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Let M be a smooth n-dimensional manifold. A conformal class c
on M is an equivalence class of Riemannian metrics for the
equivalence relation

gi~g < I eCOM), g1=eg.

Definition

Weyl connection on (M, ¢): Torsion-free linear connection D
preserving c, i.e. satisfying Dg = 68 ® g for some (thus all) g € c.

08 = the Lee form of D with respect to g.

() If g1 = efg —> 681 = 0 + dF .
(i) #8 =0 <= D is the Levi-Civita connection of g.
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Gauduchon metrics

Theorem (Gauduchon,1975)

For every Weyl connection D on a compact conformal manifold

(M, c), there exists a metric g, unique up to a constant, such that
0868 = 0.

Proof: elliptic theory, maximum principle.

Important applications in Hermitian (non-Ké&hlerian) geometry, etc.
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Definition

A Weyl structure D is called closed (exact) if 08 is closed (exact)
for some g € ¢ (independent of g) <= D is locally (globally) the
Levi-Civita connection of a metric in c.

Koszul formula: for every g € cand X, Y € TM,

DxY =VEyY — 1 <0g(X)Y +OE(Y)X — (05)feg(X, Y)) .

Any 2 of D, g, 0 determine the third one (up to a constant for g).
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From now on: D is closed, non-exact. Let g be a metric on M. On
the universal cover M the lift & = dp is exact = the lift D is
the Levi-Civita connection of the metric hp = e~¥g. The action of
m1(M) on M is by hp-homotheties (not all isometries).

Conversely, if (M, h) is a simply connected Riemannian manifold
on which a discrete group I acts by homotheties, V" is the lift to
M of a closed Weyl connection D on M := M/T.

Natural correspondence:

‘Closed Weyl connections on (M, c)‘

0

Riemannian manifolds (/\7/7 h) with discrete groups of homotheties.
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Assume now that M is compact and D has special holonomy
(<= (M, hp) has special holonomy + co-compact group I' of
homotheties). Berger Holonomy Theorem —>

° (M, hp) is an irreducible symmetric space. Its scalar curvature
is then constant and non-zero, so this case is ruled out by the
existence of strict homotheties in I'. v/

@ Hol(M, hp) belongs to the Berger list
U(n/2),5U(n/2), Sp(n/4), Sp(n/4).5p(1),

The first three items correspond to LCK geometry. In the last
two cases, M endowed with the Gauduchon metric of D, is S!
times a or a v

o (M, hp) has reducible holonomy. (?7?)
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This last case is less understood, and makes the object of the talk.
It motivates the following:

Definition

A locally conformally product (LCP) structure on a compact
manifold M consists of a conformal structure ¢ and a closed,
non-exact Weyl connection D with reducible holonomy.

Equivalently,

Definition

An LCP structure is a reducible Riemannian metric h on a simply
connected manifold M together with a discrete co-compact group
of homotheties, not all of them being isometries.
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Adapted metrics

Examples of LCP manifolds are not easy to construct. In fact:

Theorem (Belgun, -, 2009)

If M is compact and D is closed, non-exact, non-flat and tame (i.e.
the lifetime of incomplete geodesics is uniformly bounded on
compact subsets of TM \ 0), then D has irreducible holonomy.

Example (Matveev, Nikolayevsky, 2015)

Let A € SLy(Z) be symmetric, with tr(A) > 2, and let !, e? be
the dual of an orthonormal basis of R? of eigenvectors of A for the
eigenvalues \ and A\~!. Define M := R? x R¥, with metric

h:= (e!)? + t*(e?)? 4 dt? and let I ~ Z? x Z be generated by the
integer translations in R? and by the map (x, t) — (Ax, At).

Then M := M/T has an LCP structure. Other examples:
OT-manifolds (Oeljeklaus-Toma).
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Adapted metrics

The universal cover (M, h) of an LCP manifold is never complete
—> the global de Rham Theorem does not hold. Nevertheless:

Theorem (Kourganoff, 2019)

The universal cover (M, h) of a compact LCP manifold (M, c, D)
is globally isometric to a Riemannian product R9 x (N, gy), where
RY9 (q > 1) is the flat Euclidean space, and (N, gn) is an
incomplete Riemannian manifold with irreducible holonomy.

This is a striking result for several reasons.

