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(M, g) Riemannian manifold is Einstein if Ric(g) = ¢ - g.

Consider G-invariant metrics on a homogeneous space (M = G/ K, g).

Problem: Find G-invariant Einstein metrics on M = G/ K and classify
them (if they are not unique).

e ¢ > (0 G/K is compact
e ¢ = (0 G/K is Ricci flat = flat
e ¢ < 0 G/K is not compact
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e There exist compact homogeneous spaces G/ K with no G-invariant
Einstein metric (e.g. SU(4)/SU(2)) (Wang-Ziller 1986)

e (Bohm—Kerr 2006) Classified all compact, simply connected
homogeneous spaces of dimension < 11 admitting a G-invariant Einstein
metric.

e (Nikonorov—Rodionov 2003, 2004) Found all G-invariant Einstein
metrics on compact simply connected homogeneous spaces of dimension

< 7 (except SU(2) x SU(2)).
e (Bohm—-Wang-Ziller 2004) Variational approach
e (BOhm 2004) Simplicial complexes

e (Graev 2006) Newton Polytopes
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e (A.A.—Nikonorov 2009) Introduced a construction for obtaining
homogeneous Einstein metrics by restricting the isometry group. New
examples of Einstein metrics on real and quaternionic Stiefel manifolds

50(n)/50(1), Sp(n)/Sp(l).

Conjecture (Bohm-Wang-Ziller): Let M = G/K,g = ¢ & m.
Ifm=my @ - D mg, m; irreducible, non equivalent Ad( K )-modules,
then the number of GG-invariant Einstein metrics on M is finite.
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M=G/K=G/C(T) = Ad(G)w, w € g.

(G = compact semisimple Lie group

T = atorusin GG

Ad : G — Aut(g) (adjoint representation)

e.g. SUM)/S(U(ny) x ---U(ng)), (n =>_ n;)
SU(n)/SU(1) x ---U(1)) = SU(n)/Tmax

e Flag manifolds admit a finite number of GG-invariant complex structures
and for each of those there exists a compatible Kahler-Einstein metric.

e They exhaust all compact simply connected homogeneous manifolds.
e They are classified by the painted Dynking diagrams.

e There is an infinite series for each classical simple Lie group and a finite
number of non isomorphic flag manifolds for each exceptional Lie group.
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Q1 Qg Ap+1

H\HOZHn:{(Xl,Ozp_|_1:2§p§€—1}

M = SO(20 +1)/(U(1) x U(p) x SO(2(f —p — 1) + 1))
2<p<i-1).

a1 g Xz O4 0Of 1 O (X3 O4 0Of
[ O I ® O O ® I O ®
Qg 875

H\Ho = {041, 044} or H\HO = {042, 045}
Both define the flag manifold £ /(SU(4) x SU(2) x U(1) x U(1)).
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e Wang-Ziller (1986) M = G /T 1,ax admits the standard metric
gp = — Killing form as Einstein if and only if

G e {SU(R), 50(271), Eg, Er, Eg}.

e Kimura (1990) Classification of flag manifolds with
m = my ¢ my  ms and Einstein metrics for the classical cases.

e A.A. (1993) Lie theoretic expression for the Ricci tensor and Einstein
metrics for certain flag mfds with m = m; @ my © ms @ my and for

Ga/U(2).

e Sakane (1999) G/Thax,
Ge{SU2n+1),502n+1),50(2n),Sp(n)}.

e Dos Santos-Negreiros (2006) SU (2n)/Tmax, SU(2n + 1) /Tinax
(n > 06).
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e A.A.-Chrysikos (2011) Classification for m = m; @ my
e A.A.-Chrysikos (2010) Classification form = m; @& mo @& m3 G my

e A.A.-Chrysikos-Sakane (2010, 2011) Completed the description of
invariant Einstein metrics for certain classical cases

e Chrysikos-Anastassiou (2011) Redescovered the invariant Einstein
metrics for flag mfds with 2 and 3 isotropy summands, as singularites at
infinity of a dynamical system via the Ricci flow.

e A.A.-Chrysikos-Sakane (2012) Go/Tmax = Go2/U(1) x U(1)

m=my dmy Emg P my Pms D mg

It admits a unique Kahler-Einstein metric and two non-Kahler Einstein
metrics (up to isometry). This is an example of a flag mfd of an exceptional
Lie group which admits a non-Kahler, not normal homogeneous Einstein
metric.
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(z a compact semisimple Lie group, /X a connected closed subgroup.

The Killing form of g is negative definite, so we can define an
Ad(G)-invariant inner product B on g given by B = — Killing form of g.
Let g = £ & m be a reductive decomposition of g with respect to B so that
(&, m]Cmandm = T,(G/K).

