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Almost contact structures

Definition
An almost contact manifold is a smooth manifold M2"*! endowed with a
(1,1)-tensor field ¢, a vector field & (the Reeb vector field), and a 1-form 7,
satisfying

= —-T+n®¢  nE) =1

It follows that @& =0, nop =0, and

TM =D& (&), Jp = —1,

where D := Kern =Imy and Jp := ¢|p.
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Almost contact metric structures

Almost contact metric manifolds

A Riemannian metric g is compatible with the structure (¢, §,n) if

9(pX, oY) =g(X,Y) —n(X)n(Y) VX,V € X(M)
so that
77:9(57')7 HSH =1, 'D:<£>L7
gleX, oY) =g(X,Y) VXY €I(D)
(M, ¢,&,m,g) is called an almost contact metric manifold.

The fundamental 2-form is defined by

D(X,)Y) =g(X,pY).
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Almost contact metric structures

Almost contact metric manifolds

A Riemannian metric g is compatible with the structure (¢, &, 7) if

9(pX,9Y) = g(X,Y) —n(X)n(Y) VXY € X(M)
so that
n=g@&: ). 1€ =1, D= <€>Lv
9(pX,9Y) = g(X,Y) VXY € (D)
(M, p,&,m,g) is called an almost contact metric manifold.

The fundamental 2-form is defined by

P(X,Y) = g(X,pY).

Remark: Almost contact (metric) structures correspond U(n) x {1}-reductions of
the structural group of the frame bundle.
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Almost contact metric structures

T, M

D, = <§z>l

y
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Almost contact metric structures

Let (M, ¢,&,n) be an almost contact manifold. On M X R one can define an
almost complex structure

7 (x.5) = (ox - senc0 )

M is called normal <= J is integrable
<= N, = [p, 0] +dn®E=0

where [p, ] is the Nijenhuis torsion of ¢.
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Almost contact metric structures

Let (M, ¢,&,n) be an almost contact manifold. On M X R one can define an
almost complex structure

d d
J (X, fdt) = <90X - f&'rz(X)dt>

M is called normal <= J is integrable
<= N, = [p, 0] +dn®E=0

where [p, ] is the Nijenhuis torsion of ¢.

Considering the decomposition
T]V[C _ D(C ®Ct = pL.oO ® o1 o C¢,

where D10 and D%! are the eigendistributions associated to eigenvalues i and —i
of J5, normality is also equivalent to

[571)1,0] C DLO./ [Dl,O’Dl,O] C Dl,O.
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Almost contact metric structures

Some remarkable classes of almost contact metric manifolds:

@ contact metric: dn =2

~> 17 is a contact form, i.e. n A (dn)™ is a volume form;
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Almost contact metric structures

Some remarkable classes of almost contact metric manifolds:

@ contact metric: dn =2

~> 17 is a contact form, i.e. n A (dn)™ is a volume form;

@ K-contact: dn = 2® and £ Killing;
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Almost contact metric structures

Some remarkable classes of almost contact metric manifolds:

@ contact metric: dn =2

~> 17 is a contact form, i.e. n A (dn)™ is a volume form;
@ K-contact: dn = 2® and £ Killing;
@ Sasakian: dn = 2® and N, = 0, or equivalently

(Vxp)Y = g(X, V)¢ —n(Y)X.

Example: S§2nt+1 c Ccrtl
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Almost contact metric structures

Some remarkable classes of almost contact metric manifolds:

@ contact metric: dn =2

~> 17 is a contact form, i.e. n A (dn)™ is a volume form;
@ K-contact: dn = 2® and £ Killing;
@ Sasakian: dn = 2® and N, = 0, or equivalently
(Vxe)Y =g(X,Y)§ —n(Y)X.
Example: S§2nt+1 c Ccrtl
@ cokahler: dn =0, d® =0 and N, = 0, or equivalently
Ve =0.

~ they are locally isometric to R x N2", N2" Kihler.
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Quasi-Sasakian manifolds
Definition

An almost contact metric manifold (M, ¢,&, 7, g) is called quasi-Sasakian (qS) if
dd =0, N,=0.
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Almost contact metric structures

Quasi-Sasakian manifolds

Definition
An almost contact metric manifold (M, ¢,&, 7, g) is called quasi-Sasakian (qS) if

d® =0, N,=0.

