Dirac operators, holonomy and string theory

H a b i l i t a t i o n s s c h r i f t

zur Erlangung des akademischen Grades d o c t o r r e r u m n a t u r a l i u m h a b i l i t a t u s (Dr. rer. nat. habil.) im Fach Mathematik eingereicht an der Mathematisch-Naturwissenschaftlichen Fakultät der Ernst-Moritz-Arndt-Universität Greifswald von Dr. rer. nat. Ilka Agricola geboren am 8.8.1973 in Den Haag Der Rektor der Ernst-Moritz-Arndt-Universität Greifswald Prof. Dr. Rainer Westermann Der Dekan der Mathematisch-Naturwissenschaftlichen Fakultät Prof. Dr. Jan-Peter Hildebrandt

Greifswald, den 24. März 2004

Erster Gutachter : Zweiter Gutachter : Dritter Gutachter : Tag der Habilitation :

i

Contents

Chapter 1. Summary v 1. Introduction v 2. Background and motivation vi 3. Overview of results ix

Chapitre 2. Connexions sur les espaces homogènes naturellement réductifs et leurs opérateurs de Dirac 1 1. La famille de connexions ∇^t 1 2. La formule de Kostant-Parthasarathy 2 3. Applications en théorie des cordes 3 Bibliographie 3

Chapter 3. Connections on naturally reductive spaces, their Dirac operator and homogeneous models in string theory 5 1. Introduction 5 2. A family of connections on naturally reductive spaces 6 3. The Dirac operator of the family of connections ∇^t 9 4. The equations of type II string theory on naturally reductive spaces 20 5. Examples 23 Bibliography 27

Chapter 4. On the holonomy of connections with skew-symmetric torsion 29 1. Introduction 29 2. The holonomy of spinor connections with constant torsion in R^n 31 3. Constant 3-forms in R^n and their holonomy algebra 34 4. ∇-parallel 2-forms on manifolds 37 5. Schrödinger-Lichnerowicz type formulas for Dirac operators 39 6. 1-parameter families of connections with parallel spinors 41 7. Torsion forms with parallel spinors on Aloff-Wallach spaces 44 8. Torsion forms with parallel spinors on 3-Sasakian manifolds 51 9. Appendix: The Lie algebra spin(9) inside so(16) 52 Bibliography 53

Chapter 5. The Casimir operator of a metric connection with skew-symmetric torsion 55 1. Introduction 55 2. An overview of Schrödinger-Lichnerowicz type formulas for Dirac operators 56 3. The Casimir operator of a triple (M^n, g, ∇) 57 4. The Casimir operator of a 5-dimensional Sasakian manifold 59 5. An explicit example: The 5-dimensional Stiefel manifold 62 6. The Casimir operator of 6-dimensional nearly Kähler manifolds 63 7. The Casimir operator of 7-dimensional G_2-manifolds 64 Bibliography 66

Chapter 6. Killing spinors in Supergravity with 4-fluxes 69

1. Introduction 69 2. Killing Spinors with 4-Fluxes on 3-Sasakian Manifolds 70 3. Killing Spinors with 4-Fluxes on Nearly Parallel G_2-Manifolds 72 4. Killing Spinors with 4-Fluxes on a Aloff-Wallach space 73 5. Solutions for the special (p, q)-coupling 74 Bibliography 77

Chapter 7. The geodesics of metric connections with vectorial torsion 79 1. Introduction 79 2. Basic remarks on geodesics of metric connections with vectorial torsion 80 3. Geodesics for gradient vector fields and conformal mappings 81 4. Geodesics of vectorial connections in the plane 85 Bibliography 87

Chapter 8. The algebra of K-invariant vector fields on a symmetric space G/K 89 1. Introduction 89 2. K-Invariant vector fields on G/K 90 3. Lie algebra structure 93 4. The conjugation action 98 5. A separation of variables theorem for SL(2, C) 101 Bibliography 105

Total Bibliography 107 107 Addendum 111 Curriculum Vitae 112 List of publications 113 Comment on the habilitation thesis 115 Erklärung 116

Chapter 1

Summary

1. Introduction

Since Paul Dirac’s formulation (1928) of the field equation for a quantized electron in flat Minkowski space, Dirac operators on Riemannian manifolds have become a powerful tool for the treatment of various problems in geometry, analysis and theoretical physics. Meanwhile, since the fifties the French school around M. Berger has developed the idea that manifolds should be subdivided into different classes according to their holonomy group. If they are not of general type, the name special (integrable) geometries has become customary for these. Already at early stage there were hints that parallel spinor fields induce special geometries, but this idea was not further investigated. In the early seventies, A. Gray generalized the classical holonomy concept to the effect that he introduced a classification principle for non-integrable special Riemannian geometries ([Gra71]) and studied the defining differential equations of each class. The connection between these two lines of development in mathematical physics became clear in the eighties in the context of twistor theory and the study of small eigenvalues of the Dirac operator and was mainly developed by the Berlin school around Th. Friedrich ([Fri80],[BFGK91]). In the homogeneous case, integrable geometries correspond to symmetric spaces, whose classification by E. Cartan had been a milestone in the differential geometry of the 20th century. The much richer class of homogeneous reductive spaces—which is inaccessible to any kind of classification—has been studied intensively since the mid sixties and has turned out to be a main source of examples for non-integrable geometries.

The interest in non integrable geometries was revived in the past years through recent developments in string theory. Firstly, integrable geometries (Calabi-Yau manifolds, Joyce manifolds etc.) are exact solutions of the Strominger model (1986, [Str86]), however with vanishing B-field. If one deforms these vacuum equations and looks for models with non trivial B-field, a new approach proposed in 2000-2002 by Friedrich, Ivanov, Papadopoulos and others ([FI02], [DI01], [IP01]) implies that solutions can be constructed geometrically from non integrable geometries. In this way, manifolds not belonging to the field of algebraic geometry (integrable geometries) become accessible to interesting models in theoretical physics. Starting from a problem in string theory, B. Kostant introduced a purely algebraic object known as ”Kostant’s cubic Dirac operator” ([Kos99]) in representation theory.

The habilitation thesis at hand starts with the decisive observation ([Agr02],[Agr03]) that Kostant’s operator may be interpreted as a usual Dirac operator which is induced by a non standard connection on a homogeneous naturally reductive space. In particular, this Dirac operator satisfies a remarquably simple formula for its square which is a direct generalization of Parthasarathy’s formula on symmetric spaces ([Par72]). This established the link between Kostant’s algebraic considerations and recent models in string theory; in particular, it makes homogeneous naturally reductive spaces to key examples for string theory and allowed us the derivation of strong vanishing theorems on them. For representation theory, this opened the possibility to realize infinite-dimensional representations in kernels of twisted Dirac operators on homogeneous spaces, as it had been carried out on symmetric spaces in the seventies ([Par72], [Wol74], [AS77]). The success of this “deformed” Dirac operator in the homogeneous case made it a natural question to look for possibilities to carry over these results to non homogeneous situations. This was achieved in two joint articles with Thomas Friedrich

([AF04a], [AF04b]) by giving an appropriate generalisation of the non standard connection and the formula for the square of its Dirac operator as well as the Casimir operator on manifolds with non integrable geometries. At the same time, they lay the foundations for a much larger research program, namely, the systematic investigation of metric connections with torsion defined on the frame bundle or solely on the spinor bundle. The article [AF03] studies a situation of this last type; there, we discuss the solution space of the Killing equation for a spin connection defined by a three- and a four-form. Finally, the article [AT04] deals with the geodesics of metric connections with vectorial torsion.

2. Background and motivation

Mathematical motivation. From classical mechanics, it is a well-known fact that symmetry considerations can simplify the study of geometric problems—for example, Noether’s theorem tells us how to construct first integrals like momentum from invariance properties of the underlying mechanical system. In fact, beginning in the seventies of the 19th century, the view formed that the principle organizing geometry ought to be the study of its symmetry groups. In his inaugural lecture at the University of Erlangen, which later became known as the “Erlanger Programm”, Felix Klein said in 1872:

“Es ist eine Mannigfaltigkeit und in derselben eine Transformationsgruppe gegeben; man soll die der Mannigfaltigkeit angehörigen Gebilde hinsichtlich solcher Eigenschaften untersuchen, die durch die Transformationen der Gruppe nicht geändert werden^1.”

Hence, the classical symmetry approach in differential geometry was based on the isometry group of a manifold, that is, the group of all transformations transforming the given manifold into itself. By the mid fifties of the 20th century, a second intrinsic group associated to a Riemannian manifold turned out to be deeply related to its fundamental properties like curvature and parallel objects. This so-called holonomy group determines how a vector can change under parallel transport along a closed loop inside the manifold (only in the flat case will the transported vector coincide with the original one). Berger’s theorem (1955) classifies all possible holonomy groups of a simply connected, irreducible and nonsymmetric Riemannian manifold (M, g). It can be either SO(n) in the generic case or

dim M 4n 2n 2n 4n 7 8 (16)

Hol(M) Sp(n)Sp(1) U(n) SU(n) Sp(n) G_2 Spin(7) (Spin(9))

name quaternionic Kähler Kähler

Calabi- Yau hyper- Kähler par. par. (par.)

par. objects − ∇J = 0 ∇J = 0 ∇J = 0 ∇ω^3 = 0 − − curvature Ric = λg − Ric = 0 Ric = 0 Ric = 0 Ric = 0 −

Manifolds having one of these holonomy groups would then be called manifolds with special (integrable) holonomy, or special (integrable) geometries for short. We put the case n = 16 and Hol(M) = Spin(9) into parentheses, because Alekseevski and Brown/Gray showed independently that such a manifold is necessarily symmetric ([Ale68], [BG72]). The point is indeed that Berger proved that the groups on his list were the only possibilities, but he was not able to show whether they actually occured as holonomy groups of compact manifolds. It took another thirty years to find out that—with the exception of Spin(9)—this is indeed the case: The existence of metrics with holonomy SU(m) or Sp(m) on compact manifolds follows from Yau’s solution of the Calabi conjecture (1978), compact manifolds with holonomy G_2 or Spin(7) were constructed by D. Joyce (1996, see [Joy00]). Already in the sixties it had been observed that the existence of a spinor which was parallel

1“Let a manifold and in this a transformation group be given; the objects belonging to the manifold ought to be studied with respect to those properties which are not changed by the transformations of the group.” – quoted from F. Klein, Das Erlanger Programm, Ostwalds Klassiker der exakten Wissenschaften Band 253, Verlag H. Deutsch, Frankfurt a. M., 1995, p. 34.

