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Pseudodifferential operators

Notations
@ M an n-dimensional smooth closed manifold;
o m: E — M a finite rank vector bundle;
e C°°(M, E) the space of smooth sections of E;

o L = ¥aw
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@ C°°(M, E) the space of smooth sections of E;
o V. (M, E) the algebra of polyhomogeneous (or classical) pseudodifferential
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o (M, g) a Riemannian manifold, E = M x C, Ag = =377, ﬁ@,’g"j V80

the Laplace-Beltrami operator:
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o (M, g) a Riemannian manifold, E = M x C, Ag = =377, ﬁ@,’g"j V80
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e M a spin manifold and E = S the spinor bundle, D? the square of the
Dirac operator D = Y7 | ~;0;: log(D* + 7p) ¢ Wa(M, E).

Classes of pseudodifferential operators determined by their order

For T C C, let Z' (M, E) := {A € Wy (M, E),ord(A) € I'}.
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the Laplace-Beltrami operator: (Ag + mg) ™" € Wy ~2(M);

e M a spin manifold and E = S the spinor bundle, D? the square of the
Dirac operator D = Y7 | ~;0;: log(D* + 7p) ¢ Wa(M, E).

Classes of pseudodifferential operators determined by their order

For T C C, let X" (M, E) := {A € W (M,E),ord(A) € T'}. Examples: The class
WZ (M, E) (resp. \Uflz(M, E)) of integer order (resp. noninteger order) classical
pseudodifferential operators.
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Definition
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"Tame"” non-locality (following Shubin)
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For A€ Vo (M, E)

A=3 xiAx;= > A+ > A ()
o Supp(x;)NSupp(x;)#0 Supp(x;)NSupp(x;)=0
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TP locality on linear forms

A "linear” form A on X'(M, E) is T°- local if for any ¢,9 € C®(M)
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Local linear forms: the canonical trace and the residue

A TP local form A is local (proved for E = M x C)

@ (??7) A (??) = A(A) = A(Op(c(A))) only depends on the symbol o(A)

& o
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Local linear forms: the canonical trace and the residue

A TP local form A is local (proved for E = M x C)
o (??) A (??) = A(A) = A(Op(c(A))) only depends on the symbol o(A)
@ in fact, A is local, i.e. of the form

/\(A):/ng(x)with Wh(x) = Ac(A) dx,  Ax(A) = Mo (A)(x, -)),

for some linear form ) on the symbol class of X" (M, E) and under additional
continuity assumptions.
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o (??) A (??) = A(A) = A(Op(c(A))) only depends on the symbol o(A)
@ in fact, A is local, i.e. of the form

NA) = / wWh(x) with  wi(x) = Ax(A) dx, Ax(A) = A(o(A)(x,)),
M
for some linear form ) on the symbol class of X" (M, E) and under additional
continuity assumptions.
Characterisation of local "linear” forms (with S. AZZALI 2016)

Let A: =" (M,E) — C be a local linear form:
@ if [ =7, then A is proportional to the Wodzicki residue:

Res(A):/MResX(A) o pw,sX(A):/lfx‘:1 1 (0 n(A)(x, ) -
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Local linear forms: the canonical trace and the residue

A TP local form A is local (proved for E = M x C)
o (??) A (??) = A(A) = A(Op(c(A))) only depends on the symbol o(A)
@ in fact, A is local, i.e. of the form

/\(A):/Mwﬁ(x)with Wh(x) = Ac(A) dx,  Ax(A) = Mo (A)(x, -)),

for some linear form ) on the symbol class of X" (M, E) and under additional
continuity assumptions.

Characterisation of local "linear” forms (with S. AZZALI 2016)

Let A: =" (M,E) — C be a local linear form:
@ if [ =7, then A is proportional to the Wodzicki residue:

Res(A):/MResX(A) o pw,sX(A):/lfx‘:1 1 (0 n(A)(x, ) -

@ if [ = C\ Z, then A proportional to the canonical trace:
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Local linear forms: the canonical trace and the residue

A TP local form A is local (proved for E = M x C)
o (??) A (??) = A(A) = A(Op(c(A))) only depends on the symbol o(A)
@ in fact, A is local, i.e. of the form

/\(A):/Mwﬁ(x)with Wh(x) = Ac(A) dx,  Ax(A) = Mo (A)(x, -)),

for some linear form ) on the symbol class of X" (M, E) and under additional
continuity assumptions.