We assume that m admits a decomposition into mutually non equivalent
irreducible Ad( K')-modules as follows:

m=my D Dmy. (1)
Then any G-invariant metric on G/ K can be expressed as
< ) >:xlB’m1+...+qu’mq7 (2)

for positive real numbers (21, ...,z,) € RY.
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The Ricci tensor 7 of a G-invariant Riemannian metric on G/ K is of the
same form as (2), that is

r=11218B|m; + -+ g2 Blm,.

The Ricci compenents r; can be obtained as follows:

Let {e, } be a B-orthonormal basis adapted to the decomposition of m,
i.e. e, € m; forsomez,and a < Bifi < j.
Z Al o€y and set

We put A’
k
[ij] — Z(A’;B)2, where the sum is taken over all indices a, (3, y with
€q €My, eg € M,, e, € my (Wang-Ziller).

af — ([é’a,eg] e,y) SO that ea,eﬁ
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k
Then the positive numbers | . .| are independent of the B-orthonormal
L]
k k j
bases chosen form;, m;, mg,and | | = | .| = -
19 71 k1

Let d;. = dim myg. Then we have the following:

Proposition 0.1  (Park—-Sakane) The components r1, ..., r, of the Ricci
tensor r of the metric ( , ) of the form (2) on G/ K are given by

gy gy
(3)

where the sum is takenoverz, 7 =1,...,q.
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Since by assumption the submodules m;, m; in the decomposition (1) are
matualy non equivalent for any ¢ # j, it will be r(m;, m;) = 0 whenever

i

Thus, the G-invariant Einstein metrics on M = G/ K are exactly the
positive real solutions g = (1, ..., z,) € RY of the polynomial system
{ri=XAr2a=X\, ..., 1y, = A}, where A € R, is the Einstein
constant.
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Flag manifolds of B, with m = m; & my. Consider the flag manifolds
M =G/K = SO(20+1)/(U(p) x SO(2(¢ — p) + 1)) with £ > 2,

and 2 < p < /.

This space is defined by the painted Dynkin diagram
% QAp—1 Op Opi1 Qy—1 Qy
oO— :++—O0——0 - —=—=>0

G-invariant metrics: ( , ) = 1 B|m; + 2B|m,-

Ricci components:

1 i) 2
r = — —
YT om 2422 (11

1 Lo[1], =
rg = —
R A L

u)
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Only [211] # 0.

So ( , ) is Einstein if and only if r| = 7.

To avoid finding [21] from the definition we use tha fact that

< ) >:1°B‘m1+2'B‘m2

IS a Kahler-Einstein metric.
1] dids
21|  dy +4dy

We normalize the equations 1 = 19 by setting x1 = 1 and obtain a

quadratic equation for x2 with solutions 2 = 2 and x2 = 5 Zf;@

Thus [

Thus a non Kahler Einstein metric is

4do
di + 2dy

a:1:2, r9o —
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Let (G be a compact semisimple Lie group and K, L two closed
subgroups of G with X' C L. Then there is a natural fibration
L/K - G/K % G/L with fiber L/ K.

Let p be the orthogonal complement of [ in g with respect to 3, and ¢ be
the orthogonal complement of £ in [. Then we have the decompositions
g=1dp,[=€Pgso
g=tDqDp.
——
m

An Adg(L)-invariant scalar product on p defines a G-invariant metric §
on G/L, and an Ad, (K )-invariant scalar product on g defines an
L-invariant metric g on L/ K.

The orthogonal direct sum for these scalar products on ¢ & p defines a
G-invariant metric g = ¢ + ¢ on G/ K, called submersion metric.
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It is known that the map 7 is a Riemannian submersion from (G /K, g) to
(G/L, g) with totally geodesic fibers isometric to (L/ K, g).

q = vertical subspace of m
p = horizontal subspace of m.

O’Neill had introduced two tensors A, I". Since fibers are totally geodesic
T"= 0. Also,

1

AxY = §[X, Y] for X,Y €p.

Let 7, 7 be the Ricci tensors of the metrics g, g respectively. Then we have
(e.g. Besse)

r(X,Y) = #(X,Y) - 29(Ax, Ay) for X,Y € p.

(Note that there is a corresponding expression r(U, V) for vertical
vectors, but it does not contribute additional information in our approach.)
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Let

p=1p1 D - DPpy into non equivalent irreducible Ad(L) — modules,

q=¢q1 D - Dqs intoirreducible

k
.| for G/ K, we use information from the

ij
Riemannian submersion 7 : (G/K, g) — (G/L, §) with totally

geodesic fibers isometric to (L/ K, §).

Ad(K) — modules.

To compute the values

We consider G-invariant metrics on G/ K defined by a Riemannian
submersion 7 : (G/K, g) — (G/L, §) given by

g=wyBlp, +-+yBly, +21Bq, + -+ 2:B|q. (4)

g g

for positive real numbers y1,---,yp, 21, -, Zs. 23/ 66
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Since K C L we decompose each irreducible component p; into
irreducible Ad( K )-modules:

Pj =M1 @ DMy g,

where the Ad(K)-modulesm;; (j =1,...,0, t=1,...,k;)are
mutually non equivalent and are chosen to be (up to reordering)
submodules from the decomposition (2).

