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study: kernel and cokernel

aspects:
@ topological
@ geometric
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Aspects of index theory:

data: linear (differential) operators, families of operators
study: kernel and cokernel

aspects:
@ topological
@ geometric

© categorial

@ celements in the kernel
@ sections of the index bundle
@ trivializations of the determimant line bundle
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Index theory - homotopy theoretic aspect

F - Fredholm operator
index(F) = dim(ker(F)) — dim(coker(F))
index: mo(Fred) = Z
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Index theory - homotopy theoretic aspect

F - Fredholm operator
index(F) = dim(ker(F)) — dim(coker(F))
index: mo(Fred) = Z

F: B — Fred - family of Fredholm operators
ker(F), coker(F) - vector bundles over B
[ker(F)] — [coker(F)] € K%(B)

index: [B, Fred] = K°(B)

(Universitat Regensburg) Geometric and categorial index theory 26. September 2009



Families of Dirac operators

Formalism: Bismut superconnection
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Families of Dirac operators

Formalism: Bismut superconnection
Geometric family: £ = (E — B,g"'™, T'=, V)

@ bundle of compact manifolds 7: E — B
@ vertical metric g"'", TV7 := ker(dn)
© horizontal distribition Thr & TVr = TE
© vertical Dirac bundle V on E
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Families of Dirac operators

Formalism: Bismut superconnection
Geometric family: £ = (E — B,g™"' ™, T'r, V)

D(€) - associated family of Dirac operators
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Families of Dirac operators

Formalism: Bismut superconnection

Geometric family: £ = (E — B,g™"' ™, T"r, V)
D(€) - associated family of Dirac operators
functional analysis ~ [D(€)] € [B, Fred]
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Families of Dirac operators

Formalism: Bismut superconnection

Geometric family: £ = (E — B, g7’ ™, Tz, V)
D(€) - associated family of Dirac operators
functional analysis ~~ [D(£)] € [B, Fred)|

~ index(D(£)) € K~"(B), n:=dim(E/B)
real version : index(D(£)) € KO~"(B)
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Homotopy theoretic index theory questions

Calculate index(D(&))!
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Homotopy theoretic index theory questions

Calculate index(D(&))!
Atiyah-Singer:
Q@ DE) ~  symbol [o(D(€))] € KX(T"r)
o
/ :KJ(TYm) — K~"(B)
Tvx/B

homotopy theoretic Umkehr map, TV~ /B is fibrewise complex
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Homotopy theoretic index theory questions

Calculate index(D(&))!
Atiyah-Singer:
Q@ DE) ~ symbol [o(D(€))] € KJ(TVr)
2]
/  K(T'7) — K~"(B)
Tvr/B

© AS Index theorem :
index(D(€)) = | o)

© Chern character : ch : K¥* — HQ*

Q
ch(index(D(£))) = /T o T Ueh(io(DEN)
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Integral index theory

Chern classes: ¢; : KO — HZ?
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Integral index theory

Chern classes: ¢; : KO — HZ?
Question: Calculate cj(index(D(£)))
of particular importance:
c1(index(D(£))) = ci(det(€&))
det(&) - determimant bundle

det (&) := Hom(A™ker(D(£))*, N"*(coker(D(£)))

(Universitat Regensburg) Geometric and categorial index theory 26. September 2009



Integral index theory

Chern classes: ¢; : KO — HZz?
Question: Calculate ¢j(index(D(£)))
of particular importance:
c1(index(D(£))) = ci(det(€&))

classifies the determinant line bundle det (&)

(Universitat Regensburg) Geometric and categorial index theory 26. September 2009



Integral index theory

Chern classes: ¢; : KO — HZ?

Question: Calculate ¢j(index(D(£)))

of particular importance:

c1(index(D(£))) = ci(det(€&))

classifies the determinant line bundle det (&)
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Integral index theory

Chern classes: ¢; : KO — HZ?

Question: Calculate c;j(index(D(£)))

of particular importance:

¢1(index(D(£))) = ci(det(€))

classifies the determinant line bundle det (&)
real version: Pfaffian: pfaf £(€)

CioPfaff

KO—2(By'““"H?(B; 7.

Jsec |2

Cciodet

K-2(B) 2% H2(B; )
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Results in integral index theory

Typical question: express c¢j(index(£ ® V)) in terms of ¢;(V) and
topology of .
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Results in integral index theory

Typical question: express c¢j(index(€ ® V)) in terms of ¢;(V) and
topology of .

Integral index theory is widely open.

Review of some results in special cases.

n=2

V= (V- E,VY h") - real geometric vector bundle, spin
Freed (1987):

ci(det (€ @r V)) = s %(V)
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V= (V- E,VY h") - real geometric vector bundle, spin
Freed (1987):
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Results in integral index theory

Typical question: express c¢j(index(£ ® V)) in terms of ¢;(V) and
topology of .

Integral index theory is widely open.

