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.1 G < G connected semisimple complex Lie groups.
Branching representations: V= DV

Embeddings of flag varieties: G/B < G/B, if B= G N B.

v v

Cohomological component
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Borel-Weil-Bott Theorem

G D B O T Borel and Cartan subgroups; W Weyl group.
A D AT weight lattice and dominant chamber.

A = AT UA™ root system; p = 3(AT).

w - A = w(\ + p) — p shifted action of W on A.

Ly = G xgC_j line bundle on G/B.

BWB Theorem:
Vi L if w-AXeN and l(w) =q

0 , otherwise.

Hq(G/B,EA)’E{

peNt , Vi=HM(G/B,L,1,)
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Setting and tasks

Choose TOBOGwithB=GNBand T=GNT.
A A, AT AT
Fix \eAandput A\=c*(\), fi=w-XA, pu=w-A

Vi = H(G/B, L5) — H(G/B,Ly) = Vi
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Setting and tasks

Choose TOBO>GwithB=GNBand T=GNT.
A A, AT AT

Fix \eAandput A\=c*(\), fi=w-XA, pu=w-A

Vi = H(G/B, L5) = H(G/B,Ly) = V;i

Questions:
() #0 <= 777
(1) Given Vﬁ = @V}, which components are cohomological?

() ¢ ={(f}) e A* x A*: V, C V5 coho.} =7
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Global sections: If A € AT, then A = /*(A) € AT and

Ve = HY(G/B, L3) = H*(G/B, L)) = V5

™ V= il,(g)vX C VX Cartan component

CoC={(X):Aeit}

Valdemar V. Tsanov (Ruhr-Universitit Bochum) Cohomological Components



Global sections: If A € AT, then A = /*(A) € AT and
Ve = HY(G/B, L3) = H*(G/B, L)) = V5

™ V= il,(g)vX C VX Cartan component

CoC={(X):Aeit}

Higher degree: SO5 — SOs x SOs diagonal.

=0

SO SO SO
H2(?5 X TS’ Esl'wl X £51’W1) Hz(?sa £5152-3w1)
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Example: diagonal embeddings and tensor products

1=6:G—>GxG=0G,then B=BxB, W=WxW ..
Put X=G/B, A=M+X\

H(X, Ly,) ® H(X, Ly,) = H(X x X, Ly, B Ly,) = H(X, L))

7.r*
Vv — VW1~)\1 ® VW2.)\2
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Example: diagonal embeddings and tensor products

1=6:G—>GxG=0G,then B=BxB, W=WxW ..
Put X=G/B, A=M+X\

H(X, Ly,) ® H(X, Ly,) = H(X x X, Ly, B Ly,) = H(X, L))
Vi 7r_> VW1~)\1 ® VW2.)\2
Theorem [Dimitrov & Roth]

ﬂ';ﬁo — cl)W:(I)Wl|_|CI>W2 , ¢W:A+ﬂw_1(A_)

For classical groups (conjecturally always):
Cohomological comp. = PRV comp. of stable multiplicity 1.
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Bott’s reciprocity and Kostant’s harmonics

Multg(V,,, H9(G/B, L£y)) = Mult7(Cyx, H(n, V,,))
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Bott’s reciprocity and Kostant’s harmonics

Multg(V,,, H9(G/B, L£y)) = Mult7(Cyx, H(n, V,,))

HI(G/B, L)) = H%9(G/B, L)) = HIn,C[G]®C_))"

= @D HIn, Vi@ Ve Coy)T
o

=PV @[HI(n, V) @C_\]"
"
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Bott’s reciprocity and Kostant’s harmonics

Multg(V,,, H9(G/B, L£y)) = Mult7(Cyx, H(n, V,,))

HI(G/B, L)) = H%9(G/B, L)) = HIn,C[G]®C_))"

=P HIn, VioVueC_y)T
Iz
=PV @[HI(n, V) @C_\]"
Iz
Hq(n7 VM) = @ H(na VH)W_L# ) H(na VM)W_L” = Cej\/@vw_l(p)