The quasi-Sasakian structure has constant rank 27 + 1 if

nA ()" #0, (dn)t' =0.

dn(&,-) =0 = the manifold cannot have even rank.
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Quasi-Sasakian manifolds
Definition
An almost contact metric manifold (M, ¢,&, 7, g) is called quasi-Sasakian (qS) if

d® =0, N,=0.

The quasi-Sasakian structure has constant rank 27 + 1 if

nA(dn)" #0, (dp)t =0
dn(&,-) =0 = the manifold cannot have even rank.
Theorem (Kanemaki)

(M, p,€&,m,9) is quasi-Sasakian if and only if there exists A € T1(M) such that

g(AXaY):g<XaAY)7 AQDZ(,DA7
(Vxp)Y =n(X)AY — g(X, AY)E.

In this case A is given by A = —p o V¢ + kn ® & for some smooth function k.
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Almost contact metric structures

For every quasi-Sasakian manifold:
e ¢ is Killing (Leg = 0) and Lep = 0;
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Almost contact metric structures

For every quasi-Sasakian manifold:
e ¢ is Killing (Leg = 0) and Lep = 0;
e M is transversely Kahler, i.e. (p,g) are projectable along the 1-dimensional

foliation generated by &, and m: M — M /¢ is a local Riemannian
submersion onto a Kahler manifold;
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Almost contact metric structures

For every quasi-Sasakian manifold:
e ¢ is Killing (Leg = 0) and Lep = 0;
e M is transversely Kahler, i.e. (p,g) are projectable along the 1-dimensional

foliation generated by &, and m: M — M /¢ is a local Riemannian
submersion onto a Kahler manifold;

o Ledn =0 and dn(pX,¢Y) =dn(X,Y);
@ dn projects onto a closed 2-form w of type (1,1) on M/E.
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Almost contact metric structures

For every quasi-Sasakian manifold:
e ¢ is Killing (Leg = 0) and Lep = 0;
e M is transversely Kahler, i.e. (p,g) are projectable along the 1-dimensional

foliation generated by &, and m: M — M /¢ is a local Riemannian
submersion onto a Kahler manifold;

o Ledn =0 and dn(pX,¢Y) =dn(X,Y);
@ dn projects onto a closed 2-form w of type (1,1) on M/E.

Example
§2n+l ¢ €+ with fibration 7 : S2nH — CP™. J
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Almost contact metric structures

For every quasi-Sasakian manifold:
e ¢ is Killing (Leg = 0) and Lep = 0;
e M is transversely Kahler, i.e. (p,g) are projectable along the 1-dimensional

foliation generated by &, and m: M — M /¢ is a local Riemannian
submersion onto a Kahler manifold;

o Ledn =0 and dn(pX,¢Y) =dn(X,Y);
@ dn projects onto a closed 2-form w of type (1,1) on M/E.

Example
§2n+l ¢ €+ with fibration 7 : S2nH — CP™. J

Objective: define a new class of almost contact metric manifolds such that
the transverse geometry with respect to £ is given by a Kahler structure
endowed with a closed 2-form w of type (2,0).
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Anti-quasi-Sasakian manifolds

Anti-normal almost contact structures

Definition

We say that an almost contact manifold (M, ¢, &, n) is anti-normal if

N, =2dn®¢.
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LUERCTEEESEEEISELNNENTSISEM  Definition and characterization

Anti-normal almost contact structures

Definition

We say that an almost contact manifold (M, ¢, &, n) is anti-normal if

N, =2dn®¢.

The almost complex structure J on M x R is not integrable, since

d

[, J]((X,a%), (v, ba)) - (Zdn(X, Y)e, 2dn(X, @y)%).

Considering the decomposition TMC = D¢ @ C¢ = D10 ¢ DO ¢ C¢,
anti-normality is equivalent to

[é-’Dl,O] C D1,07 [DI’O,DI’O]DC C DI,O’ [DLO,DO’]'] C D(C.

Remark: M is normal < dn = 0.

Dario Di Pinto (UniBa) Anti-quasi-Sasakian manifolds Marburg, August 22, 2023 10/26



For any anti-normal almost contact manifold (M, ¢, &, n) it turns out that:
/.’,590 = O, [,577 =0 ﬁgd’l} = 0,

dn(pX,Y) = —dn(X,Y) VX,Y € X(M).
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LUERCTEEESEEEISELNNENTSISEM  Definition and characterization

For any anti-normal almost contact manifold (M, ¢, &, n) it turns out that:
ﬁg(p = 0, ﬁg’l] =0 ﬁgd’r} = 0,
dn(pX,Y) = —dn(X,Y) VX,Y € X(M).

