ON PARTIAL BARYCENTRIC SUBDIVISION
SARFRAZ AHMAD! AND VOLKMAR WELKER

ABSTRACT. The [*! partial barycentric subdivision is defined for a (d — 1)-dim-
ensional simplicial complex A and studied along with its combinatorial and geo-
metric aspects. We analyze the behavior of the f- and h-vector under the [*P
partial barycentric subdivision extending previous work of Brenti and Welker on
the standard barycentric subdivision — the case | = d. We discuss and provide
properties of the transformation matrices sending the f- and h-vector of A to the
f- and h-vector of its I*" partial barycentric subdivision. We conclude with open
problems.

1. INTRODUCTION

For a (d — 1)-dimensional simplicial complex A on the ground set V' the barycentric
subdivision sd(A) of A is the simplicial complex on the ground set A\ {#} with
simplices the flags Ay C A; C --- C A; of elements A; € A\ {0}, 0 < j <.
For 0 < [ < d, we define the ['" partial barycentric subdivision of A. This is
a geometric subdivision, in the sense of [7], such that sd'(A) is a refinement of
sd™(A), sd”(A) = A and sd?(A) = sd(A). Roughly speaking, the I*" partial
barycentric subdivision arises when only the simplices of dimension > d — [ are
stellarly subdivided. In the paper, we provide a detailed analysis of the effect of the
I*" barycentric subdivision operation on the f- and h-vector of a simplicial complex.
Most enumerative results will be related to refinements of permutation statistics for
the symmetric group. Our results extend the results from [1] for the case [ = d. We
refer the reader also to [2] and [6] for more detailed information in this case.

The paper is organized as follows. We start in Section 2 with geometric and com-
binatorial descriptions of the I™® partial barycentric subdivision. In Section 3 we
study the enumerative combinatorics of the [ partial barycentric subdivision. In
particular, we relate in Lemma 3.1 and Theorem 3.4 the effect of the I*" barycentric
subdivision on the f- and h-vector of the simplicial complex A to a permutation
statistics refining the descent statistics. In Section 4 we analyze the transformation
matrices sending the f- and h-vector of the simplicial complex A to the corre-
sponding vector for the [*® barycentric subdivision. We show that both maps are
diagonalizable and provide the eigenvalue structure. Note that by general facts the
two matrices are similar. The main result of this section, Theorem 4.10, shows that
the eigenvector corresponding to the highest eigenvalue of the h-vector transforma-
tion can be chosen such that it is of the form (0, b1, ...,bg_1,0) for strictly positive

Key words and phrases. Barycentric subdivision, f-vector, h-vector.
IPartially supported by Higher Education Commission of Pakistan under the program HEC
post doctoral fellowship phase II(batch IV), ref 2-4(45)/PDFP/HEC/2010/2.
1



numbers b;, 1 <1 < d— 1. In Section 5 we present some open problems. We ask
for explicit descriptions of the eigenvectors and then shift the focus to the local
h-vector which has been introduced by Stanley [7]. The local h-vector is a mea-
sure for the local effect of a subdivision operation. In particular, general results by
Stanley predict that the local h-vector for the [ partial barycentric subdivision is
non-negative. For [ = d the local h-vector was computed by Stanley in terms of the
excedance statistics on derangements. We exhibit some computations and possible
approaches to the local h-vector for the {*® barycentric subdivision in general.

2. THE [™ PARTIAL BARYCENTRIC SUBDIVISION

2.1. Geometric definition. We first give a geometric definition of the I*! par-

tial barycentric subdivision. For that we recall some basic facts about the reflec-
tion arrangement of the symmetric group S; permuting the d letters from [d] =
{1,2,...,d}. The reflection arrangement By in R? of the symmetric group S; con-
sists of the hyperplanes H,, = {(z1,...,74) € R? : z, — 2, =0}, 1 <u<v <d.
To each permutation w = w; - - -wy € Sy there corresponds a region (i.e. connected
component of the complement) R,, of B, given by

Rw:{(/\l,...,)\d)ERd:)\wl >>‘w2>"'>)\wd}-

Hence the number of regions of By is d!. We write R, + for the intersection of R,
with RZ,. Tt is easily seen that geometrically the closure of R, ; is a simplicial cone.

The intersection of the closures of the cones R,, 1, w € Sy, and the standard (d—1)-
simplex Ag_1 = {(A1,..., ) ERI | Ay + -+ XAg=1,\, > 0,1 < u < d} induces
a simplicial decomposition of Ay ;. This decomposition is called the barycentric
subdivision of Ay_q and is denoted by sd(A4_1).

We generalize this decomposition in the following way. Consider a permutation
w € Sy as an injective word of length d on the alphabet [d]. Recall that an injective
word over an alphabet is a word in which every letter from the alphabet appears at
most once. For 0 <[ < d we denote by S} the set of injective words of length [ over
the alphabet d. For w = w; ... w; € S we denote by free(w) := [d] \ {wy,...,w;}
the set of letters not occurring in w. Note that for notational convenience we will
later index injective words from Sfl as Wqr1_y---wq. We define the cone Rfﬂ of a
word w = wy -~ w; € S} to be

Ro={(A\,.. ., ) €ERY = Ay > Ay, >0 > )\, for all u € free(w) }.