Uw)=q

ey, = Naco, € € A
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Main result

Bott-Kostant: H(G/B,Ly) = e}, @ (V) , ® VWY @ 7y

Vi = H(G/B,L;) = H(G/B,L)) = V;
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Main result

Bott-Kostant: H(G/B,Ly) = e}, @ (V) , ® VWY @ 7y

Vi = H(G/B,L;) = H(G/B,L)) = V;
Theorem: 7 #0 <= mw(Harm)NHarm #0 <—
(i)E%»Laejv , aeC~
(if) Homg (V.. tg)v™ " #) # 0
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Main result

Bott-Kostant: H(G/B,Ly) = e}, @ (V) , ® VWY @ 7y

Vi = H(G/B,L;) = H(G/B,L)) = V;
Theorem: 7 #0 <= mw(Harm)NHarm #0 <—
(i)'ev%»gaejv , aeC~
(if) Homg (V.. tg)v™ " #) # 0

Furthermore, (i) = (ii) for ku, so 7,14, 7# 0 for some k € N.
C= U Caw. Caw=1{() € N x AT %7 1(1) - w ()}

w,w:(i)
finitely generated monoid
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Diagonal embeddings revisited

G—>GxG,n—>ndn

V,Z*,.X = W1 A1 ® V 2: A2 — V (A1+A2)
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Diagonal embeddings revisited

G—>GxG,n—>ndn

V,Z*,.X = W1 A1 ® V 2: A2 — V (A1+A2)

~% __ % * L* * * l *
ey =€, Ve, —re, Ne,, = ¢,

[S]
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Diagonal embeddings revisited

G—>GxG,n—>ndn
V,Z*,.X: wi- >\1® V 2: A2 — V (A1+A2)

*
w

~* % * L* * S
ey =€y, We,, —re, ANe,, =

[S]

(i) <= o, UD, =9,
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Diagonal embeddings revisited

G—>GxG,n—>ndn

V,Z*,.X = W1 A1 ® V 2: A2 — V (A1+A2)

2.

ew

~* % * L* * *
ey =€y, Ve, —re, Ay,

(i) <= o, UD, =9,

[PRV, Kumar, Mathieu]: (i) = (ii)

Theorem: 7 #0 <— ¢,, Ud,, =,
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The Belkale-Kumar product on H(G/B)

H(G/B) = Hnen )T = [Hm) @ Hm )T = @ Cejoe,
weW
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The Belkale-Kumar product on H(G/B)

H(G/B) = Hnen )T = [Hm) @ Hm )T = @ Cejoe,
weW

Swew = w1BwB C G/B shifted Schubert var.; [S,] < [el, ® ew]
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The Belkale-Kumar product on H(G/B)

H(G/B) = Hnen )T = [Hm) @ Hm )T = @ Cejoe,
weW

Swew = w1BwB C G/B shifted Schubert var.; [S,] < [el, ® ew]

[Su] - [Sv] =D ¢ [Sw] cup product.
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The Belkale-Kumar product on H(G/B)

H(G/B) = Hnen )T = [Hm) @ Hm )T = @ Cejoe,
weW

Swew = w~1BwWB C G/B shifted Schubert var.; [S,] <> [e], ® ew]
[Su] - [Sv] =D ¢ [Sw] cup product.

[Sulo[S] = dY[Sw] < [(efNnel)®(esAey)] BK product.
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The Belkale-Kumar product on H(G/B)

H(G/B) = Hnen )T = [Hm) @ Hm )T = @ Cejoe,
weW

Swow = w—1BwB C G/B shifted Schubert var.; [S,,] < [l ® e,]
[Su] - [Sv] =D ¢ [Sw] cup product.

