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Idea
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We admit contact transformations of variables (x,y,...,yn)
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Idea

Yn:F(Xaya}/I,-'w}/n—l), n23
We admit contact transformations of variables (x,y,...,yn)
y=f(x;c1,...,cn).

Space of solutions: M" parameterized by (c¢;).
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Yn:F(X,ya}/L---,)/n—l)a n23
We admit contact transformations of variables (x,y,...,yn)
y=f(x;c1,...,cn).

Space of solutions: M" parameterized by (c¢;).
A point yg € M™: a solution y = yp(x).

Vectors tangent at yp: solutions of the linerization around yy.
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Idea

Yn:F(X,ya}/L---,)/n—l)a n23
We admit contact transformations of variables (x,y,...,yn)
y=f(x;c1,...,cn).

Space of solutions: M" parameterized by (c¢;).
A point yg € M™: a solution y = yp(x).

Vectors tangent at yp: solutions of the linerization around yy.

y(x) = yo(x) +0(x), p =10y, \F-p-1+...+0yF -6

Dirac operators and special geometries, 26 Se
M.Godlinski (PAS) Gy geometries /11



Idea

Yn:F(X,%YI’---,)/n—l)a n23
We admit contact transformations of variables (x,y,...,yn)
y="f(x;c1,...,¢n).
Space of solutions: M" parameterized by (¢;).
A point yg € M™: a solution y = yp(x).
Vectors tangent at yp: solutions of the linerization around yy.
y(x) =yo(x)+6(x), 0p=0y, F-0p_1+...4+0,F -9

The linearization is trivializable if it may be transformed into §,(x) = 0.
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Idea

What happens to T, M7 if the linearization is trivializable?
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Idea

What happens to T, M if the linearization is trivializable?
Tangent vectors «<» n — 1st degree polynomials in x

— n — 1st degree homogeneous polynomials in t and s, (x = t/s).
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Idea

What happens to T, M if the linearization is trivializable?
Tangent vectors < n — 1st degree polynomials in x
— n — 1st degree homogeneous polynomials in t and s, (x = t/s).
On T,,M" acts the group of linear transformations of t and s.

Vi — i-dimensional irreducible representation of GL(2,R).

T,M" =S 12 = v,
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Idea

Definition

GL(2,R) geometry on M" is a reduction of the frame bundle F M" to its
GL(2,R)-subbundle, where GL(2,R) C GL(n,R) acts irreducibly.
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Idea

Definition

GL(2,R) geometry on M" is a reduction of the frame bundle F M" to its
GL(2,R)-subbundle, where GL(2,R) C GL(n,R) acts irreducibly.

Corollary

An ODE admits a GL(2,RR) geometry on its solution space iff the
linearizations around its solutions are all trivial.
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Idea

Definition
GL(2,R) geometry on M" is a reduction of the frame bundle F M" to its
GL(2,R)-subbundle, where GL(2,R) C GL(n,R) acts irreducibly.

Corollary

An ODE admits a GL(2,RR) geometry on its solution space iff the
linearizations around its solutions are all trivial.

Corollary

A 7-dimensional GL(2,R) geometry uniquely defines a conformal split G,
geometry, since

GL(2,R) C Ry x G, C CO(3,4).
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Idea

Definition
GL(2,R) geometry on M" is a reduction of the frame bundle F M" to its
GL(2,R)-subbundle, where GL(2,R) C GL(n,R) acts irreducibly.

Corollary

An ODE admits a GL(2,R) geometry on its solution space iff the
linearizations around its solutions are all trivial.

Corollary

A 7-dimensional GL(2,R) geometry uniquely defines a conformal split G,
geometry, since

GL(2,R) C Ry x G, C CO(3,4).

Wiinschmann, Cartan, Chern, Bryant, Eastwood, Doubrov, Dunajski,
Nurowski, Tod, MG,...
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Jet space J°

Graph of a function x — (x, f(x)) in the xy-space
lifts to x +— (x, f(x), f'(x), ..., FO(x)).
J% — the space where the lifted curves live.

(X,¥,¥1,¥2,-..,¥) — local coordinates in J°, dim J® = 8.
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Jet space J°

Graph of a function x — (x, f(x)) in the xy-space
lifts to x +— (x, f(x), f'(x), ..., FO(x)).
J% — the space where the lifted curves live.

(X,¥,¥1,¥2,-..,¥) — local coordinates in J°, dim J® = 8.

Geometry of J® — contact distribution C spanned by all lifted curves. C
has rank 2 and it is totally non-integrable

Contact transformations = transformations preserving C. J
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J% and space of solutions

Fix a 7th order ODE y; = F(x,y,y1,-.-,¥6)-
Family of its solutions lift to a congruence in J®
The lifts: x — (x, f(x), f/(x), ..., FO(x))

One solution through any point in JS.
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J% and space of solutions

Fix a 7th order ODE y; = F(x,y,y1,-.-,¥6)-
Family of its solutions lift to a congruence in J®
The lifts: x — (x, f(x), f/(x), ..., FO(x))

One solution through any point in JS.