Considering the local submersion
m: M — MJE,

@ ¢ projects onto an almost complex structure J on M/¢;
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Definition and characterization
For any anti-normal almost contact manifold (M, ¢, &, n) it turns out that:
Lep =0, Len=0 Ledn=0,
dn(pX,0Y) = —-dn(X,Y) VX,Y € X(M).

Considering the local submersion
m: M — MJE,

@ ¢ projects onto an almost complex structure J on M/¢;
o N,(X,Y,Z) :=g(Ny(X,Y),Z2) =0VX,Y,Z € I'(D) = J is integrable;
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Definition and characterization
For any anti-normal almost contact manifold (M, ¢, &, n) it turns out that:
Lep =0, Len=0 Ledn=0,
dn(pX,0Y) = —-dn(X,Y) VX,Y € X(M).

Considering the local submersion
m: M — MJE,

@ ¢ projects onto an almost complex structure J on M/¢;
o N,(X,Y,Z) :=g(Ny(X,Y),Z2) =0VX,Y,Z € I'(D) = J is integrable;
@ dn projects onto a closed 2-form w of type (2,0);
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Definition and characterization
For any anti-normal almost contact manifold (M, ¢, &, n) it turns out that:
Lep =0, Len=0 Ledn=0,
dn(pX,0Y) = —-dn(X,Y) VX,Y € X(M).

Considering the local submersion
m: M — MJE,

 projects onto an almost complex structure J on M/¢;
No(X,Y,Z):=g(Ny(X,Y),Z) =0VX,Y,Z € I'(D) = J is integrable;
dn projects onto a closed 2-form w of type (2,0);

if the @-invariant distribution & = D N ker(dn) has constant rank 2¢, then
dim M = 2q + 4p + 1, where

n A (dn)* #0, dnp*Ptt=0.

We say that the structure has rank 4p + 1.
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Anti-quasi-Sasakian manifolds
Definition

(aqS) if

dd = 0,

An almost contact metric manifold (M, ¢, &, n,g) is called anti-quasi-Sasakian
Remark: qS N aqS = {cokahler}.

N, =dp®¢.
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Anti-quasi-Sasakian manifolds

Definition
An almost contact metric manifold (M, ¢, &, n,g) is called anti-quasi-Sasakian
(agS) if

d® =0, Ny, =dn®¢.

Remark: qS N aqS = {cokahler}.

Theorem

An almost contact metric manifold (M, ¢,&,n,g) is anti-quasi-Sasakian if and
only if there exists A € T}(M) such that

(Vx@)Y = 25(X)AY +n(Y)AX + g(X, AV )£,

In this case A is uniquely determined by A = —p o V&.
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Anti-quasi-Sasakian manifolds RIEUEVS RIS

It follows that for any agS manifold pA = V¢ is skew-symmetric w.r.t. g. Hence:

e ¢ is Killing (Leg = 0);
@ M is transversely Kahler (with respect to the local Riemannian submersion
M — MJ/E).
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Anti-quasi-Sasakian manifolds RIEUEVS RIS

It follows that for any agS manifold pA = V¢ is skew-symmetric w.r.t. g. Hence:
e ¢ is Killing (Leg = 0);

@ M is transversely Kahler (with respect to the local Riemannian submersion
M — MJ/E).

Theorem (Boothby-Wang type theorem)

Every anti-quasi-Sasakian manifold (M, p,&,n, g) locally fibers onto a Kihler
manifold (M /€, J, g) endowed with a closed J-anti-invariant 2-form w.

In particular, if & is regular with compact leaves, then M is a principal S'-bundle
over M /¢ and n is a connection form on M, whose curvature form is dn = m*w.

Dario Di Pinto (UniBa) Anti-quasi-Sasakian manifolds Marburg, August 22, 2023 13/26



Anti-quasi-Sasakian manifolds RIEUEVS RIS

Ce ®Cr @ Cro®C11

Generalized-
quasi-Sasakian

Leg=0
d®(X,Y,Z) =0 N,(X,Y,Z)=0
VX,Y,Z € T(D)

Lep=0

Transversely
Kahler

dd=0 Ny(&X)=0 N,(X,Y,Z)=0
VX,Y, Z € (D)

dn(eX,¢Y) = dn(X Y) dn (eX,0Y) = —dn(X,Y)
(No(X,Y,€) = #(X,Y,€) = 2dn(X,Y))

quasi-Sasakian

Ce ®Cr

anti-quasi-Sasakian

Ci0 @ C11 with ﬁg(p =0
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Anti-quasi-Sasakian manifolds RIEUEVS RIS

It follows that for any agS manifold pA = V¢ is skew-symmetric w.r.t. g. Hence:

e ¢ is Killing (Leg = 0);
@ M is transversely Kahler (with respect to the local Riemannian submersion
M — MJ/E).