Review of some results in special cases.

n=2

V= (V- E,VY h") - real geometric vector bundle, spin
Freed (1987):

erfcet(Eea V) = | %(V)

Akita (2002), Madsen (2008), Ebert (2008) : some integral information
for sp(index(€)) (complicated to state)

Sp - integral version of nich,
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Geometric aspects of index theory

Assume: ker(D()) is a vector bundle
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Geometric aspects of index theory

Assume: ker(D(&)) is a vector bundle
geometry of £ induces metric and connection on ker(D(£))

Question: Calculate ker(D(&)) as a geometric bundle or at least some
invariants!

Invariants of geometric vector bundles V:

Cheeger-Simons Chern classes
_——2j
¢i(V) e HZ '(B; Z) - differential integral cohomology :

@ /(Ci(V)) = ci(V) - underlying topological Chern class
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Geometric aspects of index theory

Assume: ker(D(&)) is a vector bundle
geometry of £ induces metric and connection on ker(D(£))

Question: Calculate ker(D(&)) as a geometric bundle or at least some
invariants!

Invariants of geometric vector bundles V:
Cheeger-Simons Chern classes

ci(V) e ﬁlzzi(B; Z) - differential integral cohomology :

@ /(Ci(V)) = ci(V) - underlying topological Chern class
Q@ R(&(V)) = ¢i(VY) € Q?(B) - Chern-Weil representative
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Geometric aspects of index theory

Assume: ker(D(&)) is a vector bundle
geometry of £ induces metric and connection on ker(D(£))

Question: Calculate ker(D(&)) as a geometric bundle or at least some
invariants!

Invariants of geometric vector bundles V:

Cheeger—Simons Chern classes

ci(V) e HZ (B Z) - differential integral cohomology :

I(C ,(V)) = ¢;(V) - underlying topological Chern class
) (V) € Q%(B) - Chern-Weil representative
&i(V) — &(V) = a(&(VY', V) - transgression formula
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Geometric aspects of index theory

Assume: ker(D(&)) is a vector bundle
geometry of £ induces metric and connection on ker(D(£))

Question: Calculate ker(D(&)) as a geometric bundle or at least some
invariants!

Invariants of geometric vector bundles V:
Cheeger-Simons Chern classes

ci(V) e FIZZI(B; Z) - differential integral cohomology :
Rational version : EE(V) € Fl@ev(B)
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differentiable K-theory formalism

joint with Thomas Schick
introduce differential K-theory K(B)

many other models: Hopkins-Freed, Freed-Morgan, Hopkins-Singer
(2005), Ortiz (2009)
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differentiable K-theory formalism

joint with Thomas Schick

introduce differential K-theory K(B)

V defines class [V] € K°(B)

in particular: [£] € K—"(B), [€] = [ker(E)] + a(n)

@ technical work ~ drop assumption that ker(D(&)) is vector
bundle
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differentiable K-theory formalism

joint with Thomas Schick
introduce differential K-theory K(B)
V defines class [V] € K°(B)

in particular: [€] € K~"(B), [£] = [ker ()] + a(n)

@ technical work ~ drop assumption that ker(D(&)) is vector
bundle

@ exists unique differential lift of the Chern character

ch: K°(B) — HQ" (B)
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differentiable K-theory formalism

joint with Thomas Schick

introduce differential K-theory K(B)

V defines class [V] € K°(B)

in particular: [€] € K~"(B), [£] = [ker ()] + a(n)

@ technical work ~ drop assumption that ker(D(&)) is vector
bundle

@ exists unique differential lift of the Chern character
ch: K°(B) — HQ"'(B)
v

(
©Q TVYr - spin® ~ write V = S°(TVr) ® F, F - twisting bundle

ch([€]) = E/Bf\(v”) U ch(F)
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differentiable index theorem

p: W — B - proper submersion, m = dim(W) — dim(B)
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an Atiyah;Singer indexP: K*(W) — K*~"(B)

index

B-Schick (07) - notion of differential K- orientation
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differentiable index theorem

p: W — B - proper submersion, m = dim(W) — dim(B)

TYp - spin®- structure < topological K-orientation

an Atlyah;Slnger lndextop K*( W) N K*fn(B)

index

B-Schick (07) - notion of differential K- orientation

—— an

index k*(W) — k*_"(B)
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differentiable index theorem

p: W — B - proper submersion, m = dim(W) — dim(B)

TYp - spin°- structure < topological K-orientation

. Atiyah—Singer
index®" yan_sing

index!: K*(W) — K*~"(B)
B-Schick (07) - notion of differential K- orientation

an

index  : K*(W)— K*"(B)
Freed-Lott (09) - define index  and show

— _—— to

index® = index
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differential integral invariants

Barthomieu (2008), B. (2009)
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In some cases reduction to a topological question possible:

@ Freed and coauthors have results for ¢;([€]) = ¢1(det(£)) and
also in real cases c{(Pfaf£f(£)) examples motivated by string theory
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differential integral invariants

exists unique differential lifts
~ /\2
& : K(B) — HZ" (B)
Question: Calculate ¢;([£]) geometrically!
In some cases reduction to a topological question possible:

@ Freed and coauthors have results for ¢;([€]) = ¢1(det(£)) and
also in real cases c{(Pfaf£f(£)) examples motivated by string theory

