 < k < r — 1. Since d is odd, it holds that [4] = -1 and
thus by definition

last(§p %) = C(r—ld(d +1)r k)—C(r—l,d,d;IT—k>
@ C(rfl,d,d—;lrf(rf(kfd)))fC<r71,d,d;3rf(rf(kfd))).

This finishes the proof of (ii).

g

The following example provides a list of the vectors C’k , g,:,d and g’ “ for small values of

Ezxample 2. 9
C]:,d grd

d=1k=0 1,0) () 1,—1)

k=1 (0,1) (0) (0,1)

k=2,....r—1](0,1) (0) (0,1)
d=2|k= (1,7”—1,0) (1,7’—2) (1,7” 2—7‘—1—1)

k=1 (0,7“, O) (0,7") (0,747 _T)

k=2....r—1](0,r—k+1,k—1)(0,r—k+1)|(0,r—k+1,2k—r—2)
d=3 k=0 (1,7,1,0) (1,6) (1,6,—6)
r=3k=1 (0,6,3,0) (0,6) (0,6,—3)

k=2 (0,3,6,0) (0,3) (0,3,3)
d=4 k= (1,31,31,1,0) (1,30, 0) (1,30,0, —30)
r=4k=1 (0,20, 40, 4, 0) (0.20.20) | (0,20,20,—36)

k= (0,10, 44, 10, 0) (0,10, 34) (0,10, 34, —34)

k= (0,4, 40, 20, 0) (0,4, 36) (0,4, 36, —20)

Note that in the above example, the entries of the vectors gZ’d are exclusively non-

negative whereas the last entry of g};d can also be negative. Our next aim is to prove that
this is true in general.

Lemma 2.10. Let 1 < d <r and 0 < k <r —1 be integers. Then:

(i) gZ’d is non-negative and last(g;;’d) =0 if and only if d is even, d =71 and k =0, or
d=1and k > 0.
(ii) If d is odd, then last(gy") > 0 for k > 4 and last(gp%) < 0 for k < g
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(iii) If d is even, then last(gy®) > 0 for k > Hr and last(gp) < 0 for k < T Ifrois
even, then last(§5%,) = 0.

Proof. For d < 2 the statements follow from Example 2.9. Let d > 2.

Case: d even.

(i) By Equation (3) we can express gj as

r—1

gg,d gz"d 1 + (

=k l

T
L

0,97 ).

Il
=)

From part (i) of the induction hypothesis we infer that all but the last entry of g,’;’d
are non-negative. The last entry is given as

last(g Zlast g —l—Zlast ) (7)

We now distinguish the cases k < 4 and k < Ql

> k > £. The induction hypoth651s (ii) 1mp11es that last(gy?™") > 0. Since the
first sum on the right-hand side of (7) contains at least one summand and since
last(g7*"") > 0 by the induction hypothesis (i) we conclude that last(g;?) > 0.

>k < g. Lemma 2.6 (i) implies that ¢!~ Mast(gr") = 0. We therefore

obtain

last(g;)

last (g% ") —|—Zlast rd=ly,

Sinced—1>1and [l > d ford—Fk <land k < —, all summands in the first
and the second sum on the right-hand side of Equation (7) are strictly positive

by the induction hypothesis (i) and (i), respectively. Hence, last(g;?) > 0.
Furthermore, last(g,:’d) =0 ifand only if d —k > r — 1 and k = 0, equivalently
d>r—1and k =0, equivalently d = r and k = 0.
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(iii) Let & > %= Using Lemma 2.2 (ii) and the definition of g% we obtain that the last
entry of ggd can be written as

last(gph) = Zlast(”d h+

r—1

d+2 d
Z(C(r—l,d—l, ;— r—l)—C’(r—l,d—l,ﬁr—l))
I=k

d+r—k—1 k-1
= Zlast(”d H+ Z last (g7 ") + Z last (g7 ") +

I=d I=d+r—k
r—1

d+2 d
Z(C’(r—l,d—l, ;— T—l)—C’(r—Ld—l,ir—l)).
I=k

By Lemma 2.6 (i) it holds that S0 last(g,* ') = 0. Lemma 2.8 (ii) further implies

d+r—k—1

r—l)—C(r—l,d—l,%r—l))z— Z last (g7 ).

l=d

<
|
—

d+2
2

(C(r—l,d—l

N
Il
=

The expression for last(ggd) thus simplifies to

k—1

last(gp%) = Z last(g7" ).