The foliation tangent to flat factor RY is preserved by m1(M) so
induces a foliation 7 on M.
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Definition (Flamencourt, 2022)

Let (M, c, D) be an LCP manifold. A Riemannian metric g € c is
adapted if 68 vanishes on the flat foliation F

Remark (Flamencourt, 2022)

The Riemannian product of an adapted LCP manifold with any
compact Riemannian manifold is again adapted LCP.

Proof.

If the metric g is adapted, its lift g to M = RR? x N can be written
g = e?hp with ¢ € C®(N) (since 08 = & = dy). For every
compact (M, g’), m1(M x M') acts by homotheties on the metric

e P(E+&) =hp+e ¥8 =grat(gn+e ¥g)

which thus has reducible holonomy. [
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Adapted metrics

Existence results:

Theorem (Flamencourt, 2022)

Every compact LCP manifold has adapted metrics.

The proof uses averaging and smoothing arguments.

Theorem (-, Pilca, 2023)

The Gauduchon metric on every compact LCP manifold is adapted.

The proof uses averaging arguments together with deep results of
Kourganoff concerning the structure of the fundamental groups of
LCP manifolds.
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Definition

A Riemannian Lie group is a Lie group G endowed with a left
invariant Riemannian metric g. The restriction of g to the Lie
algebra g of G is a scalar product, also denoted by g.

A left invariant 1-form on G is equivalent to an element 6 € g*.
The 1-form @ is closed if and only if

6y =0,

where g’ = [g,g]. The Levi-Civita connection of g induces a linear
map x — V%, from g to s0(g), defined by the Koszul formula

g(Viy,z) = % (g([x.¥],2) — g([x, 2], y) — &(ly 2], x))

forall x,y,z € g.
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The trace form H® € g* is defined by H9(x) := tr(ady), V x € g.
For every x,y € g we have

H([x,y]) = tr(ad[xy]) = tr[ady,ad,] =0.

so HY is closed. Definition: g is unimodular if H9 =0. If G has a
lattice then g is unimodular (Milnor, 1976).

Let ¢ denote the conformal structure on G defined by some left
invariant metric g. Ever}: Weyl connection can be expressed as
D? := V& — 10, where 0 is the (2, 1) tensor defined by some
1-form 6 € QY(G) by the formula:

OxY = 0(X)Y +0(X)Y — g(X, Y)bF.

If 0 is left invariant, the Weyl connection is called left invariant.
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Let (g,g) be a metric Lie algebra, 0 € g* a closed 1-form and
DY =ve — %9 the closed Weyl connection defined above. We
denote by R? the curvature tensor of DY, that is
0 0 o 0

RX,y = [DX7 Dy] — D[ny] V X,y S g.
A subspace u C g is D’-parallel if DYz c uforall x € g, z € u,
and D’flat if it is D’-parallel and R? ,z = 0 for all
X,y €g, ZEU.

Definition

A locally conformally product (LCP) Lie algebra is a quadruple
(g,g,60,u) where (g, g) is a metric Lie algebra, 6 is a non-zero
closed 1-form on g* and u is a D?-flat subspace of (g, g). The LCP
structure is called adapted if 6|, = 0, degenerate if u =0, and
conformally flat if u = g.
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D? does not change if the metric g is replaced by \g for some
A >0 = the LCP Lie algebras are preserved by constant
rescalings of the metric.

Conformally flat Lie algebras have been classified by Maier.

Let G be a simply connected Lie group with Lie algebra g and
assume that [ C G is a lattice.

Consider the quotient M :=T'\G. Every element in the tensor
algebra of g defines a left invariant tensor on G, which is in
particular -invariant, so projects to a tensor on M.
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From now on, let # € g* and g € Sym?(g*) be a closed 1-form and
a scalar product. We will denote by the same letters the
corresponding 1-form and Riemannian metric on G and on M.

Proposition

The pair (g,0) € Sym?(T*M) x Q(M) on M induced by a scalar
product g € Sym?(g*) and a closed non-zero 1-form g* is an LCP
structure if and only if there exists a vector subspace u C g such
that (g,g,0,u) is an LCP Lie algebra.

