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Supermanifolds

Informal definition:
“X supermanifold = manifold with even/odd (commuting/anti-commuting) coordinates”

Definition.
X = (Xo,Ox) Ox superalgebra sheaf /C with local stalks

X complex supermanifold = X . AZL‘} = (CP, Hcr ®c N(CD)*)

X ¢s manifold (e X = AP = (RP, CRy ®r \N(C1)*)  (Bernstein)
Examples:
V — Xo holomorphic vector bundle —  complex smf Ay (V) = (Xo, A V*)
V — X, complex vector bundle —  ¢s manifold A(V) = (Xo, A V*)

For instance, V = TXp, V = S spinor bundle (X spin€), ...

Theorem (Batchelor). All cs manifolds are obtained in this way (i.e. are split).

But: Complex smf Gr(1]1,2|2) is not split (Penkov, Wells et al.).
Moreover: Maps are not the same.
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Lie supergroups

complex smf/cs manifolds.

Definition (Berezin-Leites, Kostant). A complex/cs Lie supergroup is a group object in

Theorem (Kostant).
(Harish-Chandra) pairs (g, Go),

{complex/cs Lie supergroups} —— { g Lie superalgebra, Go Lie group

Go X A(g1) — G:(g,x) — gexpg(x).

}

Usually better: group valued functor T — G(T) = Maps(T, G).

Examples:

_((A B % A,D even, B,C odd
GL(pla, ©(T) = {(c D) € oM ‘ A,D invertible }

0Sp(p124,J,0)(T) = {g € GL(p|24,0) | g Jg = J}
Here, we let:

J matrix of supersymmetric form

A B\ _(a ¢ :
(C D) = (—Bt D‘) order 4 automorphism
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Cs supergroups from complex supergroups

Gc complex Lie supergroup with pair (g, Gc,0)
Go real form of Gco
~ ¢s Lie supergroup G with pair (g, Go)
Examples:

Ues (m, nlr, $)(T) = {( B

D

[

AeUm,n)(T) }

( )X (r+s)
) c O(T) m+n)xX(r+s D c U(T‘S)(T)

.
S0Sp{, (m, n|24)(T) = {(2‘ g) e ospim +nj2q,,0)(1) | A0 D

Here, we let:

1 0 0
J={ 0 Ln 0], J=() e (1)
0 0 Jg

USp(2q) :=U(2q) n Sp(2q,C)
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Riemannian symmetric superspaces

Definition. A symmetric pair (G, K) of cs Lie supergroups is Riemannian if so is (Go, Ko).
A Riemannian symmetric superspace is X = G/K where (G, K) is Riemannian.

Theorem (Goertsches). If X is Riemannian and for all x € Xy, there is an isometry s,
such that sy (x) = x, Tyxsx = —1, then X is symmetric.

Examples: Today, we will consider the following “rank one” cases:

| G [ K l
Ues (1,1 + plq) U(1) x Ues (1 + plg)
SOSpi (1,1 + pl2q) SOSp.s (1 + pl2q)
GLcs (1]1) Ucs(1]1)

Even these are quite surprising.
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E — X vector bundle ~ Berezinian density bundle |Ber|(E), |Ber|(X) := |Ber|(IIT*X)

Theorem (Berezin). Compactly supported Berezinian densities (sections of the sheaf
|Ber|x associated with |Ber| (X)) admit a uniquely defined integral.

Proposition (A-Hilgert). Let X = G/H. TFAE: (1) 3 G-invariant Berezinian density.
(2) IBer|(X) equivariantly trivial. (3) |Berlq/5(Adg |rr) = 1.

In particular, X = G/K admits a G-invariant Berezinian density |[Dg]|.

a Cartan subspace

M = Zg(a) centraliser of Cartan

K/M geodesic supersphere at infinity

|Dk| K-invariant Berezinian density on K/M

H:G — A(ag) Iwasawa A projection

0= 3%strpadgla half sum of positive roots
Definition.

¢A(g)1=/ |Dk| eA-QWH@K) ) o g*,
KM

These are eigenfunctions of the Laplacian.
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2 positive roots [ ma [ mon | e ]
My, M2 multiplicities 2(p—a) 1 p-q+1
P —2q 0 r/2-q
-2 0 -1

Theorem (A-Palzer). In each of the cases listed above, c(A) exists for RA > 0, and

27 r(d)
T3+ +1))T (F(A+ +m2a)>

c(A) = co (co = co(0))

In the GL(1|1) case, we have c(A) = coA.