Then the submersion metric (4) can be written as

ke

k1
g:ylthnl,t-|—°'°—|—y£ZB|m£,t—|—ZlB|q1 +°”+Z5B|qs
t=1

t=1

and this is a special case of the G-invariant metric (2).

(5)
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Lemma 0.2 Letd;; = dimm;;. The components r(; ¢
(J=1,...,¢, t=1,...,k;) of the Ricci tensor 7 for the metric (5) on
G /K are given by

1 < Zi t
T(iy) =715 — - : ’ °
G0 2y 2.2 Yily [(J, t) (45, t’)] v

i=1j, ¢/

where 7°; are the components of Ricci tensor 7* for the metric g on G/ L.

Notice that when metric (4) is viewed as a metric (2) then the horizontal
partof r(; 4y equalstor; ( = 1,. .. , ), i.e. it is independent of ¢.
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Let M = G/ K be a flag manifold with five isotropy summands
m=mq G my O mgDmy D ms.

It follows that [ml, ‘mg] — mgs, [‘mz, mg] = My, [mg, ‘mg] = msy and
[ml, m4] = Mpy.
Thus the non zero structure constant are

) L) L) L)

A G-invariant metric g on G/ K is given by
g = 21Blm; + 22B|m, + 23B|my + 24 B|my + ©5B|m,

where x; (J = 1,...,5) are positive numbers.

Putd;, = dimm;fore =1,---,5.

(7)
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Then the components 7; (z = 1, ..., ) of the Ricci tensor for a
G-invariant Riemannian metric (7) on G/ K are given as follows:

1

T2

T3

T4

5

-3
(12

- 31

[12]

- 31

[12]

-5
14 ]

-5

23

z3 )

Z] 2
2T 3 13 T1x2
o Tq 3
r1x3 Toxs3 xle/
3 2 Z]
T1x2 13 2T 3
T4 5 T1
T1T5 T1T4 T4Ty
5 2 3
2T 3 T35 T2T5

F 5
114

-4

|22 ]

e

(23]

4
122 ]

e

114

1 5 T4
T4T5 T1T4 15 ,
T4 1 |:5i| il Ts5
xo2 2do [23 r3Ts5 roxTs
3 5 2
T2T5 T2T3 T3T5 ,
2 x4
zy w22 )
5 1 T4
T1T4 T4T5 T1T5
(8)
27 166
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Let £ be the subalgebra of g corresponding to the Lie subgroup K. We
consider a subspace [ = £ & my of g. Then [is a subalgebra of g and we
have a natural fibration 7 : G/ K — G/ L with fiber L/ K.

We decompose p = p1 D p2 and q = g1, where
pr=modmg=my 1 DBmyo, P2 =my D ms =mo G meoand
q1 = my.

That is
m=qop=0q1D(p1+p2) =
m; B (me dmz +my Gmg) = (9)

mp B (M1 Emyo+me Gmyo)
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Mm=qOp=0q1 D (p1 +p2) =m & (M2 ®m3 + my G ms)
=m; S (M1 Bmya+me Gmyo)

(10)
Then7(,1) = 72,7(1,2) = 3, 7(2,1) = T4, 7(2,2) = 5
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We consider a G-invariant metric on G/ K defined by a Riemannian
submersion 7 : (G/K, g) — (G/L, §) given by

9 =y1Blp, +y2Blp, + 21Blq, (11)
and the metric g on G/ L

g = Blp, +y2Bp,

for positive real numbers y1, y2, 21.

Note that, when we write the metric (11) as in the form (7), we have

g = le’mg + le‘mg + y2B!m4 + yQB’mg, + ZlB’ml- (12)
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Ricci tensor of a : rg —m — — —— e~
compact homogeneous § 3 2y1 2d3 ]_ 2 U1 2 2d3 23

space

L 1 1 [5]z 1 [4](p 2
: ri= o — | |+ — == - = .
; 2y2 2dg [14]y2®  4da [22] \y1®  y2
: We put Jl = dim p; and czg = dim po. Then czl — d9 + d3 and
do = dyg + ds.
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picture
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picture
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By using the earlier very simple example m = m; @ mso the components
71, T2 of the Ricci tensor 7 of a G-invariant metric § = y1B|p1 + ygB|p2
are given by

RNt a1
rH == —=
! 2y1 2d1y12 11

9 (13)

2 =5 3 L) * 2t L)
r9 = — — ——= - :
\ ’ 2y2 2d2y2 11 4d2y12 11
(o] =255
where = — —.
11 d1 + 4da

