
Twister Deformations and

Global Torelli Theorem for

Singular Symplectic Varieties

Christian Lehn
,

TU Chemnitz

31.08.2018

New trends and open problems in

Geometry and Global Analysis

Castle

Rauisdrholzhuusen



Outline :

§1 Hodge Structures

§2 Symplectic manifolds and

symplectic varieties

§ } Hyperkiihler manifolds and twister families

§4 Torelli Theorem

§5 Open problems



§1 Hodge Structures

Definition Hodge structure of weight k EZ

:C ⇒ • finitely generated 2' - module H

• decomposition He := HOZE = @ HP 't

ptq=k
where Hpitc He complex subspace

s.tl
. HPF = HT ( Hodge symmetry)

Theorem ( Hodge , Kodama )

^) X compact Kahlo mfd ⇒ Hkkik ) carries a Hsofwtk

2) f :X → Y holomorphic ⇒ f* : HHKZI) → HYKZ ) is a

monphism of HS



Variation of Hodge structure

e.g . f : X →

D=
{ ze ¢ I lzl < 1 } proper submersion

,

X Kahler

⇒ X ⇐ X. xD ⇒ H
'

Kt a) = : A inqdftsEhresman

zg/

HTXTRI ) does not vary ,
Its Hodge structure does !

A a a = HY @ Hut @ Hof

Period
map ¢ : D →

D:
period domain



Period domain for K3 surfaces

Suppose S compact Kahler surface ⇒ intersection pairing
HYS ,2 ) x HZCSZ ) → Z satisfies :

( Hp '7$ )
,

Hr 's
@ ) ) = 0 unless Cpig) = ( Sir )

( * )
( Hziqs , @ Hays ) )t = Hmcs )

Definition Hodge lattice := wt 2 Hodge structure H

together with pairing ( .

,
. ) : H×H  → 2 s .

th
.

At ) holds

H is of K3 type :# lie =L and sign # )= ( 3
,

u )

Period domain for Hodge Lattices of Vis type
Fix lattice A- ~ >sza= { v EPCA @ e) 1 ( unto

,
@I ) > 0 }

of sign (3in ) y → A @ ¢ = HY @ Htwe Ho ' }



§2 Sgmplectic manifolds and sgmplectic varieties

D. sgmplectic = holomorphicsympkctic

Definition ( X.G) symplectic manifold

:#
X complex manifold

Co : Tx ×T× → a holomorphic sgmplechi form

with do = 0

Consequences e) dime X = Zn 2) Tx E Rx

3) q(X ) = ce ( Tx ) = - a @×)
⇒ a @ ) = O

E
a @× )

4) detrx s am nowhere vanishing global section

⇒ detox trivial line bundle



Theorem ( Bogomoloo - Deauville ) X compact Kohler mfd ,
a (X ) = 0

in H4×,R )
.

Then there is a finite topological cover I → ×

5. th
. I = Tx IICYI ×

FT Sj
p 4 a

complex torus Calabi ' Yan irreducible sgmplectic

Recall Y is CY :# Y compact and simply connected

dim Y 7/3

hQi(y ) = {
1 if i=o

,
dim Y

0 else

detry trivial line bundle

Z is irreducible symplectic :# Z compact ,
simply connected

had =L

3- do holomorpwic sgmplectic form



Examples
degree

1) P3 3 X = { f=o }
,

f e Etxo , ... Xz ]yt
]ac( f) to on X

K3 surface , simply connected by Lefsohett
D= Resx@dxnndXzndXztn.t×3d×^^ . - ^d×z ) sympleetic

f

Fact : X irreducible symplectic surface ⇐s X K3 surface

2) S K3 surface ,
X= Hiltons )

,
dim X=2u

Hilbert scheme of u points on S with scheme structure

h¥
.

•

.

A
• If •

|•]
•

g

•

z jet + pt + pt
4 distinct pts

3 Pts
)

one point
with target direct with tangent

plane



3) Y c P5 smooth cubic hypersurface

F = FLY ) = { l£Gr(2. 6) ILEY }
"

Fano variety of lines "

p = { ( y ,l ) I yel CY }
¥yp

F Y H3'kY7= e. u ns q*p*o = :& eH2aCF)

symplectic form , generator

Gadget X irreducible sgmplectic
,

Hak ) = e. a

⇒ q (a) := n§ @sink + G-a) { a
" End { ameux

Properties •defined over 21 C topological invariant )

. non - degenerate of sign ( 3in )

• ( HYKK )
, q ) Hodge lattice of vis type

• q&Y= const . §d
"



Singular symplectic varieties

Definition X (singular) irreducible symplectic variety

:# X normal Kahler variety
HLC x. Ox ) = o

Ho #RE ) = e. a
,

a sgmplectic on XMY

th : Y → X resolution of sing .
: IF extends to a hole

. form
on Y

Remark These singular varieties behave
"

very smoothly
"

:

• HZCX
,
21 ) carries a pure HS of wt 2

• 7 q : HYX ,N ) → 12 as in the smooth case ns Hodge lattice

• good local deformation theory of K3 type

Bet : do not always have a crepant resolution !