If [ = 0 then w is the empty word and R!, = R?. We write Rfvm 4 for the intersection
of Rl, with R%,. Again the closure of R/ , is a simplicial cone which is the union
of all closures of the R, ; for v € Sy such that w coincides with the last [ letters
of v. For 0 <[ < d we call the simplicial decomposition of Ay ; induced by the
collection of all R, , for w € S} the I"* partial barycentric subdivision of Ag_y and
denote it by sd'(Agq_1). Obviously, we have that sd®(Ay_;) = Ag_q, sd(Ay ) =
sd(Aq_1) and sd'(Ag4_y) is a refinement of s (Ay_y) for 1 <1 < d. For a (d — 1)-
dimensional simplicial complex A on the vertex set V = [n] its [*® partial barycentric

subdivision is the complex sdl(A) which is the subdivision of A obtained by replacing
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F1GURE 1. First and second partial barycentric subdivision of the 2-simplex

each simplex by its I*" partial subdivision. Roughly speaking sdl(A) is obtained by

stellarly subdividing all k-faces of dimension d — [ < k < d — 1 in decreasing order
of dimension. In Figure 1 we see the first and second barycentric subdivision of the
2-simplex.

By construction the number of cones R!,, w € S}, is ﬁ =d-(d—1)---(d—1+1).

Next, we want to get a better understanding of the facial structure of sd'(Ag4_;).

We have already seen that the (d — 1)-dimensional faces of sd'(Aq_;) are in bijec-
tion with the injective words in S,. We turn this description of (d — 1)-dimensional
faces into a description by combinatorial objects that are more suitable for studying
all faces of sd'(Aq_y).

We start by identifying the faces of Ay_; with the subsets of [d]. In sd'(A4_;) faces
from Agz_; of dimension < d—{—1 are not subdivided. The non-subdivided faces can
still be represented by subsets of [d] of cardinality < d—I. Let F' be a face that arises
when passing from the (I — 1)** subdivision to the [*! subdivision. Thus there is a
face Fy of Ay_1 of dimension d—1 represented by a set B} of cardinality d —[41 such
that the barycenter of Fj is a vertex of F'. The other vertices of F' either are vertices
of a single non-subdivided face G C F} of dimension < d — [ represented by a set
B C Bj of cardinality < d—1 or are barycenters of faces Fy, ..., F,. of A;_; such that
Fy, C F5 C --- C F,. In particular, F' has # B + r vertices and hence is of dimension
#B+r—1. Let By, C --- C B! be the sets representing the faces F5, ..., F,. of Ag_;.
In case there is no vertex from a face G we set B = (). Now turn the description of
the face by B|Bj|---|B, into a description by B, By = B{\ B,--- ,B, = B/ \ B/_,
(see Figure 2 for the corresponding identification of faces in sd'(A,)).

This leads to the following definition:

Let J C [d] be some subset. For numbers ¢ > 1 and 0
| B|By|...| B,| of pairwise disjoint subsets, B, By, ..., B, of

< | < d we call a tuple
J C [d] satisfying

e BUBiU---UB,=J
.Bh...,BT?é@
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FIGURE 2. Face identification in sd"(Aj)

a pointed ordered set partition of J. We refer to B, By,..., B, as the blocks and
to B as the special block of |B|By|...|B,|. Note that we allow r = 0, i.e. pointed
ordered set partition consisting of the special block only. In [3, Sec. 3] our pointed
ordered set partitions |B|Bj|...|B,|, written in a slightly different way, are called
ordered set partitions. Since in the literature the term ordered set partition often
has yet another meaning, we adopt in our terminology the point of view from [3,
Sec. 2] where pointed (unordered) set partitions are introduced.

By the discussion above an (i — 1)-dimensional face of sd'(A4_;) is represented by
a pointed ordered set partition |B|Bj|...|B,| of J C [d], if and only if

(P1) #B <d— 1.
(P2) If r > 1 then #(BUB;) >d—1+1
(P3) #B+r =1.

Let us discuss the implications of (P1)-(P3):

e For i = 1, by (P3) we must have either #B =1 or B = () and r = 1. This
resembles the fact that vertices in sd'(Ay4_;) are either vertices of the original
simplex, the case #B = 1, or barycenters of faces B; of the original simplex,
where by (P2) #B; >d— 1+ 1.

e For i = d, (P3) implies that either » > 1 and all blocks By,..., B, are
singletons or r = 0 and B = [d|. In particular, we have J = [d]. In case
r = 1 condition (P2) also implies that #B > d — . Thus we can identify
an injective word w = w; - - - w, where #free(w) > d — [ with the pointed
ordered set partition free(w)|w;| - - - |w, for the parameters i = d, J = [d] and
L.

e For [ = 0 by (P2) we must have #(BUB;) >d—-1l+1=d+1forr > 1
and hence r = 0 and |B|By|...|B,| = |B] is some subset B of [d]. This
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corresponds to the fact that in sd(Agq_1)" no faces is subdivided and hence
faces correspond to subsets of [d].

e For [ = d by (P1) we must have #B < 0 and hence B = (). Thus r =i and
|By| - - | B;i| is a usual ordered set partition of the j-element set ByU---UB; =
J into ¢ (non-empty) blocks. This is the usual description of faces of the full
barycentric subdivision of A,_;.