Note that, in the notation of Lemma 0.2, we have that r(y 1) = 72,
T(1,2) = T3, T(2,1) = r4 and r(g 9y = 7.
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research : 71 and the horizontal part of 7“(2,1)(: r4) equals to 79, and thus we get
Generalized flag E

manifolds . B

Ricci tensor of a § 1 . 5 1 % — ]‘ L yQ 2

e 201 (23]2d3yf 21 2dyyf L))

e 1 411 gy 2 1 1 [2
; 5 T gl i (2~ ) =5~ 53 .
. 22_ 4dy Y1 Y2 2y 2d2y2

212 11
Therefore,
An example and a E _5_ — d i ——2-- — d3(d4 +d5)
BT 23]~ Pd, [L11]] T (da + ds) + 4(dy + ds)
ZEE{(Zample and a g i 4 ] — d4i [ 2 1 — d4(d2 —|_ d3) .
Zn example and a § _22_ d2 L _11_ . (d2 —|_ d3) —|_ 4(d4 —|_ d5)
picture .

An example and a
picture

An example and a

picture : 33/66
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An example and a picture

The two other triplets

3 D
12|" |14

will be computed later on by taking into account the existence of
Kahler-Einstein metric.
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We remark that if we are going to study Einstein metrics on flag manifolds
with six or more summands, then we need to apply the above method to
two fibrations.

So the problem now is the following:

Classify all flag manifolds with five isotropy summands, use the above
method to construct the Einstein equation and then study its solutions.
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Let GG be a compact connected simple Lie group with Lie algebra g, and
let j a maximal abelian subalgebra of g with dim¢ h* = | = rkG.
There is a root space decomposition gC = h* + ZaeA gg.

Let II = {a,..., oy} be asystem of simple roots A. We denote by
{A,,..., A} the fundamental weights of g® corresponding to I1, that is
24, %‘)

(O‘j70‘j)

Let 1, be a subset of IT and set [T, = II\II; = {¢; ,...,q; }, where
1 <91 <+ <1 <. Weput

Ag=AN{Ily}, ={8€A: 8=, cr, ki, ki € Z}, where
{HO}Z denotes the set of roots generated by 11 with integer coefficients
(this is a the subspace of ). Then A is a root subsystem of A.

:5ijforany1§i,j§l.

Definition 0.3  The roots of the set A, = A\ A are called
complemetary roots.
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Definition 0.4 Let I'(II) be the Dynkin diagram of II. By painting black in
['(IT) the simple roots ay; € 11, = II\II we obtain the painted Dynkin
diagram I'(11,;,) of M.

Example

a1 Qa2 G NNE D) a1 Qa2
&0 e—

C—e
GQ(OQ) GQ(Oél) GQ/T

These correspond to the flag manifolds
G2 /U(2)

with m = my @ my,

GQ/U(Q) with m = my; @ me @ mg, and

Go/(U(1) x U(1)) withm = my @ mo & m3 & my O ms B mg.
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Let
t=30bo= {H € bo: (H, o) =0}, (B = v=Th).

We consider the restriction map « : h; — t*, @ — «a|¢ and set
A= k(A), k(Ag) = 0.

Definition 0.5 The elements of A¢ are called t-roots.

Letm® = T,,(G/K)® be the complexification of m. Then it is
C _ C
m- = ZO&EAm ga'

Proposition 0.6 (Alexkseevsky-Perelomov) There exists a 1-1
correspondence between t-roots § and irreducible submodules my of the
Ad¢ (K )-module m® given by

A¢ D £ — me =
{a€An:k(a)=£} 39 /66
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If we denote by Afr the set of all positive t-roots (this is the restricton of
the root system A™ under the map k), then

m = Z (me +m_g)” =

ccAf

> m; (14)

GEA={&1,4q)
as Adg(K)-modules. Also,

dimgm; =2 {a € Auﬁ k(o) = &},
G-invariant Riemannian metrics g on G/ K can be expressed as

q

g = Z $§B|(m§+m_£)7 — iniB|(m§i+m—§i)T (15)

for positive real numbers ¢, x¢,. Thus G-invariant Riemannian metrics

on M =G / K are parametrized by ¢ real positive parameters.
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In computing the Ricci tensor for a generalized flag manifold M = G/ K
by using Riemannian submersions we will also use the well known fact
that M admits a finite number of G-invariant Kahler—Einstein metrics.

1
Let 0y = 5 Z a € v/ —1b (Koszul form).

acAT

for

2(20
Then 20y = ko, Ao, + -+ ka; Ao, Where ko = (20m, )
1 11 1r 1 (()4’()4)
o e 1T\ I1,,.

