APPENDIX B: PROOFS OF REMARKABLE IDENTITIES

MARIO KASSUBA

In this appendix to Agricola’s review article The Srni lectures on mon-integrable geome-
tries with torsion, we compile the proofs of the identities cited in Appendix B as well as

of the first Bianchi identity for connections with skew-symmetric and vectorial torsion
(Theorem 2.6).

n

1
In definition A.1, the 4-form o7 = 3 Z(ei J4T) A (e; 2 T) was introduced and said to
=1
have the alternative global expression

(1) op(X1,X2,X3,X4) = g(T(X1,X2),T(X3,X4)) +9(T(X2, X3), T(X1, X4))
+9(T(X3, X1), T(X2, X4)).
Indeed, if X7, X5, X3 and X, are vector fields, we have

or(X1, X2, X3,Xy) = —Z Z sgn o - (e 1 T)(Xp(1), Xo2)) (€ 1 T)( X3y, Xo(a))
=1 0'654
= —Z Z sgn o - g(T'(eis Xo1)), Xo2))9(T(€i, Xo3)), Xo(a))
i=1 0€Sy
- _Z Z Sgn o - g 0(1) X o(2 ))’ei)g(T(XJ(?))?XJ(Zl))aei)a
i=1 oc€Sy

where the last identity holds because of the skew-symmetry of 7. Now, we observe that

Zg o(1): Xo2)),€)9(T(Xo(3): Xo@))s €) = 9(T(Xo(1)s Xo2)): T(Xo(3)s Xo(1)))

and the claim follows with an easy combinatorial argument. As a consequence, we are
able to prove Corollary A.1.

Proof of Corollary A.1. We want to check this identity in every point € M. Therefore,
let X,Y,Z,V € T,M be four tangent vectors in . We extend X,Y,Z and V to local
vector fields by parallel transport along geodesics (with respect to V). Without using
a new notation for these local vector fields, the torsion form T is given by [X,Y] =
—T(X,Y). In particular, the global expression (1) for o is reduced to

or(X.Y.Z.V) = g(IX,Y],[Z.V]) + (Y. 2], [X,V]) + g((Z. X] [V, V]).
Now, we define the 4-form € to be the right hand side of the equation we want to prove,

7Y7

QX Y, Z,V) = & (VxT)(Y,Z, V)= (VvT)(X,Y,Z) 4+ 20p(X,Y, Z, V).
Writing out the cyclic sum explicitely, we obtain
QUX,Y,Z,)V) = X(T(Y,Z,V))-Y(T(X,Z,V)+ Z(T(X,Y,V)) - V(T(X,Y, Z))
+207(X,Y, Z, V).
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Together with the previous expression for op, this yields
QX,Y,Z, V) = X(T(Y,Z,V))-Y(T(X,Z,V)+ Z(T(X,Y,V)) - V(T(X,Y, Z2))
129([X, Y1, [2,V]) + 29(1Y, 2], [X, V]) + 29([Z. X] ,[Y, V]).
This is easily seen to be the exterior derivative d1, since by definition we have
dT(X,Y,Z,V) = X(T(Y,Z,V))-YT(X,Z,V))+Z(T(X,Y,V))-V(T'(X,Y,Z))
ST(X,Y],2,V) + T([X, Z],Y,V) = T([X,V] .Y, 2)
-T(Y, 2], X,V)+T(Y,V],X,Z2)-T(Z,V],X,Y)
= XTWY,Z,V)-Y(T(X,Z,V)+ Z(T(X,Y,V)) - V(T(X,Y, Z))
+29(X, Y], (2, V]) + 29([Y, 2], [X, V]) + 29([Z, X], [\, V]). O

We turn to the proof of the relation between the curvature tensor of a metric connec-
tion with skew-symmetric torsion and the Riemannian curvature tensor in the induced
identity between Ricci tensors.

Proof of Theorem A.1. We first discuss curvature tensors. Let z € M be a fixed point
and X,Y,Z,V € T,M four tangent vectors that we extend to local vector fields by
parallel transport along V-geodesics. Then we have

1 1
and

RIX,Y,2,V) = g(RUX,Y)2,V) = g(V4V§ 2=V 2=V 2, V) = A+B+C.

We compute the terms A, B and C separately. First we have
1
A= g(VAVIZV) = g(VXV4ZV) - ST(X, V4Z,V).
Since V is a metric connection, we can write

1

1 1 1
1 1
B is obtained from A by interchanging X and Y. Finally, we have

1
C = —g(Vf’X’Y]Z,V) = —g(v[X,Y}ZaV)+§T([X?Y]aZ’V)

1
= —9(Vixy)%Z,V)+ 59(T(Z, V), [X,Y]).
Summing up A, B and C' we obtain
1 1
A+B+C = gRY(X,Y)Z,V)— FX(TY,2,V)) +3Y(T(X,2,V))

20TV, 2), T(X,V)) = 19(T(Z,X), T(Y,V)) + 39(T(Z,V),[X, ¥])

= RV(X,Y,Z,V)—%(VXT)(Y,Z,V)+ (VyT)(X,Z,V)

1
2
—iaT(X, Y,Z, V) + ig(T(X, Y),T(Z,V)) + %g(T(Z, V), [X,Y]).
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By [X,Y] = —T(X,Y), the claim follows. Contracting the respective curvature tensors
yields then the relation between Ricci-tensors Ric?(X,Y) := Y~ R9(e;, X,V €;),
Ric?(X,Y) = ZRV(%X, Yie) — 5 Z(VeiT)(X Yie) +5 Z (VXT)Sfi,Y, ei)
1=1 1=1 1=1 -0
1
_ZQ(T(eiv X)? T(Y7 62))
n

