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TWISTORIAL EIGENVALUE ESTIMATES FOR GENERALIZED DIRAC
OPERATORS WITH TORSION

ILKA AGRICOLA, JULIA BECKER-BENDER, AND HWAJEONG KIM

ABSTRACT. We study the Dirac spectrum on compact Riemannian spin manifolds M equipped
with a metric connection V with skew torsion T € A3M by means of twistor theory. An
optimal lower bound for the first eigenvalue of the Dirac operator with torsion is found that
generalizes Friedrich’s classical Riemannian estimate. We also determine a novel twistor and
Killing equation with torsion and use it to discuss the case in which the minimum is attained
in the bound.

1. INTRODUCTION & SUMMARY

This paper is devoted to a systematic investigation—via twistor theory—of the Dirac spectrum of
compact Riemannian spin manifolds (M™, g) with a metric connection V with skew-symmetric
torsion T € A3(M™). The manifolds we consider are non-integrable geometric structures endowed
with the characteristic connection V = V¢ (see the survey [Ag06]). A. Gray was the first to
investigate manifolds and connections of this kind using the notion of weak holonomy [Gra71].
Nowadays many different ways exist to tackle the issue of weak holonomy, and they can all be
described in our setting: to name but a few, the intrinsic-torsion approach ([Sal89], [Sw00]), or
that involving the critical points of some distinguished functional defined on differential forms
[Hit00]. The Dirac operator that one should look at is, hence, not the one associated with V¢,
but rather

1
p:Dq_FZTv

where DY is the Riemannian Dirac operator. This generalized Dirac operator with torsion corre-
sponds to the torsion form T'/3 (see [AF04a)], [AF04D]). As a matter of fact, J) coincides with the
so-called “cubic Dirac operator” studied by B. Kostant ([Ko99], [Ag03]) on naturally reductive
spaces, and also with the Dolbeault operator of a Hermitian manifold ([Bi89], [Gau97]). More
recently, theoretical physicists from superstring theory have begun to take interest in the opera-
tor P and its symmetries [HKWYT0]. To obtain spectral estimates it turns out crucial to require
VeT = 0, for it is this conservation law that ensures the compatibility of the actions of V¢ and
T (viewed as an endomorphism) on the spinor bundle. There are several manifolds that are clas-
sically known to admit parallel characteristic torsion, namely nearly K&hler manifolds, Sasakian
manifolds, nearly parallel G2-manifolds, and naturally reductive spaces; these classes have been
considerably enlarged in more recent work (see [Va79], [GO98], [FrI02], [Al03], [AIES04], [Fx07al,
[Sch0T]), eventually leading to a host of instances to which our results can be applied.

On a Riemannian manifold (M™, g) Penrose’s twistor operator (V9 denotes the Levi-Civita
connection)
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is known to encode much information on both the spinorial behaviour and the conformal geometry
of the underlying manifold (see [Li87], [Li88], [HL88], [Fr89], [Ha90]). The key point to us is that
the twistor operator can be used to prove Friedrich’s estimate for the smallest eigenvalue \9 of
(D9)? ([Fr80], [Se9]])

g n : g
(%) A > mm?ﬁln Scal?,
and to discuss the case where equality holds. But whereas Dirac operators with torsion are by
now well-established analytical tools in the study of special geometric structures, all attempts to
develop a sort of twistor theory with torsion have failed, so far. The main problem is that the
operator defined by (x) has no straightforward generalization in presence of torsion; one might
try to replace V9 by the canonical connection V¢, or equally well substitute D9 with J) or with
the Dirac operator of V€. Yet one realises quickly that either possibility is unlikely to be very
meaningful from the geometrical viewpoint.

In this article we derive a twistor operator with torsion by asking which generalization of P
yields, on a suitable class of geometries with torsion, a lower estimate for the smallest eigenvalue
of P that contains the optimal estimate (x*) in the limiting case of vanishing torsion.

Throughout the article we will assume (M™, g) is an oriented Riemannian manifold endowed
with a metric connection V¢ with skew-symmetric torsion T € A3(M™). The situation we have
in mind is that of the characteristic connection of a G structure; as described in [Ag06], this
is—if existent—the unique G-invariant metric connection with skew-symmetric torsion, and is well
understood in all standard geometries. It has to be stressed, however, that our results apply to
any metric connection with parallel skew-symmetric torsion. It will be useful to consider the
one-parameter family of connections

V%Y = V&Y +2sT(X,Y, -),

with normalisation chosen so that V* has torsion T if s = 1/4, whence V¢ = V'/%. Obviously
V% = V9, so V*® can be thought of as a line in the space of connections joining the Levi-
Civita to the characteristic connection. For each s the respective scalar curvatures fulfill Scal® =
Scal? — 24s2||T||2. The connection V* may be lifted to the spin bundle ¥ M, and will be denoted
by the same symbol,

Vi = Vi +s(XJT) 9.
The spin connection V* induces a twistor operator P*. At the heart of the paper lies a twistorial
integral equation, which is the content of

Theorem Suppose VT = 0. For any spinor field ¥, the Dirac operator ID of the
connection with torsion %T satisfies the following integral formula:

2 n 50012 n 2
dM = P dM + — Scal? dM
| w0 [ ipriipan + s [ searr o
n(n —5) 2/ 2 n(4—n) / 2
——Z||T dM + ——= T dM.
g T [ IwlaM + o= | (2, v)
-1
The parameter s appearing in the twistor operator P° has the value s = h
n—

This leads to a twistorial eigenvalue estimate for J) that improves all existing eigenvalue
estimates known (Corollaries Bl and B:2)) and has a wider application range than these:

Corollary For VT = 0 and M compact, the smallest eigenvalue \ of ID* satisfies the
inequality

n(4—n)

n n(n —5)
A > ——Scal? + ||T|\2+mmax(/ﬁ,,ui) = ﬁtwa

= 4(n—1)" Tmin 8(n—_3)2

where pi1,. .., 1, denote the eigenvalues of the torsion endomorphism T on the spin bundle ¥ M.
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The limiting case is obtained precisely when the eigenspinor is a twistor spinor for the twistor

L; thus, its torsion is a multiple of the initial
4(n —3)

characteristic torsion and depends on the dimension n of M, through the parameter s. This is
a rather surprising fact, and it explains why it had not been possible to guess the ‘right’ twistor
operator beforehand, although (%) for the Riemannian case already indicates that any answer
must involve dim M. In Lemma [B.I], we show that the twistor equation Py = 0 is equivalent to
the field equation

operator with torsion P®, whith s =

e o1 1 B
St X Pt s (X AT) 0 = 0 VX

Friedrich’s original proof of his estimate relies on a clever deformation of the Levi-Civita con-
nection, not on twistor techniques. The same idea was later used for the operator JD as well,
see [AFKO0S], [Kal(]. But in contrast to the Riemannian situation, the twistor approach (first
described in the Riemannian setting in [Se98]) yields results that differ from the deformation
ansatz in the presence of torsion. Section M] thoroughly discusses the estimate obtained, and
compares it to the other available estimates, if any.

In Section [Bl we prove that twistor spinors with torsion generalize Killing spinors with torsion
(as of Definition [5.1]) in the most natural way, and then we discuss the basic geometric properties
of both kinds. We compute the full integrability condition for the existence of Killing spinors
with torsion (whose details are deferred to Appendix [B]). This constraint is then used to prove
that Einstein-Sasaki manifolds cannot admit Killing spinors with torsion (Corollary [A]). This
result, albeit obtained as a by-product of the aforementioned discussion, is remarkable in its own
right. On the other hand, we show that non-trivial twistor, and even Killing, spinors with torsion
do exist: noteworthy instances are certain 5- and 7-dimensional Stiefel manifolds endowed with
their natural contact structures (Examples [5.1] and 5.2)).

It emerges from the treatise that the case of dimension n = 6 stands out (Section[@]). We prove
that, in this distinguished situation, the Killing equation and the twistor equation are equivalent
(Corollary [61]). For nearly Kahler manifolds, we can even prove:

Theorem On a 6-dimensional nearly Kdhler manifold (M5, g, J) with its characteristic
connection V¢, the following classes of spinors coincide:

(1) Riemannian Killing spinors,
(2) V¢-parallel spinors,

(3) Killing spinors with torsion,
(4) Twistor spinors with torsion.

In the last part of the paper the twistorial approach is applied to manifolds with reducible
characteristic holonomy. It is a standard fact that the splitting of the tangent bundle of a
Riemannian spin manifold (M™,g) under the action of the Riemannian holonomy group has
important consequences for the spectrum of the Dirac operator D? ([Ki04], [AI07]); in the simplest
one-dimensional case, that assumption just means that M admits a V9-parallel vector field
[AIGI98]. So in a similar fashion we can consider local products of manifolds with parallel
characteristic torsion, called, for the present purposes, geometries with reducible parallel torsion;
the precise formulation is found in Definition We analyse in detail manifolds with reducible
parallel torsion and their curvature properties, the study of which was lacking in the literature.
We derive the necessary partial Schrodinger-Lichnerowicz formulas compatible with the splitting
(Proposition [[.2]), and from this obtain another interesting spectral estimate for J) (Theorem
[L1)): roughly speaking, the estimate is the same as in Corollary B2l but now the dimension n of
the manifold is replaced by the largest dimension of a parallel distribution of the tangent bundle.
This result is complemented by the ensuing discussion of the equality case. The section’s closing
result (Theorem [T2)) is:
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Theorem If M is locally a product Mj x ... x My, the eigenvalues \9 of (D9)? on M
and X of (D?)? on M; satisfy the inequality
Y Scal? .

A — :
ZodimM; — 4

and equality is obtained if and only if there exists a Riemannian Killing spinor on each factor of
M.

The proof is based on twistor techniques and, alas, we show that is has no analogue for
connections with torsion.

2. REVIEW OF THE UNIVERSAL EIGENVALUE ESTIMATE

We recall here the generalized Schrodinger-Lichnerowicz identities for Dirac operators with tor-
sion and the eigenvalue estimates one can derive from them. A crucial first order differential
operator that will appear in several instances is

n

D =) (e;dT) Vi,

i=1
Contrary to a Dirac operator with torsion, it has no Riemannian counter part. Furthermore,
define (see Appendix [C])

or = %Z(eiJT)/\(eiJT).

In [FrI02], the following identities are proved:

Theorem 2.1.
(1) The square of the Dirac operator D*® satisfies the relation

1
(D*)? = A® +3sdT — 8s%0p + 25T — 45 D° + ZScals.
e anticommutator o wik, 18 given by
2) Th ) f D* with T is gi b
DT +TD? = dT + 6T —8sop — 2D°.

Since the spectrum of D* is usually beyond control, these relations are hard to evaluate for,
say, non parallel spinor fields. The main improvement of [AF04a, Thm 6.2] is the following
rescaling result:

Theorem 2.2 (Generalized Schrédinger-Lichnerowicz formula). For arbitrary torsion T, one
has the identity

1
(%) (D¥/3)2 = A® 4+ sdT + ;Seal’ - 252||T||%.
If in addition dT' = 207, this may be simplified to
1
(D3/3)2 = A% —sT? + Zscemg + (s — 28%) || T2

This is in particular satisfied if the torsion is parallel for s = 1/4. In this case, the last relation
has a remarquable consequence. For then A® commutes with 7', and this is trivially correct for
the multiplication by 72 and by scalars, hence (compare [AF04b, Prop. 3.4])

(Ds/3)2 oT = To (DS/3)2.