Main objective: study LCP structures on compact Riemannian
manifolds obtained as quotients of Riemannian Lie groups by
lattices.
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Proposition

Let (g,g) be a metric Lie algebra, 0 € g* a non-zero closed 1-form,
and u C g a vector subspace. Then (g, g,0,u) is LCP if and only if
the following conditions hold:

@ u and ut are Lie subalgebras;
@ forevery u e uand x € ut,

g([u,x],x) = 0(u)|x|*  and  g([x, u], u) = O(x)|ul?

(in particular 0 is uniquely determined by H" and Hv" );

© the map VY : g — so(u) @ Rid, C gl(u), defined by
x + V0, is a Lie algebra representation.
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Definition
An LCP Lie algebra (g, g,60,u) is called adapted if 8, = 0.

The extension construction of Flamencourt has the following Lie
algebraic counterpart:

Proposition

If (g,g,0,u) is an adapted LCP Lie algebra and (&, k) is an
arbitrary metric Lie algebra, then

(G:=g®t g:=g+k, 0:=0,{i:=u) is again an adapted LCP
Lie algebra.
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Motivated by a result below, we give here a general construction
Ansatz for LCP Lie algebras.

Proposition

Let (b, h) be a non-unimodular metric Lie algebra with trace form
HY € b* and let g > 1 be an integer. Let (3 : h — so(R9) be a Lie
algebra representation such that |y =0 (e.g. 5 =0).

Then o : h — gl(RY) defined by a(x) := —%Hb (x)idgre + B(x) for
x € by is a Lie algebra representation, and (g,g,0,u) is a
non-degenerate unimodular LCP Lie algebra for

g =bhxsRY g:=h+(, )re, 0:= —%Hh, u:=RAI.

Moreover, g is solvable if and only if by is solvable.

Andrei Moroianu, CNRS — Univ. Paris-Saclay Locally Conformally Product Structures



Riemannian Lie groups
LCP Lie algebr:
LCP solvmanifolds Solvable LCP Lie algebras

In particular, any non-unimodular metric Lie algebra (b, h) is a
codimension 1 subalgebra of an LCP Lie algebra. Indeed, it suffices
to take g =1 and 8 = 0 in the proposition above.

We obtain a criterion for the existence of non-degenerate LCP
structures on a given unimodular Lie algebra:

Corollary

Let g be an unimodular Lie algebra carrying a non-unimodular
subalgebra by and an abelian ideal u of dimension q > 1 such that
g = b @ u. Assume that ady|, = 0 for every x € b’ and that there
exists a scalar product g, on u such that ad,|, — 0(x)id, € so(u)
for every x € . Then for every scalar product gy on b,

(9, 8y + &u, 0, u) is a non-degenerate LCP structure on g, where
is the closed 1-form —%Hh extended to g by 0 on u.
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Example

Consider the Lie algebra g := g5_§’50 with Lie brackets
[ely 62] — [65, e3] - e37 [95, e2] — _[el7 e3] — 627 [657 e4] — _2647

and metric g in which the basis (¢;) is ON. Then g = b X, u, with
h = (e1, es,e5), u:= (e2, €3), and a : hh — gl(u) defined by

afer) = ((1) _01), i) = 0, e = (é ?)

By the above proposition, (g, g,6,u) is an LCP Lie algebra for
0 := —3H" = €5 Indeed, ady|, = O for every x € b’ and
ady|y — 0(x)id, € so(u) for every x € b.
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Theorem

Let (g,0,u) be an LCP structure on a unimodular solvable Lie
algebra g. Then the following holds:

@ u is an abelian ideal of g contained in the centre 3(g') of ¢;

Q@ V% =ad.y forevery x € g and y € u.

| A\

Corollary

There is a one-to-one correspondence between non-degenerate
LCP structures on unimodular solvable Lie algebras (g, g,0,u) and
triples (b, h, 3), where (b, h) is a solvable non-unimodular metric
Lie algebra, and B : h — so(q) is a Lie algebra representation, for
some q € N*, which vanishes on by’.

Using this result, one can obtain the classification of
low-dimensional solvable unimodular LCP Lie algebras.
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What about lattices?

In many cases the solvable LCP are almost abelian (i.e. they have
a co-dimension 1 abelian ideal). Then the following result of Bock
applies:

A unimodular almost abelian Lie group G = R x, R~ with Lie
algebra g = Rb x £ admits a lattice if and only if there is a basis B
of £ := R and ty # 0 such that the matrix of

p(to) = e2ds ¢ Aut(€) in that basis is in SL(n — 1,7).