2. Background and motivation vii

with respect to the Levi-Civita connection implied the vanishing of the Ricci curvature ([Bon66]) and restricted the holonomy group of the manifold ([Hit74], [McKW89]), but the difficulties to construct explicit compact manifolds with special Ricci-flat metrics inhibited any further research on the deeper meaning of this result. There was progress in this direction only in the homogeneous case: in some sense, symmetric spaces are the ”integrable” geometries inside the much larger class of homogeneous reductive spaces. Consider for a noncompact semisimple Lie group G and a maximal compact subgroup K such that rank G = rank K its associated symmetric space G/K. Then the Dirac operator can be twisted by a finite dimensional irreducible unitary representation τ of K, and it is shown by Parthasarathy, Wolf, Atiyah and Schmid that, for suitable τ, most of the discrete series representations of G can be realized on the L^2-kernel of this twisted Dirac operator ([Par72], [Wol74], [AS77]). The crucial step herein is to relate the square of the Dirac operator with the Casimir operator Ω_G of G; for trivial τ, the corresponding formula is

D^2 = Ω_G + 1 8 scal .

Meanwhile a quest for suitable generalizations of the classical holonomy concept was started. In 1971, A. Gray introduced the notion of weak holonomy ([Gra71]), ”one of his most original concepts” and ”an idea much ahead of its time”(N. Hitchin in [Hit01]). This concept turned out to yield interesting non-integrable geometries in dimensions n ≤ 8 and n = 16. In particular, manifolds with weak holonomy U(n) and G_2 became known as nearly Kähler and nearly parallel G_2 manifolds, respectively. But whereas the metrics of the compact Ricci-flat integrable geometries cannot be realized in any explicit way, there are many well-known homogeneous reductive examples of non-integrable geometries ([Gra70], [Fer87], [BFGK91], [FKMS97], [BG99], [Fin03] and many others). The connection to Dirac operators emerged shortly after Friedrich showed in 1980 ([Fri80]) his seminal inequality for the first eigenvalue λ_1 of the Dirac operator on a compact Riemannian manifold M^n of non negative curvature,

(1) (λ_1)^2 ≥ nR_0 4(n − 1) , where R_0 denotes the minimum of the scalar curvature. In this estimate, equality occurs precisely if the corresponding eigenspinor ψ satisfies the stronger Killing equation

∇^{LC}_X ψ = ± 1 2 � R_0 n(n − 1)

X · ψ =: μX · ψ,

and this is in turn linked with the existence of a non-integrable geometry on M^n; for example, a compact 6-dimensional connected simply connected hermitian manifold is nearly Kähler if and only if it admits a Killing spinor with real Killing number μ ([Gru90]). The connection to the then emerging twistor theory was established by A. Lichnerowicz, who showed that on a compact manifold the space of twistor spinors coincides—up to a conformal change of the metric—with the space of Killing spinors ([Lich88]).

Physical motivation. String theory (see for example [LT89]) is a physical theory aiming at describing nature at small distances (≃ 10^{−25} m). The concept of pointlike elementary particles is given up and replaced by one-dimensional objects as building blocks of matter—the so-called strings. Particles are then resonance states of strings and can be described together with their interactions up to very high energies (small distances) without internal contradictions. Besides gravitation, it incorporates many other gauge interactions and, hence, is an excellent candidate for a more profound description of matter than the standard model of elementary particles. Quantization of superstrings is only possible in the critical dimension 10, M-theory is a non-perturbative description of superstrings with ”geometrized” coupling and lives in dimension 11. By dimensional reduction, one obtains predictions for the physical 4- (or 3-)dimensional world, hence the interest in manifolds of the form

M^k × N^l with (k, l) = (4, 6), (4, 7), (3, 7), (3, 8). Since its early days, string theory has been intricately related with some branches of algebraic geometry. This is due to the fact that the integrable, Ricci-flat geometries with a spinor field parallel with respect to the Levi-Civita connection are exact solutions of the Strominger model for a string vacuum with vanishing B-field and constant dilaton. This is a rich and active area of mathematical research, leading to interesting developments like the discovery of mirror symmetry. As early as 1986, Strominger gave a consistent model for superstrings with non-vanishing B-field, and described hypothetical solutions as complex manifolds. But the lack of exact solutions with B ≠ 0 remained a serious problem.

As one of the many interesting mathematical problems appearing in the context of string theory, the physicists Ramond and Pengpan observed empirically that there was an infinite set of irreducible representations of Spin(9) which partitioned into triplets S = ∪_i{μ^i, σ^i, τ^i}, where the representations in each triplet were related in a remarkable way. For example, the infinitesimal character value of the Casimir operator is constant on the triplet, and dim μ^i + dim σ^i = dim τ^i if numerated appropriately. These triplets are used to describe massless supermultiplets, for example, N = 2 hypermultiplets in (3 + 1) dimensions with helicity U(1) or N = 1 supermultiplets in eleven dimensions, where SO(9) is the light-cone little group ([BRX02]). In order to explain this fact, B. Kostant introduced an element in the tensor product of the Clifford algebra and the universal enveloping algebra of a Lie group and derived a remarkable formula for its square ([GKRS98], [Kos99]). The triplet structure of representations observed for Spin(9) is then due to the fact that the Euler characteristic of F_4/Spin(9) is three, hence the name ”Euler multiplets” has become common for describing this effect. In the next section, we will give a new interpretation of Kostant’s cubic operator, leading to new perspectives in the construction of non-integrable models. In his article on ”Superstrings with torsion” ([Str86]), A. Strominger describes the basic model in the common sector of type II superstring theory as a 6-tuple (M^n, g, ∇, H, Φ, Ψ) consisting of a spin manifold M^n, a Riemannian metric g, a 3-form H, a dilaton function Φ and a spinor field Ψ. Then the field equations can be written in the following form (here and in the sequel, ∇^g denotes the Levi-Civita connection):

Ric_{ij} − 1 4 H_{imn}H_{jmn} + 2∇^{LC}_i ∂_j Φ = 0, δ(e^{−2Φ}H) = 0,

(∇^g_X + 1 4 X H)ψ = 0, (dΦ − 1 6 H) · ψ = 0 .

If one introduces a new metric connection ∇ such that its torsion is given by the 3-form H,

∇_X Y := ∇^g_X Y + 1 2 H(X, Y, −),

one sees that the third equation is equivalent to ∇Ψ = 0. Similarly, the other equations can be rewritten in terms of ∇. For constant dilaton Φ, they take the particularly simple form ([FI02])

(2) Ric^∇ = 0, δ^g (H) = 0, ∇Ψ = 0, H · Ψ = 0 ,

and the second equation (δ^g (H) = 0) then follows from the first equation (Ric^∇ = 0). For M compact, I showed in [Agr03, Theorem 4.1] that a solution of all equations is necessarily such that H = 0, i. e. an integrable Ricci-flat geometry with classical holonomy given by Berger’s list. Besides the well-established Calabi-Yau manifolds, Joyce manifolds with classical holonomy G_2 or Spin(7) thus became of interest in recent times (see [AW01], [CKL01]). From a geometrical and mathematical point of view, this result means that it is important to study weaker problems first, i. e. the non compact case or partial solutions. A first step is the investigation of metric connections with totally skew-symmetric torsion and their Dirac operators, parallel spinors etc. Friedrich and Ivanov proved that several non-integrable geometric structures (almost contact metric structures, nearly Kähler, weak G_2-structures) admit a unique connection ∇ preserving it with totally skew-symmetric torsion ([FI02]). Hence, these geometries admit invariant connections with a uniqueness property which do not coincide with the Levi-Civita connection. This is a first step towards an understanding of non-integrable geometries purely by its holonomy properties. In fact, time was just ready for a new look at the intricate relationship between holonomy, special geometries and differential forms: Fino, Chiossi and Salamon introduced and studied the (slightly more restrictive) concept of intrinsic torsion ([Fin98], [CS02]). Swann tried weakening holonomy ([S00]), and N. Hitchin characterized non-integrable geometries as critical points of some linear functionals on differential forms ([Hit01]). In particular, he obtained a generalization of Calabi-Yau-manifolds ([Hit00]) and a new, previously unknown special geometry in dimension 8 (”weak PSU(3)-structures”), which deserves further investigation. Furthermore, the Italian school (Chiossi, Salamon, Fino, Dotti and others) devoted over the past years a lot of effort to the explicit construction of homogeneous examples of non-integrable geometries with special properties in small dimensions (see for example [Fin03], [FG03], [FPS02], [S01] and the litterature cited therein), hence making it possible to test the different concepts on explicit examples.