Geometrically, the face of sd'(Aq_;) corresponding to the pointed ordered set
partition |B|By|---|B,| of J C [d] is given as the set of points (Aq,...,A\q) in the
geometric realization of A, _; for which

(i) We have A\, = A, if u,v € By for some 1 < s <.

(ii)) We have A\, > A, if u € By and v € B; for some 1 < s <t <.
(iii) We have A, > A, for u € B and v € B;.

(iv) We have A, =0 if and only if u ¢ BUB; U ---U B,.

Thus in geometric terms a face corresponding to the pointed ordered set partition
|B|By| - - - | B,| arises as the join of the face corresponding to B in the original simplex
with the face corresponding to the chain BUB; C --- C BUB;U---U B, of the
full barycentric subdivision.

Clearly, the number of pointed ordered set partitions of J only depends on j = #.J.
and hence we write poS,(7,%,!) for the number of pointed ordered set partitions of a
j-element set J satisfying (P1)-(P3) and call poS,(j,1, 1) the pointed ordered Stirling
number for the parameters d,j,i,l. Note, by the discussion above poS,(7j,1i,d) is just
the number of usual ordered set partitions of a j-element set into ¢ blocks. Hence
poS,(j,i,d) = i!S(j,i) where S(j,i) is the usual Stirling number of the second kind
counting the number of (unordered) set partitions of a j-element set into ¢ blocks.
For i = j = d the discussion above also shows that get poS,(d,d,l) = d!/(d —1)! is
the number of injective words in S,

3. f-VECTOR AND h-VECTOR TRANSFORMATIONS

In this section we study the transformation sending the f- and h-vector of a
simplicial complex A to the f- and h-vector of the [*! partial barycentric subdivision
of A.

Recall that the f-vector f& = (f2,...,f2,) of a (d — 1)-dimensional simplicial
complex is the vector with its i*" entry f2 counting the i-dimensional faces of A.
Using this notation, the arguments from the preceding section immediately imply
the following lemma generalizing [1, Lem. 1].

Lemma 3.1. Let A be a (d—1)-dimensional simplicial complex with f-vector f~ =
(f2, ..., f2,). Then
d
S l ..
fz‘i(A) = E fjA—l - poSy(J, i, 1).

J=0

Next we study the transformation of the h-vector. Recall that the h-vector of a
(d — 1)-dimensional simplicial complex A is the integer vector h® = (hg', ..., h5)
5



defined by

) w o= 3 (0o,

=0

0 <wv <d. Conversely, the f-vector can be computed from the h-vector by

) A= (e

u=0

0 < j <d. For a permutation w = wy - - - wyg € Sg we denoted by
Dw)={ie[d—1] | w; > wis1}

its decent set and write des(w) := # D(w) for its number of descents. Following [1]
for d > 1 and integers i and j we denote by A4(j,7) the number of permutations
w € Sy such that wy = d — i and des(w) = j. In particular, A;(j,7) =0if i < —1
or i >d.

In the sequel, we define a refinement of the preceding statistics suitable for the
study of our h-vector transformation.

Let w = wg_j41---wg € Sy be an injective word of length [ and let free(w) =
{wy; < -+- <wqg_;}. We define the descent set D(w) of w as follows:

Definition 3.2. A number i € [d — 1] belongs to the descent set D(w) of w =
Wq_gp1 - wq € SY, if i satisfies one of the following two conditions.

(1) 1<i<d—1 and w; > wg_141 or

(2) d—1l+1<i<d-—1 and w; > w;i;.

We write des(w) = # D(w) for the number of descents of an injective word w € St
Note that for [ = d condition (1) is never satisfied and and therefore D(w) is just
the usual descent set of the permutation w € Sjy.

Example 3.3. Let w' = 65, w? = 34, w3 = 51 € SZ, then
D(wl) = {5}7 D(w2) = {374}’ D(w3> = {4’ 5}7
des(w') =1,  des(w?) = 2, des(w?) = 2.

Foralld > 1,1 <[ < d, and all integers i and j we denote by A4(7,1,1) the number
of all injective words wg ;41 -+ wy € S such that des(w) = j and wyg = d —i. Then
Aq(G,i,d) = Ag(j,i) and Ag(j,i,0) = 0ifi < —Lori>d+ L.

The following is our first main result. The case | = d was treated in [1, Thm. 1].