Characterisation of local "linear” forms (with S. AZZALI 2016)

Let A: =" (M,E) — C be a local linear form:
@ if [ =7, then A is proportional to the Wodzicki residue:

Res(A) = / Resx(A) dx; Resx(A) = / 1 (0 n(A)(x, ) -
M [€x]=1
@ if [ = C\ Z, then A proportional to the canonical trace:
TR(A) = / TRx(A)dx; TRx(A) = / trx (0 (A)(x, ")) .
M R"
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Defect formulae: local defects/ discrepancies/ anomalies

Defect formulae measure defects of regularised traces (built from the canonical
trace) in terms of the Wodzicki residue (which is local.

Defect formulae (with S. SCOTT 2007)
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Defect formulae measure defects of regularised traces (built from the canonical
trace) in terms of the Wodzicki residue (which is local.

Defect formulae (with S. SCOTT 2007)
Let A(z) € W (M, E) be a holomorphic family of order —q z + a.
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Defect formulae measure defects of regularised traces (built from the canonical
trace) in terms of the Wodzicki residue (which is local.

Defect formulae (with S. SCOTT 2007)
Let A(z) € W (M, E) be a holomorphic family of order —q z + a.

L (Res (A'(0))) islocal.

A(0) is differential = le_rlwO (TR (A(2))) = q
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Defect formulae (with S. SCOTT 2007)
Let A(z) € W (M, E) be a holomorphic family of order —q z + a.

1 (Res (A'(0))) islocal.

A(0) is differential = le_rlwO (TR (A(2))) = q

C-regularised trace of differential (so local) operators
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Defect formulae: local defects/ discrepancies/ anomalies

Defect formulae measure defects of regularised traces (built from the canonical
trace) in terms of the Wodzicki residue (which is local.

Defect formulae (with S. SCOTT 2007)

Let A(z) € W (M, E) be a holomorphic family of order —q z + a.

1 (Res (A'(0))) islocal.

A(0) is differential = le_rlw0 (TR (A(2))) = q

C-regularised trace of differential (so local) operators

Take A(z) = AQ™* for A(0) = A differential and Q elliptic pseudodifferential
operator of order g > 0 (e.g. a Laplacian) with spectral cut: the (-regularised
trace of A with weight/regulator Q reads
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Defect formulae: local defects/ discrepancies/ anomalies

Defect formulae measure defects of regularised traces (built from the canonical
trace) in terms of the Wodzicki residue (which is local.

Defect formulae (with S. SCOTT 2007)
Let A(z) € W (M, E) be a holomorphic family of order —q z + a.

1 (Res (A'(0))) islocal.

A(0) is differential = le_rlw0 (TR (A(2))) = q

C-regularised trace of differential (so local) operators

Take A(z) = AQ™* for A(0) = A differential and Q elliptic pseudodifferential
operator of order g > 0 (e.g. a Laplacian) with spectral cut: the (-regularised
trace of A with weight/regulator Q reads

(4.0(0) = lim (TR (A Q%)) = _% Res | A log(Q)

——
NON local !
| S ———

local !
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Consequence: the index as a residue (on closed manifolds)

Notations
e (M, g) Riemannian closed manifold;
o w: E=E.®E_ — M a finite rank Z,-graded Clifford hermitian bundle;
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e (M, g) Riemannian closed manifold;
o w: E=E.®E_ — M a finite rank Z,-graded Clifford hermitian bundle;

e D=D,® D_ with D+ : C*°(M, E+) — C*°(M, Ex) an odd elliptic
differential operator of order 1
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o w: E=E.®E_ — M a finite rank Z,-graded Clifford hermitian bundle;
e D=D,® D_ with D+ : C*°(M, E+) — C*°(M, Ex) an odd elliptic
differential operator of order 1;
o Dy is formally adjoint to D_, so A := A, @& A_ is an even elliptic

essentially self-adjoint differential operator of order 2. Here A, = D_Dy
and A_ =D;D_
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Consequence: the index as a residue (on closed manifolds)

Notations
e (M, g) Riemannian closed manifold;

o w: E=E.®E_ — M a finite rank Z,-graded Clifford hermitian bundle;

e D=D,® D_ with D+ : C*°(M, E+) — C*°(M, Ex) an odd elliptic
differential operator of order 1;

o Dy is formally adjoint to D_, so A := A, @& A_ is an even elliptic
essentially self-adjoint differential operator of order 2. Here AL = D_D,
and A_ =D,D_.