The first non-integrable geometry that raised the interest of string theorists was the squashed 7- sphere with its weak G_2-structure, although the first steps in this direction were still marked by confusion about the different holonomy concepts. A good overview about G_2 in string theory is the survey article by M. Duff ([Duf02]). It includes speculations about possible applications of weak Spin(9)-structures in dimension 16 ([Fr01]), which a priori are of too high dimension to be usually considered in physics. In dimension three, it is well known (see for example [SSTP88]) that the Strominger equation ∇Ψ = 0 can basically only be solved on a compact Lie group with its biinvariant metric, and that the torsion of the invariant connection ∇ coincides with the Lie bracket. In dimension four, the Strominger model leads to a HKT structure, i. e. a hyperhermitian structure that is parallel with respect to ∇ ([IP01], [DI01]), and—in the compact case—the manifold is either a Calabi-Yau manifold or a Hopf surface. Hence, the first interesting dimension for further mathematical investigations is five.

Obviously, besides the basic correspondence outlined here, there is still a more detailed connection between special geometries and detailed properties of physical models constructed from them to be understood. Some weak geometries have been rederived by physicists looking for partial solutions by numerical analysis of ODE’s and heavy special function machinery ([GKMW01]).

3. Overview of results

So far, there has been only very little investigation of homogeneous manifolds yielding (partial) solutions to the string equations, mainly because most mathematicians working in the field have a strong background in algebraic geometry. Yet, previous experience from weak special geometries leads to the expectation that homogeneous solutions should abound, since they yield huge classes of (completely accessible !) examples of such geometries. It is thus natural to study the homogeneous non-symmetric case first if one is interested in geometric constructions (as opposed to numerical solutions like those mentioned above). In his article [Kos99], B. Kostant introduced a purely algebraic object called ”cubic Dirac operator” in order to explain the occurrence of multiplets of representations as observed by Ramond and Pengpang (see Section 2). The square of his algebraic object fulfilled a remarkable identity, which formally looked like the classical Parthasarathy formula in the symmetric case. My key observation in [Agr03] was that one can introduce a metric connection on certain homogeneous spaces whose torsion (viewed as a (0, 3)-tensor) is a 3-form such that the associated Dirac operator has Kostant’s algebraic object as its symbol. More precisely, consider a Riemannian reductive homogeneous space M = G/H with Lie algebra decomposition g = m + h, and denote the induced scalar product on m by ⟨ , ⟩. By a theorem of Wang, there is a one-to-one correspondence between the set of G-invariant metric affine connections and the set of Ad (H)-equivariant linear mappings Λ_m : m → so(m). Consider the one-parameter family of connections ∇^t defined by (t ∈ R)

Λ_m(X)Y := t · [X, Y ]_m, where we split the commutator into its m and h part, [X, Y ] = [X, Y ]_m + [X, Y ]_h. It joins the canonical connection (t = 0) to the Levi-Civita connection (t = 1/2) and has torsion T^t(X, Y, Z) := � T^t(X, Y ), Z � = (2t − 1) ⟨[X, Y ]_m, Z⟩ .

Hence T^t is totally skew-symmetric if and only if M belongs to the large class of spaces which are naturally reductive with respect to G, i. e. the metric satisfies for all X, Y, Z ∈ m ⟨[X, Y ]_m, Z⟩ + ⟨Y, [X, Z]_m⟩ = 0 .

The canonical connection can alternatively be defined as the unique invariant connection with selfparallel torsion, ∇^0T^0 = 0. We have computed all basic geometric data of these connections. After lifting ∇^t to the spinor bundle, one finds for its Dirac operator D^t the remarkable expression

(3) D^tψ = n� i=1 Z_i · Z_i(ψ) + t · H · ψ .

Here, Z_1, . . . , Z_n denotes an orthonormal basis of m, Z_i(ψ) is the usual directional derivative, and H is (up to omission of a factor depending on t) the threefold product inside the Clifford algebra induced by the 3-form T^t,

H := 3 2 � i<j<k

⟨[Z_i, Z_j ]_m, Z_k⟩ Z_i · Z_j · Z_k.

It is this element H which inspired to B. Kostant the name ”cubic Dirac operator”. Our analysis shows that it is a normal Dirac operator associated to some non-standard connection and that every Dirac operator coming from a metric connection with skew-symmetric torsion will have this form, i. e. being ”cubic” is not a special property of the family considered here. In analogy to the classical Parthasarathy formula in the symmetric case, we computed the square of D^t in the present case. Define the ”m-part” of the Jacobi identity as Jac_m(X, Y, Z) := [X, [Y, Z]_m]_m + [Y, [Z, X]_m]_m + [Z, [X, Y ]_m]_m .

Then we have the following theorem:

Theorem 3.1 (General Kostant-Parthasarathy formula [Agr02, Théorème 2.1], [Agr03, Theorem 3.2]). For n ≥ 5, the square of D^t satisfies the identity

(D^t)^2ψ = Ω_g(ψ) + 1 2 (1 − 3t) � i,j,k

⟨[Z_i, Z_j ]_m, Z_k⟩ Z_i · Z_j · Z_k(ψ) − 1 2 � i<j<k<l � Z_i, (9t^2 − 1)Jac_m(Z_j , Z_k, Z_l) � · Z_i · Z_j · Z_k · Z_l · ψ + 1 8 � i,j Q_h([Z_i, Z_j ], [Z_i, Z_j ])ψ + 3 8 t^2 � i,j Q_m([Z_i, Z_j ], [Z_i, Z_j ])ψ .

It is immediate that this formula allows considerable simplifications if t = 1/3, and this is in fact the connection used by B. Kostant in his work.

Theorem 3.2 (Kostant-Parthasarathy formula for D^{1/3} [Agr02, Théorème 2.2], [Agr03, Theorem 3.3]). For n ≥ 5 and t = 1/3, the general formula for (D^t)^2 reduces to

(4) (D^{1/3})^2ψ = Ω_g(ψ) + 1 8 � scal^{1/3} + 1 9 � i,j Q_m([Z_i, Z_j ], [Z_i, Z_j ]) � ψ . This formula is the differential geometric version of the algebraic identity [Kos99, Thm 2.13]. It coincides with Parthasarathy’s classical formula from 1972 in case M is symmetric. In fact, S. Slebarski had already noticed independently that the parameter value t = 1/3 had distinguished properties (see Theorem 1 and the introduction of [Sle87a], as well as [Goe99]). Although his articles [Sle87a] and [Sle87b] contain several attempts to generalize Parthasarathy’s formula for

D^2, none of them seems to come close to Kostant’s result. We shall call the connection ∇^{1/3} the Kostant-Slebarski connection. Notice that the scalar appearing in equation (4) can be expressed in purely geometric terms, yielding

(5) (D^{1/3})^2ψ = Ω_g(ψ) + 1 8 Scal^g + 1 16 ||T ||^2,

where Scal^g denotes the Riemannian scalar curvature. As a corollary, one obtains immediately from Theorem 3.1 that the first order differential operator

Dψ := � i,j,k

⟨[Z_i, Z_j ]_m, Z_k⟩ Z_i · Z_j · Z_k(ψ)

is G-invariant. It exists only on non symmetric homogeneous spaces and certainly deserves further investigation. If G is compact, the scalar appearing on the right hand side of equation (4) can be rewritten in representation theoretic terms as ||ϱ_g||^2 − ||ϱ_h||^2 and has the property of being always positive, even if the Riemannian scalar curvature of M becomes negative. Hence, Theorem 3.2 implies an eigenvalue estimate for the Dirac operator D^{1/3} in the tradition of Friedrich’s estimate from 1980 (eq. (1)).

Corollary 3.1 ([Agr02, Corollaire 2.3], [Agr03, Corollary 3.1] ). If the operator Ω_g is non-negative, the first eigenvalue λ^{1/3}_1 of the Dirac operator D^{1/3} satisfies the identity (6) � λ^{1/3}_1

�_2

≥ ||ϱ_g||^2 − ||ϱ_h||^2

Equality occurs if and only if there exists an algebraic spinor that is fixed under the lift of the isotropy representation.

Examples of equality are for example the Aloff-Wallach metrics on SU(3)/S^1. In fact, the fixed spinors are precisely the parallel spinors of the canonical connection. Notice that a Killing spinor need not be a fixed spinor under the lifted isotropy representation or vice versa, though it can happen that both notions coincide. Looking back at the string equations for constant dilation (eq. (2)), one sees that the Dirac operator from equation (3) is particularly suitable to study parallel spinors with H · ψ = 0:

Theorem 3.3 ([Agr03, Thm 4.3]). If the operator Ω_g is non-negative and ∇^t is not the Levi-Civita connection (i. e., t ≠ 1/2), there cannot exist any spinor satisfying the equations ∇^tψ = 0 and H · ψ simultaneously.

It had been observed in Section 2 that for the Levi-Civita connection, the existence of a parallel spinor implies the vanishing of the Riemannian Ricci curvature ([Bon66]). Curiously, for other connections, the existence of a parallel spinor and Ricci flatness rather seem to be obstructions to each other. Following the lines of the Riemannian proof, one gets for the general case intricate conditions linking the Ricci tensor to the torsion form. We used them to prove the following result:

Proposition 3.1 ([Agr03, Prop. 4.1]). If the canonical connection ∇^0 is Ricci flat and admits a parallel spinor, the exterior derivative of its torsion T^0 satisfies (X dT^0) · ψ = 0 for all vectors X in m. In dimension n = 4, 5, 6 and 7, this last condition cannot hold for algebraic reasons.

We end our remarks on vanishing results with the precise statement of a general theorem already mentioned before:

Theorem 3.4 ([Agr03, Theorem 4.1] ). Let M^n be a compact Riemannian manifold with metric ⟨ , ⟩ and a metric connection ∇ with totally skew symmetric torsion T . Suppose that there exists a spinor field ψ such that all the equations

Ric^∇ = 0, ∇Ψ = 0, T · Ψ = 0

hold. Then T = 0 and ∇ is the Levi-Civita connection.