I=d+r—k

From the induction hypothesm (i) we finally conclude that last(gp?) > 0. Further-
more, we have last(gk )J=0ifandonlyif k —1 <d+r—k,ie, k< %. Since
we also have k& > % the last condition is true if and only if k£ = % and 7 is
even. From the symmetry in Lemma 2.8 (i) it further follows that last(g;%) < 0 for
d+1<k< % Since, by Lemma 2.6 (ii), last(§;") = —last(g7%,) for 0 < k < d
we deduce from (i) that last(g;?) < 0 for 0 < k < d.

Case: d odd.
(i) Using (5) we can write the vector g as

r—1
g;d_ gz"d 1_'_ (O glrd 1)
=k l

T
L

Il
=)

It follows from part (i) of the induction hypothesis that g,:’d is non-negative. Since

the first sum on the right-hand side of the last equation contains the term grd !

which by the induction hypothesis (iii) has a strictly positive last entry, we see that
last(gy%) > 0.
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(ii) By (6) we have
last(gy%) = Zlast (a7 —i—Zlast A (8)

Assume first that k < d. By Lemma 2.8 (i) it holds that 37— last(3/" ") = 0.
This yields

d—1-k

k—1
last(gp) = Zlast (grh + Z last(g7 ") + Z last(g; ")

I=d—Fk
= E last(g rd b,

l=d—k

where the last equality holds by Lemma 2.6 (ii). For k& > g the last sum consists at
least of the summand last(gZ’;dl_l) and the induction hypothesis (i) finally implies
2

last(gy) > 0. This combined with Lemma 2.6 (i) also shows that last(g;") < 0 for
0<k<i
Now let k > d. The induction hypothesis (i) implies that 31— last(g]" ") >

0. If k > 4= then we infer from part (iii) of the induction hypothesis that

S ast(g ") > 0 and the claim follows from (8). Assume that k < &t In
this case we can write

r—k+d r—1
Zlast g Z last (g ") Z last (g7 ).
I=r—k+d+1

By Lemma 2.8 (i) it holds that 2; " ast(g)" ") = 0 and from the induction

hypothesis (iii) we know that >7j_' krdd last(g7*"') > 0. The above reasoning
together with (8) finally completes the proof.

g

The next lemma is concerned with the behavior of the vectors gl:’d when r grows.

Proposition 2.11. Let 1 <d <r and 0 < k <r be integers. Then:

(i) gp* < g™ (componentwise).

(ii) If d is odd, then last(g; " d) > last (g, d) for k> 2.
(iii) If d is even, then last(g},?;frl ) > last(gk ) for k> d.

Proof. We proceed by induction on d and show all three parts of the lemma simultaneously.
For d < 2, Example 2.9 verifies the assertion. Now let d > 2.

Case: d even.
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(i) By Equation (3) the vector gTJr1 “ can be computed in the following way:
k-1
r+1,d r+1 d— 1 ~r+1,d— 1
g =2 0. + Z
1=0

In the sequel, let v denote the vector which is obtained from a vector v by deleting
its last entry. It follows from the induction hypothesis (i) that

k—

_'r+1d Z rd 1 +Zgrd 1 'r+1,d—1

=0
,d 1,d—1 — d
=g +gth >9£ :

where the last inequality holds by Lemma 2.10 (i). It remains to show the desired

inequality for the last entries of gTJrl @ and gkd. First assume that k > d In this
case, it holds that

last(gzﬂ d) Zlast r4+1,d— 1 +Zlast AT+1d 1
> Zlast rd=1y +Zlast (57771 + last (gl thaY)

