3-SASAKIAN MANIFOLDS IN DIMENSION SEVEN, THEIR
SPINORS AND G3-STRUCTURES
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ABSTRACT. It is well-known that 7-dimensional 3-Sasakian manifolds carry a one-
parametric family of compatible Ga-structures and that they do not admit a charac-
teristic connection. In this note, we show that there is nevertheless a distinguished
cocalibrated Ga-structure in this family whose characteristic connection V¢ along
with its parallel spinor field ¥y can be used for a thorough investigation of the geo-
metric properties of 7-dimensional 3-Sasakian manifolds. Many known and some new
properties can be easily derived from the properties of V¢ and of Wy, yielding thus
an appropriate substitute for the missing characteristic connection.

1. INTRODUCTION

3-Sasakian manifolds have been studied by the Japanese school in Differential Geom-
etry decades ago [14]. They are Einstein spaces of positive scalar curvature carry-
ing three compatible orthogonal Sasakian structures. In the middle of the 80-ties, a
relation between 3-Sasakian manifolds and the spectrum of the Dirac operator was
discovered [10], [11]. Indeed, they admit three Riemannian Killing spinors, which real-
ize the lower bound for the eigenvalues of the Dirac operator [6]. Seven-dimensional,
regular 3-Sasakian manifolds are classified in [10]. In the 90-ties, many new fami-
lies of non-regular 3-Sasakian manifolds have been constructed specially in dimension
seven [4]. This dimension is important because the exceptional Lie group G admits
a 7-dimensional representation and any 3-Sasakian-structure on a Riemannian mani-
fold induces a family of adapted, non-integrable Go-structures. A deformation of one
of these Go-structures—we call it the canonical Go-structure—yields examples of 7-
dimensional Riemannian manifolds with precisely one Killing spinor [12]. The whole
family of underlying Ga-structures has been investigated from the viewpoint of spin
geometry in [2], section 8. In particular, they are solutions of type II string theory with
4-fluxes (see [1] for more background and motivation).

We will show that the canonical Gs-structure of a 3-Sasakian manifold is cocalibrated.
Consequently, there exists a unique connection with totally skew-symmetric torsion
preserving it, see [8], [9]. The aim of this note is to study this characteristic connection
V¢ as well as the corresponding VC¢-parallel spinor field Wy. This point of view allows
us to prove many properties of 3-Sasakian manifolds in a unified way. For example,
the Riemannian Killing spinors are the Clifford products of the canonical spinor ¥ by
the three unit vectors defining the 3-Sasakian structure: in this sense, the V¢-parallel
spinor field ¥y is more fundamental than the Killing spinors. Finally we study the
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spinorial field equations and the deformations of the canonical Ga-structure in more
detail.

2. 3-SASAKIAN MANIFOLDS IN DIMENSION SEVEN

A 7-dimensional Sasakian manifold is a Riemannian manifold (M7, g) equipped with a
contact form 7, its dual vector field ¢ as well as with an endomorphism ¢ : TM7 — TM"
such that the following conditions are satisfied:

nA@dn)?® £0, ) =1, g€ =1,
9(eX,9Y) = g(X,Y) = n(X) -n(Y), ¢* = —1ld + ¢,
ViE=—pX, (Vio)(Y) = g(X,Y) - £-n(Y)- X.
These conditions imply several further relations, for example
¢ = 0, nop =0, dy(X,Y) = 2-g(X,¢Y).

A T-dimensional 3-Sasakian manifold is a Riemannian manifold (M7, g) equipped with
three Sasakian structures ({4, Ma, o), @ = 1,2, 3, such that

[€1,&] = 283, [§.&4] = 26, [§,4] = 286

and
P30 = —@1+1P®E, p20p3 = Y1 +13® &,
props = —@Pa+MmRE&, P3opr = Y2+ 11 ®Es,
p20p1 = —p3+Mm @&, prop: = p3+n2Q &1

The vertical subbundle TV € TM7 is spanned by &1, &, &3, its orthogonal complement
is the horizontal subbundle T*. Both subbundles are invariant under o1, @2, ©3.