The article [Agr03] ends with a thorough discussion of an example, namely, the naturally reductive metrics on the 5-dimensional Stiefel manifold V_{4,2} = SO(4)/SO(2). This contact manifold (see [Bla02] as a general reference for these) was known before to carry a Sasakian metric with two Killing spinors ([Fri80]); from the point of view of parallel spinors, all contact metrics on V_{4,2} turned out to be equally interesting.

Before describing the contents of the next papers, let us begin with some general remarks on torsion. The notion of torsion of a connection was invented by Elie Cartan, and appeared for the first time in a short note at the Académie des Sciences de Paris in 1922 (see [Car22]). Although it contains no formulas, Cartan observes that such a connection may or may not preserve geodesics, and turns his attention first to those who actually do so. In this sense, E. Cartan was the first to investigate this class of connections. At that time, it was not yet customary—as it became later in the second half of the 20th century—to assign to a Riemannian manifold only its Levi-Civita connection. Rather, Cartan demands (see [Car24b]):

Étant donné une variété plongée dans l’espace affine (ou projectif, ou conforme etc.), attribuer à cette variété la connexion affine (ou projective, ou conforme etc.) qui rende le plus simplement compte des relations de cette variété avec l’espace ambiant.

He then goes on to explain in very general terms how the connection should be adapted to the geometry under consideration. We believe that this point of view should be taken into account in Riemannian geometry, too. The canonical connection of a naturally reductive Riemannian space is a first example (see [Agr03]). Moreover, we know many non integrable geometric structures on Riemannian manifolds admitting a unique metric connection preserving the structure and with non vanishing skew-symmetric torsion (see [FI02], [Fri03b]). Following Cartan as well as the idea that torsion forms are candidates for the so called B-field in string theory, the geometry of these connections deserves systematic investigation. Basically, there were up to now no general results concerning the holonomy group of connections with torsion. The question whether or not a connection of that type admits parallel tensor fields differs radically from the corresponding problem for the Levi-Civita connection. In particular, one is interested in the existence of parallel spinor fields, since they are interpreted in string theory as supersymmetries of the model.

We give a short review of the 8 classes of geometric torsion tensors. Consider a Riemannian manifold (M^n, g). In a point, the difference between its Levi-Civita connection ∇^g and any linear connection ∇ is a (2, 1)-tensor A, ∇_X Y = ∇^g_X Y + A(X, Y ), X, Y ∈ T M .

The vanishing of the symmetric or the antisymmetric part of A has an immediate geometric interpretation. The connection ∇ is torsion-free if and only if A is symmetric. The connection ∇ has the same geodesics as the Levi-Civita connection ∇^g if and only if A is antisymmetric. Following Cartan, we study the algebraic types of the torsion tensor for a metric connection. Denote by the same symbol the (3, 0)-tensors derived from A, T by contraction with the metric. We identify T M with T M^∗ via the metric from now on. Let T be the n^2(n − 1)/2-dimensional space of all possible torsion tensors, T = {T ∈ ⊗^3T M | T (X, Y, Z) = − T (Y, X, Z)} ∼= Λ^2T M ⊗ T M .

On the other side, a connection ∇ is metric if and only if A belongs to the space A^g := T M ⊗ Λ^2T M = {A ∈ ⊗^3T M | A(X, V, W ) + A(X, W, V ) = 0} .

Proposition 3.2 ([Car25, p.51], [TV83]). For n ≥ 3, the space T of possible torsion tensors splits under O(n, R) into the sum of three irreducible representations, T ∼= R^n ⊕ Λ^3(R^n) ⊕ T^′, as does A^g . Furthermore, the formulas

T (X, Y, Z) = A(X, Y, Z) − A(Y, X, Z) , 2 A(X, Y, Z) = T (X, Y, Z) − T (Y, Z, X) + T (Z, X, Y ) .

define an equivariant bijection A^g → T .

The eight classes of linear connections are now defined by the possible parts of their torsions T in these components. If one looks at the class of linear metric connections, then these are also uniquely determined by their torsion. The nice lecture notes by Tricerri and Vanhecke [TV83] use a similar approach in order to classify homogeneous spaces by the algebraic properties of the torsion of the canonical connection. They construct homogeneous examples of all classes, and study their “richness”. The described decomposition shows that a natural class of non-torsion free metric connections are those with skew-symmetric torsion form T ∈ Λ^3(R^n); the articles [AF04a], [AF04b] and [AF03] deal with these as well as spinorial connections defined by exterior forms of higher degree. Observe that we can characterize these connections geometrically as follows:

Corollary 3.2. A connection ∇ on M is metric and geodesics preserving precisely if its torsion T lies in Λ^3(T M). In this case, 2 A = T holds,

∇_X Y = ∇^g_X Y + 1 2 T (X, Y, −),

and the ∇-Killing vector fields coincide with the Riemannian Killing vector fields.

[AT04] is devoted to the geodesics of metric connections whose torsion is given by a vector, i. e. lies in the first component of the decomposition in Proposition 3.2. We shall henceforth speak of connections with vectorial torsion.

In our joint article [AF04a], we first study the linear case in very general terms, i.e., euclidian space. We associate with any exterior form T ∈ Λ^k(R^n) its covariant derivative ∇^T acting on spinor fields ψ : R^n → Δ_n by the formula ∇^T_X ψ := ∇^g_X ψ + (X T ) · ψ .

For a 3-form T ∈ Λ^3(R^n), the spinorial covariant derivative ∇^T is induced by a linear metric connection with torsion tensor 2 T , ∇^T_X Y := ∇^g_X Y + 2 T (X, Y, −) .

Definition 3.1. ([AF04a, Dfn 2.1 and 2.2]). Let T be an exterior form on R^n. The Lie algebra ĝ_T is the subalgebra of the Clifford algebra cl(R^n) generated by all elements X T , where X ∈ R^n is a vector. The Lie algebra h_T := � ĝ_T , ĝ_T � ⊂ cl(R^n) is called the (infinitesimal) holonomy algebra of the exterior form T .

The Lie algebra ĝ_T is invariant under the action of the isotropy group G_T , but has no relationship with the Lie algebra g_T of G_T . If k +

�_{k−1} 2 � ≡ 0 mod 2 (for example, k = 3), ĝ_T lies in so(n) ⊂ cl(R^n) ([AF04a, Prop. 2.1]). In our examples, h_T did always coincide with ĝ_T ; for 3-forms, we were able to show thar ĝ_T is a semisimple Lie algebra ([AF04a, Theorem 3.1]). Moreover, it cannot preserve a non degenerate 2-form or a spinor, hence there are no parallel spinors for T ≠ 0 ([AF04a, Prop. 3.3, Thm 3.2]). On the other side, many representations of a compact, semisimple Lie algebra occur as the holonomy algebra of some 3-form, for example the adjoint representation can be realized in this way. We introduce an obstruction for a Lie algebra representation to be the holonomy algebra of some 3-form and show on an example how it may be used to rule out some representations. In particular, the unique, irreducible 16-dimensional representation of the algebra spin(9) cannot be the holonomy algebra of some 3-form.

In the next step, we generalize the algebraic results to the case of a Riemannian spin manifold (M^n, g, T ) with a metric connection ∇. Consider the one-parameter family of linear metric connections with torsion defined by ∇^s_X Y := ∇^g_X Y + 2s T (X, Y, −) and its lift to the spinor bundle S of M. In [FI02, Thm 3.1, 3.3], Friedrich and Ivanov derived a formula for the square of the Dirac operator D^s associated with ∇^s. This formula for (D^s)^2 has the disadvantage of still containing a first order differential operator as well as several 4-forms, which are difficult to treat algebraically. Inspired by the homogeneous case—where the Kostant-Slebarski connection is related to the canonical connection by a 1/3-shift, we were looking for an alternative comparison of (D^s)^2 with the Laplace operator of some other connection ∇^{s′} from the same family. It turns out that the Laplacian for the parameter s should be linked to the Dirac operator for the parameter s/3, the remainder being a zero order operator. Similar formulas can be found in [Bis89].

Theorem 3.5 ([AF04a, Thm 5.2]). The spinor Laplacian Δ^s and the square of the Dirac operator D^{s/3} are related by

(D^{s/3})^2 = Δ^s + s dT + 1 4 Scal^g − 2s^2 ||T ||^2.

By integrating the latter formula on a compact manifold M^n, we obtain:

Theorem 3.6 ([AF04a, Thm 5.3]). Let (M^n, g, T ) be a compact, Riemannian spin manifold of non positive scalar curvature, Scal^g ≤ 0, and suppose that the 4-form dT acts on spinors as a non positive endomorphism. If there exists a solution ψ ≠ 0 of the equation

∇^T_X ψ = ∇^g_X ψ + (X T ) · ψ = 0 ,

then the 3-form and the scalar curvature vanish, T = 0 = Scal^g , and ψ is parallel with respect to the Levi-Civita connection.

Theorem 3.6 applies, in particular, to Calabi-Yau or Joyce manifolds. These are compact, Ricciflat Riemannian manifolds in dimensions n = 6, 7 with one parallel spinor field. Let us perturb the connection ∇^g by a 3-form such that dT is non positive on spinors (for example, a closed form). Then the new connection ∇^T does not admit ∇^T -parallel spinor fields. Physically speaking, this means that exact vacuum solutions of the Strominger model cannot be deformed in this way into non-vacuum solutions. Nilmanifolds and their compact quotients M^n = G/Γ are a second family of examples where the theorem applies. A further family of examples arises from certain naturally reductive spaces and a torsion form T being proportional to the torsion form of the canonical connection, see [Agr03].