Theorem 3.4. Let A be a (d — 1)-dimensional simplicial complex. Then

d
RS =N A (v,u, L+ 1)hE

u=0

for0<I<dand 0 <wv <d.



Proof. For all 0 < v < d, we have

v

d—1i !
psd () @ _1 sd!(A)
v Z v—i ( ) i—1

1=0

emma 3. - d_l v—1i d ..
pemmead Z(v_ i)(—l) fo_lposd@,z,l)

' EEL)r (s

—~
s

=0 7=0 u=0
d v
= Z (Z <v B Z) (Ccil_ 3) poSd(j,z,l)> he.
=0 j=0 i= 0

Hence it remains to show that

B Aaten = S0 (T) (4 Ypesgin

j=0 i=0

We write S G [d]if SC{d—1+1,...,dfor S={s; =d—-1l+1—-p<---<
Sp=d—1<sp41 <---<s;} for some 1 <p<d—I. For this we first show:

D(w) C S L fd—u .
> #fuesi | DWER L1 = (Y pesiin

SC|d),#S=i Jj=i

The left hand side counts pairs of words w € Sfiill with wgyy = d+ 1 —u and
i-element sets S C; [d] such that D(w) C S. We then consider the right hand side
as counting pairs of subsets J C [d + 1] such that d + 1 — u is the maximal element
of [d+ 1]\ J, j = #J > i and pointed ordered set partitions of J counted by
poS,(7,1,1). Note that there are (Z:?) choices for J. We give an bijection between
the objects counted on the left hand side and the ones counted on the right hand
side.

Consider an injective word w = Wap1—(41)41 " Wap1 € Sflfl. Let free(w) =
{w; < -+ < wg} and D(w) C § for S = {57 < -+ < s} <, [d] counted
in the sum on the left hand side. To this word we associate the pointed or-
dered set partition |B|B|---|Bi—p| of J = {wy,...,ws,}, defined as follows. Let
p = max{qg > 0| s, < d — [+ 1} where we treat the maximum over an empty
set as 0. Set B = {waq—i—p41,--.,Ws,—a—1} if p > 0 and B = () otherwise. Set
Bl = {wl, ceey Wa—1—p, Wd—1415 - - - ,w5p+1}, BQ = {w5p+1+1, . ,w5p+2}, ceay Bi—p =
{ws, ,41,-..,ws }. Then for r =i — p this partition satisfies the following:

(P1) #B=p<d—L

(P2) If r > 1 then #(BUB;) >d—1+1

(P3) #B+r=p+i—p=1.

The number of such pointed ordered set partitions is given by poS,(s;,i,1). Note

that w and S can be reconstructed from |B|By| - - - | B,|. For this set p = #B. Define
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free(w) as the union of B and the d — [ — #B = d — | — p smallest elements of B;.
Then obtain w by first writing down from left to right the remaining elements of
By in increasing order, then the elements of Bs in increasing order, etc. . The set
S ={s; <--- <s;}is obtained by setting sy =d—Il+1—p,...,s, =d—1lforp >0
and setting s, = d—1+|By|+---+|B,| for 1 < ¢ <i—p. By construction S C; [d]
and D(w) C S. Since there are (jﬁ ) possibilities for choosing an s; elements subset
J of [d+ 1] such that max [d + 1] \ J =d+1—u it follows that we have a bijective
mapping from the objects counted by the left hand side of (4) to the objects counted
on the right hand side of (4). This proves (4)

Since poS,(j,4,1) = 0 for j < i we can actually sum from j = 0 to d on the right
hand side of (4).

Therefore,
d v .
fd—1\ (d—u
_1 v—1

Sy (S (G2 ot

7=0 =0
OIRN i (A I+1 ‘ D(w)
B Z( D (l—i> '#{wesdﬂ wd+1—d+1—u

1=0 {Sgl[d],#S:’L}

|
> o () e {vesin | 2SR
) )

{Sgl[dL#SSU}
v— d— #S D( )
— > (=1 #SQ%_#S 3 #{uwzﬂﬁﬁ ‘ 1_ }
TCS,TC[d]

{SC[d],#S<v}
D(w)=T _us(d—#S
I+1 ) _1\v—#S
#{wESdH ’ wd+1:d+1—u} Z (=1) (v—#S

{[d]2:82T #5<5}

D(w) =T, - voi (=0 (d=7#T
#{weSéiﬁ | wd+1:d+1—u}z(_1) <v—z')<z‘—#T'

i=#T

But

e () - (2i) 2o (o)
= bupr.

Hence

e (U (4 st



D(w) =T,
= Y wfwesm | MOzn L)
{TC(d] #T=v} *

R {w e Sl ) des(w) =v, } .