It is therefore possible to split the spin bundle in the orthogonal sum of its eigenbundles for the

T action,
SM = P,
o
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and to consider (D*/?)? on each of them, since V* and (D*/?)? both preserve this splitting.
We shall henceforth denote the different eigenvalues of T on XM by ui,...,pus. We therefore
obtain the following universal eigenvalue estimate for the first eigenvalue A = A(D?) of P? for
the connection with torsion 7'/3. We state it separately on X, and the whole spin bundle
> M, for examples teach us that going over to XM often means throwing away too much detail
information.

Theorem 2.3 (Universal eigenvalue estimate). For VT = 0, the smallest eigenvalue \ of P*
on X, satisfies the inequality

1 1 1
2 > g . - 2 _ 2 = .
AP?[g,) = Scall + SITI? = 4% = Buniv(p),
and equality occurs if and only if Scal? is constant and X, contains a V°-parallel spinor. For
the smallest eigenvalue A ofﬂ2 on the whole spin bundle X3, one thus obtains the estimate

1 1 1
A > ZSC&19+§|‘T||2_ Z max(u%m,_aui) = ﬁuniv'

Equality occurs if and only if the eigenspinor is V¢parallel, which can indeed happen in
some special geometries (compare Section [). If T'= 0, this is an estimate for the Riemannian
Dirac operator that fails to be optimal. It was improved 1980 by Thomas Friedrich by a clever
deformation trick for the Levi-Civita connection. This method, which we will (somehow vaguely)
call the deformation method in this paper, was successfully applied to Dirac operators with torsion
([AFKOg|, [Kal(]. Nevertheless, an optimal estimate could not be derived in all cases of interest
and many open questions remain.

An alternative approach to Friedrich’s inequality is by twistorial techniques. One goal of this
article is thus to work out this ansatz in detail for connections with torsion, and to improve
the results obtaind by the deformation method. Contrary to the Riemannian case, the two
approaches turn out not to be equivalent.

3. THE TWISTORIAL EIGENVALUE ESTIMATE

Ifm : TM®XM — XM denotes Clifford multiplication, the projection p : TM @XM — kerm C
TM ® XM is locally given by

1 n
X =X — - X .
p(X @) ®1/J+n;€k®6k 0
The Penrose- or Twistor operator is the composition P°® := po V*. Locally,

n
1
P = ;ek ®{V: 1+ ey DAY
A spinor v is called a twistor spinor if it lies in the kernel of P®: P%y = 0. This is equivalent to
the twistor equation (for still arbitrary parameter value s)

1
X+ XD = 0,

which has to hold for any vector field X. One easily checks that some properties of Riemannian
twistor spinors ([BEGK91] Section 1.4, Thms 2, 3]) carry over without modification to the case
with torsion. We omit the proof.

Theorem 3.1.
(1) ¢ is a twistor spinor if and only if the following condition holds for any vector fields
X, Y:
2
XV +YViy = ;g(X, Y)D?.
(2) ¥ is a twistor spinor if and only if the expression X - V% does not depend on the unit
vector field X .
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(3) Any twistor spinor 1 satisfies: (D®)*1h =n Asp.

1
(4) Any spinor field ¢ satisfies: ||P*ol||* + EHDSQOH2 = ||Vep|%.
The following calculation is fundamental for the twistorial estimate.

Lemma 3.1.

1 n—1 s(n—3). 17 4s?
DS/3 2 _ - DS 2 — DO T T2
( ) n( ) n + n—1 + 1—n
_ on—1 Ds_ 2snT2 45* T2
n n—1 1—n
Proof. Consider the difference (D° = D9Y):
1 1
(D*?)? = =(D*)* = (D°+sT)* — —(D° 4 3sT)>
n n
1
= (D")? +s*T? + 5(D°T + TD°) — =[(D°)? + 95T + 3s(D°T + TD°)]
n
1 02 | .2 9 2 3 0 0
= 1—= ) (D) +s*(1—=)T°+s|1—— | (D°T+TD"
n n n
n—1 n—9 n—3
= ——[(D")?*+s*——=T?+5s——(D°T + TD")].
—[(D°)? + 82 TR s (DT + TDP)
The square of any Dirac operator D° + uT can be expanded into
(D° 4+ uT)? = (D°)* + u(D°T + TD°) + p°T>.
If we set u = s:‘l—:?, the difference above may be rewritten as
1 n—17 2 4n
DS/32__D52 — DO T 2 T2
( ) n( ) " ( +uT) S(n_1)2
r 2
_ n—1 D0+sn_3T _ 2 4n 72
n n—1 (n—1)2
17 -3,.1° 4
= I |po4st 3T} R, O
n | n— n—1

This calculation allows us to prove a crucial integral formula, which will yield the desired
estimate as an easy corollary. The key idea is that the difference of squares of Dirac operators on
the left hand side can again by expressed as the square of a suitably renormalized Dirac operator
(and a multiple of the endomorphism 7?). We may assume without loss that n > 4, since the

case n = 3 is not very interesting. Recall that we write V¢ for the connection with parameter
s=1/4.

Theorem 3.2 (Twistorial integral formula). Suppose VT = 0. For any spinor field v, the
Dirac operator ID of the connection with torsion %T satisfies the following integral formula:

2 o n s n (
[ wrvan = o [ peipant s | s jopan
n(n —5) 2 2 n(4—n) 2
e I [ oltar + o [ 2 an

n—1

4(n—3)°

Here, the parameter s appearing the the twistor operator P° has the value s =
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Proof. Consider the operator D*/3 = D9 + 3sT. Integrating over the generalized Schrodinger-
Lichnerowicz formula (%) of Theorem [22] we obtain (we omit the volume form and the domain
of integration in most integrals)

[ o) = [1901F +5 [@ro.o+ 1 [searlol? -2 [Pl

By identity (4) from Theorem B} the length |[V*¢ | can be expressed through the twistor and
the Dirac operator, yielding

[y = ooy = [1Pwip+s [@ro.e) + 5 [seatr ol -2 [P

The main idea is now to view the difference on the left hand side as the square of a single
Dirac operator by a clever choice of the parameter s. We rewrite the left hand side using the
fundamental calculation from Lemma B.1],

n—1 0 n—3, .9 - s a1 9
— [+ sE = = [P+ g [ sl +
+s [rv.w) -2 [P+ 825 [1120.0)

We now choose the parameter s such that the operator on the left hand side becomes just D,

i. e. the Dirac operator with torsion 1T Since p = D° + 1T this requires s"—_? = 1 , hence we
obtain s = (" =37 the value encountered in the statement of the result. Inserting th1s value of
s yields
n—1 2 sl|2 + 2

— [wow) = [1rue+ /Scalguwn +

1 S 2
+4(n—3) /<dT ¥ Y) = /IITH 1911 + T3 /<T b, b).

The assumption V¢T = 0 implies dT' = 207, and since T? = —207 + ||T||? always holds, we get
dT = -T2 + ||TH2 This means for the previous equation

JEXE e e e e W et i R )
g

A(n —3)

It is to be understood that all eigenvalue estimates based on this integral identity are meant on
compact manifolds, even if this is not repeateds throughout. We can assume that an eigenspinor
¥ of @2 with eigenvalue X lies in one subbundle 3, (see the general comments on the universal
estimate). Thus, we obtain:

Corollary 3.1 (Twistorial eigenvalue estimate in 3,,). For VT = 0, the smallest eigenvalue

ofl)2 on X, satisfies the inequality

g n(n —5) n(4 - n)
L) 2 gyt 5= 1T e

and equality holds if and only if the following conditions are satisfied:

2 = Btw(ﬂ)v

(1) the Riemannian scalar curvature of (M, g) is constant,
n—

2) the ei ; ) twist ] =,

(2) the eigenspinor i is a twistor spinor for s Tn=3)

Corollary 3.2 (Twistorial eigenvalue estimate). For VT = 0, the smallest eigenvalue X\ of D*

satisfies the inequality

n(4—n)

n n(n—5)
A > ———=Scal, ||T|\2+mma><(u?,..,,ui) = Buw

M= 1) Pmin ¥ 5, 3)2
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and equality holds if and only if, in additon to the two conditions from the previous Corollary,
the eigenspinor v lies in the subbundle ,, corresponding to the largest eigenvalue of T?.

We make some first pertinent comments on this result.

(1) The twistorial eigenvalue estimate reduces for T' = 0 to Friedrich’s inequality, thus show-
ing its optimality at least in this situation. The quality of the estimate increases if the
scalar curvature becomes large and dominates the terms in ||T||* and max(u3,. .., u3).
But there also exist a few examples with negative scalar curvature (for example, Sasaki
metrics on compact quotients of Heisenberg groups, see [ErI02], [FI03a], [AF04b]); for
these manifolds, the twistorial eigenvalue estimate becomes rather bad.

(2) In some situations, the geometric data yield additional information in which subbundle
>, the smallest eigenvalue can occur, or which bundles are of particular interest. In these
cases, the global estimate from Corollary[3.2]is too coarse, and one should apply instead
the estimate in one or several well-chosen subbundles as stated in Corollary Bl The
case of parallel spinors discussed in Section [] below is an example of such a situation.

(3) Strictly speaking, there is not one equality case, but one in every subbundle 3. Thus,
it may happen that the twistorial eigenvalue estimate on the whole spin bundle ¥ is not
sharp (for the p belonging to the maximum of the T eigenvalues), but twistor spinors
exist nevertheless (namely, for some other ).

(4) Unfortunately, one cannot construct a J) eigenspinor from a J)? eigenspinor that would
still lie in one of the subbundles ¥, — hence, a twistor spinor realizing the optimal
eigenvalue estimate does not have to be some kind of Killing spinor. Nevertheless, a very
reasonable Killing equation with torsion exists, and every Killing spinor with torsion is

necessarily a twistor spinor with torsion. In dimension 6, the converse can be shown (see
Section []).

In the next Section, we will discuss applications of this estimate in different special geometries
with torsion and compare it to the universal estimate. Section Bl will be devoted to the discussion
of the equality case in the twistorial estimate, in particular to the description of Killing and
twistor spinors with torsion and examples of manifolds where such spinors exist.

4. DISCUSSION OF THE TWISTORIAL ESTIMATE

The case n = 4. The 4-dimensional case is special in many respects. For purely algebraic
reasons, o = 0, hence VT = 0 implies dT' = 0 and T? acts by scalar multiplication with |7']|?,
i.e. the only T eigenvalues are £||T'||. Furthermore, V¢T' = 0 implies V9 « T' = 0, i.e. there
exists a LC-parallel 1-form on (M?, g). Set ¢ = Scal? . /||T||?. In [AFKOS§] it was proved that

min

@[C—%] for ¢ > 3/2,
2
T 1/6e — 12 for 1/6 < e <3/2

The first estimate is just the universal estimate given in Theorem Indeed, the deformation
method used in this paper has the typical property of yielding eigenvalue estimates that are
valid only for some restricted parameter range. In particular, no improvement was possible for
¢ > 3/2. In contrast, the twistorial eigenvalue estimate from Corollary yields

7|
A >
- 3
Hence, the parameter range for which the twistor ansatz yields an improvement is complementary

to the results obtained via deformation techniques. One checks that the twistor estimate lies
above the universal estimate for ¢ > 9/2.