The properties as well as examples of Sasakian and 3-Sasakian manifolds are the topic
of the book [4]. 3-Sasakian manifolds are always Einstein with scalar curvature R = 42.
If they are complete, they are compact with finite fundamental group. Therefore we
shall always assume that M7 is compact and simply-connected. The frame bundle
has a topological reduction to the subgroup SU(2) C SO(7). In particular, M” is a
spin manifold. Moreover, there exists locally an orthonormal frame ey, ..., ey such that
e1 = &1, e = &2, e3 = &3 and the endomorphisms ¢, acting on the horizontal part
T" := Lin(eq, e5, €g, e7) of the tangent bundle are given by the following matrices

0 -1 0 0 0 0 -1 0 00 0 -1
1 0 0 o oo o0 1 oo -1 o0
PLZ10 0 0 —1|"727 1 0o o0 o’ T lo1 0 o0
0 0 1 0 0 -1 0 0 10 0 0

We will identify vector fields with 1-forms via the Riemannian metric, thus obtaining a
coframe 71, 12, ..., 77, and shall use throughout the abbreviation n;; . :=n; An; A ...
In this frame, we compute the differentials dn,,

dm = —2(n23 + M5 + M67)s
dn = 2(m3 — nae + 057),
dns = —2(m2 + na7 + M56)-

Each of the three Sasaki structures on M7 admits a characteristic connection, i.e. a
metric connection with antisymmetric torsion; however, this torsion is well-known to
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be n; A dn; [8, Thm 8.2], and these do not coincide for i = 1,2,3. Thus, a 3-Sasakian
manifold has no characteristic connection [1, §2.6].

3. THE CANONICAL G5-STRUCTURE OF A 3-SASAKIAN MANIFOLD

Consider the following 3-forms,

(m A dn 4 n2 Adng +n3 Adns) + 31 A g As.

| —

Fy == mAnAn, F =

Then
w = Fi+ Fy = mi23 — M45 — Ni67 — 1246 + M257 — 1347 — 1356
is a generic 3-form defined globally on M. It induces a Gg-structure on M.

Definition 3.1. The 3-form w = F; + F5 is called the canonical Go-structure of the
7-dimensional 3-Sasakian manifold.

We investigate now the type of this canonical Ga-structure from the point of view of
Go-geometry [5], [8]. It is basically described by the differential of the Ga-structure w.
We compute directly [12]

dF1 = 2(*F2), dF2 = 12(*F1)+2(*F2), d*F1 = d*F2 = 0.

In particular, the canonical Go-structure is cocalibrated. Equivalently, it is of type
Wi @ W3 = A3 @ A3 in the Fernandez/Gray notation, see [5], [8], [9],

dxw = 0, *dw = 4(3F + Fy).

There exists a unique connection V¢ preserving the Go-structure with totally skew-
symmetric torsion T¢ [8], [9]. For a cocalibrated Go-structure w this characteristic
torsion form T€ is given by the formula

1
T¢ = — xdw+ E(dw, kW) - W.
We express the characteristic torsion by the data of the 3-Sasakian structure,

T = —6F +2F, = mu Adm +n2ANdna+n3Adng = 2w — 8 F.

Thus, we see that T¢ is the sum of the three characteristic torsion forms of the Sasakian
structures 7);.

Let us decompose the characteristic torsion T¢ = T¢ + T$; into the W = A3- and the
Ws = A%7 -part , respectively. Then we obtain
6 6 8
{ = = (F ) = - 57 = = (Fy — 6 F).
1= s+ B) = e Ty = (B 1)
In particular, the canonical Ga-structure of a 3-Sasakian manifold is never of pure type
W1 or Wg.

We will now prove that the canonical Go-structure has parallel characteristic torsion,
VeT¢ = 0, and realizes one type of cocalibrated Ga-structures with characteristic ho-
lonomy contained in the maximal, six-dimensional subalgebra su(2) @ su.(2) of go [7].
Later, we shall see that its holonomy algebra coincides with su(2) & su.(2).
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Theorem 3.1. The canonical Ga-structure w of a 7-dimensional 3-Sasakian manifold
1s cocalibrated, d x w = 0. Its characteristic torsion is given by the formula
T¢ = — % dw + 6w.
Moreover, we have (dw,*w) = 36, |T¢|?> = 60 and
1

d«T¢ = 0, dT° = —4xT¢ dw = §d*dw — 12 xw.
The characteristic connection preserves the splitting TM™ = T @ T" and the charac-
teristic torsion is VC¢-parallel, V¢T¢ = 0.