Wygrr =d+1—u
= Ad+1(U7U,l+ 1)

This shows (3) and completes the proof. O

We note that for a (d — 1)-dimensional simplicial complex A and 1 <[ < d, the
subdivision operation sd'(e) non-trivially subdivides each face in top dimension. It
follows from Theorem 5.5. in [2] that iterated application of sd'(e) will lead to a
convergence phenomenon for the f-vector. More precisely, for a (d — 1)-dimensional
simplicial complex A, set A .= sd!(---sd'(A)---) and f™D(t) = Z?:o JAGD pd—i

—

then for n — oo one root of f(™)(¢) will go to —oo and the others converge to
complex numbers independent of A, only depending on d. This phenomenon was
first observed in [1, Thm. 4.2] for the special case of classical barycentric subdivision
sd?(e) = sd(e). In addition, in [1, Thm. 3.1] it is shown that for simplicial complexes
A with non-negative h-vector and [ = d the polynomial f(9)(t) has only real roots.
Simple examples show that this is not the case for general [.

4. THE TRANSFORMATION MATRICES

. . . g (d-1)
For a (d—1)-dimensional simplicial complex A we denote by 41 = (h;; ) 0<ij<d

REFDX(@+D) the matrix of the linear transformation that sends the h-vector of A to
the h-vector of sd(A) and 9}, | = (hg?_l’l))ogi’jgd € REHDx(E+D) the matrix of the
transformation of the h-vector of A to the h-vector of sd'(A). Thus H% | = H4_1.
By [1, Thm. 1] we know hgj_l) = Ag+1(J,7) and more generally by Theorem 3.4 we
know hg;l_l’l) = Ag1(7,4,1+1).

As an illustration we present the matrices 552 ford=4andl=1and!=2.

10000 10000
12111 553 2 1
ol=]11211 9=|556155
11121 12355
0000 1 0000 1

The following lemma follows immediately from the definition of Ag1(j,7,1).

Lemma 4.1. The sum of all entries of 9}, | is given by:

Tt (d+1)!
i d—0n

0<i,j<d
9



and the sum of all entries of each column is given by:

|
Ejhull d 0<i<d.

0<5<d - l) a

The next simple lemma gives an explicit formula for $} | which will serve as the
induction base for the proof of monotonicity of the h-vector under partial barycentric
subdivision in Corollary 4.5.

Lemma 4.2. The entries of ) | are given by:

0, 1=0,7#40o0ri=d,j#d;

hgiﬂz 2, i=j=1,...,d—1;
1, otherwise.
and hence

100 00

121 - 11

. 11 2 11

ﬁdil = . . . . .

111 - 21

000 --- 01

Proof. We prove the lemma by describing the entries of an arbitrary row. Let
(Agi1(7,4,2))o<i<a € REFD be the 5% row of §) ;. Then by definition the entries
Ag41(J, 1, 2) count the d injective words w = wgwayq € Sy, such that wg = d+1—j
according to their number of descents. Let wy = d + 1 — j' and distinguish cases
according to the relative size of j and j':

e j < 7/ < d: Then there are j' — 1 elements larger then w, in free(w) and
hence des(wqwgi1) = j' — 1.

e 0 < j' < j: Then there are j' elements larger than wy in free(w) and there
is a descent from wy to wgy1. Thus des(wqwgr1) = 7' + 1.

As a consequence the entries of (Agy1(J,%,2))o<i<a are determined:

e j=0: For 0 <17 < d—1 there is a unique word with ¢ descents and there is
no word with d descents.
e j =d: For 1 <i < d there is a unique word with ¢ descents and there is no
word with 0 descents.
o1 <j7<d—-1For0<i<j—1andfor j+1 <1 < d there is a unique
word with ¢ descents. In addition, there are two words with j descents.
O

The examples above and the preceding lemma suggest some relations among the
entries of ,62_1 that we verify in the next lemmas.

Lemma 4.3. For 0 <1i,j,1 <d,

Aap1(J, 6,0+ 1) = Agya(d — j,d — i, 1+ 1).
10



Proof. Let us denote by S, (j,i) the set of injective words w € S4 ; such that
des(w) = j and wqp1 = d + 1 —i. Thus Ag1(j,4,1) = #S41(j,4). To complete the
proof it is enough to provide a bijection between Sélfl (j,7) and Séfl(d — j,d —1).
Let
# 1 St (d) = Sala(d = j,d )
be the map that sends w = wgy1_; -+ Wyl € Séfl(i,j) to
o(w) :=d+2—wgp1—- - d+2—wgq

Let free(w) = {w; < -+ < wq_}.

By definition d + 2 —wgyy =d+2—(d+1—j) =d+1—(d — j). Thus to show
o(w) € St (d—1i,d— j) it remains to verify that the number of descents of p(w)
isd—1.

We show that m € [d] is a descent of w if and only if m is not a descent of p(w). If
m € [d—1] then w; > wqy1—; if and only if d+2 —w; < d+2 —w441-;. Analogously,
iftme{d—1+1,...,d} then w,, > Wy if and only if d+ 2 —w,, < d+ 2 — Wy41.