How defect formulae come in (A= 1Id, Q = A, g = 2)

ind(Dy) = dim(Ker(D+))—dim(Ker(D-)) = Tr(rp,) —Tr(mp_)
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o Dy is formally adjoint to D_, so A := A, @& A_ is an even elliptic
essentially self-adjoint differential operator of order 2. Here AL = D_D,
and A_ =D,D_.

How defect formulae come in (A= 1Id, Q = A, g = 2)

ind(Dy)

dim(Ker(D)) — dim(Ker(D-)) = Tr(7p, ) — Tr(7p_)
Tx((D_ Dy +7p,)~%) — Te((Ds D— +7p_) %) Re(z) >> 0
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differential operator of order 1;
o Dy is formally adjoint to D_, so A := A, @& A_ is an even elliptic

essentially self-adjoint differential operator of order 2. Here A, = D_Dy
and A_ =D,D_.

How defect formulae come in (A= 1Id, Q = A, g = 2)

ind(Dy) = dim(Ker(D+))—dim(Ker(D-)) = Tr(rp,) —Tr(mp_)
Tx((D_ Dy +7p,)~%) — Te((Ds D— +7p_) %) Re(z) >> 0

since non zero eigenvalues of Dt cancel pairwise
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Notations
e (M, g) Riemannian closed manifold;
o w: E=E.®E_ — M a finite rank Z,-graded Clifford hermitian bundle;

e D=D,® D_ with D+ : C*°(M, E+) — C*°(M, Ex) an odd elliptic
differential operator of order 1;

o Dy is formally adjoint to D_, so A := A, @& A_ is an even elliptic
essentially self-adjoint differential operator of order 2. Here AL = D_D,
and A_ =D,D_.

How defect formulae come in (A= 1Id, Q = A, g = 2)

ind(Dy) = dim(Ker(D+))—dim(Ker(D-)) = Tr(rp,) —Tr(mp_)
Te((D-Dy +7p,) %) = Tr((Dy D— +7p_)"%) Re(z) >>0
since non zero eigenvalues of Dt cancel pairwise

= STR((A+ma) %) (meromorphic extension)
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Consequence: the index as a residue (on closed manifolds)

Notations

e (M, g) Riemannian closed manifold;

o w: E=E.®E_ — M a finite rank Z,-graded Clifford hermitian bundle;

e D=D,® D_ with D+ : C*°(M, E+) — C*°(M, Ex) an odd elliptic
differential operator of order 1;

o Dy is formally adjoint to D_, so A := A, @& A_ is an even elliptic
essentially self-adjoint differential operator of order 2. Here AL = D_D,
and A_ =D,D_.

How defect formulae come in (A= 1Id, Q = A, g = 2)

ind(Dy)

dim(Ker(D)) — dim(Ker(D-)) = Tr(7p, ) — Tr(7p_)
Te((D-Dy +7p,) %) = Tr((Dy D— +7p_)"%) Re(z) >>0
since non zero eigenvalues of Dt cancel pairwise

STR ((A 4+ ma)~%) (meromorphic extension)

z—0
A Q local
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The index is local as an integral of a differential form w
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For us to keep in mind: Locality of the index (Atiyah and Singer (1963))

The index is local as an integral of a differential form w

ind(D1) = [), w(x), with w expressed in terms of the curvature R.
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For us to keep in mind: Locality of the index (Atiyah and Singer (1963))

The index is local as an integral of a differential form w

ind(D4) = [}, w(x), with w expressed in terms of the curvature R.

o If dimM = 2k, the Chern-Gauss-Bonnet index theorem(1850, 1945) on
Q(M) with the natural Z,-grading.

ind ((d +d"),) = x(M) = /M Pfaffian(R)(x).
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The index is local as an integral of a differential form w

ind(D4) = [}, w(x), with w expressed in terms of the curvature R.

o If dimM = 2k, the Chern-Gauss-Bonnet index theorem(1850, 1945) on
Q(M) with the natural Z,-grading.

ind ((d +d"),) = x(M) = /M Pfaffian(R)(x).

o If dimM = 4k, the Hirzebruch signature theorem (1966) on Q(M) with
the Hodge-star operator Z,-grading.

ind ((d +d"),) = sign(M) = /M L-form(R)(x).
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Rescaling at a point
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Deformation to the normal cone

DA




Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).