Proof. Since & is a Killing vector field, we have

1
Vim = 5}(4 dn;.

Then we obtain
1 1 1
Vim = Vim + §TC(X77717—) = 5 XJddnp — 5 X4 (m 2 T) .
The formula T =n; Adny + n2 A dn2 + 13 A dns yields directly
mJ T = dng+ (m Jdnz) Anz + (1 dns) Ans.
Moreover, the formulas for the differential dn, imply that
mJddne = 2n3, middny = —2n
holds. Thus we obtain

Vim = 2X 1 (n2 Ams),
i.e. V¢ preserves the subbundle T". Finally we have

(Vim)AmaAng = 0
and then V¢(m Ang Anz) = 0. Since T¢ = 2w —8m Ang Anz and Vw = 0 we conclude
that V¢T¢ = 0 holds, too. O
4. THE CANONICAL SPINOR OF A 3-SASAKIAN MANIFOLD

Since the spin representation of Spin(7) is real, let us consider the real spinor bundle
3. Any Go-structure w acts via the Clifford multiplication on ¥ as a symmetric en-
domorphism with eigenvalue (—7) of multiplicity one and eigenvalue 1 of multiplicity
seven. Consequently, any Go-structure on a simply-connected manifold M7 defines a
canonical spinor field Wo such that (see [12], [8])

W"I/OI—7‘I/0, |\If0‘ = 1.
If (M7, w) is cocalibrated and V¢ is its characteristic connection , we obtain [8], [3]

1 1 1
VUy = 0, T ¥y = —g(dw,*w)-\llo, Scaly = E(dw,*w)Z — §|TC\2,

We apply the general formulas to the canonical spinor of a 3-Sasakian manifold M7.
Then we obtain a spinor field such that

1
w-¥g = =7, TC-‘I/0:—6‘I/0, vg(‘l/o—FZ(XJTC)‘I/O:O

Using the explicit formulas for w and T¢, a direct algebraic computation in the real
spin representation yields the following
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Lemma 4.1.

T-X -y = —gX-TC-\IIO = 10X ¥y if XeTY

T X Uy = X-T° Uy = —6X -7, if X eTh,
The equation VU5 = 0 can be written as
1
Vg(\lfo—g(X'Tc—l—Tc'X)-\Ifo =0.

We apply now the algebraic Lemma and obtain a differential equation involving the
canonical spinor of a 3-Sasakian manifold.

Theorem 4.1. The canonical spinor field Vo of a T-dimensional 3-Sasakian manifold
satisfies the following differential equation:
1 3
ViWo = 5 X0 if XeT’, ViU = - X W if XeTh.

In particular, Vg is an eigenspinor for the Riemannian Dirac operator, DIV, = % 0.

Remark 4.1. This equation has already been discussed in [7], section 10. It follows
essentially from the formula T¢ = 2w — 8 F7.

5. VC-PARALLEL VECTORS AND SPINORS OF THE CANONICAL G9-STRUCTURE

The spinor bundle splits into three subbundles, > = | & Y3 @ X4, where
S = R-U, B3 = {X T¥p: XeT’}, ¥4 = {X -T:XeT"}

The characteristic connection preserves this splitting. Obviously, the 3-form w acts as
the identity on 3 @ ¥4, while the torsion form satisfies

Lemma 5.1. The torsion form T¢ acts on X3 as a multiplication by 10 and it acts on
Y1 @ X4 as a multiplication by (—6).

Given the definition of ¥4, it is now a crucial observation that V¢-parallel vector fields
cannot be horizontal:

Proposition 5.1. Horizontal, V¢-parallel vector fields
VX =0, 0 # X eI(T9
do not exist.

Proof. Let 0 # X be the vector field. Then ¥ := X - ¥Uq is a V¢parallel spinor, too.
Moreover, the torsion form acts on ¥y and on W by the same eigenvalue,

T Wy = —6U,, TV = 6.