A >

|:C— g] for ¢ > 3/2.

The case n = 5. For a 5-dimensional manifold, the twistorial eigenvalue estimate becomes

T
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Thus, the quality of the estimate increases for large scalar curvatures. In Example 5.1 we show
that the Stiefel manifold V4 o = SO(4)/SO(2) carries a metric for which this estimate becomes
optimal. On the other hand, we can identify manifolds for which the twistorial estimate yields
no improvement. This is for example the case for Sasaki manifolds (M?,g,&,7n,): In this case,
there exists a unique connection V with totally skew-symmetric torsion preserving the Sasakian
structure by [ExI02]. The torsion form is given by the formula T'= n A dn, and ||T|| = 8 holds.
T splits the spinor bundle into two 1-dimensional bundles and one 2-dimensional bundle,

Yig = {YEXM® : Ty = 4y}, %y = {y €XM® : Tp = 0}.
Thus, max(p?, ..., i) = 16 and the twistorial estimate becomes
A > 1—56Scalg. — 5.
On the other hand, it was proved by the deformation ansatz in [AFKO08] that
‘s { - [1 + $Scal? ]2 for —4 < Scal?. < 4(9+ 4/5)

min min —

2 Scalf for Scal?. >4(9+4/5) ~71,78.

min min =
The estimates coincide for Scal? . = 36; for all other possible scalar curvatures, the deformation
estimate is better. Thus, the main advantage of the twistorial estimates lies here in its uni-
versality: It makes a statement for non-Sasaki manifolds as well, a case that is not covered by

[AFKOS).

The case n = 6. Nearly Kahler manifolds will be discussed in Section Hence, let us con-
sider some of the other classes of manifolds with parallel characteristic torsion. Almost Her-
mitian 6-manifolds with parallel characteristic torsion were classified by Schoemann in [Sch07];
in particular, it was shown that there exist many almost Hermitian manifolds of Gray-Hervella
type W3 or W, with parallel characteristic torsion — nilpotent Lie groups, naturally reductive
spaces, S!-fibrations over Sasaki 5-manifolds etc. For both classes, the torsion has eigenvalues
p = 0,+y/2]||T|, thus the twistorial eigenvalue estimate for W3 or Wy geometries with parallel
torsion is given by

min

3 7
> —Scal?. — —|IT|°
A > 1OSca 16” I

The right hand side is non-negative for Scal? ; > 35||T||?/18. For this curvature range, the de-
formation technique did not yield any improvement of the universal eigenvalue estimate [Kal0].
However, it was proved therein that there exist no V¢-parallel spinors, hence the universal esti-

mate could not be optimal; thus, the twistor estimate is better for these large scalar curvatures.

Existence of V°-parallel spinors. In general, the twistor and the universal estimate cannot
be compared abstractly. But if there exists a Vparallel spinor field 1 € ¥, the universal
eigenvalue estimate A\ (see Theorem [2.3)) is sharp for some T eigenvalue p, i. e.
1 1 1
A = JSeally, + g|\T||2 - 1“2 =: Buniv(pt)-
Notice that Scal? has to be constant in this situation: By identity (1) from Theorem 2] [FrI02]
Cor. 3.2] for parallel torsion, such a spinor satisfies or1+Scal®y)/4 = 0, so the fact that Véor =0
implies Scal® = const, and then the claim follows (this generalizes the well-known fact that
the Riemannian scalar curvature vanishes in the presence of a V9-parallel spinor, see [Hit74]).

Hence we can drop the minimum in the formula for A\. On the other hand, V) = 0 implies
Dy = —%Tz/J = —£1, hence X\ = u?/4. Thus, we have the relation

1
(%) Scal! = —§HT||2+2M2.

A priori, it is not so easy to compare this result with the twistorial eigenvalue estimate A > By (14)-
However, in the presence of V¢-parallel spinor fields, the twistorial estimate cannot be larger



10 ILKA AGRICOLA, JULIA BECKER-BENDER, AND HWAJEONG KIM

than the universal estimate, i.e. Biw (1) < Buniv(it) needs to hold. This observation leads to the
following result, which is of interest on his own:

Lemma 4.1. Suppose that VT = 0, that there ezists at least one VC¢-parallel spinor field
0# ¢y e€X,, and that n < 8. Then the following inequalities hold:

9(n—1)
29 —n)
Furthermore, equality is attained if and only if Biw(1t) = Buniv ().

() 0 < 2n||T|*+ (n —9)u?, Scal! < 17|12

Proof. We only sketch the argument, leaving out the routine computations. First, one checks
that Biw (1) < Buniv(p) is equivalent to

(n-=1D)0O0-n) 2 @-12n-9) ,
sm—gr M+ =

Rewriting relation () as —Scal’ = ||T]|?/2 — 2u? and adding this to the previous inequality,
one obtains the first of the two statements. It becomes trivial for n > 9. For n < 8, it can be
rewritten as p? < 2n||T|?/(9 — n). We then use this in order to eliminate p? from the identity
(%), yielding the second statement. O

Scal? <

We thus have an easy criterion for excluding the existence of parallel spinors and for checking
whether the two eigenvalue estimates yield the same result.

For example, consider a 6-dimensional nearly Kihler manifold (M9, g, J) with its characteristic
connection V¢. These are Einstein spaces of positive scalar curvature, | T||> = ZScal’, and T
has the eigenvalues p = 0 (multiplicity 6) and p = +2||T|| (each with multiplicity 1). It is well-
known that the two Riemannian Killing spinors ¢4 are V¢-parallel and lie in ¥4 5)7. One then
checks by hand that Biw () = Buniv(p) = %Scalg , and indeed one sees that the relations (xx)
hold with an equality sign. Qualitatively, the same happens for nearly parallel G2 manifolds.

5. KILLING AND TWISTOR SPINORS WITH TORSION

Lemma 5.1. Suppose VT' = 0. The twistor equation P*y = 0 corresponding to the parameter

n
value s = — s equivalent to
4(n —3) 1

L1 1 B
X1/J+EX'JD¢+2(T_3)(X/\T)'¢ =0,

and each such twistor spinor satisfies

(n—75) n(4 —n)

2 n nn — 2 - 2
= |—Scaly + ———Z||T T .
Py pre Y o oL L b v R
Proof. For s = 4(’;__13), one has

1
V§<¢=V§<¢+m(XJT)'¢

and
D =p+ " T
2(n—3)"
Inserting these expressions into the twistor equation leads to

c 1
VXI/J-FgX'.pw‘Fm

The claim then follows, since X - T = X AT — X 1T. To derive the identity for $2 on twistor
spinors, we proceed similarly as in the proof of the twistorial integral formula (Theorem [B.2)), but

(X-T+X1T)-¢=0.
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n—1

with one crucial change. Let v be a twistor spinor, s = =8

We start with the generalized
Schrodinger-Lichnerowicz formula (x) of Theorem 2.2]

1
(D374 = A%+ sdT + JSeal’y — 25| T4

Instead of the norm identity (4) for any spinor from Theorem B we can now use the operator
identity (3), (D®)*) = nA%1 to rewrite this as
1 1
(D¥3)24p — —(D*)*p = sdTv + 7 Scal’y — 252 T)|%¢.
n
By the fundamental Lemma B1] the left hand side can be expressed through J)?,

n_1@2¢—82

n n—1

T? = sdTe + iScalgw — 252||T||*.

Now one finishes the calculation as in the proof of Theorem [3.2] and it comes as no surprise that
the identity obtained is exactly the operator version of the twistorial integral formula without
[ |P5¢|| dM term. O

Observe that being only a twistor spinor does not imply being a $2 eigenspinor, hence we
cannot conclude from the last identity that the scalar curvature has to be constant if such a
spinor exists. We shall now define the Killing equation with torsion for any dimension n.

Definition 5.1 (Killing spinor with torsion). A spinor field ¢ is called a Killing spinor with
torsion if the equation V%v¢ = kX - ¢ for s = 4(’;—_713) holds. The spinor then satisfies D%y =
—nka), which is equivalent to
n
= —nmRY — ——
P Y- 5
Thus, contrary to a twistor spinor with torsion, any Killing spinor with torsion known to lie
in some T-eigenspace X, is a J)-eigenspinor.
Observe that the Killing vector fields of a metric connection with antisymmetric torsion are
precisely those of the Levi-Civita connection, hence the vector field

T3,

(1) Xy =Y i(v,e-v)e;
i=1
is Killing as in the Riemannian situation (compare [BFGKO91, p. 30]). The next result claims
that all Killing spinors are twistor spinors with matching parameters. We omit the easy proof.
Lemma 5.2. Suppose V°T' =0 and ¢ € 3,,. The Killing equation Vi) = kX -1 for s = 4(’;—7_13)
is then equivalent to
V& — [m +

X 4+ L _(xarw =o.

_ _
2(n—3) (n—3)
In particular, ¥ is a twistor spinor with torsion for the same value s, and the Killing number k
satisfies the quadratic equation

n—4 9

2
I 1 n—>5 9
_H - Sealt o+ T TR TR
"{’” ] A0 TR 1™ = =3y

2(n —3) (n—23)
In particular, the scalar curvature has to be constant.

Remark 5.1. If T = 0, and a fortiori u = 0, this quadratic equation reduces to the well-known

relation Scal? = 4n(n — 1)k? for Riemannian Killing spinors [Fr80]. However, k = 0 does not

correspond to V¢-parallel spinors because of the torsion shift hidden in the value of s, hence

0 is a priori an admissible Killing number (contrary to the Riemannian case). An easy formal

calculation shows: Any spinor field parallel for the connection with torsion T is a Killing spinor
3

with torsion with k = 0 for the connection with torsion = T. This can be a useful remark
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when parallel spinors are known to exist for a connection with non-parallel torsion for which the
rescaled torsion Z—:i’ T becomes parallel.

The Killing equation with torsion can be used to express the curvature operator of a manifold
admitting such spinor fields. Thus, we obtain an algebraic identity for the Ricci tensor; the
rather lengthy proof is deferred to Appendix [Bl

Theorem 5.1 (integrability condition). Let ¢ be a Killing spinor with torsion with Killing

number K, set \ := ﬁ for convenience, and recall that s = 4(’:;13). Then the Ricci curvature

of the characteristic connection satisfies the identity
Ric® (X)) = —16sx(X IT) +4(n — 1)r2X + (1 — 12X2)(X J o7 )y +
F220 + M) > er(T(X, ex) AT

As a typical application of this result, it is shown in Corollary [A.T}

Corollary 5.1. A 5-dimensional Finstein-Sasaki manifold (M, g,&,n,p) endowed with its char-
acteristic connection cannot admit Killing spinors with torsion.