ZZlast rd—1 —|—Zlast (97771 + last(gr b4

ZZlast rd— 1 —i—Zlast Ard 1

Here the first and the second inequality follow from the induction hypothesis (i) and
(ii), respectively. The third inequality is a consequence of Lemma 2.10 (ii). Next,

let k < £. In this case, we infer from Lemma 2.6 (i) that Zf;,j_k last(g; ") = 0.
Combining this with the previous reasoning we can therefore conclude that

r—1
st ) > Y las57) 4 5 a4 17) + a1
=0 l=d—k

r—1
> Zlast rd=ly Z last (g 4,
I=d—k

where the last inequality follows from Lemma 2.10 (ii). For [ > d — k and k <

¢ it holds that [ > 4. Hence, part (i) of the induction hypothesis (i) implies
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last(g; ") > last(g)* ") for d — k <1 < r — 1. We finally obtain

—_

r—

last (g THd Zlast rd— 1 )+ g 1)

last(g,”
k

—Zlast PN ) last (gt
1=k

A\

S
|
—

= last(gzd h.

For the second equality we use that by Lemma 2.6 (i) we have Zf; Mast (g ) =
0.

(iii) We have shown in the proof of Lemma 2.10 (iii) that for k£ > d the last entry of g,’;d
can be expressed as

k—1

last(gp)) = > last(gP" ). (9)

l=d+r—k
Using part (ii) of the induction hypothesis and Lemma 2.10 (ii) we deduce

k—1

last(QZ’d)g Z last(gfﬂd 1)
l=d+r—k
k—1
< Z last(g Aer 1)+la t(ATHd 1)

I=d-+r—Fk
= last(g; %),
where the last equality holds by (9).
Case: d odd.

(i) Tt follows from (5) that the vector g ™"

can be computed as
k—1

rld r—l—ld 1 rHLd-1
Ik E (0, +§

> Z rd 1 +Zgrd 1 r+1,d—1

=0

TT
,_.o

—~
=

5) rd-1 r+1,d—1
- gk + gr

d
> g,".

Here, the first and the last inequality follow from the induction hypothesis (i) and
Lemma 2.10 (i), respectively.
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(ii) First, suppose that ¢ < k < d. We have shown in the proof of Lemma 2.10 (ii) that
the last entry of f],:’d can be written as

last(g Z last(g rd 1 )

I=d—k
Using this expression and part (i) of the induction hypothesis we obtain

last(g Z last(g; 1) = last (gt ).
I=d—k

Next, assume that k > d. The last entry of gr+1 4

is given by
last(§ Ar+1d Zlast r+1d-1y —I—Zlast g1y

Moreover, Lemma 2.8 (i) implies that S "*"last(g/"""") = 0. Using this and
part (i) of the induction hypothe51s we conclude

r

last 7’+1d Zlast r+1,d— 1 Z laSt(AT+1d 1)

l=r+2—k+d

T

> Zlast rd=d Z last (g ).

I=r+2—k+d
Applying part (iii) of the 1nduct10n hypothesis to the last sum, it follows that

r

last(g; %) >Zlast rd=ly Z last(g7% ")

l=r+2—Fk+d
r—k+d r—1

_Zlast rd— B Z last(g Td B Z last(gl”l B
I=r+1—k+d
—Zlast rd—1 —|—Zlast gt 1

last(”“d).

For the first equality we have used that >, Frd

last(g7*!) = 0 by Lemma 2.8 (i).
U

As a consequence of the last lemma and of Lemma 2.10 we obtain the following relation
1,d r,d
between the vectors g, and g, for r > d.

Corollary 2.12. Let 1 <d <r and 0 < k < d—1 be integers. Then:

1d d,d d +1,d
g S < <g  <g
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Proof. All inequalities except for the leftmost follow from Proposition 2.11. It is easily seen
that

1a_ ) (0, 0,0,...,0) if k0

Ie = (1,-1,0,...,0) ifk=0

The claim now follows directly from Lemma 2.10 (i). O

3. PROOF OF THEOREM 1.1

We now recall the definition and important properties of admissible vectors introduced
by Murai in [12].