The integral formula from Theorem 3.6 can also be applied to the determination of the possible values of s for which parallel spinors can exist. In the generic case, the existence of a ∇^s-parallel spinor restricts the possible parameter s via a polynomial equation. Moreover, our integral formulas prove that, on a compact manifold, basically only three parameters are possible ([AF04a, Thm 6.1]). In case that the torsion form is associated with a special non integrable geometry, the connection ∇^s with a parallel spinor is sometimes unique. A result of that type requires additional informations concerning the underlying geometry. We prove it for 5-dimensional Sasakian manifolds equipped with their canonical connection ([AF04a, Prop. 6.2]).

The last part of [AF04a] is devoted to examples. We construct on the Aloff-Wallach manifold N(1, 1) = SU(3)/S^1 a two-parameter family of metrics that admits two inequivalent cocalibrated G_2-structures. It is well known (see [BFGK91]) that N(1, 1) carries two distinguished metrics, namely an Einstein and a 3-Sasakian one (which, of course, is automatically Einstein). For this family, we investigate the torsion forms of their unique connections as well as other geometric data. Our approach is different from the usual one (see [CMS96]). First we construct 3-forms with parallel spinors on N(1, 1). The underlying G_2-structure is cocalibrated and many of the geometric data are encoded into the torsion 3-form we started with. Moreover, we are interested not only in the type of the G_2-structure, but mainly in the geometry of the unique connection preserving this structure. One result is that we were able to find a metric (which is none of the ones mentioned above) and a 3-form T such that ∇^T and ∇^{−T} admit parallel spinors, hence illustrating in a non trivial situation that several values are indeed possible in [AF04a, Thm 6.1]. The same method is then applied in order to construct spinorial connections defined by 4-forms and admitting parallel spinor fields. It turns out that some of these connections are closely related to the 3-Sasakian structure of N(1, 1):

Theorem 3.7 ([AF04a, Thm 8.1, 8.2]). 1) Any 3-Sasakian manifold in dimension seven admits a P^2-parameter family of metric connections with skew-symmetric torsion and parallel spinors. The holonomy group of these connections is a subgroup of G_2.

2) Any 3-Sasakian manifold in dimension seven admits a P^2-parameter family of spinorial connections defined by 4-forms and with parallel spinors. The spinorial holonomy group of these connections is a subgroup of GL(7, R).

In [AF03], we introduce a second order differential operator Ω for a Riemannian manifold (M^n, g, ∇) equipped with a metric connection with skew-symmetric torsion T . If we denote by (D^{1/3})^2 the square of the Dirac operator corresponding to the connection with torsion form T/3, this so-called Casimir operator of M^n differs from (D^{1/3})^2 by a zero order term. The parameter shift by 1/3 is the same than previously used in the general Kostant-Parthasarathy formula (Theorem 3.1 in this summary) as well as the Weitzenböck formula (Theorem 3.5). Our operator Ω is constructed in such a way to coincide with the Casimir operator of a naturally reductive space in the homogenous situation, hence motivating its name. If the torsion form T is ∇-parallel, the formula for Ω simplifies to

Ω = (D^{1/3})^2 − 1 16 � 2 Scal^g + ||T ||^2 � , which can be directly compared to equation (5) and Theorem 3.2. Even for a naturally reductive homogeneous space, this definition has one big advantage: D^{1/3}, Scal^g and ||T||^2 are geometrically invariant objects, whereas the Casimir operator Ω_g in its usual sense still heavily relies on the concrete realization of the homogeneous space M as a quotient.

The kernel of Ω contains all ∇-parallel spinors, which makes it a useful tool for the study of the space of all parallel spinors. From the integral formulas in [AF04a], one obtains criteria when Ω is a non-negative operator, a question which is difficult to answer even in the homogeneous case ([AF04b, Prop. 3.3]). If the torsion form is ∇-parallel, the Casimir operator Ω and the square of the Dirac operator (D^{1/3})^2 commute with the endomorphism T ([AF04b, Prop. 3.4]),

Ω ∘ T = T ∘ Ω , (D^{1/3})^2 ∘ T = T ∘ (D^{1/3})^2.

Hence, T and D^g (the usual Riemannian Dirac operator) act in the kernel of D^{1/3} if M is additionnally compact. One further consequence is an eigenvalue estimate linking the spectrum of the endomorphism T and the minimum of the scalar curvature. We give a detailed description of the Casimir operator on 5-dimensional Sasakian manifolds, 6-dimensional nearly Kähler manifolds and 7-dimensional cocalibrated G_2-manifolds.

The article [AF03] deals with a special supergravity model. In July 2003, G. Papadopoulos (Cambridge) raised the question of finding solutions to the equation

∇^g_X Ψ + 1 4 · (X T ) · Ψ + 1 144 · (X F − 8 · X ∧ F ) · Ψ = 0 ,

where T is a 3-form as before and F a 4-form flux on the Riemannian spin manifold M (see [Duf02], [FP02]). This is a highly overdetermined system of first order partial differential equations. 11- dimensional space-time solutions are interesting and the models with a maximal number of supersymmetries have been classified (see [FP02]). The Kaluza-Klein reduction of M-theory (see [Ali01], [BJ03], [BDS01] and [WNW85]) yields that dimensions 4 ≤ n ≤ 8 are of interest, too, possibly with some additional algebraic constraints, like T · Ψ = 0 or F · Ψ = 0.

The aim of [AF03] is to present a geometric method for solving the equation under consideration. The main idea of our approach is easy to explain. We start with a Riemannian manifold admitting a spinor field Ψ of some special type. For this, there are many possibilities. The spinor field may be a Riemannian Killing spinor (see [Fri80]) on some irreducible Einstein space,

∇^g_X Ψ = λ · X · Ψ .

The spinor field may be a Kählerian Killing spinor (see [Kir93]) defined on some special Kähler manifold. In odd dimensions, we can start with an η-Einstein-Sasakian manifold and its contact Killing spinor (see [FK00]). On a reductive space, the spinor field may be an invariant spinor of the isotropy representation. In any case, triples (M^n, g, Ψ) of the type we need have been studied very intensively in mathematics since more then 20 years. In particular, the dimensions n ≤ 8 and the corresponding special geometries play a crucial role. Let us moreover assume that there exists a “canonical” family (T_ω, F_ω ) of forms on M^n depending on some parameter ω. We consider the system of n · 2^{[n/2]} algebraic equations in the parameters ω, � λ · X + 1 4 · (X T_ω) + 1 144 (X F_ω − 8 · X ∧ F_ω ) � · Ψ = 0 .

Furthermore, we can add the equations T_ω · Ψ = 0 or F_ω · Ψ = 0. We solve the corresponding equations with the help of standard math computer programs. In this way, we obtain families of 3- and 4-forms solving the equation on the manifold we started with. The first interesting dimension in presence of a 4-flux is seven. Applying the method just described, we can prove:

Theorem 3.8 ([AF03, Thm 2.1]). Let M^7 be a 7-dimensional 3-Sasakian manifold and fix a Riemannian Killing spinor Ψ, as well as two real numbers p and q. Then there exists a 7-dimensional family of torsion forms T and flux forms F defined by the contact structures such that

∇^g_X Ψ + 1 4 · (X T ) · Ψ + p · (X F ) · Ψ + q · (X ∧ F ) · Ψ = 0 .

The condition F · Ψ = 0 restricts to a subfamily of dimension six. If 4 p − 3 q ≠ 0, the condition T · Ψ = 0 defines again a 6-dimensional subfamily. If 4 p − 3 q = 0, then T · Ψ = (14/3) · Ψ for any torsion form in the family. Both constraints together imply that the spinor field Ψ is necessarily zero.

From the geometric point of view, there is an interesting case, namely 4 p − 3 q = 0. This is not the ratio of the parameters p, q appearing in supergravity.

The G_2-case has been already investigated in M-theory compactifications to dimension four (see [BDS01]). In both cases, the underlying metric has to be Einstein (see [BG99]). On the Aloff- Wallach space N(1, 1), we were able to construct families of non Einstein metrics equipped with torsion forms, flux forms and Killing spinors:

Theorem 3.9. For every metric g_{s,y} on N(1, 1) = SU(3)/S^1 and every pair (p, q) ∈ R^2, there exists a 10-dimensional affine space of forms (T, F ) such that the spinor field Ψ_3 satisfies the Killing spinor equation ∇_X Ψ := ∇^g_X Ψ + 1 4 (X T)Ψ + p (X F)Ψ + q (X ∧ F)Ψ = 0.

Furthermore, the additional condition F · Ψ_3 = 0 singles out a 9-dimensional affine subspace. For 4 p − 3 q ≠ 0, the set of forms satisfying T · Ψ_3 = 0 is again a 9-dimensional affine subspace, but its intersection with forms such that F · Ψ_3 = 0 is empty. For 4 p − 3 q = 0, there are no 3-forms such that T · Ψ = 0.

(Ψ_3 is some special spinor field on N(1, 1) described in Section 7 of [AF04a]). The paper ends with the discussion of the special coupling 4p = 3q in dimension 7.

The article [AT04] returns to the 8 classes of metric connections with torsion described in Proposition 3.2. Besides metric connections whose torsion is a 3-form, the simplest class consists of those connections which have vectorial torsion. Explicitly, they may be written as ∇_X Y = ∇^g_X Y + g(X, Y )V − g(V, Y )X for some fixed vector field V on M^n. The case of a surface (n = 2) is special in as much that any metric connection has to be of this type. In fact, classical topics of surface theory like the Mercator projection which maps loxodromes on the sphere to straight lines in the plane can be understood in a different light with their help.