Example 5.1 (A 5-dimensional manifold with Killing spinors with torsion). The 5-dimensional
Stiefel manifold V3o = SO(4)/SO(2) carries a one-parameter family of metrics constructed by
G. Jensen [Jen75] with many remarkable properties. Embed H = SO(2) into G = SO(4) as the
lower diagonal 2 x 2 block. Then the Lie algebra so(4) splits into s0(2) & m, where m is given by

0 —a ‘ _Xt
o a 0 — = (a,X): a€eR, X € Ma2(R)
X ‘ 0 0

Denote by B(X,Y) := tr(X'Y) the Killing form of so(4). Then the Jensen metric on m to the
parameter ¢ € R is defined by

(@.X).(.Y)) = SALY) +18(a.b) = SAXY) +2t-ab.

For t = 2/3, G. Jensen proved that this metric is Einstein, and Th. Friedrich showed that it
carries a homogeneous spin structure and that it admits two Riemannian Killing spinors [Fr80]
and thus realizes the equality case in his estimate for the first eigenvalue of the Dirac operator.
A detailed investigation of this family of metrics from the point of view of metric connections
with torsion may be found in [Ag03|; in particular, we refer to these two papers for all proofs of
formulas given below (however, we will write down whatever is needed to follow our argument).
Denote by E;; the standard basis of so(4). Then the elements

1
V2s

form an orthonormal basis of m. Identifying m with R® via the chosen basis, the isotropy

cosf —sinf } € H = SO(2) and its lift to the 4-

Zy = Ey3, Zy = B4, Z3 = Ea3, Zy = Ly, Zs = Eqo

sinf  cosf
dimensional spinor representation # : Spin(R%) — GL(As5) can be computed,

cosf —siné 0 0

representation of an element g(f) = {

0 i
sinf  cosf 0 0 0 N “ % 8 8
Adg(9) = 0 0 cos —sinf 0 |, x(Adg(9)) = 0 60 1 0
0 0 sinf cosf O 0 0 o0 1
0 0 0 0 1

Thus, the basis elements 3 and 14 of A5 define sections of the spinor bundle S = G X (Ad) As

if viewed as constant maps G — As. In fact, for t = 2/3, ¥ := Fiths + 14 are exactly
the Riemannian Killing spinors from [Fr80]. For the undeformed metric (¢ = 1/2), these two
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spinors are parallel. In [Jen75, Prop. 3|, the author computed the abstract formulas for the
map Af : m = R5 — s0(5) defining the Levi-Civita connection in the sense of Wang’s Theorem
[KN69, Ch. X, Thm 2.1]. In our example, this yields (viewed as endomorphisms of R?):

t t t t
N(Z)) = \/;E%, AN (Zy) = \/;E45, A (Z3) = —\/;Ew, AN (Z4) = —\/;E%,

AL (Zs) = 1—\/2—;(513 + Eoa) .
The space m has a preferred direction, namely & = Z5, which is fixed under the isotropy repre-
sentation. Denote its dual 1-form, n(X) = (Z5, X) by n. As discussed in [Ag03], there exist three
almost contact metric structures intertwining the isotropy representation, and their characteris-
tic connections with torsion coincide (see [FrI02] for general results). To fix the ideas, choose for
example the skew-symmetric endomorphism ¢ : TM — TM defined by ¢(Z1) = —Z5, ¢(Z2) =
—Z4,9(Z5) = 0. The differential of its fundamental form F(X,Y) := (X, ¢(Y)) and its Nijenhuis
tensor vanish. Thus, the Stiefel manifold Vj » admits a characteristic connection V¢ with torsion

T =nAdy = —V2t(Zy N Zs+ Zoy N Zg) N\ Zs .

One checks that T is parallel, hence the methods described here apply. Furthermore, one has
the following geometric data,

|T|?> = 4t, pe{0,+£2v2t}, Scal! = 8 —2t, Ric? = diag(2—t,2—1,2—1t,2—t,2t).

Using the formulas for the Levi-Civita connection, one checks that ¢ is an J)-eigenspinor to the
eigenvalue +1/ V/2t. Since 1* lies in the bundle Y, with p = T2v/2t, the universal eigenvalue
estimate and the twistorial eigenvalue estimate take the numerical values

5 25
univ:21_t7 w = = — —<t.
fuie = 21=1), fow = 5 — =

Thus, the two estimates coincide for ¢ = 4/9; below this value, the twistorial estimate is better,
while above, the universal estimate is to be preferred. For large ¢t — corresponding to highly
negative curvature — both estimates are not applicable. In the figure below, these estimates and
the known eigenvalue A(P?) = 1/2t of P? are drawn.

2.5

N
~
~.
X~
N~ 2
. ~ T AP
.5
1 N Buniv
4
0.0 T 2 T T \ ﬂtw
0.2 0.3 0.4 0.5 0.6 0.7 0.8
St

A priori, A()?) has no reason to be the smallest eigenvalue. However, in the case t = 1/2 the
spinor fields 1)* are V¢-parallel, and thus they realize the equality case in the universal estimate.
For the twistorial estimate, one sees that S, becomes optimal for t+ = 2/5, and thus y* are
automatically twistor spinors with torsion. A more detailed computer computation reveals that
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more is true in this case: ¥* is a Killing spinor with torsion to the Killing numberfl] £ = +/5/10.
These are two of the four solutions of the two quadratic equations for x from Lemma (one
equation for each value of y), the other two being +31/5/10 (for u = F2v/2t). These would
yield a larger D-eigenvalue, thus they cannot correspond to twistor spinors. One checks that the
Killing vector fields associated to 9* by equation () are non-vanishing multiples of £ = Zs.

The example also illustrates the eigenvalue estimate in single eigensubbundles ¥,,, as described
in Corollary 31l The torsion 7" has the eigenvalues 0, +21/2¢, thus max(u?) = 8t, and as we saw,
the twistor spinors with torsion lie in the eigensubbundles corresponding the the p values for
which the maximum is attained. On the other side, Corollary Bl allows an eigenvalue estimate
on the remaining bundle with u = 0. Since n = 5, the twistorial eigenvalue estimate takes the
form

/\($2|20) > Bw(0) = 1—56Sca19 = w

This is exactly the Riemannian estimate. It is optimal if and only if there exists a Riemannian
Killing spinor in ¥y, which is never the case. We can again compare this estimate with the
universal estimate from Theorem [2.3]

1 1
)\@ﬂ’xo) > ﬁuniv(o) = ZSCa]9+§HT|‘2 — 9

Hence, the twistorial estimate lies above the universal estimate for ¢ < 4/5. Since equality in
the universal estimate is obtained for V¢-parallel spinors, it can presumably not be obtained as
well, though we have no strict argument that excludes the existence of parallel spinors in ¥.

Example 5.2 (A 7-dimensional manifold with Killing spinors with torsion). We shortly describe
a second example, relatively similar to the previous one, hence we will not give so many details.
Consider the 7-dimensional Stiefel manifold V5 2 = SO(5)/SO(3), whith SO(3) embedded as up-
per diagonal (3 x 3)-block. The complement m of so(3) inside so(5) splits under the isotropy
representation into two copies of the defining representation and a one-dimensional trivial sum-
mand, m = mz @ m3 & m;. We define a new metric on V52 by deforming the Killing form in
direction of my by a factor ¢t > 0, g; := ﬁ}m@m + tﬁ}ml. This manifold is known to be Einstein
Sasaki and to have two Riemannian Killing spinors for ¢t = 3/2, see [FKMS97], [Ka00]. V5.2
carries an almost metric contact structure in direction m; = R - Z7 with vanishing Nijenhuis
tensor and ¢ = Ej4 + Eos + Es6. It admits a characteristic connection V¢ with torsion

T =nAdy = —Nt(ZyNZy+ Zo NZs+ Zs N Zg) N Zr .

One checks that VT = 0 for all ¢ and that the T eigenvalues are 3/t (multiplicity 2) and
—/t (multiplicity 6). The lift of the isotropy representation to the spin representation has
two invariant spinors ¢4 € Xj 54, which will thus define global spinor fields on V5. After
computing the formulas for the Levi-Civita connection, one checks that ¢* are J)-eigenspinors
to the eigenvalue & — 3/2+/t. Furthermore,

IT|? = 3t, Scal¥ = 18—3t/2, Ric?! = diag(3 —1/2,...,3 —1/2,3t/2).

The universal eigenvalue estimate and the twistorial eigenvalue estimate take the numerical values

9 21 49

Buniv - 1(2_t)7 Btw - Z _1_6 .
Equality is reached for t = 12/13, hence the twistorial estimate is better for metrics with ¢ <
12/13. Indeed, ¢ are Killing spinors with torsion for ¢ = 42/49 with the Killing number

K= —\/42/56.

1The example thus shows that the Killing number of a Killing spinor with torsion on a compact manifold can
be of either sign, in contrast to the Riemannian case.



TWISTORIAL EIGENVALUE ESTIMATES 15

6. THE TWISTOR EQUATION IN DIMENSION 6

In dimension 6, the twistor equation can be further reduced to a Killing equation, thus leading
to considerable simplifications. For convenience, recall that the twistorial eigenvalue estimate for
n = 6 amounts to

3 1 1
> —Scal?! + —||T|*> - =p2.
A > 1080&1 + 12||TH H
Lemma 6.1. Assume VT = 0 und let iy be a twistor spinor for s = 4(’;—_713). Then D and T
satisfy the relation
6 5—n 2
T+ (1-—)T. = 2 T2 .
prea-dmple - 20— 2|y

Proof. We start with the anticommutator relation from [FrI02], cited in Theorem [Z1] (2):
D°T +TD?® =dT + 6T — 8sor — 2D?®.
For V¢-parallel torsion and s = 1/4, the three first terms on the right hand side vanish, hence
DT +TD¢ = -2D°.
Since D¢ =] + %T, this may be restated as
DT+ TP +T? = —2D°.
The action of D¢ on a twistor spinor ¢ may be computed from the twistor equation (Lemma [5.T])

with s = 4(’:1__13) and X = e;, multiplying by e; 1T and then summing over ¢,
1

3
DY+ =T
Y+ TPy + —

Now one obtains the desired result by inserting the expression for D) in the previous relation.
O

1
TE— —||T|? = 0.

This relation has particularly interesting consequences for n = 6.

Corollary 6.1. Let n =6 and VT = 0. If ¢ is a twistor spinor for s = 4(’:1__13) = 1—52 in the T
eigenbundle X,,, exactly one of the two following cases holds:
(1) p=0: either T =0 or ¢ =0;
(2) p#0: 1 is alD eigenspinor with eigenvalue
1 [

Dy = —3 [M+2T} (0

and the twistor equation for ¥ and s = 5/12 is equivalent to the Killing equation Vi =

172
kX - for the same value of s and Killing number k = 9 [| ” — ,u] , thus leading to
I

the Killing equation in its final form

1 s 1
S — — 2 X —(X ATy = 0.
o g5 2R v ey
In particular, the scalar curvature is constant and satisfies the relation
3 4 13 4 ||T|*
—Scal!y = -2+ —||T|*+ =—— .
107 T T
Proof. Lemma yields for n = 6 and a twistor spinor ¥
1
pry = -5 [T+ 27| ¢

By assumption, Ty = ut, hence
1
= =3 [+ 2T 0.
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In case u = 0, we get || T]|*¢ = 0, hence the first claim. For p # 0, we may divide by p and ¥
is an eigenspinor of ). We insert this eigenvalue relation into the twistor equation from Lemma

b1

vey— L2 v ys L aye = o
X 18 12 " G = 0.
On the other hand, suppose that ¢ is a Killing spinor in ¥, for s = % The Killing equation
V% = kX - ¢ implies that ¢ is an eigenspinor of D® with eigenvalue —nkx. For us, this means
DBy = P+T)p = —6rgp.