The holonomy algebra hol(V¢) is contained in su(2) & su.(2) C g2 C s0(7) and the
linear holonomy representation splits into R” = R* @ R3. The vector field X is an
element of R* such that hol(V¢) - X = 0. In [7] we explicitely realized the Lie algebra
su(2) @ su.(2) inside so(7). Using these formulas, an easy computation yields that
the holonomy algebra is contained in so(3) C su(3) C g2 and the linear holonomy
representation splits into R” = R @ R? @ R!. Consequently, the Go-manifold (M7, w)
is cocalibrated, its characteristic holonomy is contained in so(3) and the characteristic
torsion T acts on both V¢-parallel spinors with the same eigenvalue. It turns out that
M7 cannot be an Einstein manifold with positive scalar curvature by [7, Thm 7.1, a
contradiction. (]
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In general, the Casimir operator of a metric connection with parallel characteristic
torsion is given by the following formulas [3]

1 1
- g c12y _ P g €12y _ = (T¢)2.
16(280al + |T¢)%) At +16(280al +|T%) 4(T)
Its kernel contains the space of all V¢parallel spinor fields. In particular, any V¢
parallel spinor field W satisfies the algebraic condition [8], [3]

4(T¢)?- ¥ = (2Scal? + |T¢?)- U,

For the canonical Ga-structure of a 3-Sasakian manifold we have 2 Scal? + |T¢|? = 144.
Consequently, any V¢parallel spinor field is a section in the subbundle ¥y @ 3y, i.e. of
the form ¥ = a-W¥y+ X - ¥y, where a is constant and X € T'(T") is a horizontal, parallel
vector field. But horizontal, V¢parallel vector fields do not exist. This argument
proves:

0 = (D1/3)2_ 1

Theorem 5.1. Any VC¢-parallel spinor field is proportional to Wy. Moreover, the ho-
lonomy algebra is the siz-dimensional mazimal subalgebra hol(V¢) = su(2) @ su.(2) of

g2.

The latter argument proves that vertical, V¢-parallel vector fields do not exist. Indeed,
if V¢X =0, then X - ¥, € T'(X3) is a parallel spinor in X3. We conclude that X - Wy =0
and X = 0. Together with Proposition 5.1 and the splitting of the tangent bundle, one
concludes:

Theorem 5.2. There are no non-trivial V°¢-parallel vector fields.

6. RIEMANNIAN KILLING SPINORS ON 3-SASAKIAN MANIFOLDS

Consider the spinor fields Wy := & - U, Uy := & - Uy, U3 := &3 - Uy These spinors are
sections in the bundle 3.

Theorem 6.1. The spinor fields ¥, are Riemannian Killing spinors, i. e.
1
ViU, = ix-\pa, a=1,2,3.

Corollary 6.1 ([10], [11]). Any simply-connected 3-Sasakian manifold admits at least
three Riemannian Killing spinors.

Proof. We use the differential equation
1
V4o = g(X-TC—i—TC-X)-\IIO
as well as the properties of Sasakian structures. Then we obtain
V% (& - Pp) (V%&) - Wo+ & - VT

1
= —gOl(X)‘I’o—l-gfl(XTC'i‘TcX)\IJQ

1 1
= 5(XJdm)-\1/0+§§1-(X-TC+TC-)<).\IJO

1 1
= _Z(X'dm—dm'x) "P0+§§1'(X'TC+TC'X)"1’0-
A direct algebraic computation yields now that
1

1 1
4(Xd771—d’l71X)‘I/()—i-ggl(XTc—i-TcX)\Ifo = §X51‘I/0
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holds specially for the spinor ¥g. This proves the statement of the Theorem. O

In general, any real spinor field ® of length one defined on a 7-dimensional Riemannian
manifold induces a Go-structure wg (see [12]). Moreover, if two spinor fields ®5 = £ P,
are related via Clifford multiplication by some vector field &, then

We, = —Wo, +2(§qu>1) NE

holds [12, Remark 2.3]. Denote by w, the nearly parallel Go-structure induced by the
Riemannian Killing spinor ¥, = &, - ¥y (a = 1,2, 3). Then we obtain

1
wa = =5 (i Adm 12 Adnz + 03 A digs) = i Atz A+ 2(Ea dw) Ao
Consider, for example, the case « = 1. Then
1 1 1 1
S1dw = §d771 + §(§1J dnz) A m2 + 3 (§1ddns) Ams +4nes = §d771 + 2123.
Inserting the latter formula, we obtain