Definition 3.1. Let f = (1, fo, f1,..., f4) € Z%*2 be the f-vector of a simplicial complex
(We do not assume fy # 0) and let a = (0,1, g, ..., q_1), B € Z42.

(i) The vector « is called a basic admissible vector for f if (1,aq,...,a4-1) is the
f-vector of a simplicial complex and f; > «; for 0 <7 < d — 1.

(ii) The vector /3 is called admissible for f if there exist vectors SV, ..., 3 € Z+2 such
that 8 = W+ ..+ ® and B%¥ is a basic admissible vector for f+5M0 4. .4 ED
for1 <k <t

The following lemma states some properties of admissible vectors which will be crucial
for the proof of Theorem 1.1 (i).

Lemma 3.2. [12, Lem. 3.1] Let f = (1, fo, f1, .- ., fa) € Z42 be the f-vector of a simplicial
complex and let o = (0, _y1, ap, . .., aq_1) € Z42 be admissible for f. Then:
(i) f+ « is the f-vector of a simplicial complez.
(ii) If g € Z*? is the f-vector of a simplicial complex and g > f (componentwise),
then « is admissible for g.
(iii) If B € Z*2 is admissible for f, then o + 3 is admissible for f.
(iv) For any integer 0 < b < ayq_1, the vector (0,1, ap,...,aq_2,aq-1 — b) is admissible

for f.

Now Theorem 1.1 (i) follows from the next proposition, Lemma 3.2 and Remark 2.5.
Note that Proposition 3.3 and Lemma 3.2 require r > d. If » > A then Proposition 3.3 (ii)
implies that g, is admissible for g5 for 1 < k < A. Hence by Remark 2.5 and Lemma 3.2
the assertion follows for r > max(d, \).

Proposition 3.3. Let r > d > 0 be positive integers. Then:

(i) gg’d is the f-vector of a simplicial complex.
(ii) gZ’d is admissible for gp® for 1 <k <r.
(iii) If d is odd and k > £, then grt is admissible for (gi?,0).

Note, that Theorem 1.1 (i) already follows from Proposition 3.3 (i) and (ii). However,
we will use assertion (iii) to show (i) and (ii) by induction.
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Proof. Throughout the proof we denote for a vector v by v the vector obtained from v by
deleting its last entry.

We proceed by induction on d and prove (i), (ii) and (iii) simultaneously. For d < 2 the
claim follows from Example 2.9. Now let d > 2.

Case: d odd.
(i) We obtain from (5)

r—1
@ => g (10)
1=0
It follows from the induction hypothesis (i) that gTd ' is the f-vector of a

rd—1 - -1
is admissible for gy for
r,d— 1

simplicial complex and from (ii) it follows that g;°
1 <1 <r—1. Lemma 3.2 (iii) implies that »,_ llglrd s adrms&ble for g,
From part (i) of the same lemma and (10) we infer that gf* is the f-vector of a

simplicial complex. This shows (i).
(ii) From (5) we deduce that

r—1
T7d p—
9 =

T
L

glr,d—l + (O, glr,d—1>‘
=k l

I
=)

By part (ii) of the induction hypothesis glr’d_1 is admissible for god Lfor k <

| <7 —1. Thus, from Lemma 3.2 we infer that 3/} ¢"“" is admissible for

g0 ! Lemma 2.10 (i) combined with (10) yields that g > ¢o*'. Since we
have already shown that gg’d is the f-vector of a simplicial complex it now fol-

lows from Lemma 3.2 (ii) that S/} g " is also admissible for gi¢. It remains

to prove that 3170 (0, ¢7"") is admissible for gi®. The claim then follows from

Lemma 3.2 (iii). We know from the induction hypothesis and Lemma 3.2 (i) that
Zf 01 glrd !is the f-vector of a simplicial complex. Removal of the last entry pre-
serves this property, thus Zf 01 gl”l ! is the f-vector of a simplicial complex. Since
by (10) and Lemma 2.10 it further holds that Zf 0 97 < gb? we conclude that
(0,525 0 977" is a basic admissible vector for gy which finishes the proof of (ii).