Since ¢ is also an eigenspinor for [, this last equation yields for the Killing number « the value

LT
91 u '

With this value of &, the Killing equation for s = % becomes equivalent to

1 T|)? 1
Ve — — [u+2%}X-cp+—(X/\T)cp = 0.

18 6

Hence, every twistor spinor in ¥, is necessarily a Killing spinor.
The claim on the scalar curvature follows essentially from Lemma[5.Il For a twistor spinor
in the T eigenbundle ¥, it yields

3 1 1
2 2 2
= —Scal? - —||T - = .
P2y = =Scall - |TIPY — a2y
On the other side, the DD eigenvalue equation squared amounts to
1 4

P = §(u2 +4||T* + FIITH‘W-

A direct comparison leads to the relation for Scal?. 0

Remark 6.1. The value given for the scalar curvature in the previous Corollary allows to solve
explicitly the general quadratic equation for the Killing number x stated in Lemma One
obtains the possible solutions

_ (TP _ [T
1 = —|———p| or Ko = —— |—— +2u
9 n 9 I

The previous Lemma thus shows that ko cannot occur.

Example 6.1. Consider a 6-dimensional nearly Kihler manifold (M6, g, J) with its characteristic
connection V¢ (see also the discussion at the end of Section [). These are Einstein spaces of
positive scalar curvature, ||T||? = %Scalg , and T has the eigenvalues p = 0 of multiplicity 6
and p = £2||T||, each with multiplicity 1, and the torsion is always parallel [AIFS04]. Tt is
well-known that it has two Riemannian Killing spinors ¢y [FG85], that these coincide with
the V¢-parallel spinors [FrI02, Thm. 10.8], and that they lie in X 7. As observed before,
Biw (i) = Buniv(p) = %Scalg: Thus, any V¢-parallel spinor has to be a twistor spinor with
torsion by Corollary Corollary then implies that it is already a Killing spinor with
torsion. If y = 0, any twistor spinor with torsion would have to be a Riemannian twistor spinor,
but it is kwown that these do not exist in ¥g. Hence, we proved:

Theorem 6.1. On a 6-dimensional nearly Kdhler manifold (MS, g, J) with its characteristic
connection V¢, the following classes of spinors coincide:

(1) Riemannian Killing spinors,

(2) Ve-parallel spinors,

(3) Killing spinors with torsion (s =5/12),

(4) Twistor spinors with torsion (s = 5/12).
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Furthermore, there is exactly one such spinor ¢ in each of the subbundles X1y 1), their Killing

T 1 /Scal?
numbers (with torsion) are k = $u = $—\/% and their D eigenvalues are F||T| =

6 3
2 Scal?
N1

Further examples of 6-dimensional manifolds with Killing spinors with torsion well be discussed
in a forthcoming paper.

7. TWISTORIAL ESTIMATES FOR MANIFOLDS WITH REDUCIBLE HOLONOMY

Recall that we assume that (M", g) is an oriented Riemannian manifold endowed with a met-
ric connection V with skew-symmetric torsion 7' € A3(M™). The holonomy group Hol(M™; V)
(sometimes just abbreviated Hol(V) if no confusions are possible) is then a subgroup of SO(n),
and we shall assume that it is a closed subgroup to avoid pathological cases. In order to dis-
tinguish it from the torsion, the tangent bundle and its subbundles will be denoted by 7M™,
T, T2

Definition 7.1 (parallel distribution). Let z € M™ and 7, be a Hol(M™; V)-invariant subspace
of TM™. For any other point y, choose a curve « from z to y and denote by 7, the image of 7,
in 7, M"™ under parallel transport along . The subspace 7, does not depend on the choice of
~, for any other curve 7 defines a closed loop through x by i := 7'y and 7 is by assumption
invariant under parallel transport along p, meaning 5~ !v(T,) = T,. This implies v(T%) = 7(T%)
as stated. In particular, any Hol(M™; V)-invariant subspace T, C T,M™ defines a distribution
T C TM™. Any distribution occuring in this way will be called parallel.

The proof of the following basic lemma carries over from Riemannian geometry without modifi-
cations (see for example [KN63, Prop.5.1]).

Lemma 7.1. Let T C TM™ be a parallel distribution andY € T. For any X € TM", VxY is
again in T; in particular, R(X1,X2)Y € T for any X;, Xo.

For a torsion free connection, this property implies of course that any parallel distribution is
involutive; but for general metric connections this conclusion does not hold anymore.

Let 7 be a parallel distribution, A its orthogonal distribution defined by N, := T;- in every
point x € M™. The fact that all elements of Hol(M™; V) are orthogonal transformations implies
that A is again a parallel distribution. Thus, the tangent bundle splits into an orthogonal sum
of parallel distributions (n; := dim 7;)

TM"™ = T1®...® T, and Hol(M™; V) C O(n1) X ... x O(ng) C SO(n).
We assume that every distribution 7; is again orientable and that the holonomy preserves the
orientation, i.e. we assume
Hol(M™; V) C SO(n1) X ... x SO(ny).
In this case, every parallel distribution 7; defines a parallel n;-form: if X,..., X,,, is a generating

frame for 7;, then «; := X1 A ... A X, is a differential form and spans a 1-dimensional SO(n;)-
invariant subspace of A™(M™). This is necessarily the trivial representation, meaning that a;

is invariant under parallel transport. We agree that any orthonormal frame eq, ..., e, of TM™
shall respect the splitting in parallel distributions (i.e. no ey has parts in different distributions
T:), and that e, ..., e} is to denote an orthonormal frame of T;, i =1,..., k.

We will now describe the ‘block structure’ of the curvature. All curvatures are meant to be
those of the connection V. Recall that the curvature tensor of a metric connection has the
symmetry property

g(R(Xv Y)Wla WQ) = _g(R(Xv Y)W27 Wl)
Since the distributions 7;, 7; are orthogonal, Lemma [Tl implies for any vector fields X, Y that

(2) g(R(X,Y)Ti, T;) = 0if i # j.
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Furthermore, the Ambrose-Singer theorem implies that the curvature operator R(X,Y") vanishes
ifXeT, YeT; i#j,

(3) R(Ti,T;) = 0 fori#j,

since the holonomy group is generated by all curvature operators. We now consider the Ricci
curvature.

Proposition 7.1. The Ricci tensor has block structure,

RiCl 0
Ric = 0 e 0 s
0 RiC}C
i.e. Ric(X,Y) # 0 can only happen if X, Y € T; for some i.
k
The scalar curvature splits into ‘partial scalar curvatures’ Scal; := tr Ric;, and Scal = Z Scal,.
i=1
Proof. A summand of the Ricci tensor Ric(X,Y) = 3" _| R(en, X,Y, e,,) can only be non

trivial if the vectors (e, X) lie in the same T; by equation (B]), and if the vectors (e,,,Y) lie in
the same 7; by equation (2]). But since the vector e,, is the same in both cases (and thus cannot
lie in two different distributions), we conclude that e,,, X, and Y all have to lie in some 7;. Thus
we can define

Ric;(X,Y) := Y R(el,, X,Y,e},).
m=1

Then, Ric = Zle Ric; and it has the stated block structure. The partial scalar curvatures are
now just the traces of these partial Ricci tensors. O

Remark 7.1. Observe that the partial Ricci tensor vanishes in directions of parallel vector fields

Remark 7.2. Be cautious that despite of the block structure of the Ricci curvature, one has in
general that R(X,Y,U, V) #0if X, Y € T;, U,V € T; for i # j.

Let us now consider, as in the first part of this paper, the 1-parameter family of connections
V%Y = V&Y +2sT(X,Y, ).

All quantities (curvature etc.) belonging to the connection V* will carry an upper index s. We
make the following crucial assumptions:

Definition 7.2. Assume that

(1) there exists a value sg such that V*°T = 0; without loss of generality, we will assume
that the torsion is normalized in such a way that so = 1/4. Instead of V4, we will
write V¢,

(2) the tangent bundle TM™ = @le T; splits into V*-parallel distributions 7; for all pa-
rameters s and Hol(M™; V®) C SO(n1) x ... x SO(nyg),

(3) the torsion splits into a sum T = Zle Ti, T; € A3(T;).

We observe that the conditions contain some redundancy: if the torsion splits as described,
then it is sufficient to assume that the tangent bundle is a sum of parallel distributions for one
parameter s.

By de Rham’s Theorem, (M™, g) is then locally a product of Riemannian manifolds, i.e. the
universal cover M of M splits into M = M x...x My, with dim M; = n;. A result of Cleyton and
Moroianu [CM11] implies that each T; satisfies VT; = 0, and in fact, each T; is the projection
to M of a 3-form in A3(M;). In the sequel, we shall call a manifold satisfying these assumptions
a geometry with reducible parallel torsion.
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Remark 7.3. Since the forms 7; live on disjoint distributions, T;7; = —T1;1; for i # j in

the Clifford algebra. This implies T? = Zle T? and hence every eigenvalue p? of T2 is a

sum of eigenvalues of the single T?. By the orthogonality of the distributions 7;, the identity
k

171> = Dict | T3]* holds.

We can deduce some further curvature properties from this assumption:

Lemma 7.2. If (M,g) carries a geometry with reducible parallel torsion, R*(X,Y,Z,V) can

only be non-zero if all vectors lie in the same subspace T; for some i. Furthermore, the 4-form
k

or splits in op = Z o;, where o; := ori.

i=1
Proof. The splitting T'= > T; implies or = > 0, 0; := o7i, by definition of 7. From Theorem
[B1 we know that the Bianchi identity in this case reads

XY, Z
6 R(X,)Y,Z, V) = s[6—8s] op(X,Y,Z,V).

Consider now vectors X,Y,U,V. In order for R*(X,Y,U,V) to be possibly non zero, we need
to assume that X,Y € 7;, U,V € T, for some indices i,j. The elements R*(Y,U, X,V) and
R*(U, X,Y, V), however, vanish from equations @B and (2], thus we are left in this case with

RY(X,Y,U, V) = s(6—8s)or(X,Y,Z,V).
But o7 (X,Y, Z,V) can only be different from zero if all vectors lie in the same 7j. O

Assuming that M™ is spin, the curvature Ry of the spinor bundle ¥ M™ for the connection
VS
Ry(X, Y)Y = VX V3o = Vi Vi — Vig v
is related to the curvature R® of the tangent bundle TM™ by

1
RE(X.Y)) = SRU(XAY) 9,

where we interpret the curvature transformation R® as an endomorphism on 2-forms: R*(e; A
€j) = < Rijrer A e This allows to draw conclusions on R, from the described splittings.