[Sulo[S] = dY[Sw] < [(efNnel)®(esAey)] BK product.
Theorem [Belkale & Kumar| ® is a deformation of - and

dy, #0 = dj, =c,

v
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The Belkale-Kumar product on H(G/B)

H(G/B) = Hnen )T = [Hm) @ Hm )T = @ Cejoe,
weW

Swow = w—1BwB C G/B shifted Schubert var.; [S,,] < [l ® e,]
[Su] - [Sv] =D ¢ [Sw] cup product.
[Sulo[S] = dY[Sw] < [(efNnel)®(esAey)] BK product.
Theorem [Belkale & Kumar| ® is a deformation of - and

dry #0 = di, =c.,
Remark: BK-pullback H(G/B) s H(G/B) gives

gt =[Sl v a[Su]
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PRV components

(5) e At x AT,

¥

~_ 1~ _ 7
W) S w ) 2 V. c v
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PRV components

(g) e At x AT,
1 77 ~
vl (E) - w i) = VuC Vg

Parthasarathy-Ranga Rao-Varadarajan, Kumar, Mathieu:
— Yes, for diagonal embeddings.
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PRV components

(g) e Nt x AT,
~_ 1/~ * -1 77 7
W) S w i) e Vec v
Parthasarathy-Ranga Rao-Varadarajan, Kumar, Mathieu:
— Yes, for diagonal embeddings.

Montagard-Pasquier-Ressayre:
— Yes, for more cases. No, in general. And

W) Ao w () = Tk eN: Vi, C U™ KD C Vi
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PRV components

(g) e Nt x AT,
~_ 1/~ * -1 77 7
W) S w i) e Vec v
Parthasarathy-Ranga Rao-Varadarajan, Kumar, Mathieu:
— Yes, for diagonal embeddings.

Montagard-Pasquier-Ressayre:
— Yes, for more cases. No, in general. And

W) Ao w () = Tk eN: Vi, C U™ KD C Vi

Remark: "W i } — w () = wl(p)
whp—wtp
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Regular (root) embeddings

Regular: H C Nz(G). Then A C A and AT = AN AE
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Regular (root) embeddings

Regular: H C Nz(G). Then A C A and AT = AN AE

(i) & -5 ael, «= &y C A
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Regular (root) embeddings

Regular: H C Nz(G). Then A C A and AT = AN AE

(i) & -5 ael, «= &y C A

Also: (i) = (ii) and p=p
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Regular (root) embeddings

Regular: H C Nz(G). Then A C A and AT = AN AE

(i) & -5 ael, «= &y C A
Also: (i) = (ii) and p=p

Theorem: 7 #£0 < ®; C A.
Furthermore, C = C°.

Thus: Cohomological comp. = Cartan comp.
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Principal rational curves

Sly & G < G simple, er =), €
a>0

P! < G/B
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Principal rational curves

Sly, = G < G simple, e, = 3. &,

a>0
P! G/B
If G # SLz and £()) >0, then 1 £0 < —\ =a simple root.
= C

C = HYG/B,L_,) — HYP',0O(-2))

Cohomological Components
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Principal rational curves

Sly & G < G simple, er =), €
a>0

P! < G/B
If G # SLz and £()) >0, then 1 £0 < —\ =a simple root.
C = HYG/B,L_4) — HYP',O(-2)) = C
If G = SL3 = SL(sly) and £(X\) > 0, then 7 # 0 <= \ = s; - 2kwj.
S%(sl) = HYG/B,L;) — HY(P',O(-2)) = C

™ C — Ckk c §%K(slp)*
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Ad-invariant polynomials

Clgl® = Clp1,....pr] , degp;=d;
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Ad-invariant polynomials

Clgl® = Clp1,....pr] , degp;=d;
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Ad-invariant polynomials

Clgl® = Clp1,....pr] , degp;=d;

Ad

G =5 Sl(g) = G

Theorem: There exist B O B and Xl, ...,X, such that L*Xj =—-2p
and

S9(g) = HM(G/B,L;) ™5 H™)(G/B,K) = C
J

™:C — Cp; C S%(g)*
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THE END

THANK YOU!
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