Therefore, the number of descents of p(w) is d—i. This completes the proof since

@ is clearly a bijection. 0
Proposition 4.4. For0<i,7 <d and1 <[ <d,
(5) Ad+1(j7i7l> < Ad+1(j7i>l + 1)

Proof. As before we denote by S’ (j,7) the set of injective words w € S, such
that des(w) = j and wg41 = d+1—1i. In the sequel, by “~” we mean that the entry
below the hat is missing in the permutation. We construct a map

V1 Sgea (i) = Sih (5,7)
as follows:

Let w € S, (4,7) be an injective word for which p is the number of descents in
the first d + 1 — [ positions and j — p descents in the remaining positions for some
0<p<j. Let w=wapo—y - was1 € S4,1(4,7) and free(w) = {wy < -+ < wgy <
War1—1} and wgy =d+ 1 —i.

Since w has p descents in the first d + 1 — [ positions it follows that

(6) wy < - < Wagiog—p < Wago—g < Wagoj—p < -+ < Wy ifp>0
(7) wp < - < Wi—p < Wig1-1 < W21 lfp =0
We define

) wire i pware warep1 wapr ifp >0
Y(w) = w if p=20
d+1-1Wd+2-1Wd+2—1+1 1p=

If p > 0 then ¥ (w) has by (6) p — 1 descents in positions 1 to d — [ and j — (p — 1)
in positions d — [+ 1 to d + 1. If p = 0 then ¢(w) has by (7) p = 0 descents in
positions 1 to d — [ and j in positions d — [ + 1 to d + 1. Since the last letter of
Y(w) is warr = d+ 1 — i it then follows that ¢(w) € S511(j,4). It is easily checked
that ¢ is injective. Hence ¢ : S4.,(j,1) — Sflfl(j,i) which implies Agy1(7,1,0) <

Agy1(g,1,1+1).
11
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As a consequence of Theorem 3.4 and Proposition 4.4 we can deduce a result on
the growth of the h-vector under I** partial barycentric subdivision.

Corollary 4.5. Let A be a d-dimensional simplicial complex such that h® > 0 for
all0 <i1<d. Then
() b2 <P for0<i<dand0<i<d,
Al
(i) h2 < BT for1<i<dand1<i<d-—1,

l l
Proof. It is easy to see that b ) = h& and b @) = h%, thus we are left with the
!
case 1 <17 < d—1. Since by Theorem 3.4 hid A s a non-negative linear combination
of the hf* it suffices to show that the entries of the submatrix (hz(;l*l’l)) I<icdo1, 0<j<d

are strictly positive. Again, by Equation (5) it is enough to consider the case [ = 1.
Now Lemma 4.2 completes the proof. O

The consequence of the preceding corollary for the smaller class of Cohen-Macaulay
simplicial complexes also follows from a very general result by Stanley [7, Theorem
4.10] using the fact that I*® partial barycentric subdivision is a quasi-geometric sub-
division. Note that h$ > 0 for Cohen-Macaulay simplicial complexes.

Let §4_1 be the matrix of the transformation that sends the f-vector of A to
the f-vector of sd(A). We denote by §, ; the matrix of the transformation from

the f-vector of A to the f-vector of sdl(A). Both matrices 41 and F | are

square matrices of order d + 1, with §¢ | = F4_1. By Theorem 3.1 the entries of
(d—1,)

d-1,1 : .
By = (5 sy ate given by £ = poS,(j, i, 1),
The following lemma shows that the matrices §;_, and $!,_; are diagonalizable.
Proposition 4.6. For1 <[<d—1:
(1) The matrices §,_, and 9 | are similar.
2) The matrices §, , and $H% . are diagonalizable with eigenvalues
( d—1 d—1 g g

] (d—1+1)! d!
Cod=0D! T (d =)
For 0 <1 < d—1 the eigenvalues %, cee ﬁ have multiplicity 1 and

the eigenvalue 1 has multiplicity d+1—1. Forl = d the eigenvalues 2!, ..., d!
have multiplicity 1 and the eigenvalue 1 has multiplicity 2.

Proof. e Since by (1) and (2) the transformation sending the f-vector of a
simplicial complex to the h-vector of a simplicial complex is an invertible
linear transformation, the first assertion follows.

e Clearly, §,_, is an upper triangular matrix with diagonal entries

1 1 (d—1+1) d!
e A= A=
(d+1—1)—times

Let (3, ,)* be the transpose of §, ;.
12




—0 <1< d-1: The first (d — 1+ 1) unit vectors are eigenvectors of
(FL_,)* for the eigenvalue 1.

— | = d: The first 2 unit vectors are eigenvectors of (§,_,)* for the eigen-
value 1.

The eigenvalues (d—i+1) d_ are pairwise different. This implies that

@D * " (@d=Dy
(84_,)* is diagonalizable. But then §, , is diagonalizable.