= RieV(X,Y) ~ 5 3 (60 Y T)(X,Y) ~ 1o(T(er, X), T(Y, e0))
i=1

= RicV(X,Y)+ (6VT)(X,Y) — ig(T(ei,X),T(Y, &))-
But on T the codifferentials §9 and ¢V coincide, i.e.
Ric/(X,Y) = Ric¥(X,Y)+ (§T)(X,Y) - %g(T(ei, X), T(Y, e:). 0
We finally prove the first Bianchi identity for vectorial torsion (1) and for skew-symmetric
torsion (2).

Proof of Theorem 2.6 (1). The problem is reduced to the first Bianchi identity for the
Levi-Civita connection. We pick again three tangent vectors X, Y, Z € T, M and extend
them locally by parallel transport along V9-geodesics. Recall that the torsion of a metric
connection V with vectorial torsion is given by T'(X,Y) = g(X,Y)V — g(V,Y)X, where
V' is the generating vector field. In order to express the curvature of V by the curvature
of V9, we compute

VxVyZ =
= Vx(V3Z+g(Y,2)V —g(V.2)Y) = Vy (V4 Z + (X, 2)V — g(V, Z)X)
V7 — (X, Y], Z)V + gV, Z)[X, ]
= VL 4 [o(VY.2) 4 g(V.VED)V - [o(VEV.Z) + g(V.VE D) Y
+g(Y, Z)Vg(V —g(V, Z)Vg(Y + [g(X, V%Z) +9(Y,2)g9(X,V)
—9(V, 2)g(X, V)]V = [9(V,V$.Z) + g(V, V)g(Y, Z) — (V.Y )g(V, Z)] X
= V4VYZ +9(Y, 2)VEV = g(VEV. 2)Y + [9(Y, 2)9(X, V) = g(V, Z)9(X,Y )|V
—[g(V,V)g(Y, Z) = g(V,Y)g(V, Z)] X.
Therefore we have
R(X,Y)Z =
= RIX,Y)Z+g(Y,Z)VLV = g(VEV. 2)Y + (9(Y, Z2)g(X. V) — g(V. Z)g(X,Y))V
—lg(V,V)g(Y,Z) — g(V.Y)g(V, Z)] X — g(X, Z)V{V + g(V§V, Z) X
—[9(X, 2)g(Y, V) = g(V, Z)g(Y, X)1 V + [g(V, V)g(X, Z) — g(V, X)g(V, Z)] Y.
Cyclic permutation of X, Y and Z yields similar expressions for R(Y, Z) X and R(Z, X)Y.

Together with the first Bianchi identity for the Levi-Civita connection (and observing
that most of the terms above cancel out), we obtain

XY, Z

+9(VEV, X)Y — g(V4V, 2)Y.
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But the exterior derivative of V' can be expressed by V9 as follows:
av(X,Y) = X(V(Y)) -Y(V(X)) - V(X,Y])
= (VEV.Y) +(V,VRY) = (V§V, X) — (V, Vi X)
which completes the proof. O

)

Z
Proof of Theorem 2.6 (2). First we set K := & RVY(X,Y,Z,V). Using Theorem A.1I,
we compute

XY, Z 1 X, Y. Z 1 X, Y, Z

1 XY,z 1 X,Y,Z
+Z G} g(T(X’Y)’T(Z’V)) + 4 (G O'T(X, Y, Z, V)
X,Y,Z
The first Bianchi identity for the Levi-Civita connection & RI(X,Y,Z,V) = 0 to-

gether with Corollary A.1 gives
1 X,Y,Z
K = dI'(X,Y,Z,V) — 3 S (VxT)(Y,Z,V)+ (VyvT)(X,Y,Z) —20p(X,Y, Z, V)

1 XY,z 1 X, Y,z 1 X\, Z
_5 G (VYT)(X,Z,V)—FZ 6 g(T(X7Y)7T(Z7V))+Z G UT(X7Y7Z7V)

Lo (X,Y,Z,V) 3o7(X,Y,Z,V)
= dT(X,Y,Z,V)+ (VvT)(X,Y,Z) —op(X,Y, Z,V)
1 XY,z

X,Y,Z
5 S (VxT)(Y,Z,V)+ S (VyT)(X,Z,V) .

To finish the proof, we set

X\Y,Z X\Y,Z
S = 6 (VxD)(Y,Z,V), Sy = & (VyT)(X,ZV)

and show that S; 4+ So = 0. Taking the covariant derivative of 1" we see that
(VyT)(X,Z,V) = YT (X,Z,V))-T(VyX,Z,V)-T(X,VyZ,V)-T(X, Z,VyV)
= 9(WT'(X,2),V)+9(T(X,2),VyV) = g(VyT(X,Z),V).

This implies

S = g(WT(X,2),V)+g(VzT(Y,X),V)+g(VxT(Z,Y), V).
Similarly, Sy := (VxT)(Y,Z,V) + (VyT)(Z,X,V) 4+ (VzT)(X,Y,V) can be expressed
as

Sy = g(VxT(Y,2),V)+g(VyT(Z,X),V)+g(VzT(X,Y), V).
The skew-symmetry of T' then implies S = —55. U
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