§3 Hyperkcihler manifolds and Twister families

Definition (M ,g) compact Riemannian mfd is luyperkcihkr

:# Hol (Mig ) = Sp @ ) :=space ) n Uzu

@,g) hyperkcihkr ⇒ Z I
,
]
,
K E End CTM) iutegmbk

almost complex structures s.tk
.

I3=K and g
is Kiihkr wrt I

,
]

,
K

.

Put WI = g ( IC ' )
,

- )
,

w ] ,
wk analogously

Kahler forms for (M,I)
,

( M
,
] )

,
(M ,

K )

Theorem ( Deauville ) X irreducible sgmplectic manifold ,

de T{× Kiihhr class ⇒ Z ! HK metric g on
X

Sith
.

a = [ WI ]
.



Conversely : (mg ,I ,
]

,
K ) compact hyperkiihkr

⇒ GI := w
] tiwk is a holomorphic sguplectic

form on ( M ,I )

Thus :
r :L

Compact hyperkoihkr <→
Irreducible

cease symplecticmanifolds
Koihlvdass1¥ manifoldsKcihlermehic

Twister Construction : X irreducible sympledic ,

x Kahler class on X n , I
,
]

,
K

,
X= ( M ,I )

Observation : ( ×ItpJt8K5= - id ⇒ t.tx.p.ME $2

and It = XI t p ] +8k integmble



Endow Mx $2 with almost complex structure

I Sith La
, ,

= ( Ict )
,
Iptct ) )

where Ips Ct ) := ( v is txv )
. Y is inkgmble ~s 2€ = ( N' $2

, Y ) Twister

tgs hdomorphic
family

Twister line in the period domain :

fix

WEA@RRa.EsGPiC4A0RpPh.us.ae
6%4

'
w )

w i→ (REHHW ,
lm How )

11¥

Phw ¥ Grplfzw )
a



Period map Given X
,

w Kahler class on X
,

consider * twister family ,
P

'

simply connected

:p 1 ⇒ H2⇐t,21 ) = : A independent
of team

~
p :

PL → Ra
.

period map

⇒p ;
"

fr w=(Re Hard ,lmH2Ex ) ,w )

→ Results for sing .

varieties

• Existence of metrics ( Eyssidienx , Guedj , Zenawi )

• Decomposition Theorem ( Hiring, Peleruell , Greb ,

Kebekus
,

Gueuancia
,
Doud

,
... )



§4 Torelli Theorem for irreducible sympleckc mfds

fix lattice A
,

sign (3
,

n )

Ma := { A,µ ) /
× inducible sgmplecticup: HZCKZ ) → A isomehy }

in
iso

marked marking
moduli space

Period map p
: Ma → Rac P ( A @ �1� )

K,µ)i→ µ¢(H4Ex) )

Theorem ( Huybreohts 1998 ) N c Mat ¢ connected

component ⇒ p
: N→ Ra is surjective

proof uses twister families

Q_ :p injective ? Counterexample by Debawe
,

Namibian



Theorem ( Verbitsky 2008 ) Nc Mat ¢ Connected component
⇒ p

: W → Ra
. generically injective

idea of proof : N is non . Hausdorff ,
inseparable ← ,

bimtional
points varieties

. factorize p : N → it IPRa
.

in ~ uses

Hausdorff quotient Twister

. show that go is a topological cover ← families

. Ra simply connected ⇒ jo homeomorphism

Claim follows as MT - general HS does not allow

for non - trivial binational geometry

Huybsechts + Verbitskg = Global torelli Theorem A

Q : what about singular symplectic varieties ?



Theorem ( Bakker - L .

2016+20 eg ) Global Torelli in the

formulation of Huybrechts - Verbitsky holds for singular
symplectic varieties

.

idea of proof : Do not haoe twister families .

Consider G- OCA. ) A Ma
. g. A,µ :  = ( X

, gyn )

f p equivarianf

G A Ra ergodic action

Razw a Ao a = How +0 HY @ Hot

rational rank rrkcw ) = rk ( How@ Hour ) nA)
rrk @ ) =

⇐) G. w dense E Ra
.

⇒ comtubly many totally real subvar .| (
⇒ Hug = Picwoc

, comptgblymany



Image ( p ) 2 { rrk = 0 points} dense

+ open - >
"

almost suojective
"

surjectivity : degeneration of HS m > deg . of variety

infectivity : note that { rrk 0 points } era
.

still simply connected
.

18



§ 5 Open Problems

Twister spaces for singular varieties ?

→ How to define almost complex structures

for singular varieties ?

lutegnbility Criterion ?

→ How to define hyperkiihler metrics on singular

varieties ?

→ X singular hyperkiihkr variety ⇒ ZHK metric on Ag

⇒ twister family 7£
°

Ea XMIX Pt

:P 1

Can ¥0 be compactifiedto some family ?



More moderate question :

→ Given surjectivity of the period map ,
can we deduce

existence of

twistortlihe
) families ?

OI Ma
.

9 can always be

Z .

t
' Lifted ,

but we

...
'

' t cannot show
PL IsRa existence of

a family
Unrelated to twistw :

→ Describe moduli of polarized
varieties

.

Compuctificakons ? kodaim dimension .

L
. Giooaitanu : Singularities of perfect cone canonical



General questions about sgmplectic varieties :

→ construction of examples
→

Degenerations

→ MMP for Kiihler manifolds

→ Non - Killer situations