Partial Schrodinger-Lichnerowicz formulas. The splitting of the tangent bundle makes a
certain amount of bookkeeping unavoidable. Let p; denote the orthogonal projection from 7M"
onto 7; and define the ‘partial connections’

. k

VY = Vi (x), hence V¢ = ) V.
i=1

They induce the notions of ‘partial Dirac operators’ and ‘partial spinor Laplacians’ (u is the
usual Clifford multiplication) through

k k
Di := poV*™, D =Y Dj A := (V¥)'V¥ A" =Y A
i=1 =1

At a fixed point p € M™ we choose orthonormal bases e},..., e’ of the distributions 7; (i =

P 1 73
1,...,k) such that (Ve e])p = 0 for all suitable indices i, j, m,l. Note that our chosen basis has
the properties [el,,e]] = —T(el,,e]) and Vg;»n el = 0. It is convenient (and consistent with the

notation introduced above) to abbreviate V¥, by Vi, The partial Dirac and Laplace operators
may then be expressed as

ng

s . [ EX) s . S,1\7S,1

D; = g e, Vol A = —g Vit
m=1
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The divergence term of the Laplacian vanishes because of Vzi e! = 0. We compute the squares

i=
of the partial Dirac operators D; and their anticommutators. To formulate the statement, set

D; = i (ehn I T0) - Vi v

m=1
in full analogy to the classical case without splitting of TM (k = 1).

Proposition 7.2. Assume that M carries a geometry with reducible parallel torsion. The partial
Dirac operators D; then satisfy the identities

1
(i) (D$)?* = Af 4 5(6 — 8s) 0y — 4sD5 + ZScalf,
(ii) DiD; + D;D; =0 fori ;ﬁlj,

(iif) (D*)2 = AS 4250, + g Seal! — 25| T3,

Proof. For the first identity, let k and [ be indices running between 1 and dim 7; = n;. We split
the sum into terms with k = and &k # [,

e Uz
(D) = > e VileVi'y = = VIV 4> e Vil Viv
k=1 k=1 k#l

AS 4D el (VI = VIV
k<l
und express the second term through the curvature in the spinor bundle,
s\2 _ s [ s i AR S, o
(Dz) d] - AZ¢+kZ<lekel [RE(ekael) vT(e}C,e})} dj

R% in turn can be expressed through the curvature R, and by Lemma [[2] only terms with all
four vectors inside 7; can occur:

Ze};efR%(e};, e}) = %Ze};efRs(e}; Nej) - = % Z R* (e}, €], €p, €l )erejene.,

k<l k<l k<l,p<q
The summands with same index pairs add up to half the partial scalar curvature, while totally
different indices yield the Clifford multiplication by the 4-form ¢?. Index pairs with one common
index add up to zero, because the Ricci tensor is symmetric (Theorem [B]). The third identity
follows by a routine calculation.

For the second identity and i # j, we proceed similarly. However, there is no diagonal term

resulting in an analogue of the Laplacian, hence

D;D; +D;D; = 3 eje] [Ri(el ef) - V3
k.,

(e}gxej)} '

But the mixed curvature operator vanishes as observed in equation (3), and T'(7;,7;) is zero as
well by the assumption that 7" does not contain any mixed terms. O

The second identity has a crucial consequence: all the operators (D*)?, (D5)2,...,(D;)? can be
simultaneously diagonalized.

k
Lemma 7.3. For all parameters s, (D*)* = Z(Df)2 and (D§)* (D5)? = (D3)* (D§)* Vi # j.

i=1

In particular, any eigenvalue A of (D*)? is the sum of eigenvalues \; of (D$)?, \ = Z Ai
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Adapted Twistor Operator. We define a twistor operator P° : I'(XM) — I'(TM* @ ¥M)
adapted to the splitting 7M™ = @le T; of the tangent bundle by

k n;
s s 1 - 7 7 s
(4) P¢=V¢+Z;Z€l®el'Di¢
i=1 " i=1
By a simple computation, one checks that
"
(5) IPy|* = Zn— )

Theorem 7.1 (Twistorial eigenvalue estimate for products). Assume that M carries a geom-
etry with reducible parallel torsion, and that the dimensions of the subbundles T; are ordered

by ascending dimensions, n1 < ng < ... < ng. The smallest eigenvalue A 0f$2 satisfies the
inequality

N g, (e =5) o ng(4—mnyg) 5 2
(%) A > Scal? .+ ————=||T| mmax(ul,...,uk).

- 4(7’Lk — 1) min S(TLk - 3)2

Let M = My x ... x My, be the universal cover of M, dim M; = n;, and § := 4&kk113). Equality
holds in (x) if and only if the following conditions are satisfied:

(1) The Riemannian scalar curvature of (M, g) is constant,
(2) There exists a twistor spinor with torsion for § on My,
(3) Fori=1,...,k—1:
(a) If n; < ng: there exists a V*-parallel spinor on M,
(b) If n; = ny.: there exists a V3-parallel or a twistor spinor with torsion for § on M;,
(4) these spinors lie in the subbundle ¥,,(M;) corresponding to the largest eigenvalue of T?

(i=1...k).
Proof. From Theorem 2.2] we know that

1
(Ds/3)2 = AS — T2 + ZScalg + (S - 282)”T||2

Now from Theorem [ and equation (Bl

Jiompoe = [ —s [@.+] [Searve + -2 [IzP?
"
Jiesvp+ Y [ oz
i=1 ’
= [@va+ 7 [Seatrvn) + -2 [T
Adding — [(;-(D*)?9,1) on the both sides
s 1 s o s a 1 s 1 s
J{|@rr - w2 vw = [irors [ > [ 5w >2] 0.0)

= [@ovw)+ 1 [1seatrv ) + -2 [Pl

Using the same techniques as in Lemma B.1] and Theorem we have

452 -1
P)? + %iﬂ with s = —*

_m L S
o — Nk 4(nk - 3)

(DS/3)2 _ L(DS)Q

ng ng
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We also note from Lemma [73] that [(D*)? = E /(Df)2; hence, if we set § := m, the

above formula implies

= [wrew = i [

Z/(——ni) f)zlw,w
%@;)34) [ vk [y, ¢ e D03 = [T

Since the first two terms on the right hand side of the first line are clearly > 0, the estimate
follows. The equality case is obtained if the scalar curvature is constant, the eigenvalue p? of T2
is maximal and

PS5y = 0, and (D)%% = 0if n; < ny.
By the splitting of the tangent bundle, P3¢ = 0 is equivalent to
VSt =Y ej@e-Diy = 0 Vi=1,...,k
i=1

If D$v = 0 (for example, if n; < ny), this implies V%) = 0. If not, n; = ny has to hold and
5, 1 5
Vv + n—pz(X) -Diyp =

where we recall that p; denoted the projection 7M — 7;. In order to obtain the corresponding
spinor fields on the factors M;, one argues as in [AlO7]: Let f; : M; — M be the inclusion,
q: M — M the projection. The pullback (g o f;)*SM is a Clifford bundle over M;, hence it is
a sum of finitely many copies of X M;, and the connection V*® with torsion 4s7T" pulls back to the
connection with torsion 4sT;. The pullbacks of the spmor fields then satisfy the corresponding
field equations. For the last claim, observe that 72 = E 1 T? as observed in Remark [7.3] hence
the maximum is reached if and only if the eivenvalue of each single 77 is maximal. O

Remark 7.4. The coefficient of the scalar curvature is strictly decreasing with growing n,
while the other two coefficients (of ||T||*> and max(u?,...,u3)) are first increasing (for n > 5
resp. n > 6), then decreasing for larger n (n 2 15) and reach quickly their limits 1/8 and —1/4.
Thus, this estimate becomes better for products where the scalar curvature dominates the other
two terms. We believe that the estimate will be particularly useful if M is locally a product of
manifolds of the same dimension (though not necessarily carrying the same geometry), because
it has a ‘nicer’ equality case.

Remark 7.5. Theorem [l generalizes the main result by E. C. Kim and B. Alexandrov ([Ki04],
[AI07]) for the Riemannian Dirac operator on locally reducible Riemannian manifolds. They
proved that the first eigenvalue A9 of the square of the Riemannian Dirac operator (D9)? satisfies

ng
6 N> T geq)d ,

( ) — 4( k _ 1) min

again for ascending dimensions of the single factors, and obtained the corresponding equality
case.

Example 7.1. Consider a 10-dimensional manifold that is a product of two 5-dimensional man-
ifolds with parallel characteristic torsion; this defines a geometry with reducible parallel torsion.
Then the 10-dimensional twistorial estimate of the eigenvalue of ? reads (Corollary B.2)

15

A > —s 9o TR - = 2
— ca min + 196” || 49 ma,X(‘LL )7
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where max(u?) denotes the maximal eigenvalue of T2. On the other side, the twistorial eigenvalue
estimate for products (Theorem [1]) yields

5 5
A > ZScalgnin 15 max(p?).
One recognizes that one gets a truly different estimate that will be of interest for large scalar
curvatures.

More comments on eigenvalues for product manifolds. We shall now explain how the
proof of the main Theorem in [AlQ7] can easily be modified to obtain a different kind of Riemann-
ian estimate, which we find of interest on its own. It is plain that their main result (equation (@)
and our Theorem [7.]] contain a built-in asymmetry: The top dimension n;, plays a particular role
in the estimate and the equality case predicts a twistor spinor on the ng-dimensional factor and a
parallel spinor on all other factors. We asked ourselves: Is there an estimate (in the Riemannian
case resp. torsion case) that is symmetric in all dimensions n; and that reaches equality if and
only if there exists a twistor spinor on each factor?

Let’s recall the global setting for the Riemannian case: Consider a compact spin manifold M
whose tangent bundle 7 M splits into parallel, pairwise orthogonal distributions 7;,i = 1,...,k,
and where we assume that the dimensions are ordered by 1 < n; < ... < ng. Then the partial
Levi-Civita derivatives V% the partial Riemannian Dirac operators DY, partial Riemannian
curvatures etc. are defined as we did before, but without any torsion appearing. In particular,
it is true that a DY eigenspinor can be chosen in such a way that it is also a DY eigenspinor for
all i, and the eigenvalues of the squares of these operators satisfy A9 = A{ + ...+ A]. Since the
manifold is locally a product, the partial eigenvalues Y have really a geometric meaning of their
own.

Theorem 7.2. The eigenvalues N7 of (D9)? and X! of (D?)? satisfy the inequality
~ Y Scal? . |
Ai 5 P%%min

)\g_
n; 4 ’

i=1
and equality is obtained if and only if there exists a Riemannian Killing spinor on each factor of
M.

Proof. For the adapted Riemannian twistor operator P° =: P (compare equation (@)) and an
arbitrary spinor field ¢, B. Alexandrov proves in [AI07] the integral formula

1Pol? = [1= o] (0w - 3 = - e -

n; n
i—1 i k

Scal?
4

¥, ).