(iii) By (5) we have that

r—1 k—1
Ar,d ~r,d—1 r.d—1
9 =2_0 +Z(O 9" )
=k =0
d—1 r—1 k—1
_ gz",dfl + Zglr,dfl + (0 gz"d 1)
=k l=d =0

Since by Lemma 2.8 (i) > ;- ;la t(”d " = 0 it follows that o ; Alrd b=

" (gr“',0). Lemma 2.10 states that last(g7* ") < 0 for k <1 < d— 1, ie,

ar a1 < < (g, =1 0) (componentwise). We thus obtain
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d—1 r—1 k—1
gz,dSZ(glrd 1’())_’_ rd 1 +Z 'rd 1
=k l:d =0

r—1 k—1
= (g 0) D> (0,97,
=k =0

The proof of (ii) shows that the right-hand side of the above inequality is admis-
sible for (g5?,0). Since by Lemma 2.10 (i) and (i) g5 is non-negative and since the
inequality above is an equality for all but the last entry it follows from Lemma 3.2
(iv) that g;* is admissible for (gg,0).

Case: d even.
(i) Equation (3) implies

r—1
rd ~Ar,d—1
Jo = ar

=0
-1

Z rd—1 last 'rd 1 ZArd 1 (11)

By Lemma 2.6 (i) it holds that S/ last(¢/*"") = 0. By the induction hy-
pothesis (i) and (i) and Lemma 3.2 32! g/ ! is admissible for gi*~'. Hence,

7711 (glr 41 0) is admissible for (¢7*"*,0). By part (iii) of the induction hypothe-
sis g7 is admissible for ( P710) as well. Lemma 3.2 (i) together with the above

reasoning implies that gO is the f-vector of a simplicial complex.
(ii) Equation (5) yields

r—1 k—1
~r,d ~r,d—1 r,d—1
9 = E :gz + > (0,97°7)
1=k =0
k-1 §-1 r—1
rd—1 Ar,d—1 ~r,d—1
:E(ngz )+§:gl +§:l
1=0 1=k 1—d
2
k—1 41

Og;dl"i_z rdl ZArd 17

where the last inequality follows from Lemma 2.10 (ii). Since this inequality is
an equality for all entries but the last one it follows from Lemma 3.2 (iv) that it
suffices to show that the right—hand side of the above inequality is admissible for
o By the induction hypothesis ;""" is admissible for gi*~" which by Lemma 3.2
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(i) and (iii) implies that Z;:OI g7 " is the f-vector of a simplicial complex. From
(11) and Lemma 2.10 (i) we deduce that 3" g7~ < go®. This finally shows that

;:01 (0,97"") is admissible for gy?. Furthermore, by the induction hypothesis,
glr’d_1 is admissible for gi~"' for k < [ < ¢ — 1 and thus, by Lemma 3.2 (iii)

4 rd—1 - PR r,d—1 . 41 r,d—1 . PR
Y oie g7 is admissible for gy“ . In particular, > 2, (¢, ,0) is admissible

for (gv*',0). Since by Lemma 2.10 (i) and (11) it holds that ¢7* > (go®*,0)

d_
Lemma 3.2 (ii) implies that Zf:kl (97", 0) is admissible for gi®. By (iii) of the
induction hypothesis g~ is admissible for (g5* ', 0) for ¢ <l <r—1. This
finishes the proof of (ii).

U
It remains to verify Theorem 1.1 (ii).

Proof of Theorem 1.1 (ii). The assumptions imply that after passing to any Veronese hi-
gher than the (N 4 1) all coefficients of the power series are non-negative. In addition

for sufficiently high Veronese the series will be of the form y(A) + (lf_(f))d for a polynomial

bo(t) of degree < d. By Theorem 1.2 from [2] it then follows that there is an R > N

(r)
such that for » > R the series <(lfi(:))d) has all coefficients of its numerator polynomial

positive and is for degree < d. Theorem 1.1 [5] then implies that the coefficients of
the numerator polynomial go to infinity when taking higher Veronese series, except for
the constant coefficient. Hence by x(A) > 0 high enough Veronese series of a(t) will
have a numerator polynomial with positive coefficients. Now the assertion follows from
Theorem 1.1 (i). O