Proposition 0.7 The G-invariant metric Gas,. ON G/K corresponding to
201, is a Kahler-Einstein metric which is given by

G20 = D (200:) Bl im )"

ceny

411766



Example A

The problem

Review of selected
research

Generalized flag
manifolds

Ricci tensor of a

L]
compact homogeneous

space

Riemannian
submersions

Classification of flag
manifolds with five
isotropy summands

Lie theoretic
description

Painted Dynkin
diagrams

I’-roorts and isotropy E

representation

T-roorts and isotropy ~ «

representation

Kahler-Einstein metrics ¢

Example A
Example A
Example A
Example B

Example B

Case of FEjg: (Type A)

Recall that the highest root & of Ejg is given by

a = ay + 209 + 3as + 2a4 + a5 + 2a. There are two pairs (11, Ip)
of Type A, which determine flag manifolds with five isotropy summands,
namely the choices IT\Ily = {1, a4} and IT\IIg = {as, as}. They
correspond to the painted Dynkin diagrams

a1 g (X3 O4 0Of 1 O (X3 O4 0Of
o O I ® O O ® I O ®
Qg 875

which both define the flag manifold Eg/SU (4) x SU(2) x U(1)2.
However, there is an outer automorphism of Eg which makes these
painted Dynkin diagrams equivalent (e.g. Bordeman et al). Thus we will
not distinguish these two pairs (11, I1y) and we will work with the first one.
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Let n be the B-orthogonal complement of the isotropy subalgebra € in ¢g.
The root system of the semisimple part of the isotropy subgroup K is
given by ABL = {ao, ag, as, ag, as + as, ag + ag, as + as + ag }, thus

(a1 + 205 + 3as + 204 + a5 + 20 oy + o +as + oy + ag
()41—|—2042—|—30é3—|—20é4—|—0é5—|—046 a1 + Qo + a3 + Qg
()41—|—2042—|—20é3—|—20é4—|—045—|—046 041+()42—|—()é3—|—0é4—|—045
a1 + 2009 + 203 + a4 + a5 + g a1+ oo+ ag3 + oy

A_|_:< ()41—|—2042—|—20é3—|—044—|—046 Q3 + 0y + Qs
n a1 + oo + 203 + 204 + a5 + g a3 + aq + o
a1 + oo + 203 + aq + o + ag a3 + ay
()41+()42—|—2&3—|—()é4—|—0é6 044—|—Oé5
1 + Qg + Q3 + Q4 + Q5 + Qg Q4
. 1 Q3 + 0y + a5 + Qg
(16)

Let v = 22:1 cray € A, Since I, = {aq, ay}, it follows that that
k() = c1a; 4 ¢4, Where the numbers cq, ¢4 are such that
0 S C1,C4 S 2.
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So, by using (16), we easily conclude that the positive t-roots are given by
A(t‘t);L — {@1, Qy, 01 + 0y, 204, a1 + 2@4}, and thus
n=mn; dng Dnsgdng Dns.
Also, we easily conclude that

dimR ny
dimR no
dimR ng
dimR ny
dimR Ny

DO DO DN

{a e AT : k(a) =
{a e AT : k(a) =
{a e AT : k(a) =
{a e AT : k(a) =
{a e AT : k()

arf|=2-4=8,

agt| =2-12 =24,

ap +oyl] =2-8=16,
204} =2-1=2,

:al—|—254}|:2°4:8.

/
(17)
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Case of FEjg: (Type B)

The flag manifold Fg/SU(4) x SU(2) x U(1)? is also defined by two
pairs (11, I1p) of Type B, given by II\Ilg = {ay, ag} and

[I\ITy = {9, ag}. They correspond to the painted Dynkin diagrams

a1 (9 (O3 Q4 Op 1 (i (O3 Q4 Op
O O I ® O O ® T O O
Qg 075

Note that there is also an outer automorphism of Fg which makes these
painted Dynkin diagrams equivalent, and thus we can work with the first
pair (IL, ITp) only. By similar method we obtain that the positive t-roots are
A(m) ! = {ag, ay, ag + au, ag + 204, 2ag + 2a4} and thus we
obtain the decomposition m = my @ mo G mg O my G ms. where the
dimensions of the submodules m; are given as follows:
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dimgm; = 2-[{a€ Al :k(a)=as}|=2-4=38, )
dimgms = 2-[{a€ Al :k(a)=a4}|=2-8=16,
dimpmsg = 2- {OéEA$:R(Oé):a6—|—a4}|:2-12:24, >
dimpmgy = 2- {CkEA$:H:(Oz)=@6—|—2@4}|:2-4: ,
dimpms = 2- {QEA$:R(Q):2@6—|—254}|:2 1= )

However We can show that these flag manifolds G/ K of Type A and B
are isometric as real manifolds, by an isometry arising from the action of
the Weyl group of G.

Thus we study only flag manifolds of Type A.
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Let II\NITp = II, = {aq, a4}. Itis 26, = BA,, + TAL,, Thus the Kahler
Einstein metric g,5 on G /K is given by

Gos5. = 5B|n, + 7By, + 128\, + 14B|y, + 19B|,;.

Also, here G = Eg, K =U(1) x U(1) x SU(2) x SU(4),
L =U(5) x SU(2) and we have
dy =8,do = 24,d3 = 16,d4 = 2,d5 = 8.