OJ
Lemma 4.7. Let v = (vy,...,vq) be an eigenvector of the matriz 9, | for the
eigenvalue X\ such that \ # (d%!l)!. Then Z?:o v; = 0.
Proof. Since 9}, ;v = \v it follows that
(1,....,1)9 v = (1,....,1)\w.
But by Lemma 4.1, (1,...,1)9} | = dd'l) (1,...,1). Therefore, either A = d l), or
ch‘l:(] v; = 0. Since A 7é (d—l)! we are done. O
Next we try to gain a better understanding of the eigenvectors of 9, ;.

Lemma 4.8. Let d > 2 and 1/£1), . Vid t+) s Vd—i42,---,Vqr1 be a basis of eigen-
vectors of the matriz §,_,, where V( ) ...,l/fd_lﬂ) are eigenvectors for the eigen-
value 1 and viyq, ..., V41 are eigenvectors for the eigenvalues {(dd“;)l,)', R l),}
respectively. Then (1/11 ,0), .y ( Y‘ ans 0), (141,0),..., (I/d, 0) are eigenvectors of

: (d—l+1)!
the matriz Y, for the eigenvalues { 1,...,1 N IR l),}

(d—141)times

Proof. Since both !, | and §% are upper triangular matrices and §%_, is obtained
by deleting the (d + 2)"@ column and row from g, the assertion follows. O

Let f)fi_l be a matrix obtained be deleting the first and last rows and columns of
f,)ﬁl_l. Thus 552_1 isad—1 by d— 1 square matrix.

Lemma 4.9. The matriz §,_, is diagonalizable.

Proof. By definition and Theorem 3.4 the first row of £}, | is the first unit vector and
the last row of !, ; is the (d + 1) unit vector. Thus the characteristic polynomial
of $%,_, splits into (1 — ¢)? times the characteristic polynomial of $%_,. Therefore,
53 4—1 has for 0 <1 < d — 2 the eigenvalues

. Aot d
~——  (d=D!" 7 (d=1)
(d—1-1)—times
and for [ =d — 1, d the eigenvalues
20 ..., d.

13



To show that the matrix $Y_, is diagonalizable, it is enough to show that for 0 <
I < d — 2 the eigenspace for the eigenvalue 1 is of dimension d — [ — 1.

Let 0 < I < d— 2. We again consider the full matrix $% ;. Since £, , is
diagonalizable there is a basis w( ) cee w(dflﬂ) Wd—i142, - - - s wWap1 of R¥L consisting

of eigenvectors of $, ;. We can Choose the numbering such that Wy M 1<i<d—i+1

are eigenvectors for the eigenvalue 1 and w; is an eigenvector for the eigenvalues
(d+1—j)!
@'
Again, since the first and last row of £, , are the first and (d + 1)** unit vector

we can choose the eigenvectors of ), , for the eigenvalue A\ = 1 as follows: wgl) and

wgz) can be chosen such that

0 < j <1, respectively.

w(l) = (1, ]CH, Ce 7k1(d—1); O) and wf) = (0, ]{?21, e ,kg(d_l), 1),

and wi can be chosen such that wl = (0, ki, ..., kia—1),0) for 3 < z < d+1-1.

Clearly, this implies that deleting the leading and trailing 0 form the wl for3 <i<

d+1—1 yields eigenvectors w; V) = (kit, - .. kz(d 1)) of fjd , for the eigenvalue A = 1.

Obviously, the set of vectors {w; SO N } is linearly independent. Hence we

have shown that the dimension of the eigenspace for the eigenvalue 1 of §),_, is

d—1—1. 0
The above lemma is a key ingredient in proving the following theorem.

Theorem 4.10. Let d > 2 and let wg ,...,w(d_Hl) Wa—42, - ,Wqr1 be a basis of
eigenvectors of the matriz $,_,, where wi ),1 <i< d—l+ 1 are ezgenvectors for the
ford—1+2 <75 <d.

etgenvalue 1 and w; is an eigenvector for the ezgenvalue (d l), ,

(1) Let A be a (d—1)-dimensional simplicial complex. If we expand h-vector of A
in terms of eigenvectors of the matrixz $,_,, the coefficient of the eigenvector
for the eigenvalue @ —4— is non-zero.

d—1)!
(2) The first and the last coordinate entry in w§3), e ,wng), W1, - - -, Wq 1S Z€ro.

(3) The vectors w%l) and w§2) can be chosen such that

iV = (101, ig,0) and 0 = (0,41, Jac1, 1)
(4) The vector wgy1 can be chosen such that wg = (0,by,...,b4—1,0) for strictly
positive rational numbers b;, 1 < i < d—1.

Proof. Let us expand the f-vector of A in terms of a basis of eigenvectors of the
matrix §, . Since f&, # 0 from Lemma 4.8 we deduce that the coefficient of the
eigenvector for the highest eigenvalue is non-zero. Since §; ; and $!, , are similar
so (1) follows.

Assertions (2) and (3) immediately follow from the proof of Lemma 4.9.