4. FURTHER RESULTS, QUESTIONS AND APPLICATIONS

4.1. Further results and questions. We first prove a monotonicity result on the entries
of the g-vectors.

Proposition 4.1. Let a(t) =)
0 <12 <A\, then

>0 Ant" = W with hy(a) # 0. If hi(a) > 0 for

g(a) < g(a'”) < g(a'"V) < g(a*?) < -

Proof. The claim follows directly from the g-vector transformation stated in Remark 2.5
combined with Corollary 2.12. O

Recall that a sequence (ag, ...,a;) € N1 is called an M-sequence if it is the Hilbert
function of a 0-dimensional standard graded Artinian k-algebra. Macaulay gave a charac-
terization of such sequences by means of numerical conditions (see e.g., [7, Thm. 4.2.10]).
In particular, it is well-known that f-vectors of simplicial complexes are M-sequences. As
a consequence of Corollary 1.2 we thus obtain.

Remark 4.2. Let A be a d-dimensional standard graded k-algebra.
(i) If A is Cohen-Macaulay and r > d, then g(A{™) is an M-sequence.
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(ii) If x(A) > 0, then there is an R > 0 such that for » > R and s > d, the vector
g(A*)) is an M-sequence.

Satoshi Murai has explained to us an algebraic proof of part (i) of the preceding remark.
It is based on a suitable linear system of parameters and a linear form that multiplies
injectively up to the middle degree.

In the case A is Cohen-Macaulay the h-vector of A and all its Veronese algebras is an
M-sequence. The latter follows since Veronese algebras of Cohen-Macaulay algebras are
again Cohen-Macaulay by a result from [10]. For general standard graded algebras A with
X(A) > 0 the numerator polynomial of the Hilbert series of high Veronese algebras of A
will have positive coefficients but already here it is not clear if it finally will become an
M-sequence. Indeed the following is true.

Proposition 4.3. Let a(t) =}, .o ant" = W be a rational formal power series
with integer coefficient sequence (an)n>0, where hy(a) # 0 and ho(a) = 1. If there is an
N > 0 such that a,, > 0 forn > N and x(a) > 0, then there is an R > N such that for each

r > R the coefficient sequence of the numerator polynomial of a‘™ (t) is an M -sequence.

Proof. As in the proof of Theorem 1.1 we deduce that the numerator polynomial of a‘"(t)
will have positive coefficients for large enough r. Now by [5, Thm. 1.4] this polynomial will
also be real rooted for large enough 7. Then the result follows from [3, Thm. 3.6] where it
is shown that the coefficient sequence of a real rooted polynomial 1 + it + - - - + c4t? with
positive integer coefficients is an M-sequence. [l

The preceding proposition raises the question if real rootedness of a polynomial 1+ ¢ ¢+
-+ 4 cqt? with positive integer coefficients implies more than the coefficient sequence being
an M-sequence. Indeed, already in [3] Bell and Skandera conjecture that the assump-
tions imply that the coefficient sequence is the f-vector of a simplicial complex. Here we
would like to ask the question if indeed real rootedness already implies the consequences
of Theorem 1.1 (i).

Question 4.4. Let 1 + ¢it + - - - + cqt? be a real rooted polynomial with positive integer
coefficients. Assume that 1 < ¢; < --- <¢. Is (1,¢1 —1,c0 —¢1,...,¢,— ¢—1) a f-vector
of a simplicial complex?

Another interesting question arises from Theorem 1.1 (ii). First the limiting behavior
does not give a single bound R such that for r > R the assertions are valid for 7" Veronese
series, rather the bound depends on a ‘starting’ parameter. Second it is not clear to us if
the assumption x(A) > 0 is really needed. Indeed, under the remaining assumptions high
Veronese series will have a numerator polynomial with positive coefficients except for the
highest coefficient which is x(A). These two observations motivate the following questions.