© B/Schick: Real index theory (2003) - some higher-dimensional
classes (complicated to state)

(Universitat Regensburg) Geometric and categorial index theory 26. September 2009 10/15



differential integral invariants

exists unique differential lifts
~ /\2
& : KO(B) — HZ" (B)
Question: Calculate ¢;([£]) geometrically!
In some cases reduction to a topological question possible:

@ Freed and coauthors have results for ¢ ([£]) = ¢1(det(€)) and
also in real cases c{(Pfaf£(£)) examples motivated by string theory

© B/Schick: Real index theory (2003) - some higher-dimensional
classes (complicated to state)

(B 09) n= 2,V spin, fibrewise trivial:

& (Pract(E @rV)) = %(V) .
E/B
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differential integral invariants

exists unique differential lifts
a2 —2j
& : K°(B) — HZ" (B)
Question: Calculate ¢;([£]) geometrically!
In some cases reduction to a topological question possible:

@ Freed and coauthors have results for ¢;([€]) = ¢;(det(£)) and
also in real cases c{(Pfaf£(£)) examples motivated by string theory

© B/Schick: Real index theory (2003) - some higher-dimensional
classes (complicated to state)

(B 09) n= 2, V spin, fibrewise trivial:

Privy.

Ci(pfatf(E®rV)) =
E/B 2

This has geometric content! Differential version of Freed’s theorem.
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categorial aspect

Describe ker(D(£)) as an object in a category of vector bundles over
B,e.qg.:
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categorial aspect

make a category of geometric families Fam(B)
objects - families, morphisms - bordisms

(Universitat Regensburg) Geometric and categorial index theory 26. September 2009 11/15



categorial aspect

make a category of geometric families Fam(B)
objects - families, morphisms - bordisms

make a category K(B)
use construction via cycles and relations

objects - cycles, relations ~» morphisms
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categorial aspect

make a category of geometric families Fam(B)
objects - families, morphisms - bordisms

make a category K(B)
use construction via cycles and relations

objects - cycles, relations ~~ morphisms

construct a functor
Fam(B) — K(B)
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categorial aspect

make a category of geometric families Fam(B)
objects - families, morphisms - bordisms

make a category K(B)
use construction via cycles and relations

objects - cycles, relations ~» morphisms
construct a functor
Fam(B) — K(B)

this can be done, but for interesting applications need oo-categorial
version

1-morphisms ~ secondary invariants (Chern-Simons, Adams’ e)
2-morphisms ~~ tertiary invariants (higher torsion, Laures f)
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Determinants and Pfaffians

String theory needs trivializations of det (&) (or of Pfaff(£))
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Determinants and Pfaffians

String theory needs trivializations of det(€) (or of Pfaf£(E))
Categorial version does not help much:
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Determinants and Pfaffians

String theory needs trivializations of det (&) (or of Pfaff(£))
Categorial version does not help much:

reason: want to trivialize det (&) but £ is not trivial (e.g. zero bordant).
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Special case

n=din(E/B) =2
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Special case

n=dim(E/B)=2
V — E spin, fibrewise trivial
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Special case

n=dim(E/B) =2
V — E spin, fibrewise trivial
Freed (87):

c(prate(€ V) = | Plvy.
E/B 2
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Special case

n=dim(E/B) =2
V — E spin, fibrewise trivial
Freed (87):

PLvy.

ci(Pfaff(E®@rV)) =
E/B 2

Stolz/Teichner (02~): V admits string structure <= £t(V) =0

<= Pfaff(€ ®gr V) is trivializable
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Special case

n=dim(E/B) =2
V — E spin, fibrewise trivial
Freed (87):

cipratEar V) = [ Pv).
E/B 2

Stolz/Teichner (02~): V admits string structure < £(V) =0
<= Pfaff(€ ®r V) is trivializable

string structure ~~ trivialization
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topological string structures

Stolz/Teichner: string structure is lift to homotopy fibre
BString(n)
T

P4

B——Y BSpin(n) —— K(Z, 4)
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geometric string structures

Waldorf (09): geometric string structure is geometric trivialization of
geometric Chern-Simons 2-gerbe of V
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geometric string structures

Waldorf (09): geometric string structure is geometric trivialization of
geometric Chern-Simons 2-gerbe of V

(refines the notion of a topological string structure in the same way as a geometric vector bundle
refines the notion of an isomorphism class of a vector bundle)
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geometric string structures

Waldorf (09): geometric string structure is geometric trivialization of
geometric Chern-Simons 2-gerbe of V

(B 09): A geometric string structure str on V induces a natural
unit-norm section S of Pfaff(€ @ V) with

V |Og Sstr — 27[” Hstr
E/B
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geometric string structures

Waldorf (09): geometric string structure is geometric trivialization of
geometric Chern-Simons 2-gerbe of V

(B 09): A geometric string structure str on V induces a natural
unit-norm section sg;r of Pfaf£(€ @ V) with

V |Og Sstr — 27TI Hstr

Hgir - canonical 3-form of the string structure

sttr == %(VV) .
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