Contact geometry of 7th order ODEs
J% equipped with
i) the contact distribution C,

ii) the congruence of solutions (in C).
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J% and space of solutions

Fix a 7th order ODE y; = F(x,y,y1,-.-,¥6)-
Family of its solutions lift to a congruence in J®
The lifts: x — (x, f(x), f/(x), ..., FO(x))

One solution through any point in JS.

Contact geometry of 7th order ODEs
J% equipped with
i) the contact distribution C,

ii) the congruence of solutions (in C).

J% is a line bundle over the solution space M7 J
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Main trick
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Main trick

P, Q
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Main trick

Rx(RxR) — P,Q

l
J6
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Main trick

Rx(RxR) — P,Q

J6
!
M?

M.Godlinski (PAS) Gy geometries



Main trick

Rx(RxR) — P,Q

l
M?

M.Godlinski (PAS) Gy geometries



Main trick

GL(2,R) — P,Q

!
M7
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Main trick

Rx(RxR) — P,Q

l
J6
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Main trick

Rx (RxR) — P,Q

l
J6

Qs a gl(2,R) & R’-valued Cartan connection. Why? It is a deformation
of the trivial case y; = 0, where P = GL(2,R) x R, J® is a homogeneous
space and 2 is the Maurer-Cartan 1-form, dQ2 + QAQ =0
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Main trick

Rx (RxR) — P,Q

Qs a gl(2,R) & R’-valued Cartan connection. Why? It is a deformation
of the trivial case y; = 0, where P = GL(2,R) x R, J® is a homogeneous
space and 2 is the Maurer-Cartan 1-form, dQ2 + QAQ =0

In general K := dQ + QA Q # 0 contains invariants.

Construction of €: Linear conditions on K, Tanaka-Morimoto theory
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Main trick

GL(2,R) — P, Q
!
M?

How to construct GL(2,R) geometry?
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Main trick

GL(2,R) — P, Q

!
M?

How to construct GL(2,R) geometry?

R:Q=adu™'Q, ve GL(2,R) < ALK =0, Ac gl(2,R).

M.Godlinski (PAS)

Q=T +_ 0
~N~ =~~~
al2R)  R7

A0 + T a0 = 3T 000,
dr'; + 17 a Tk = SR 640 0",
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Torsion

NPV eV =NV gsElvT,
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Torsion

NPV eV =NV gsElvT,
NVi=VvieVvieVvigegVvie Vv

SOV =Vvig2vi@avie2vie2viie Ve vt e VY.
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Torsion

NPV eV =NV gsElvT,
NV =VvigVieVieVvie v
SCOUVT = Vig2veig2vi @2V 2viig v g vis g VI,

T=704 76 4 706,
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Torsion

NPV eV =NV gsElvT,
NVi=VvieVvieVieVieVvh
SOV =Vig2vi@avie2vie2viie Ve Vi e VY.

T=704 76 4 706,

T() lies "askew’. May we get 'more antisymmetric’ torsion?
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Torsion

NPV eV =NV gsElvT,
NVi=VvieVvieVieVieVvh
SOV =Vig2vi@2v @2Vl e2viie Ve Vi e VY.

T=704 76 4 706,

T() lies "askew’. May we get 'more antisymmetric’ torsion?

This is a unique connection with torsion without blue components. )
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Towards G, geometries

d(b:)\*qb-l-%n,/\(b-l-*m,
dx¢d=Tan *p—Ton.

X = VY A~ T,

X =Vie Vi T~ TO,
3=V Vg Vi3 T3~ TO.
Xy =V, T4 =3TrT.
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Fernandez-Gray classes, torsion and contact invariants.

T =0 < noXs <& Fe=0,
TG — 0 < no A & 21DFgs + 14Fg5 + 15F6Fes = 0,
T =0 & no&x &
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Fernandez-Gray classes, torsion and contact invariants.

T =0 < noXs & Fe=0,
TG — 0 < no A & 21DFgs + 14Fg5 + 15F6Fes = 0,
T =0 & no&x &

The same for

3 7 11
dry = dT4(_ ) -|-dT4(_ ) -|-dT4(_ ),
In particular
D £

Ty =0 < 666 — 0.

y
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Only three conformal geometries of class X7 + X, + Aj.
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Only three conformal geometries of class X7 + X, + Aj.
1. Holonomy G, — the flat case of y; = 0.
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Only three conformal geometries of class X7 + X, + Aj.
1. Holonomy G, — the flat case of y; = 0.
2. Class X1 + X, which contains the nearly-paralel geometry of
50(3,2)/50(2,1)
49 2 35
_ o Yeys +_)§_28y5)2{4 LB y4_
y3 103 Y3 2 y3
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Only three conformal geometries of class X7 + X, + Aj.

1. Holonomy G, — the flat case of y; = 0.

2. Class X1 + X, which contains the nearly-paralel geometry of
50(3,2)/50(2,1)

49 y2 35
_ Yo 498 28)/5)2/4 L3 y4.
y3 10y % 2 y3

3. Class X> + X4 which contains an almost parallel geometry with at
least 8 symmetries.

_ 2lyeys 84y

5 ya  25y2
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