1 1 1
wy = 5n1Adn1—§n2Adn2—§n3Adn3

= M123 — N145 — N67 + N246 — M257 + 1347 + 1356-

Theorem 6.2. The nearly parallel Go-structures wi,ws,ws induced by the Killing
spinors of a 3-Sasakian manifold are given by the formulas

1 1 1
= = - = — —n3Ad

w1 g MAdn — g Adnp — 513 Adng
1 1 1

wy = —gmAdm + g Adny — 5 Adns
1 1 1

wg = —omAdp — Sn2Adnz + S n3Adns
2 2 2

All three nearly parallel Go-structures satisfy the equation dwg, = — 4 (¥wy,).

Remark 6.1. The nearly parallel structures w, admit characteristic connections, too.
Their characteristic torsions T¢ are proportional to w, [8]. Moreover, the existence
of a nearly parallel Go-structure or—equivalently—of a Riemannian Killing spinor im-
plies that M7 is Einstein [6]. Consequently, our construction explains why 3-Sasakian
manifolds are Einstein manifolds.

7. DEFORMATIONS OF THE CANONICAL G9-STRUCTURE

Deformations of 3-Sasakian metrics from the viewpoint of Go-geometry have been stud-
ied in [12] and [7]. We once again describe the construction of these particular Go-
structures and their properties in a unified way, and add some more. Fix a positive
parameter s > 0 and consider a new Riemannian metric ¢° defined by

F(X,Y) = g(X,Y) if X,YeTl ¢#XY):=sgXY) if X, YeT

Then sny, sn2, $1n3,M4, - .. , N7 is an orthonormal coframe and we replace the 3-forms
Fr = mAmnAns,
1
Fy = S (mAdm+no Adnp+ng Adng) +3m Anma Ang

= —M145 — N167 — N246 + M257 — N347 — N356
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by the new forms
F{ = $°F, F5 = sF, W® := F{+F5.

(M7, g%, w*) is a Riemannian 7-manifold equipped with a Ga-structure w®. Denote by
x5 the corresponding Hodge operator acting on forms. We summarize some well-known
properties of these Go-structures that follow from a straightforward computation.

Theorem 7.1 ([12], Theorem 5.4 and [7], §10).
(1) The Go-manifold (M7, g°,w*) is cocalibrated, d %5 w® = 0.
(2) The differential of the Go-structure is given by the formula
2
dw® = 12 (xF7) + (25 + =) (% F5).
S
(3) The characteristic torsion T is given by the formula
2
TS = (g —108)(sm1) A (sm2) A (sm3) + 250°.
(4) The Riemannian Ricci tensor is given by the formula

2+ 454

- g5 2
Ric? = 6(2 — s%)Idpn & 2

Idpv.
In particular, the scalar curvature equals
s 1
Scal’” = 6(8+ — — 2s?).
8+ - 25

(5) The canonical spinor field VU satisfies the differential equation

s 3
V¥, = —5s X Ty if X eTh,

] 1
vpm:(—g+¢x% if XeT"

Corollary 7.1 ([12], Theorem 5.4). For s = 1/\/5 the Go-structure is nearly parallel
and Vg is a Riemannian Killing spinor,

12,
—— (*5w%),
\/5( s )

Wy is the unique Riemannian Killing spinor of the metric.

s 54 s 3
dw® = Ricd = Eld, vg(‘l/o = ——X"I/().

2V5

Remark 7.1. The Ricci tensor of the characteristic connection of (M7, g%, w®) is given
by the formula [7]

RicV™" = 12(1 — s*)Idpn @ 16 (1 — 252)Idro.
If s = 1 (the 3-Sasakian case), then RicV" vanishes on the subbundle T". For s =
1/4/5, the Ricci tensor is proportional to the metric, RicV"Y" = (48/5) Idrp7. From
this point of view there is a third interesting parameter, namly s> = 1/2. Then the
V¢-Ricci tensor vanishes on the subbundle TV and the canonical spinor field Vg is

parallel in vertical directions. It is a transversal Killing spinor with respect to the
three-dimensional foliation and

(D9)2 Wy = 180, = Scal?” W,

44-1
In particular, ¥g is the first known example to realize the lower bound for the basic
Dirac operator of the foliation, see the recent work by Habib and Richardson [13].
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