Theorem (Boothby-Wang type theorem)

Every anti-quasi-Sasakian manifold (M, p,&,n, g) locally fibers onto a Kihler
manifold (M /€, J, g) endowed with a closed J-anti-invariant 2-form w.

In particular, if & is regular with compact leaves, then M is a principal S'-bundle
over M /¢ and n is a connection form on M, whose curvature form is dn = m*w.

V.

Theorem (Converse of the B.W. type thm.)

Let (B, J. k) be a Kihler manifold endowed with a closed (2,0)-form w. If

[w] € H?(B,Z), then there exists a principal S'-bundle M over B endowed with
an anti-quasi-Sasakian structure (p,€,n, g) such that n is a connection form on
M whose curvature form is dn = T w.
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Examples

e Let (B, J, k) be a Kahler manifold, U a coordinate neighborhood such that

Ja%i = Giyi and Ja%i = —a%i, i=1,...,2n. Consider
p
w= Z:(datz A dxpti — dy; N dynyi), 1<p<n,
i=1

w =df is an exact 2-form of type (2,0) and rank 4p.
The trivial bundle U x S' is endowed with an aqS structure (¢, &,1,g), where

d
E=—

dt? (pé 07 90 (J ) b

n=dt+x*8, g=7"k+n®mn.
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Examples

e Let (B, J, k) be a Kahler manifold, U a coordinate neighborhood such that

Ja%i = G%i and Ja%i = —a%i, i=1,...,2n. Consider
p
w= Z:(datz A dxpti — dy; N dynyi), 1<p<n,
i=1

w =df is an exact 2-form of type (2,0) and rank 4p.
The trivial bundle U x S' is endowed with an aqS structure (¢, &,1,g), where

d
E=—

dt? (pé 07 90 (J ) b

n=dt+x*8, g=7"k+n®mn.

e Complex unit disc D?" C C?" endowed with the Kihler structure of constant
holomorphic sectional curvature ¢ < 0.
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Examples

e Let (B, J, k) be a Kahler manifold, U a coordinate neighborhood such that

Ja‘; = 3?” and Ja?/i = fa%i, i=1,...,2n. Consider
p
w= Z:(danz A dxpti — dy; N dynyi), 1<p<n,
i=1

w =df is an exact 2-form of type (2,0) and rank 4p.
The trivial bundle U x S' is endowed with an aqS structure (¢,&,7,g), where

d
E=—

dt? (pé 07 SO (J ) b

n=dt+7*8, g=71"k+nn.
e Complex unit disc D?" C C?" endowed with the Kihler structure of constant

holomorphic sectional curvature ¢ < 0.

@ Hermitian symmetric spaces of non-compact type of complex dimension 2n.

Dario Di Pinto (UniBa) Anti-quasi-Sasakian manifolds Marburg, August 22, 2023 14 /26



e Hyperkahler manifolds (B*", Jy, J2, J3, 9):

9(JiX, JiY) = g(X,Y),

VJ; =0,
Jidy = J3 = —JoJy

=] F = = = DaAe
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Anti-quasi-Sasakian manifolds

e Hyperkahler manifolds (B*", Jy, J2, J3, 9):
JP=—1,  g(JiX,J;iY)=g(X)Y), VJ =0,

JiJo = J3 = —JaJy

v All the fundamental 2-forms 2; = g(-, J;-) are closed (d); = 0).

u}
)

I
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Dario Di Pinto (UniBa) Anti-quasi-Sasakian manifolds



Anti-quasi-Sasakian manifolds = E

e Hyperkahler manifolds (B*", Jy, J2, J3, 9):
JE =1, 9(Ji X, ;Y) = g(X,Y), VJi =0,

J1J2 = J3 — —J2J1

v All the fundamental 2-forms 2; = g(-, J;-) are closed (d); = 0).