Question 4.5. Assume there is an N > 0 such that a, > 0 for n > N. Does there exist
an R > N such that for each r > R, there exists a simplicial complex A, such that

gi(a™) = fi1(A,) for 0 <4 < {gJ ?
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The main result of [13] suggests another possible strengthening of Theorem 1.1. Indeed
in [13] the authors conclude that the y-vector of the barycentric subdivision of homology
sphere is the f-vector of a balanced simplicial complex. But the conclusion of Theorem 1.1
(i) cannot be modified in this direction, indeed the g-vector of the 9! of the polynomial
ring in 8 variables is not the f-vector of a balanced simplicial complex.

4.2. Application to edgewise subdivisions. In this section we review the edgewise
subdivision of a simplicial complex A (see [9]) and its relation to the Veronese algebras
of the Stanley-Reisner ring of A (see [6]). This allows us to apply the results obtained in
Section 3 to the g-vectors of those complexes.

Before we proceed to edgewise subdivision we recall some basic definitions. Let k£ be a

field. For an abstract simplicial complex A on vertex set [n] := {1,...,n} the Stanley-
Reisner ring k[A] of A is the quotient of the polynomial ring k[x1, ..., z,]| by the Stanley-
Reisner ideal Ia = ([[,cp2i | ' € A) generated by the squarefree monomials whose

support does not lie in A. The h-vector h(A) = h(k[A]) of A is defined as the h-vector of
k[A]. We call g(A) := g(k[A]) the g-vector of A.

We are now ready to describe the construction of the 7" edgewise subdivision of a
simplicial complex. Let A be a simplicial complex on vertex set [n| and let » > 1 be
a positive integer. Set €, := {(i1,...,4,) € N | 43 +--- + 14, = r}. Denote by ¢, the
ith unit vector of R". By the obvious identification, we can consider A as a simplicial
complex over the vertex set 1 = {eq,...,¢,}. For i € [n] set u; :=¢; + -+ + ¢, and for
a=(at,...,a,) € Z", ap > 0 for 1 <1 < n, let i(a) := >|_, @ - w. The r' edgewise
subdivision of A is the simplicial complex A(r) on ground set 2. such that F' C ), is a
simplex in A(r) if and only if

(1) User supp(a) € A
(ii) For all a,a € F either i(a — a) € {0,1}" or i(a — a) € {0,1}".

The following result by Brun and Romer [6] links the r® edgewise subdivision of a

simplicial complexe to the " Veronese algebra of its Stanley-Reisner ring. The formulation

of the result requires some familiarity with the basic theory of Grébner bases; see for
example [1].

Proposition 4.6. Let A be a simplicial complex on ground set [n| and let r > 1. Set
S(r) = klyiy..in | (i1,...,0n) € Q] and let I(r) be such that k[A]<"> = S(r)/I(r). Then
there is a term order =< for which In(y is the initial ideal of I(r).

By basic facts on initial ideals and Hilbert functions it follows that
Hilb(S(r)/1(r),t) = Hilb(k[A(r)], ).

Thus, the r*® Veronese algebra of the Stanley-Reisner ring of a simplicial complex A and the
r'™ edgewise subdivision of this complex have the same h- and g-vector, respectively. From
this, we infer that the h- and g-vectors of edgewise subdivisions of simplicial complexes
satisfy the same conditions as the h- and g-vectors of Veronese algebras of Stanley-Reisner
rings. Also recall that a simplicial complex A is called Cohen-Macaulay over a field k if
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k[A] is a Cohen-Macaulay ring. Therefore, by the fact that the numerator polynomial of
Hilb(k[A],t) has degree < d the Corollary 1.2 immediately implies the following.

Corollary 4.7. Let A be a (d — 1)-dimensional simplicial complex and let A(r) be the rt
edgewise subdivision of A.

(i) If A is Cohen-Macaulay over some field and r > d, then there exists a simplicial
complex A, such that

(AP = fii(A,) Jor0<i< EJ |

(ii) Then there exists an R > 0 such that for r > R and s > d, there exists a simplicial
complex I',..s such that

d
gi(A(r-3s)) = fii1(Drg) for0<i< {§J .
In particular, g(A(r - s)) is an M -sequence.
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