In order to obtain a result (our equation (@) in which the partial eigenvalues A\; do not appear
anymore, he observes that 1/n; — 1/n; > 0 by assumption and neglects these terms together
with the twistor term || P1||2. For proving our Theorem, the main point is to keep these terms!
Choose an eigenspinor ¢ such that (D9)%) = N, (D?)?p = A4 (this is always possible). Since
| Py||* > 0, we obtain

1], ) Ml 17, 5, Scal?
02 [1= e - X[ - e - 250

= LT T 4

Estimating the scalar curvature as usual by its minimum and and dividing by the length ||¢|? > 0
yields then the result after a short computation, which we omit. The discussion of the the equality
case follows the same line of arguments as in [AI07]. O

Let us discuss the value of this result. On every single factor, Friedrich’s classical estimate

o> (Scal?)min

M
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holds, so by summation (and a quick calculation) we get

ko9 L&
4> —Z(Scal‘g)min.

=1

)\g_

W~

s
i=1 "

Since in general Y (Scal?)min < (3 Scaly)min, our result is non trivial. This is particularly plain
when only Scal? . is strictly positive, but not all (Scal!)min. From an aesthetic point of view,
Theorem removes the asymmetry of equation (6]) and Theorem [T} as desired.
Unfortunately, Theorem has no reasonable analogue for Dirac operators with torsion. In
oder to obtain a similar result, one is lead to allow the parameter s of the adapted twistor
operator to change in each summannd 7;. The resulting inequality then links the eigenvalues
of P? and (D), where now s; = (n; — 1)/4(n; — 3). However, these operators no not have an

intrinsic geometric meaning, nor do they commute with J)?. Hence, the result is not of interest.

APPENDIX A. PROOF AND APPLICATION OF THE INTEGRABILITY CONDITION

We begin with a remarkable identity that relates the curvature operator and the Ricci operator
in the spin bundle. Recall that the curvature operator of any spin connection can be understood
as a endomorphism-valued 2-form,

R(X,Y)) = VxVy¢ —VyVxy —Vixy¢.
One checks that it is related to the curvature operator on 2-forms defined through
R(ei AN ej) = Z Rijrier Ne
k<l
by the relation

RX,Y))p = %R(X/\Y)-w.

Furthermore, we understand the Ricci tensor as an endomorphism on the tangent bundle. Then
the identity stated in the following theorem is crucial for deriving integrability conditions. It
generalizes a well-known result of Friedrich [Fr80] for the Levi-Civita connection (T" = 0). A
special case of the result—that is, applied to a parallel spinor-may be found in [FrI02]. The result
appeared for the first time in the diploma thesis of Mario Kassuba [Ka06], which was written
under the supervision of the first author and Thomas Friedrich at Humboldt University Berlin
in 2006.

Theorem A.1. Let V¢ be a metric spin connection with parallel torsion T, VT = 0. Then,
the following identity holds for any spinor field ¥ and any vector field X

= 1
Ric’(X) -9 = =2 exRYX, ex)t) + S X JdT .
k=1
Proof. Rewrite the first term on the right hand side (without the numerical factor) as

n n n
1 1
ZekRC(e[,ek) = 5267“ -Rc(el/\ek) = §ZZRleijekeiej = R1+R2,
k=1 k=1 k=1 i<j
where R; denotes all terms with three different indices k, 1, j, and Ro all terms with at least one
repeated index. We first discuss Rjy:

1 1 k,i,j
R, = 3 Z ZRfkijekeiej + Z Rijijexeie; + ZRfkijekeiej =3 Z S Ryjereics,
i<j | k<t i<k<j i<k k<i<j
where the symbol & denotes the cyclic sum. The first Bianchi identity for a metric connection
with parallel skew torsion [FrI02], [Ag06]

XY, Z 1
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implies then R; = —e; 1 dT'/4. We now consider Ry. Here, the argument does not depend on the
detailed type of the connection, only the property of being metric is used (it implies that R
is antisymmetric in the third and fourth argument, see [Ag06| Section 2.8]). One checks that

1 n r—1
2 > Z Rippree + Z Riggrer
r=1 [p=1 qg=r—+1
But since the Ricci tensor is exactly the contraction of the curvature, Ry = —Ric®(e;)/2. This
ends the proof. O

We use this result to formulate the necessary curvature integrability conditions for Killing
spinors with torsion. For Riemannian Killing spinors (7' = 0), this results just means that the
underlying manifold has to be Einstein.

Theorem A. 2 Suppose VT = 0. Let ¥ be a Killing spinor with torsion with Killing number

K, set A = (n 3 for convenience, and recall that s = 4(7;—_713). Then the Ricci curvature of the

characteristic connectmn satisfies for all vector fields X the identity
Ric® (X)) = —16sk(X IT) +4(n — 12X + (1 — 12X*)(X J o7 ) +
2207 + X)) ex(T(X, ex) I T

Proof. We will first establish a relation between the actions of R¢ and R® on the Killing spinor
1. As an abbreviation, we set \ := m For the curvature endomorphism, we obtain by

using the identity V%1 = V&4 + A(X 1 T)¢ and the product rule for the covariant derivative
of Clifford products:
R X Y)Y = VXV = VyViy = Vi vy
= RUX, Y)Y+ AV (Y 2T)) + NX A T)V5 + X2 (X IT)(Y JT)p
AV (X AT)Y) = MY JT)V — MY IT)X 3T — MN[X, Y] I T)ap
= RUX, Y)W+ AMVK(Y AT) +NY IT)VK + XX JT)Vyp
“AVH (X IT)0 — X IVt — MY JT) Vi — A([X, Y] 1T
= RYX, Y)W+ ANVSY AT+ (X AT (Y JT)
(VS (X OT)) = XY JT)(X I Ty — A([X, Y] I T)o.
From the general formula Vx (Y Jw) = (VxY) Jw+Y 1 (Vxw) and the assumption VT = 0,
we conclude:
REX, V) = REX, Y)W+ NXIT)Y AT — (Y IT)X T
+FANT(X,Y)IT).

Together with the identities (2) and (4) from the compilation of important formulas (Lemma
[CT)), this allows us to compute the summand Y e, R* (X, e)1,

Y aR (X ey = > exRUX et + 3N (X 2T)T = T(X JT))
—202) " T(X ex)(ex AT+ A en(T(X,ex) 1T

The second term can be simplified through formulas (2) and (6) of Lemma [C1]

1
(XA -T(XJT) = (XT?>+T%X) = —5Xor—orX = —2X Jor.
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The third term can be simplified as follows,

Y T(X,ex)(exIT) = ZT (X, ex em)em(er 1 T)

— ZemZTXek,em (ex 1 T)
= —ZemZTXemaek epIT)
= —Zem Xem JT)

Thus, we obtain alltogether:
S aRI (X en)y = exRUX, ex)tp — 6A*(X Jor)y + (207 + M) D en(T(X, ex) JT) .

Now we specialize to the case that 1 is a Killing spinor with V%1 = kX1. In this case, R*(X,Y)
acts on Y by

RI(X, Y)Y = ViV — ViV — Vig o
= KT(X, Y)Y+ r*(YX - XY),

where T° = 4sT. We form again the desired sum. The relation

Yo eT(X,e)p = = > T(X,ex)exth = 2(X IT)
yields
Z ex R (X, ex) = 8sk(X I T)p +2(1 — n)k2Xp .
The claim now follows from Theorem [A]] if one observes that dT' = 207 holds for parallel

torsion. O

By contracting the identity for the Ricci curvature once more, one obtains a formula for the
scalar curvature of a metric admitting Killing spinors with torsion. However, one checks that
this result coincides with the equation for the scalar curvature stated in Lemma

We now give a typical example how the previous result can be used to prove non-existence
results for Killing spinors with torsion.

Corollary A.1. A 5-dimensional Einstein-Sasaki manifold (M, g,&,n, ) endowed with its char-
acteristic connection cannot admit Killing spinors with torsion.

Proof. Tt is known that a 5-dimensional Einstein-Sasaki manifold admits a local frame such that
Ex2n =%e, dyp = 2(e1NeatesNey), T° = nAdn = 2(e1 Nea+esAes)Aes.

Furthermore, in this frame, Scal’ = 20, | T|| = 8 and the eigenvalues of T are 0,+4. Hence,
Lemma [5.2] allows us to compute all possible values of the Killing number x, leading to the table

w0 4 —4

1 V5 V5

In this situation, s = 1/2 and A = 1/4. For the Ricci curvature, observe that these are related
by

5
Ric/(X,Y) = Ric*(X,Y) + iZg(Tc(X, e:), T°(Y, €;)).
=1
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Thus, the Einstein condition Ric?(e;) = 4-1d implies Ric®(e;) = 2-Id fori =1, ..., 4, Ric“(e5) = 0.
Now pick your favorite spin representation and evaluate with arbitrary « and for X = e; the
expression (just a (4 x 4)-matrix)

5
1 3
2-1d — | —8k(e; I T) + 16k%e; + Z(el Jdor)+ 1 Zek(T(el, ex) 1 T)
k=1

and check that for all possible x values above, the determinant is nonzero. Hence, this endomor-
phism on the spin bundle has no kernel, that is, there cannot exist a spinor field ¢ (not even in
a point) satisfying the integrability condition from Theorem [A.2] for X = e;. O

APPENDIX B. CURVATURE PROPERTIES FOR FAMILIES OF CONNECTIONS

The curvature of a metric connection V with parallel torsion T € A3(TM") is known to have
some special properties. In this section, we show how some of these properties can be transferred
to a 1-parameter family of connections in which only one connection has this property, matching
of course exactly the situation encountered in this paper.

Theorem B.1. Assume that (M, g) carries a 1-parameter family of metric connections V*° with
skew torsion T € A3(M)

VY = V&Y +2sT(X,Y, ),
and that VT = 0, where V€ is the connection corresponding to s = 1/4. Then, for all s € R,
the covariant deriative of the torsion is given by

1
TU,V,W) = {23 — 5] or(U, V,W, X),
and the first Bianchi identity reduces to
X,Y,Z
6 R°(X,)Y,Z, V) = s[6—8s] or(X,Y,Z, V).
This implies, in particular, that the curvature is symmetric under intertwining of blocks,
RI(X,Y,U, V) = R*(U,V,X,Y).
Furthermore, the Ricci tensor Ric® is symmetric.

Proof. The connections are related by
1
VY = VY + {25 - 5] T(X,Y,—),

thus the covariant derivatives satisfy

VXT(U,V,W) = V&TU,V,W)

_ {25 _ %] (T(T(X,U),V, W) + T(U,T(X, V), W) + T(U, V., T(X, W))

= 0+ F - 25} [-T(W,V,T(X,U)) -T({U,W,T(X,V))+TU,V, T(X,W))]

2
_ g = 25| [Lg(T W, V), T(X,0)) — g(T(U, W), T(X, V) + g(T(U, V), T(X, W)
= -% — 28- [—g(T(V, W), T(U, X)) - Q(T(Wu U)? T(V7 X)) - g(T(U, V)v T(Wv X))]
= % - 25_ [—or(U,V,W,X)] = [25 - %} or(U,V,W, X)

by the definition of or [Ag06, Dfn A.1]. Consider the first Bianchi identity [Ag06, Thm 2.6]

XY, Z
6 RYX,Y,Z,V) = dT*(X,Y,Z, V) + ViT*(X,Y,Z) — o7-(X,Y, Z,V),
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where T® = 4sT and ors = 165207 are the corresponding quantities of the connection V*. Since
VeT = 0, its torsion T satisfies dT' = 20 = 207. A routine calculation yields then the claimed
formula. The property of the curvature tensor follows by the same symmetrization argument as
in [Ag06, Remark 2.3].