Theorem (A-Schmittner). For G/K reductive of even type, c(A) exists for RA > 0, and

_ F(AO() _Mmx
c(A) = co 2 (A, )™ 2
w,l;Lo T(3Aa+ 2= + 1))I(5Ax + 22+ moq)) m,l;[:O

the product over indecomposable roots, where Ay := (A, &) {x, )~ ! for («, o) = 0.
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Comments on the proof
One uses stereographic coordinates k: N — K/M
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lllustration from W. Casselman’s web page
However, for my < 0, cannot pull back ¢, integral because of “boundary terms”!
1. Use partition of unity on stereographic atlas parametrised by Wey! group.
2. Show convergence of partial integrals c;(A), cir(A).
3. Show that partition of unity cancels out in limit.

Proposition (A-Palzer). In the U case, we have for my < 0, RA > 0:

c(A) = / dsdlZ8((1 +7)2 +s2) AHO/2
0

4. A similar statement holds for SOSp™*.
5. For RA > —p, derivatives and integral can be exchanged.
6. This gives the assertion.
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Asymptotic expansion

In the GL(1|1) case, the ¢, integral case be evaluated directly.

Proposition (A—Palzer). In the GL(1|1) case, one has
¢pa(e) = coAe sinh t

Notably, this function is not even.

In the other cases, we have an asymptotic expansion

) (et) = eA-o)t ZZO }/l(A)e_zu
-A

. YR N S
Yi(A) = c(A)e(=A)(-1) ( ) )(l—)\)c(l—A)

Theorem (A—Palzer). The series ®, converges absolutely on [¢, «) for € > 0. We have

Pa =Py + P,

Corollary (A-Palzer). For my < 0 even, the series terminates and for OSp,

palel) = e(’\‘e)tPng’zefl)(l —2e7%),

where P\* are Jacobi polynomials.
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Definition. The Paley—Wiener space is

@A) = p(=A)

.- *
PWg = {‘p € Hol(e™) ‘ V> 0: @l = SuPyegs (1 + ADKI@(A) e RIRA < oo

For @ € PWg, let the wave packet transform be

da
= — A).
Jo(g) /iaﬁi |C(M|2¢A(g)¢)< )

j

Proposition (A-Palzer). Let||@|lx,r < o for some n > ¢, R > 0. Then

Pale!)

m(ﬂ(Q‘Fk), t >R

Jp(el) =4m > resp_pik
k<-o

Corollary (A—Palzer). We have

J(PWR) € Or(G/K) = {f € O(G/K) | supp f < Br(0)}

ip(g) = _ _Oalg)
Jo(9) = J@(g) - 4m k;gres)\=g+k e Pleth
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Fourier inversion and Paley—Wiener theorem

Proposition (A—Palzer). If o < 0, then 71 exists and

21 —20-1 (1 —2y2cosht + y4)7®

ty — _
JHe) = = T = )T (=20) 7~ T-)72

Define

FFAK) = / Dg1f(g)e-0H(E 1)
G/K

dA : “1p
— _ Dk Ak (=A-@)(H(g™"k))
Jo(g) /iaﬁg e /K/M\ @A, k)e

Theorem (A—-Palzer). Let 71 := 0 for ¢ = 0. Then for any f € O.(G/K)
JFf=Cof +(f xJ1)

provided m > 0 or my < 0 is odd.

Corollary (A—Palzer). Under the above assumptions

F(Or(G/K)K) = PWg.
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Condensed matter physics application
For a long, thin wire with impurities, at low temperatures, the mean conductance (c) is
(c) = / DI (@) Plicsrzr 3ufi = Afi.
G/K

for some inital condition.
Here, s is system size and G/K is a Riemannian symmetric superspace.

For G = SOSp* and p = 1, one obtains (Zirnbauer, CMP 1991)

3 « _(A2+1)s s s<1
(C>72/0 e 2\tanh)\d/\_{§wg/zsS/Zes/z1 1

In cases of higher rank, one obtains for s > 1 (Zirnbauer, PRL 1992)

o
25%
2747257312075, orthogonal L
1.5
(c) = {2W2qq3/25=3/2p=5/2 unitary "
1/2 + 2537 21r3/2573/2¢5/4 symplectic E I
o

B e S
B 3

1 1

s
FIG. 1. The product s/(c) as a function of s =L/&+ 1/ for

the case of orthogonal symmetry (dotted line), unitary symme-

try (solid line), and symplectic symmetry (dash-dotted line).

lllustration from Zirnbauer, PRL 69, no. 10 (1992)



Thank you for your attention.