Thus by applying the expressions found earlier we obtain that

o) % L) =
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Since the Kahler Einstein metric g, 5 0N G /K is given as above, we
substitute the values £1 = 5, x9o = 7, 3 = 12, x4 = 14, x5 = 19 into
(8).

Consider the components 9, 13, 74 and r5 of the Ricci tensor for these
values.

Then, from r9 — r3 = 0 and r4 — r5 = 0, we obtain that

3 5

121 77 |14 3
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Flag manifolds GG/ K of a simple Lie group GG whose isotropy
representation decomposes into a sum of five irreducible summands can
be obtained by the following possible Dynkin diagrams:

(a) Paint black one simple root of Dynkin mark 5, that is
NIy = {ap : Mrk(ayp) = 5}

This case corresponds only to the flag manifold

Es/(U(1) x SU(4) x SU(5)).

It was studied by Chrysikos-Sakane in a recent work in which they
classified all flag manifolds M with by (M) = 1.

This space admits five non-Kahler Einstein metrics and a unique
Kahler-Einstein metric.
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(b) Paint black two simple roots, one of Dynkin mark 1 and one of Dynkin
mark 2, that is

NIy = {a;, o5 : Mrk(ey) =1, Mrk(aj) = 2}.  Type A

(c) Paint black two simple roots, both of Dynkin mark 2, that is

NIy = {ay, a; : Mrk(ay) = Mrk(a;) =2}.  TypeB

For both cases ba (M) = 2.

It can be shown that

Type A = m =my © mg G m3 D my, or
m=my; b me D m3gDmy Dms.

TypeB = m =m; ® my G mg G my D msy, or
m=m; G my G mz D my G ms D mg.
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Ricci tensor of a Type A H\Hoz{al,ap+1 2<p<l—1} H\Hoz{alaap—I—l 2 <p<l_3]
compact homogeneous Type B II\ITy = {ayp, apt1 :2<p<~L— 1} II\Ilp = {ap, apy1 1 2<p<Ll— 3}
Space G Exceptional Eg E~
Riemannian Type A IN\Ilp = {a1, 04} II\Ilp = {1, a7}
submersions Type A IM\Ilp = {ag, a5}
TypeB | II\Ilp = {c4, a6} I\Ilp = {ae, oz}

Classification of flag TypeB | II\IIg = {a9, ag}
manifolds with five

isotropy summands
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Since corresponding flag manifolds of Types A and B are isometric, it
suffices to study only the following non isometric flag manifolds:

Generalized flag manifolds with five isotropy summands and bs (M) = 2

M = G /K classical M = G/ K exceptional
SO0 +1)/U(1) xU(p) x SO2(L —p—1)+1) Eg/SU(4) x SU(2) x U(1)?
SO(2¢)/U(1) x U(p) x SO2(£{ —p — 1)) E7/SU(6) x U(1)?

53 /66



Einstein metrics

The problem

Review of selected
research

Generalized flag
manifolds

Ricci tensor of a

L]
compact homogeneous

space

Riemannian
submersions

Classification of flag
manifolds with five
isotropy summands

The classification of flag ¢

manifolds with five
isotropy summands

5 summands and
bo(M) = 2

Einstein metrics

Solutions of algebraic
systems of equations

MAIN THEOREM. (1) Let M} = G1/ K be one of the flag manifolds
Eg/(SU4) x SU((2) x U(1) x U(1))or E7/(U(1) x U(6)).
Then M admits exactly seven (G1-invariant Einstein metrics up to
iIsometry.

There are two Kahler-Einstein metrics and five non Kahler metrics (up to
scalar).

(2) Let My = G5/ K> be one of the flag manifolds

SO(20+1)/(U(1) x U(p) x SO(2(f —p — 1) + 1)) or
SO(20)/(U(1) x U(p) x SO2(L — p —1))).

Then M5 admits at least two (Go-invariant non Kahler-Einstein metrics up
to isometry.
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For flag manifolds with five isotropy summands the Einstein equation
reduces to an algebraic system of four equations with four unknowns.

These systems are difficult to be solved, especially in the cases where the
coefficents depend on parameters (this happens for the flag manifolds of a
classical Lie group). In this cases we only prove existence of a certain
number of solutions.

For flag manifolds of an exceptional Lie group it is possible to obtain
numerical solutions, however there is one case

(Es/U(1) x SU(2) x SU(3) x SU(5) with six isotropy summands and
bo(M') = 1) where we can not obtain solutions (even numerical!).