For some reasons, these connections have not attracted as much attention in the past as we believe they deserve. Correspondingly, an overview over the existing literature (that we are aware of) is quickly given. In [TV83], Tricerri and Vanhecke were led to the study of such connections in the context of the classification problem of homogeneous structures on manifolds. They showed that if M is connected, complete, and simply connected and V is parallel, i. e. ∇V = 0, then (M, g) has to be isometric to hyperbolic space. Vicente Miquel studied in [Miq82] and [Miq01] the growth of geodesic balls of such connections, but did not investigate the detailed shape of geodesics. In any way, a curve γ(t) is a geodesic of ∇ if it satisfies the differential equation

∇^g_{γ̇}γ̇ + g(γ̇, γ̇)V − g(V, γ̇)γ̇ = 0 .

Taking the scalar product of this equation with γ̇ yields g(∇^g_{γ̇}γ̇, γ̇) = 0, that is, γ̇ has constant length E > 0, which reflects of course just the fact that ∇ was metric. Hence, the geodesic equation can be written

(7) ∇^g_{γ̇}γ̇ + E^2 V − g(V, γ̇)γ̇ = 0 .

In fact, there are qualitatively two cases to be distinguished. If γ̇ is parallel to V at the origin, γ̇(0) = α · V (γ(0)), we conclude that ∇^g_{γ̇(0)}γ̇(0) = 0 and γ(t) coincides locally with a classical geodesic of the Levi-Civita connection. In particular, a ∇-geodesic which stays parallel to V for all times is exactly a ∇^g -geodesic. Generic ∇-geodesics are those for which γ̇ is never parallel to V ; their shape will be qualitatively very different from that of their Levi-Civita “cousins”. Periodic geodesics are necessarily non-generic. More precisely, one shows:

Proposition 3.3 ([AT04, Cor. 2.1]). For a Killing vector field V , any periodic ∇-geodesic is automatically a Levi-Civita geodesic and, up to a constant, an integral curve of V .

One problem with the study of geodesics for connections with vectorial torsion is the lack of good integrals of motion. Isometries leaving V invariant generate symmetries of the ∇-geodesics, but no invariants of Noether type. Yet, invariants of motion must exist in some special situations, as the following example due to Cartan shows:

Example 3.1 (Cartan’s example). In [Car23, § 67, p. 408–409], Cartan describes the two-dimensional sphere with its flat metric connection, and observes (without proof) that “on this manifold, the straight lines are the loxodromes, which intersect the meridians at a constant angle. The only straight lines realizing shortest paths are those which are normal to the torsion in every point: these are the meridians^2”.

This suggests that there exists a class of metric connections on surfaces of revolution whose geodesics admit a generalization of Clairaut’s theorem, yielding loxodromes in the case of the flat connection. Furthermore, it is well known that the Mercator projection maps loxodromes to straight lines in the plane (i. e., Levi-Civita geodesics of the euclidian metric), and that this mapping is conformal. Theorem 3.10 provides the right setting to the understanding of both effects.

Theorem 3.10 ([AT04, Thm 3.1]). Let σ be a function on the Riemannian manifold (M, g), ∇ the metric connection with vectorial torsion defined by V = −grad(σ), and consider the conformally equivalent metric g̃ = e^{2σ}g. Then:

(1) Any ∇-geodesic γ(t) is, up to a reparametrisation τ, a ∇^{g̃} -geodesic, and the function τ is the unique solution of the differential equation τ̈ + τ̇σ̇ = 0, where we set σ(t) := σ ∘ γ ∘ τ(t);

(2) If X is a Killing field for the metric g̃, the function e^σg(γ̇, X) is a constant of motion for the ∇-geodesic γ(t).

Cartan’s example is obtained (and generalized) by taking σ := − ln r(s) on the surface of revolution generated by rotating the parametrised curve α = (r(s), h(s)). Besides for the sphere, the result is of particular interest for the catenoid: since it is a minimal surface, the Gauss map to the sphere is a conformal mapping, hence it maps loxodromes to loxodromes. Thus, Beltrami’s theorem (“If a portion of a surface S can be mapped LC-geodesically onto a portion of a surface S^∗ of constant Gaussian curvature, the Gaussian curvature of S must also be constant”, see for example [Kre91, §95]) does not hold for metric connections with vectorial torsion—the sphere is a a surface of constant Gaussian curvature, but the catenoid is not. In the last Section, we treat the euclidian plane with an

2Sur cette variété, les lignes droites sont les loxodromies, qui font un angle constant avec les méridiennes. Les seules lignes droites qui réalisent les plus courts chemins sont celles qui sont normales en chaque point à la torsion : ce sont les méridiennes. loc. cit.

arbitrary vector field in great detail and show that the behaviour of geodesics is, already in this low dimension, dominated by a highly non-trivial system of ordinary differential equations. In particular, we give an example of a vector field which does admit a second invariant of motion, although it is not a gradient and not geodesically complete (that is, the Hopf-Rinow theorem fails).

The last article in the present collection is the joint work with Roe Goodman on K-invariant vector fields on symmetric spaces G/K [AG03]. It can be read independently of the other articles and is (together with [AT04]) a purely mathematical paper. Its link with the other articles stems from the fact that it also deals with the properties of invariant differential operators on homogeneous manifolds. While G-invariant operators on symmetric spaces have been intensively studied (see, for example, the books by Helgason [Hel78], [Hel84], [Hel94] for operators on functions, and [Par72], [Wol74], [AS77] for Dirac operators on spinors), nothing was known before on K-invariant operators. Hence, it was necessary to start with the simplest situation, namely, the infinite-dimensional Lie algebra of K-invariant vector fields on a reductive symmetric space G/K. It turned out to be useful to work in the algebraic category, i. e. G is a complex connected reductive linear algebraic group and K is the fixed points of an involutory automorphism θ of G (thus G/K is the complexification of a Riemannian symmetric space). The main case that we are studying— SL(2, C) with the conjugation action—is of interest in the context of connections with skew-symmetric torsion, too. Indeed, a recent result by Alexandrov, Friedrich and Schoemann ([AFS04]) shows that SL(2, C) is, besides twistor spaces, the only hermitian 6-manifold with parallel characteristic torsion and non-abelian isotropy group of the NS-3-form.

There is a canonical G-module isomorphism between the space X(G/K) of regular algebraic vector fields on G/K and the algebraically induced representation Ind^G_K (σ), where σ is the isotropy representation of K. In particular, the space X(G/K)^K of K-invariant vector fields on G/K corresponds to the K-fixed vectors in the induced representation. When G is simple and simply connected, Richardson’s results [Ric82] imply that X(G/K) is a free module over the algebra J of K-biinvariant functions on G. In Theorem [AG03, Thm 2.2] we obtain an explicit set of free generators for a localization X(G/K)^K_ψ , for some ψ ∈ J .

We next study X(G/K)^K as a Lie algebra and obtain a formula for the commutator of K-invariant vector fields in terms of the associated K-covariant mappings. The Cartan embedding G/K −→ P ⊂ G given by gK → gθ(g)^{−1} is a fundamental tool in the study of symmetric spaces, and it is natural to use it to study X(G/K)^K . Invariant vector fields on G/K whose horizontal lifts to G are tangent to P are called flat (in fact, the Cartan embedding induces a priori two different notions of flatness, which we show to be equivalent). We obtain a commutator formula with no curvature term for the action on P of these vector fields. For G simple and simply connected, we prove ([AG03, Thm 3.1]) that every element of X(G/K)^K is flat if and only if K is semisimple (i.e. G/K is not the complexification of a hermitian symmetric space).

In Section 4 we study the conjugation action of a semisimple group G on itself. This is an example of the Cartan embedding of a symmetric space for the group G × G and involution θ(g, h) = (h, g). In this case, J is just the algebra of regular class functions. Assuming G is simply-connected, no localization is needed anymore:

Theorem 3.11 ([AG03, Thm 4.1]). Assume G is simply connected and g is semisimple of rank r. Let φ_1, . . . , φ_r be the characters of the fundamental representations of G. Then the vector fields X_1, . . . , X_r on G corresponding to gradφ_1, . . . , gradφ_r are a J -module basis for X(G)^{Ad G}. Furthermore, all conjugation-invariant vector fields are flat.

In the special case of SL(n, C), we calculate the commutators of an explicit basis of conjugationinvariant vector fields. When G = SL(2, C), we construct a C-basis for X_2 = X(G)^{Ad G} and compute the commutators and the action on invariants of this basis. We show that X_2 is isomorphic to a subalgebra of the Witt algebra ([AG03, Thm 4.5]) and we find the highest weight vectors inside C[SL(2, C)].

Finally, we establish a separation of variables theorem for SL(2, C). More precisely, using the preceding results, we construct explicitly a conjugation-invariant differential operator on SL(2, C) such that its kernel H realizes the isomorphism

C[SL(2, C)] ∼= C[SL(2, C)]^{Ad SL(2,C)} ⊗ H .

This result ([AG03, Thm 5.3]) is the global version of the separation of variables in the isotropy representation going back to Kostant and Kostant-Rallis ([Kos63], [KR71]). However, our proof requires extensive representation-theoretic calculations and does not seem to extend to arbitrary conjugation actions or symmetric spaces in any obvious way.

Total Bibliography

[AGS00] E. Abbena, S. Gabiero, S. Salamon, Almost hermitian geometry on six dimensional nilmanifolds, math.dg/0007066.

[AT96] T. Ackermann, J. Tolksdorf, A generalized Lichnerowicz formula, the Wodzicki residue and gravity, Journ.

Geom. Phys. 19 (1996), 143-150.

[Agr00] I. Agricola, Die Frobenius-Zerlegung auf einer algebraischen G-Mannigfaltigkeit, Ph.D. thesis, Humboldt- Universität zu Berlin, 2000.