In this case a lattice can be given by I' = toZ x, 'y, where
Mo =~ Z"1 is the lattice of R"! spanned by B.
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Using the above results, we (Andrada, del Barco, -) were able to
classify all solvable LCP Lie algebras of dimension <5 whose
corresponding simply connected Lie group admits lattices.

Lie algebra Brackets dimu | Lattices
e(1,1) [e1, ] = e, [e1,e3] = —e3 1 yes

Table: 3-dimensional LCP Lie algebra

Lie algebra Brackets dimu Lattices
(L)SR ler, ] = e, [e1, 3] = —e3 1 yes

9;22 [e1, e2] = ez, [e1, e3] = e + &3, 1 no

[e1, ea] = —2e4
94’)?;pr [e1, @] = e, [e1, e3] = pes, 1or forsomep#f%
ler,ea] = —(p+1)es, =3 <p<0 | 2forp=—13
g;éP‘P [e1, @] = —2pey, [e1, &3] = pe3 — &4, 1lor2 for some p
[e1, e4] = e3 + peg, p> 0

Table: 4-dimensional LCP Lie algebra
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Lie Brackets dimu Lattices
algebra
e(1, 12) @ R? [e1, e] = e, [e1,e3] = —e3 1 yes
9,, OR le1, e2] = ez, [e1, e3] = &2 + €3, 1 no
. [e1, eq] = —2e4
g5 T OR le1, 2] = e, [e1, €3] = pes, 1or for some
ler,ea] = —(p+1)es, —3 < p <O 2forp=—1 p#—1
0, 7P O R [e1, 2] = —2pey, [e1, e3] = pe3 — eq, lor2 for some p
. le1,e4] = e3 + peg, p >0
R les, e1] = pet, [es, 2] = qey, [e5, €3] = res, Tor for some
[es, ea] = —eq 2if p # r and pEqFr
par#0, p+qg+r=1 g€ {p,r}or or
—1<p<q<r<1 3ifp=qg=r | g=r=1
=T
95 5 les, e1] = e1, [es, e3] = e, [e5, &4] = —ey 1 ves
s
o5 [es, e1] = per, [es, 2] = ez, [e5, €3] = €2 + €3, 1or no
. les,eal = (=2 —plea, p>—1 2ifp=—1
9511 les, e1] = er, [es, e] = e1 + €2, , 1 no
— les, e3] = er + 3, [es5, ea] = —3es
o515 7" les, e1] = e1, [e5, 2] = qep — res, lor for some
les, e3] = rez + qe3, [es, &3] = (=1 — 2q)ey 2o0r a#—L,r
r>0gqe[-1,0,q# -1 3ifqg=—1
=T
95,14 les, e1] = e1, [e5, 2] = 1 + &2, 2 no
[es, e3] = —e3 — qes, [es,ea] = qe3 — es, g >0
ggjl;p’r [es, e1] = pe1 — e, [e5, €] = e1 + pen, 2if p#0 for some
les, &3] = —pe3 — res, [es, e4] = re3 — pey p,r
p>0r>0
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Lie Brackets dimu Lattices
algebra
ng;p"r [es, e1] = pe1 — ez, [e5, €] = e1 + pen, 2ifp#£0 for some
[es, e3] = —pe3 — req, [es5, e4] = re3 — pey psr
p>0r>0
—2p—2
9510 le1, 2] = e3, [e5, e1] = eq, [e5, €] = pey, 1 no
[es, 3] = (P + 1)e3, [e5, &a] = —2(p + 1)es,
. p#—1
95 23 le1, 2] = e3, [e5, &1] = €1, [e5, &2] = €1 + €2, 1 no
- [es, e3] = 2e3, [es5, eq] = —4eq
B§f2§ le1, 2] = e3, [es5, e1] = per + €2, 1 no
les, e2] = —e1 + pey, [es, e3] = 2pes,
[es, e4] = —4pes, p > 0
—T,—T
9533 le1, 2] = e, [e1, €3] = —e3, 1 yes
s les, es] = €3, [e5, ea] = —e4
9533 le1, e2] = e3, [e1, €3] = —e2, [e5, €] = €2, lor2 yes
les, e3] = e3, [e5, 4] = —2¢4
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