To obtain numerical solutions or prove existence of solution for parametric
systems of equations we use methods of Grobner bases.
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manifolds .
Ricci tensor of a E
compact homogeneous E r o= 1 1 ( I1 B 9 B I3 ) 4 1 ( 1 B Iy B Iy )
space : 201 8 \xox3 T1T3 < T1T9 A8 \xyxs x4 T175/°
Riemannian :
submersions E 1 1 T T T3 1 T4 1 To T
Classification of flag 4 ro = + - o T 2 =+ o o
manifolds with five . 2372 24 L1X3 L2I3 L1I2 48 X2 24 X35 L2I3
isotropy summands 4
The classification of flag E 1 1 X3 L2 L1 1 I3 Ly L2
manifolds with five ; r3 = + - - + - - 3
isotropy summands . 2333 16 L1X2 L1X3 L2X3 16 L2X5 L2X3 L3T5
Solutions of algebraic 3
systems of equations  « 1 1 T4 Iy I 1 2 Ty

! = ~ +2(-=+=),
. 214 12 \x1x5 T1X4 T4ls 8 X4 o

Case of Fg .
Case of Eg E 1 1/ x5 To 3 1 / x5 T T4
Case of Eg E r's = —— + - - - + _ - .
. : 2rs 8 \xox3 X3T5  ITals A8 \x1x4 T4Ts T1TH
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We consider the system of equations:
L =7"5 T2 =13, '3 =74, T4 =T5. (20)
From 1 — r5 = 0, we see that

(r1—x5) (:131:62:63 + 3xqmaxs + 3007wy — 12000324 + ToT3xs + 3:1332:174) =
(21)

Case of x5 = x1. We obtain four non isometric Einstein metrics (non
Kahler) (Not presented here).

Case of x5 # x1. We normalize our equations by setting 1 = 1. We
see that the system of polynomial equations (20) reduces to the following
system of polynomial equations:
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We normalize our equations by setting x1 = 1. We see that the system of
polynomial equations (20) reduces to the following system of polynomial
equations:

p1 = —8T23x4x5 — 209374 — T22X374° + 24T9° X345 — T22X3T52 + To2

-+2$2$32$4——24$2$3$4$5%—2$2$4$52%—8$2$4$5%—$3$42$5::(L
D2 5$23$5%—5$23——24$22$5——5%2%32$5——5$2$32%—24$2$3$5%—$2$5
P = —3T23x4x5 — 3T2°Ty — 4x9%T374° + 4x0% 23252 — 120922375 + 4o
—F3x2x32x415-+—3x2x32x4-—-3x2x4152-—-3x2x41g-—-6x314215 = 0,
P4 = 32°x4 — 1229T3T4 + ToTaTs + Toxs + 3x3%T4 + 3x475 = 0.

(22)

To find non zero solutions of equations (22), we consider a polynomial
ring Ry = Qly, x2, x3, x4, x5] and an ideal I generated by

{p1, P2, 3, 1, yrow3T4T5 — 1}.
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(5x4-—-22)(5$4-—-14)(17$4-—-22)(19$4-—-14)q1,

where

Riemannian
submersions

g1 = 25684944948354308203125x 424 — 312330714783423219879187500x 423
—14789576030598686784365775000x 422 + 169312435225853499159893370000x 421
+1668319000494283065686208840000x 429 — 8641784992792389994443258331200x41°
—10861158787935440551542665216640x4 '8 + 87429206357937887857587009061632z41"
—32949087665531461793795791137024x4 6 — 302754123930816030608716028461056x41°
+377294987073145336781487843082240x 4% + 229461889322385205525089296121856x 413
—745488535262100375331097397100544x 412 + 464674752074856427879419685109760x 411
+1205883086967625577882497402798087410 — 332437403867399257596854179725312x4°
+2062326987813955585707556963614722,4% — 60625111325239908567111130152960x,4 "
+5786387485742898687693985677312x4% + 1618103684685636757652930297856x4°
—597859726821790689492624998400x 4% + 84059799581674625557541683200x 4>

—29’791319897544892056862’72000:1:42 — 1842910805533143334912000000x 4
+333622121893933875200000000.
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For the case when (bxy — 22)(5xy — 14)(17x4 — 22)(1924 — 14) = 0,
we consider ideals I3, 14, I, Ig of the polynomial ring
Ry = Qly, x2, x3, 4, 5] generated by

{p17 P2, P3, P4, Y, T2L3T4T5 — 1,5%4 - 22}7 {p17 P2, P3, P4, Y, LT2X3T4T5 — 1, 5564 - 14}7
{pla P2, P3, P4, Y, T2LX3T4T5 — 1) 17334 - 22}7 {p17 P2, P3, P4, Y, T2L3T4T5 — 1) 17334 - 14}

respectively.
We take a lexicographic order > with y > xo > x5 > x3 > x4 fora

monomial ordering on R2. Then Grobner bases for the ideals I3, 14, I5,
I contain polynomials

{524 — 22,523 — 6,5x5 — 17,5z — 11}, {524 — 14,523 — 12, 525 — 19, 5z — T},
{17xz4 — 22,17z3 — 6,17x5 — 5, 17Txo — 11}, {19z4 — 14,1923 — 12,1925 — 5, 1925 — 7}.

respectively. Thus we obtain the following solutions of equations (22):
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We normalize these solutions as follows:

1)xqy =5,20 = 11,23 = 6,24 = 22,25 = 17, 2)x1 =5,x90 = 7,23 = 12, x4 = 14, x5 = 19,
3)x1 =17, 20 = 11,23 = 6,24 = 22,25 =5, 4)x1 =19, 29 = 7,23 = 12,24 = 14,5 = 5.

and we get Kahler Einstein metrics for these values of x;’s. Note that the
metrics corresponding to the cases 1) and 3) are isometric and the cases

2) and 4) are isometric.