[Agr01] I. Agricola, Invariante Differentialoperatoren und die Frobenius-Zerlegung einer G-Varietät, J. of Lie Th.

11 (2001), 81-109.

[Agr02] , Connexions sur les espaces homogènes naturellement réductifs et leurs opérateurs de Dirac, C. R.

Acad. Sci. Paris Sér. I 335 (2002), 43-46.

[Agr03] , Connections on naturally reductive spaces, their Dirac operator and homogeneous models in string theory, Comm. Math. Phys. 232 (2003), 535-563.

[AF01] I. Agricola and Th. Friedrich, Globale Analysis – Differentialformen in Analysis, Geometrie und Physik, Vieweg-Verlag, 2001.

[AF03] , Killing spinors in supergravity with 4-fluxes, Class. Quant. Grav. 20 (2003), 4707-4717. [AF04a] , On the holonomy of connections with skew-symmetric torsion, Math. Ann. 328 (2004), 711-748. [AF04b] , The Casimir operator of a metric connection with totally skew-symmetric torsion, Journ. Geom.

Phys. 50 (2004), 188-204.

[AG03] I. Agricola and R. Goodman, On the algebra of K-invariant vector fields on a symmetric space G/K, Mich.

Math. J. 51 (2003), 607-630.

[AT04] I. Agricola and Chr Thier, The geodesics of metric connections with vectorial torsion, to appear in Ann.

Global Anal. Geom.

[Ale68] D. V. Alekseevski, Riemannian spaces with exceptional holonomy groups, Func. Anal. Prilozh. 2 (1968), 1-10.

[AFS04] B. Alexandrov, Th. Friedrich, Nils Schoemann, Almost hermitian 6-manifolds revisited, math.dg/0403131. [Ali01] T. Ali, M-theory on seven manifolds with G-fluxes, hep-th/0111220.

[AS77] M. Atiyah and W. Schmid, A geometric construction for the discrete series for semisimple Lie groups, Invent. Math. 42 (1977), 1-62.

[AW01] M. Atiyah and E. Witten, M-theory dynamics on a manifold of G_2 holonomy, hep-th/0107177. [AZ79] J. E. D’Atri and W. Ziller, Naturally reductive metrics and Einstein metrics on compact Lie groups, Memoirs of Amer. Math. Soc. 18 (1979).

[Ban-J90] J. Bang-Jensen, The Multiplicities of Certain K-Types in Spherical Representations, J. Functional Analysis 91 (1990), 346–403.

[BFGK91] H. Baum, Th. Friedrich, R. Grunewald, I. Kath, Twistors and Killing spinors on Riemannian manifolds, Teubner-Texte zur Mathematik, Band 124, Teubner-Verlag Stuttgart / Leipzig, 1991.

[BJ03] K. Behrndt, C. Jeschek, Fluxes in M-theory on 7-manifolds and G-structures, hep-th/0302047. [BM01] F. Belgun and A. Moroianu, Nearly Kähler 6-manifolds with reduced holonomy, Ann. Global Anal. Geom.

19 (2001), 307-319.

[BGM71] M. Berger, P. Gauduchon and E. Mazet, Le spectre d’une variété riemannienne, Lecture Notes in Mathematics 194, Springer 1971.

[BDS01] A. Bilal, J.-P. Derendinger and K. Sfetsos, Weak G_2-holonomy from self-duality, flux and supersymmetry, hep-th/0111274.

[Bis89] J. M. Bismut, A local index theorem for non-Kählerian manifolds, Math. Ann. 284 (1989), 681-699. [Bla02] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, Progress in Mathematics vol. 203, Birkhäuser, 2002.

[Bon66] E. Bonan, Sur les variétés riemanniennes à groupe d’holonomie G_2 ou Spin(7), C. R. Acad. Sc. Paris 262 (1966), 127-129.

[BG99] C. P. Boyer and K. Galicki, 3-Sasakian manifolds, in Essays on Einstein manifolds, (ed. by C. LeBrun and M. Wang), International Press 1999. 107

108 Total Bibliography

[BG01] , Einstein manifolds and contact geometry, Proc. Amer. Math. Soc. 129 (2001), 2419-2430. [BRX02] L. Brink, P. Ramond and X. Xiong, Supersymmetry and Euler multiplets, hep-th/0207253. [BG72] R. B. Brown and A. Gray, Riemannian manifolds with holonomy group Spin(7), Differential Geometry in honor of K. Yano, Kinokiniya, Tokyo, 1972, 41-59.

[CMS96] F. M. Cabrera, M. D. Monar, A. F. Swann, Classification of G_2-structures, Journ. Lond. Math. Soc. II.

Ser. 53 (1996), 407-416.

[Car22] E. Cartan, Sur une généralisation de la notion de courbure de Riemann et les espaces à torsion, C. R. Ac.

Sc. 174 (1922), 593-595.

[Car23] , Sur les variétés à connexion affine et la théorie de la relativité généralisée (première partie), Ann.

Ec. Norm. Sup. 40 (1923), 325-412, part one.

[Car24a] , Sur les variétés à connexion affine et la théorie de la relativité généralisée (première partie), Ann.

Ec. Norm. Sup. 41 (1924), 1-25, part two.

[Car24b] , Les récentes généralisations de la notion d’espace, Bull. Sc. Math. 48 (1924), 294-320. [Car25] , Sur les variétés à connexion affine et la théorie de la relativité généralisée (deuxième partie), Ann.

Ec. Norm. Sup. 42 (1925), 17–88.

[Cha70] I. Chavel, A class of Riemannian homogeneous spaces, J. Differ. Geom. 4 (1970), 13–20. [CS02] S. Chiossi and S. Salamon, The intrinsic torsion of SU(3) and G_2 structures, math.dg/0202282; in O.

Gil-Medrano et. al. (eds.), Proc. Intern. Conf. Valencia, Spain, July 8-14, 2001, Singapore, World Scientific, 115-133 (2002).

[CKL01] G. Curio, B. Körs and D. Lüst, Fluxes and branes in type II vacua and M-theory geometry with G_2 and Spin(7) holonomy, hep-th/0111165.

[DI01] P. Dalakov and S. Ivanov, Harmonic spinors of Dirac operators of connections with torsion in dimension 4, Class. Quant. Grav. 18 (2001), 253-265.

[DF] I. G. Dotti and A. Fino, HyperKähler torsion structures invariant by nilpotent Lie groups, math.dg/0112166. [Duf02] M. J. Duff, M-theory on manifolds of G_2-holonomy: the first twenty years, hep-th/0201062. [EF97] J. Eichhorn and Th. Friedrich, Seiberg-Witten theory, Banach Center Publ. 39 (1997), 231-267. [Fee02] T. G. Feeman, Portraits of the Earth: A mathematician looks at maps, Mathematical World, vol. 18, American Mathematical Society, Providence, Rhode Island, 2002.

[Fer86] M. Fernandez, A classification of Riemannian manifolds with structure group Spin(7), Ann. Mat. Pura Appl. 143 (1986), 101-122.

[Fer87] , An example of a compact calibrated manifold associated with the exceptional Lie group G_2, Journ.

Diff. Geom. 26 (1987), 367-370.

[FG82] M. Fernandez and A. Gray, Riemannian manifolds with structure group G_2, Ann. Mat. Pura Appl. 132 (1982), 19-45.

[FP02] J. Figueroa-OFarrill, G. Papadopoulos, Maximally supersymmetric solutions of ten- and eleven-dimensional supergravities, hep-th/0211089.

[Fin98] A. Fino, Intrinsic torsion and weak holonomy, Math. J. Toyama Univ. 21 (1998), 1-22. [Fin03] , Almost Kähler 4-dimensional Lie groups with J-invariant Ricci tensor, math.dg/0308014. [FG03] A. Fino and G. Grantcharov, On some properties of the manifolds with skew-symmetric torsion and holonomy SU(n) and Sp(n), math.dg/0302358.

[FPS02] A. Fino, M. Parton, S. Salamon, Families of strong KT structures in six dimensons, math.dg/0209259. [Fri80] Th. Friedrich, Der erste Eigenwert des Dirac-Operators einer kompakten, Riemannschen Mannigfaltigkeit nichtnegativer Skalarkrümmung, Math. Nachr. 97 (1980), 117-146.

[Fri00] , Dirac operators in Riemannian geometry, Graduate Studies in Mathematics, vol. 25, American Mathematical Society, Prov., 2000.

[Fr01] , Weak Spin(9)-structures on 16-dimensional Riemannian manifolds, Asian Math. Journ. 5 (2001), 129-160.

[Fr03a] , Spin(9)-structures and connections with totally skew-symmetric torsion, Journ. Geom. Phys. 47 (2003), 197-206.

[Fri03b] , On types of non-integrable geometries, Suppl. Rend. Circ. Mat. di Palermo Ser. II, 71 (2003), 99-113.

[FI02] Th. Friedrich and S. Ivanov, Parallel spinors and connections with skew-symmetric torsion in string theory, Asian Journ. Math. 6 (2002), 303-336.

[FI03a] , Almost contact manifolds, connections with torsion and parallel spinors, J. Reine Angew. Math.

559 (2003), 217-236.

[FI03b] , Killing spinor equations in dimension 7 and geometry of integrable G_2-manifolds, Journ. Geom.

Phys. 48 (2003), 1-11.

[FK89] Th. Friedrich and I. Kath, Einstein manifolds of dimension five with small eigenvalues of the Dirac operator, Journ. Diff. Geom. 19 (1989), 263-279.

[FK90] , 7-dimensional compact Riemannian manifolds with Killing spinors, Comm. Math. Phys. 133 (1990), 543-561.

[FKMS97] Th. Friedrich, I. Kath, A. Moroianu and U. Semmelmann, On nearly parallel G_2-structures, Journ. Geom.