For (4) consider the matrix $_, as defined above. It is easily seen (and also

follows Lemma 4.2 and Proposition 4.4) that the entries of £/, , are strictly positive

numbers. Therefore, by the Perron-Frobenius Theorem [5] it follows that there is an
14



eigenvector @, for the eigenvalue ﬁ with strictly positive entries. Hence (0, &, 0)
is the required eigenvector. 0

5. OPEN PROBLEMS

In this section we discuss a few open problems related to the above work.

Lemma 4.7 describes properties of the eigenvectors of the matrix % , for the
eigenvalue A such that A\ # ﬁ. For the eigenvalue A = ﬁ we were able
to deduce its non-negativity in Theorem 4.10 (4) but were not able to give more
structural results or even provide an explicit description. By [2] when applying [*®
partial barycentric subdivision iteratively the limiting behavior of the h-vector is
determined by this eigenvector. Hence some information can be read off from [2].
Nevertheless complete information about that eigenvector would be desirable.

For example, for d = 4 we have following eigenvectors, corresponding to the

. | ! | .
eigenvalues %, %, %, for [ = 1,2, 3 respectively.

O = = = O
O Rwlot = O
O RN = O

For d = 5 we have the following eigenvectors, corresponding to the eigenvalues

| ! ! | .
%7 %7 %7 %7 for [ = 1, 2, 3, 4 respectlvely.

O = == O
o »-w|:§\1|5 )
o »-n:|;§|g — O
o Hwlv:wlz — o

Similarly, for d = 6 we have following eigenvectors, corresponding to the eigenvalues

6 6 6! 6 6 _ :
=1 21> 30 910 11> for [ =1,2,3,4,5 respectively.

0 /0 0 0 0
11 |1 1 1 1
1| | T | o4 | | 31 | | 586
L] || || s
NN AN AN

4 | | 437 527 33
1] |1 1 1 1
0/ \O 0 0 0

Thus the following problem appears to be interesting.

Problem 5.1. Give a description of eigenvectors of the matrices §,_, and $,_, for
the eigenvalue ﬁ.

15



The h-polynomial h(sd(Aq_1), z) = 3% o b 29 of the barycentric subdivision
of Ay_1 has the following combinatorial interpretation.

(8) h(sd(Aq-1) Z pdes(w) _ Z Lex(w)

wESy weSy

where ex(w) denotes the number of ezcedances of w = wy - - - wy, defined by

ex(w) = #{i | w; > i},

The first equality follows from [8, Theorem 3.13.1] (it is also a consequence of [1,
Thm 1] and Theorem 3.4), and the second is a consequence of [8, Proposition 1.4.3].
In [7], the local h-polynomial ¢y (', z) of an arbitrary subdivision (subject to mild
conditions) I' of A;_; has been defined. For I' = sd(Ad_l) it is given as:

(9) by (Sd(Ad 1 Z &

weDery
where Der; denotes the set of all derangements in S;. We suggest the following:

Problem 5.2. Give an interpretation of local h-polynomial for the I partial barycen-

tric subdivision similar to (9) in terms of a suitably defined l-excedance statistic on
a newly defined set of l-derangements satisfying an analog of (8).

To approach the problem it seems useful to find a statistic on S fulfilling a
statement analogous to (8). Already this task appears to be hard and challenging.

Problem 5.3. Define an l-excedance statistic on S} such that the l-excedance and
descent statistic on SY are equally distributed; i.e. satisfy an analog of (9).

For Problem 5.3, we tried different approaches. Despite not yielding a solution
to the problem the following idea resulted in some interesting data. We define
an injective map say x : S} — Sy in the following way. Let w € S} such that
w = wq_j11- - wyg and free(w) = {w; < --- < wy_;}. Then:

W+ W1 Wq—141 * * W, if wg_111 > way
x(w) =

Wd——p+1 "+ " Wd— W1 * * * Wg—|—pWd—141 * * * W, if Wi—1—p+1 > Wd—i+1
and Wa——p < Wd—[+1-

Now define the number of excedances ex(w) of w € S} to be number of usual
excedances of x(w), i.e.

ex(w) := i [ x(w)(i) > i}.

We apply this definition for different values of d and [. For a fixed d, the descent
and excedance statistic are equally distributed on S} for [ = 1 and [ = 2. But for
other values of [ the two statistics appear to be different. Nevertheless, the obtained
data has some surprising and unexplained symmetry. For example, for S} we have

following tables for the number of descents,
16



[ —
1 4| 3] 2
O(1]1]1
# of descents = LT T6T16
2/ 1]6 |26
3/ 1|6]16
41111
and the following table for the number of [-excedances.
_ l =
41 3| 2
O(1]1]1
# of l-excedances = 117614
2(1]6 30
31614
411111
Similarly, for S, the number of descents are shown in the following table,
[ =
504 3| 2
O 1|11 1
# of descents = BB AR AR
211 |7 |37(137
3| 1|7 |37]137
411|722 42
501 ]1]1] 1
and the number of [-excedances are shown in the following table.
| =
54| 3| 2
o(1]1]1] 1
# of [-excedances = LT 7117133
21| 7[42]146
31| 7[42]146
411|717 33
51111
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