DA




Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).

For A\ € R* define £ : Uy = exp,, Brjjn) — U = exp,, Br

DA




Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).
For A\ € R* define £ : Uy = exp,, Br/jx) —> Uy, = exp, Brby

fon(expy, u) = exp, (A u).

DA




Geometric operators
Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).
For A\ € R* define f, » : Up = exp,, Brjin) — Uy, = exp,, Brby
o (exp,, 1) = expg (A ).

Rescaled operators (with G. HABIB (2008))

A differential operator A is geometric of degree deg(A)
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Geometric operators

Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).
For A\ € R* define f, » : Up = exp,, Brjin) — Uy, = exp,, Brby

o (expg U) = exp,g (A1),

Rescaled operators (with G. HABIB (2008))

A differential operator A is geometric of degree deg(A) if deg(A) is the largest real
number d (so such a number should exist!) such that for any xo € M, A~¢ fx‘i \A
converges as A — 0
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Geometric operators

Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).
For A\ € R* define f, » : Up = exp,, Brjin) — Uy, = exp,, Brby

o (expg U) = exp,g (A1),

Rescaled operators (with G. HABIB (2008))

A differential operator A is geometric of degree deg(A) if deg(A) is the largest real
number d (so such a number should exist!) such that for any xo € M, A~¢ fx‘i \A
converges as A — 0 and we denote the rescaled limit operator by

A== fim (A7IeE A £E LAY ®)

A—0 X0,
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Geometric operators

Deformation to the normal cone M — M := (M x R*) U (T,,M x {0}).
For A\ € R* define f, » : Up = exp,, Brjin) — Uy, = exp,, Brby

f'

o (X, 1) = exp,o (A ).

Rescaled operators (with G. HABIB (2008))

A differential operator A is geometric of degree deg(A) if deg(A) is the largest real
number d (so such a number should exist!) such that for any xo € M, A~¢ fxi \A
converges as A — 0 and we denote the rescaled limit operator by

A== fim (A7IeE A £E LAY ®)

A—0 X0,

Relation to Gilkey's invariant polynomials
A differential operator A(g) = 3|, |<, Aa(X, g) 07 whose coefficients are invariant
polynomials An (X, g) in the metric g, is geometric with degree

deg(A(g)) = minada;  do = deg®i(An) — |al.

At a point xg € M, the limit rescaled differential operator reads

\
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Examples

The Laplace-Beltrami operator

Let (M, g) be a Riemannian manifold. The Laplace-Beltrami operator

A, =— Z,.”J:l ﬁ@;g"j \/80j on M is geometric of degree —4.
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Examples

The Laplace-Beltrami operator
Let (M, g) be a Riemannian manifold. The Laplace-Beltrami operator

Ay =— Z,.”J:l ﬁa,-g"j \/€0; on M is geometric of degree —4. In normal

coordinates around a point xp € M, we have
. 4 2
lim (A, 186) = =Y Sl (5)
i=1

The Dirac operator

Let (M, g) be a spin manifold.
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Examples

The Laplace-Beltrami operator

Let (M,g) be a Riemannian manifold. The Laplace-Beltrami operator
Bg=-37 ﬁa,-g” \/80; on M is geometric of degree —4. In normal
coordinates around a point xp € M, we have

lim (A'f, \Ag) = — ; B lso- (5)

The Dirac operator

Let (M, g) be a spin manifold. The Dirac operator D = >"" | c(ei) Ve; and its
square D? are geometric of degree —2:
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Examples

The Laplace-Beltrami operator
Let (M, g) be a Riemannian manifold. The Laplace-Beltrami operator

Ay =— Z,.”J:l ﬁa,-g"j \/€0; on M is geometric of degree —4. In normal

coordinates around a point xp € M, we have
. 4 2
lim (A, 186) = =Y Sl (5)
i=1

The Dirac operator

Let (M, g) be a spin manifold. The Dirac operator D = >"" | c(ei) Ve; and its
square D? are geometric of degree —2:

2

(Dz)resc =— zn: <5j - %RJ/(XO)X’) ; (6)

Xxp =
where Rji(x) = Rjaps(x) c(ea)c(es).