Phys. 23 (1997), 256-286.

[FK00] Th. Friedrich and E.C. Kim, The Einstein-Dirac equation on Riemannian spin manifolds, Journ. Geom.

Phys. 33 (2000), 128-172.

[FS79] Th. Friedrich and S. Sulanke, Ein Kriterium für die formale Selbstadjungiertheit des Dirac-Operators, Coll.

Math. XL (1979), 239-247.

[GKMW01] J. Gauntlett, N. Kim, D. Martelli, D. Waldram, Fivebranes wrapped on SLAG three-cycles and related geometry, hep-th/0110034.

[Goe99] S. Goette, Equivariant η-invariants on homogeneous spaces, Math. Z. 232 (1999), 1-42. [GW97] R. Goodman and N. R. Wallach, Representations and invariants of the classical groups, Encyclopedia of Mathematics and its Appl., vol. 68, Cambridge Univ. Press, 1998.

[Gra70] A. Gray, Nearly Kähler manifolds, Journ. Diff. Geom. 4 (1970), 283-309. [Gra71] , Weak holonomy groups, Math. Z. 123 (1971), 290-300. [Gra76] , The structure of nearly Kähler manifolds, Math. Ann. 223 (1976), 233-248. [GKRS98] B. H. Gross, B. Kostant, P. Ramond, and S. Sternberg, The Weyl character formula, the half-spin representations, and equal rank subgroups, Proc. Natl. Acad. Sci. USA 95 (1998), no. 15, 8441–8442.

[Gru90] R. Grunewald, Six-dimensional Riemannian manifolds with a real Killing spinor, Ann. Glob. Anal. Geom.

8 (1990), 43-59.

[Hel78] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, Pure and Applied Mathematics, vol. 80, Acad. Press, New York, 1978.

[Hel84] , Groups and geometric analysis, Pure and Applied Mathematics, vol. 113, Acad. Press, Orlando, 1984.

[Hel94] , Geometric Analysis on Symmetric Spaces, Mathematical Surveys and Monographs, vol. 39, Amer.

Math. Soc., 1994.

[Hit74] N. Hitchin, Harmonic spinors, Adv. in Math. 14 (1974), 1-55.

[Hit00] , The geometry of three-forms in six and seven dimensions, Journ. Diff. Geom. 55 (2000), 547-576. [Hit01] , Stable forms and special metrics, math.dg/0107101; Contemp. Math. 288 (2001), 70-89. [HP92] P. S. Howe and G. Papadopoulos, Finitness and anomalies in (4, 0) supersymmetric sigma models, Nucl.

Phys. B 381 (1992), 360.

[HP01] J.-S. Huang and P. Pandz̆ić, Dirac cohomology, unitary representations and a proof of a conjecture of Vogan, Journ. Amer. Math. Soc. 15 (2001), 185-202.

[Ike75] A. Ikeda, Formally self adjointness for the Dirac operator on homogeneous spaces, Osaka J. Math. 12 (1975), 173-185.

[IP01] S. Ivanov and G. Papadopoulos, Vanishing theorems and string background, Class. Quant. Grav. 18 (2001), 1089-1110.

[Jen75] G. Jensen, Imbeddings of Stiefel manifolds into Grassmannians, Duke Math. J. 42 (1975), 397-407. [Joy00] D. Joyce, Compact manifolds with special holonomy, Oxford Science Publ., 2000. [KS01] G. Ketsetzis and S. Salamon, Complex structures on the Iwasawa manifold, math.dg/0112295. [Kir93] K.-D. Kirchberg, Killing spinors on Kähler manifolds, Ann. Glob. Anal. Geom. 11 (1993), 141-164. [KN63] S. Kobayashi and K Nomizu, Foundations of differential geometry I, Wiley Classics Library, Wiley Inc., Princeton, 1963, 1991.

[KN69] , Foundations of differential geometry II, Wiley Classics Library, Wiley Inc., Princeton, 1969, 1996. [Kos56] B. Kostant, On differential geometry and homogeneous spaces II, Proc. N. A. S. 42 (1956), 354-357. [Kos63] , Lie group representations on polynomial rings, Amer. J. Math. 85 (1963), 327-404. [Kos99] , A cubic Dirac operator and the emergence of Euler number multiplets of representations for equal rank subgroups, Duke Math. J. 100 (1999), 447-501.

[Kost02] , Dirac cohomology for the Cubic Dirac operator, math.rt/0208048.

[KM01] B. Kostant and P. Michor, The generalized Cayley map from an algebraic group to its Lie algebra, preprint (arXiv:math.RT/0109066v1, 10 Sep 2001), to appear in The Orbit Method in Geometry and Physics (A.A. Kirillov Festschrift), Progress in Mathematics, Birkhäuser, 2003.

[KR71] B. Kostant and S. Rallis, Orbits and representations associated with symmetric spaces, Amer. J. Math. 93 (1971), 753–809.

[Kra85] H. Kraft, Geometrische Methoden in der Invariantentheorie, Vieweg, Braunschweig, 1985. [Kre91] E. Kreyszig, Differential geometry, Dover Publ., inc., New York, 1991, unabridged republication of the 1963 printing.

[Lan00] G. Landweber, Harmonic spinors on homogeneous spaces, Repr. Theory 4 (2000), 466–473. [Li87] A. Lichnerowicz, Spin manifolds, Killing spinors and universality of the Hijazi inequality, Lett. Math. Phys.

13 (1987), 331-344.

[Lich88] , Les spineurs-twisteurs sur une variété spinorielle compacte, C. R. Acad. Sci. Paris Série I 306 (1988), 381-385.

[LT89] D. Lüst and S. Theisen, Lectures on String Theory, Springer-Verlag, 1989. [McKW89] Y. McKenzie Wang, Parallel spinors and parallel forms, Ann. Gob. Anal. geom. 7 (1989), 59-68.

110 Total Bibliography

[MZ02] S. Mehdi and R. Zierau, Harmonic spinors on semisimple symmetric spaces, Journ. Funct. Anal. 198 (2003), 536-557.

[Miq82] V. Miquel, The volume of small geodesic balls for a metric connection, Compositio Math. 46 (1982), 121-132.

[Miq01] , Volumes of geodesic balls and spheres associated to a metric connection with torsion, Contemp.

Math. 288 (2001), 119-128.

[Par72] R. Parthasarathy, Dirac operator and the discrete series, Ann. of Math. 96 (1972), 1-30. [Ric81] R. W. Richardson, An application of the Serre conjecture to semisimple algebraic groups, Algebra, Proc.

Conf., Carbondale 1980, Lecture Notes in Mathematics, vol. 848, Springer (1981), 141-151. [Ric82] , Orbits, invariants and representations associated to involutions of reductive groups, Invent. Math.

66 (1982), 287-312.

[S01] S. Salamon, Complex structures on nilpotent Lie algebras, J. Pure Appl. Algebra 157 (2001), 311-333. [Sle87a] S. Slebarski, The Dirac operator on homogeneous spaces and representations of reductive Lie groups I, Amer. J. Math. 109 (1987), 283-301.

[Sle87b] S. Slebarski, The Dirac operator on homogeneous spaces and representations of reductive Lie groups II, Amer. J. Math. 109 (1987), 499-520.

[Sli-B89] L. Sliman-Bouattour, Sur les champs de vecteurs invariants sur un espace hermitien symétrique, C.R. Acad. Sci. Paris, 309 (1989), 439-442.

[Sol63] L. Solomon, Invariants of finite reflection groups, Nagoya Math. J. 22 (1963), 57–64. [SSTP88] P. Spindel, A. Sevrin, W. Troost, and A. van Proeyen, Extended supersymmetric σ-models on group manifolds, Nucl. Phys. B 308 (1988), 662-698.

[Ste65] R. Steinberg, Regular elements of semisimple algebraic groups, Publ. Math. I.H.E.S. 25 (1965), 49–80. [Ste99] S. Sternberg, Lie algebras, Lecture notes, 1999.

[Str86] A. Strominger, Superstrings with torsion, Nucl. Phys. B 274 (1986), 253-284. [Str69] K. Strubecker, Differentialgeometrie. II: Theorie der Flächenmetrik, Sammlung Göschen, W. de Gruyter, Berlin, 1969.

[S00] A. Swann, Weakening holonomy, ESI preprint No. 816 (2000); in S. Marchiafava et. al. (eds.), Proc. of the second meeting on quaternionic structures in Mathematics and Physics, Roma 6-10 September 1999, World Scientific, Singapore 2001, 405-415.

[Tra73] A. Trautman, On the structure of the Einstein-Cartan equations, Symp. Math. 12 (1973), 139-162. [TV83] F. Tricerri and L. Vanhecke, Homogeneous structures on Riemannian manifolds, London Math. Soc. Lecture Notes Series, vol. 83, Cambridge Univ. Press, Cambridge, 1983.

[Vre76] L. Vretare, Elementary spherical functions on symmetric spaces, Math. Scand. 39 (1976), 343-358. [WZ85] M. Y. Wang and W. Ziller, On normal homogeneous Einstein manifolds, Ann. Sci. Éc. Norm. Sup., 4^e série 18 (1985), 563-633.

[WNW85] B. de Witt, H. Nicolai and N.P. Warner, The embedding of gauged n = 8 supergravity into d = 11 supergravity, Nucl. Phys. B 255 (1985), 29.

[Wol74] J. A. Wolf, Partially harmonic spinors and representations of reductive Lie groups, Journ. Funct. Anal. 15 (1974), 117-154.

[Zil77] W. Ziller, The Jacobi equation on naturally reductive compact Riemannian homogeneous spaces, Comment.

Math. Helv. 52 (1977), 573-590.