For the symmetry of the Ricci tensor, we argue as follows: for alle parameters s, the V?*-
divergences §° of T coincide, 0°T = 09T (see [Ag06l Prop. A.2]). But VT = 0 implies 6T = 0,
so 0°T = 0, and this is precisely the antisymmetric part of the Ricci tensor, so symmetry follows
at once ([FrI02], [Ag06, Thm A.1]). O

APPENDIX C. COMPILATION OF IMPORTANT FORMULAS

We compile some remarkable identities that are used throughout this article. All of them are
routine exercises, so we abstain from giving proofs or detailed references for all. Some of the
less obvious formulas (4-6) can be found in [Ag06] and [FrI02], though earlier publications are
certainly possible. Recall the definition of the important 4-form o derived from any 3-form T':

1
or = 5 Z(el _ T) A\ (ei _ T)
Lemma C.1. For a 3-form T, a k-form w, a vector field X, an orthonormal frame e1,..., e,

and spinor fields 1, ¢, the following identities hold:

)X T=XAT-X1T, T-X=-XAT-X1T

2) X - T+T-X=-2X 1T, more generally, X -w — (—=1)Ffw- X = -2X Jw.
)

(
(
(
(4 Z(eiJ T)el = Zei(ei _ T) =3T

(5) Z(ei AT) - (e; AT) = Z(ei ATYA (e, AT) = 3||T)? = 201 — 3||T||?
(6) T? = — Z(ez—J T)A(e; 4T) + |T|? = =207 + | T|?
(7) Zei-(ei/\T) =@B-n)T

=1

REFERENCES

[Ag03] I. Agricola, Connections on naturally reductive spaces, their Dirac operator and homogeneous models in
string theory, Comm. Math. Phys. 232 (2003), 535-563.

[Ag06] I.Agricola, The Srni lectures on non-integrable geometries with torsion, Arch. Math. (Brno) 42 (2006),
5-84. With an appendix by Mario Kassuba.

[AF04a] I. Agricola and Th. Friedrich, On the holonomy of connections with skew-symmetric torsion, Math. Ann.
328 (2004), 711-748.

[AF04b] , The Casimir operator of a metric connection with skew-symmetric torsion, Jour. Geom. Phys.
50 (2004), 188-204.

[AFKO08] I. Agricola, Th. Friedrich, and M. Kassuba, Figenvalue estimates for Dirac operators with parallel
characteristic torsion, Diff. Geom. Appl. 26 (2008), 613-624.

[Al03] B. Alexandrov, Sp(n)U(1)-connections with parallel totally skew-symmetric torsion, Journ. Geom. Phys.
57 (2006), 323-337.

, The first eigenvalue of the Dirac operator on locally reducible Riemannian manifolds, J. Geom.
Phys. 57 (2007), 467-472.

[AIFS04] B. Alexandrov, Th. Friedrich, N. Schoemann, Almost Hermitian 6-manifolds revisited, J. Geom. Phys.
53 (2005), 1-30.

[AIGI98] B. Alexandrov, G. Grantcharov, and S. Ivanov, An estimate for the first eigenvalue of the Dirac operator
on compact Riemannian spin manifold admitting parallel one-form, J. Geom. Phys. 28 (1998), 263-270.

[A107]



TWISTORIAL EIGENVALUE ESTIMATES 29

[BFGK91] H. Baum, Th. Friedrich, R. Grunewald, I. Kath, Twistors and Killing spinors on Riemannian mani-
folds, Teubner-Texte zur Mathematik, Band 124, Teubner-Verlag Stuttgart / Leipzig, 1991.

[BMO1] F. Belgun, A. Moroianu, Nearly Kahler 6-manifolds with reduced holonomy, Ann. Global Anal. Geom.
19 (2001), 307-319.

[Bi89] J. M. Bismut, A local index theorem for non-Kdahlerian manifolds, Math. Ann. 284 (1989), 681-699.

[CM11] R. Cleyton, A. Moroianu, Metric connections with parallel torsion, to appear.

[Fr80] Th. Friedrich, Der erste Eigenwert des Dirac-Operators einer kompakten, Riemannschen Mannigfaltigkeit
nichtnegativer Skalarkrimmung, Math. Nachr. 97 (1980), 117-146.

[Fr89] , On the conformal relations between twistor and Killing spinors, Suppl. Rend. Circ. Mat. Palermo
(1989), 59-75.
[Fr02] , Dirac operators in Riemannian geometry, Graduate Studies in Mathematics 25, AMS, Providence,

Rhode Island, 2000.
[FriO3b] , On types of non-integrable geometries, Suppl. Rend. Circ. Mat. di Palermo Ser. II, 71 (2003),
99-113.

[Fr07a] , Ga-manifolds with parallel characteristic torsion, Diff. Geom. Appl. 25 (2007), 632-648.

[FG85] Th. Friedrich and R. Grunewald, On the first eigenvalue of the Dirac operator on 6-dimensional manifolds,
Ann Glob. Anal. Geom. 3 (1985), 265-273.

[FrI02] Th. Friedrich and S.Ivanov, Parallel spinors and connections with skew-symmetric torsion in string the-
ory, Asian Journ. Math. 6 (2002), 303-336.

, Almost contact manifolds, connections with torsion and parallel spinors, J. Reine Angew. Math.
559 (2003), 217-236.

[FKMS97] Th. Friedrich, I. Kath, A. Moroianu and U. Semmelmann, On nearly parallel Ga-structures, Journ.
Geom. Phys. 23 (1997), 256-286.

[Gau97] P. Gauduchon, Hermitian connections and Dirac operators, Boll. Un. Mat. Ial. ser. VII 2 (1997), 257-289.

[GO98] P. Gauduchon, L. Ornea, Locally conformally Kdhler metrics on Hopf surfaces, Ann. Inst. Fourier 48
(1998), 1107-1127.

(Gra71] A. Gray, Weak holonomy groups, Math. Z. 123 (1971), 290-300.

[Ha90] K. Habermann, The twistor equation on Riemannian spin manifolds, J. Geom. Phys.(1990), 469-488.

[HL88] O. Hijazi, A. Lichnerowicz, Spineurs harmoniques, spineurs-twisteurs et géométrie conforme, C. R. Acad.
Sci. Paris 307, Série I (1988), 833-838.

[Hit74] N. Hitchin, Harmonic spinors, Adv. in Math. 14 (1974), 1-55.

[Hit00] , The geometry of three-forms in siz and seven dimensions, Journ. Diff. Geom. 55 (2000), 547-576.

[HKWY10] T. Houri, D. Kubiznak, C. Warnick, Y. Yasui, Symmetries of the Dirac operator with skew-symmetric
torsion, Class. Quantum Grav. 27 (2010), 185019.

[Jen75] G. Jensen, Imbeddings of Stiefel manifolds into Grassmannians, Duke Math. J. 42 (1975), 397-407.

[Ka06] M. Kassuba, Der erste Eigenwert des Operators DY/3 einer kompakten Sasaki-Mannigfaltigkeit, diploma
thesis, Humboldt Univ. Berlin, 2006.

[Kal0] M. Kassuba, Eigenvalue estimates for Dirac operators in geometries with torsion, Ann. Glob. Anal. Geom.
37 (2010), 33-71.

[Ka00] I. Kath, Pseudo-Riemannian T-duals of compact Riemannian homogeneous spaces, Transform. Groups 5
(2000), 157-179.

[Ki04] E. C. Kim, Lower bounds of the Dirac eigenvalues on Riemannian product manifolds, math.DG /0402427

[KN63] S. Kobayashi and K. Nomizu, Foundations of differential geometry I, Wiley Classics Library, Wiley Inc.,
Princeton, 1963, 1991.

, Foundations of differential geometry II, Wiley Classics Library, Wiley Inc., Princeton, 1969,

[FI03a]

[KN69)]

1996.

[Ko99] B. Kostant, A cubic Dirac operator and the emergence of Euler number multiplets of representations for
equal rank subgroups, Duke Math. J. 100 (1999), 447-501.

[Li87] A. Lichnerowicz, Spin manifolds, Killing spinors and universality of the Hijazi inequality, Lett. Math.
Phys. 13 (1987), 331-344.

[Li88] , Killing spinors, twistor-spinors and Hijazi inequality, J. Geom. Phys. 5 (1988), 2-18.

[Sal89] S. Salamon, Riemannian geometry and holonomy groups, Pitman Research Notes in Mathematical Series,
201. Jon Wiley & Sons, 1989.

[Se98] U. Semmelmann, A short proof of eigenvalue estimates for the Dirac operator on Riemannian and Kdhler
manifolds, Differential Geom. Appl., proceedings, Brno (1998), 137-140.

[Sch07] Nils Schoemann, Almost Hermitian structures with parallel torsion, J. Geom. Phys. 57 (2007), 2187-2212.

[Sw00] A. F. Swann, Weakening holonomy, ESI preprint No. 816 (2000); in S. Marchiafava et. al. (eds.), Proc. of
the second meeting on quaternionic structures in Mathematics and Physics, Roma 6-10 September 1999,
World Scientific, Singapore 2001, 405-415.

[Va79] 1. Vaisman, Locally conformal Kdhler manifolds with parallel Lee form, Rend. Math. Roma 12 (1979),
263-284.



http://lanl.arxiv.org/abs/math/0402427

30 ILKA AGRICOLA, JULIA BECKER-BENDER, AND HWAJEONG KIM

ILKA AGRICOLA, JULIA BECKER-BENDER
FACHBEREICH MATHEMATIK UND INFORMATIK
PHILIPPS-UNIVERSITAT MARBURG
HANS-MEERWEIN-STRASSE

D-35032 MARBURG, GERMANY
agricola@mathematik.uni-marburg.de
beckbend@mathematik.uni-marburg.de

HwaJjeoNG KiMm

DEPARTMENT OF MATHEMATICS
HANNAM UNIVERSITY

DAEJEON 306-791, REPUBLIC OF KOREA
hwajkim@hnu.kr



	1. Introduction & summary
	2. Review of the universal eigenvalue estimate
	3. The twistorial eigenvalue estimate
	4. Discussion of the twistorial estimate
	The case n=4
	The case n=5
	The case n=6
	Existence of c-parallel spinors

	5. Killing and twistor spinors with torsion
	6. The twistor equation in dimension 6
	7. Twistorial estimates for manifolds with reducible holonomy
	Partial Schrödinger-Lichnerowicz formulas
	Adapted Twistor Operator
	More comments on eigenvalues for product manifolds

	Appendix A. Proof and application of the integrability condition
	Appendix B. Curvature properties for families of connections
	Appendix C. Compilation of important formulas
	References