For the case when ¢; = 0 and
(5x4 — 22)(bxy — 14) (1724 — 22)(1924 — 14) # 0, we consider a
ideal I of the polynomial ring Ry = Q|y, x2, x3, x4, x5 generated by

{pl, P2, P3, P4, y(5$4—22)(5:134—14)(17:134—22)(19:134—14)562333564565—1}.

We take the same lexicographic order > with y > xo > x5 > x3 > 24
for a monomial ordering on R5. Then a Grobner basis for the ideal I~
contains the polynomial g1 and polynomials of the form

bsxs + vs (334) (25)
63 /66
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where bs, b3, by are positive integers and va(x4), v3(x4), vs5(x4) are
polynomials of degree 23 with integer coefficients.

By solving the equation ¢; = 0O for x4 numerically, we obtain exactly 6
positive solutions, 8 negative solutions and 10 non-real solutions. The 6
positive solutions are approximately given by

1)xy = 1.157018562397866, 2) x4 =~ 2.075646788197390, 3) x4 ~ 2.145057741729789,
4) x4 =~ 2.163849575049888, 5) x4 ~ 12.97930323340096, 6) x4 ~ 12207.19468694106.

We substitute the values for x4 into the equations
boxo + vo(xy) = 0, bgxs + v3(x4) = 0, bsxs + v5(x4) = 0. Then we
obtain the following values approximately:

1) x4 &~ 1.15702, x5 ~ 0.641194, 25 ~ 0.566074, x5 ~ 0.557426,
2) x4 A 2.07565, xo ~ 1.15028, 3 ~ 1.01551, x5 &~ 1.79396,

3) x4 ~ 2.14506, o &~ 8.87367, x3 ~ 33.3409, x5 ~ —1.12628,
4) x4 ~ 2.16385, z9 &~ 27.3523, x3 ~ 7.26471, 25 ~ —1.16127,
5) x4 A~ 12.9793, 2o &~ 1.3699, 3 ~ 5.42602, x5 ~ —1.49194,
6) x4 ~ 12207.2, x5 &~ 18.0447, x3 ~ 1.46532, x5 ~ —221.833.
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Thus we see that only cases 1) and 2) correspond to Einstein metrics. We
substitute these values for {x1, x2, T3, T4, x5} into (19) and get

1)ry =ro =rg =7rg4 =1r5 ~ 0.31855, 2)ry =rg =1r3 =rg4 = 1r5 ~ 0.571467. (26)

Thus we obtain two Einstein metrics with Einstein constant 1:

1)  z71 ~ 0.31855, x5 ~ 0.366421, z3 ~ 0.323492, x4 ~ 0.661198, x5 ~ 0.571467,

2) @y A 0.571467, x5 ~ 0.366421, x3 ~ 0.323492, x4, ~ 0.661198, x5 ~ 0.31855. 7)

Now we see that these two metrics are isometric.
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Theorem 0.8 The flag manifold Eg/(SU (4) x SU(2) x U(1) x U(1))

admits exactly seven Ejg-invariant Einstein metrics up to isometry. There
are two Kahler-Einstein metrics (up to scalar) given by

{1 =5,220 =7,23 = 12,24 = 14,25 = 19}, {x1 =5,z2z2 = 11,23 = 6,14 = 22,25 = 17}.
The other five are non-Kahler. These metrics are given approximately by

{x1 ~ 0.571467, x5 &~ 0.366421, x5 ~ 0.323492, x4 ~ 0.661198, x5 ~ 0.31855}, (28)
{z1 ~ 0.49572094, x5 ~ 0.39385688, v3 ~ 0.30158949, x4 ~ 0.093299706, x5 ~ 0.4957209439)
{z1 ~ 0.29495775, x5 ~ 0.40303263, x5 &~ 0.48143674, x4 ~ 0.10093004, x5 ~ 0.29495775 ¥30)
{x1 ~ 0.47024404, 5 ~ 0.35268279, x5 &~ 0.31380214, x4 ~ 0.62760315, x5 ~ 0.47024404 ¥31)
{x1 ~ 0.26465483, 9 ~ 0.42092053, x5 &~ 0.43231982, x4 ~ 0.42390247, x5 ~ 0.26465483¥32)
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