Remark

The degree of a geometric operator is not additive on compositions!
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Let A(z) € Wi (M, E) be a holomorphic family of order —q z + a.
«O> «Fr «=)r» «=)» o™



Rescaled defect formula (with G. HABIB 2018)

Let A(z) € Wi(M, E) be a holomorphic family of order —qz + a.

Rescaled holomorphic families

X0,

If there is some d(z) such that lim ()\_d(z) i A(z)) = A(2)55°°,
A—0

Sylvie Paycha, University of Potsdam, on leave from Université Clermont-Auvergne
TRACE DEFECT FORMULAE FOR GEOMETRIC OPERATORS New trends and open problems in Global Analysis and Geometry 15 of 17



Rescaled defect formula (with G. HABIB 2018)

Let A(z) € Wi(M, E) be a holomorphic family of order —qz + a.

Rescaled holomorphic families

If there is some d(z) such that )I\iTO ()\_ fe )\A(z)) = A(2)55°°, then

A—0

im, (A0t (TR (1 ,A(2))) ) = £ Res | 0. (D),
L)

NON local!

local!
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Rescaled defect formula (with G. HABIB 2018)

Let A(z) € Wi(M, E) be a holomorphic family of order —qz + a.

Rescaled holomorphic families

If there is some d(z) such that )I\iTO ()\_ fe. AA(z)) = A(2)55°°, then

im, (A0t (TR (1 ,A(2))) ) = £ Res | 0. (D),
L)

A—0

NON local!

local!

Rescaled index formula (S. SCOTT 2012)
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Rescaled defect formula (with G. HABIB 2018)

Let A(z) € Wi(M, E) be a holomorphic family of order —qz + a.

Rescaled holomorphic families

If there is some d(z) such that )I\iTO ()\_ fe. AA(z)) = A(2)55°°, then

A—0

im, (3 o (TR (£,042))) ) = 5 Res | 02 (A@5"),
2 ey

NON local!

local!

Rescaled index formula (S. SCOTT 2012)

ind(Dy) = f% sRes | logA™
~——
NON local!

local!
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@ How to compute the residue of a logarithm:
Res(logA) = / dx (/ try (0—n(logA)(x,-)) d5§> ;
M fxlzl
«O> «Fr «=)r» «=)» o™



Open questions

@ How to compute the residue of a logarithm:

Res(logA) = /de /|§ o try (o—n(logA)(x,-)) ds& | ;

operator D:

@ Why go to non local objects in order to build local expressions from a local

5
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Res(logA) = /
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dx ry (0-n(logA)(x,-)) d :
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@ Why go to non local objects in order to build local expressions from a local
operator D:
D —s logD*> — Res(logD?).
~~ —— —_———

local NON local ! local
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dx ry (0-n(logA)(x,-)) d :
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@ Why go to non local objects in order to build local expressions from a local

operator D:
D — IogD2 — Res(logDQ).
N~~~ N~ N——
local NON local ! local
Analogy with:
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@ Why go to non local objects in order to build local expressions from a local

operator D:
D — IogD2 — Res(logDQ).
N~~~ N~ N——
local NON local ! local
Analogy with:

@ the heat-kernel approach:

—eD? —eD?

D — e — fpTr (e )
NV Vv e=0

local NON local ! —_———

local
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@ How to compute the residue of a logarithm:

Res(logA) = /

M

dx ry (0-n(logA)(x,-)) d :
IR G CEATCRIE S

@ Why go to non local objects in order to build local expressions from a local

operator D:
D — logD* — Res(logD?).
N~~~ N~ N——
local NON local ! local
Analogy with:

@ the heat-kernel approach:

—eD? —eD?

D — e — fpTr (e )
NV Vv e=0

local NON local ! —_———

local

@ quantisation procedures, here functional quantisation:

AD) = (6, Ag) — Z = / Dy s (g(xa) - d(xk))
N— ——— 4 — ————

local classical action S—— local amplitudes
NON local effective action
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