v For every even permutation of (1,2,3), Q;,Q are J;-anti-invariant.
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Anti-quasi-Sasakian manifolds = E

e Hyperkahler manifolds (B*", Jy, J2, J3, 9):

Ji=—-1, g(JiX,J;Y)=g(X)Y), VJ;=0,

J1J2 = J3 — —J2J1
v All the fundamental 2-forms 2; = g(-, J;-) are closed (d); = 0).

v For every even permutation of (1,2,3), Q;,Q are J;-anti-invariant.

e IF Q; (or Q) is integral ~ aqS structure on the principal S'-bundle M
over (B, J;, g,%;).
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Anti-quasi-Sasakian manifolds = E

e Hyperkahler manifolds (B*", Jy, J2, J3, 9):

Ji=—-1, g(JiX,J;Y)=g(X)Y), VJ;=0,

J1J2 = J3 — —J2J1
v All the fundamental 2-forms 2; = g(-, J;-) are closed (d); = 0).

v For every even permutation of (1,2,3), Q;,Q are J;-anti-invariant.

e IF Q; (or Q) is integral ~ aqS structure on the principal S'-bundle M
over (B, J;, g,%;).

ﬁ V. Cortés, A note on quaternionic Kahler manifolds with ends of finite volume
(2022), arXiv:2205.13806.
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Anti-quasi-Sasakian manifolds = E

A remarkable class of examples (1)

Example (The weighted Heisenberg Lie group)

Consider a (4n+1)-dimensional Lie group G with Lie algebra g = span{r,...,74n, &}
such that [T, Tantr] = [Tntr, Tondgr] = 206 (Ar €R, r =1,...,n). Define:

0if =0, ©i(1r) = Tintr, Pi(Tintr) = =Tr, ©i(Tjntr) = Thntr, Pi(Thnir) = —Tintr,
fori=1,2,3andr=1,...,n.

Then @102 = w3 = —p2p1 and the left invariant structures (¢1,&,m,9), (¢2,&,1,9) are
anti-quasi-Sasakian, while (¢s,&, 1, g) is quasi-Sasakian.
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Anti-quasi-Sasakian manifolds = E

A remarkable class of examples (1)

Example (The weighted Heisenberg Lie group)

Consider a (4n+1)-dimensional Lie group G with Lie algebra g = span{r,...,74n, &}
such that [T, Tantr] = [Tntr, Tondgr] = 206 (Ar €R, r =1,...,n). Define:

0if =0, ©i(1r) = Tintr, Pi(Tintr) = =Tr, ©i(Tjntr) = Thntr, Pi(Thnir) = —Tintr,
fori=1,2,3andr=1,...,n.

Then @102 = w3 = —p2p1 and the left invariant structures (¢1,&,m,9), (¢2,&,1,9) are
anti-quasi-Sasakian, while (¢s3,&,m,g) is quasi-Sasakian.

Moreover,

o if \y =--- =\, =1, then (v3,&,1,g) is Sasakian.

@ (G is 2-step nilpotent. If \,. € Q for every r =1,...,n, then G admits a
cocompact descrete subgroup T', so that an aqS strucure is induced on the
compact nilmanifold G/T" (MalZev)

o G is transversely flat.
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A remarkable class of examples (I1)

We call Sp(n)-almost contact metric manifold any smooth manifold M4 such
that the structural group of the frame bundle is reducible to Sp(n) x {1}.
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Anti-quasi-Sasakian manifolds = E

A remarkable class of examples (I1)

We call Sp(n)-almost contact metric manifold any smooth manifold M4 such
that the structural group of the frame bundle is reducible to Sp(n) x {1}.

This is equivalent to the existence of three almost contact metric structures
(0is&, 1, 9)i=1,2,3 such that

P1P2 = Y3 = —P2L1.
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Anti-quasi-Sasakian manifolds = E

A remarkable class of examples (I1)

We call Sp(n)-almost contact metric manifold any smooth manifold M4 such
that the structural group of the frame bundle is reducible to Sp(n) x {1}.

This is equivalent to the existence of three almost contact metric structures

(@ir &1, 9)i=1,2,3 such that

P12 = P3 = —P2¢1.
Theorem
If (M, 9;,6,m,9)i=1,2,3 is an Sp(n)-almost contact metric manifold such that
dd, = ddy = 0, dn = 203,

then (p1,&,1,9) and (v2,&,m, g) are anti-quasi-Sasakian, while (ps,£,1,9) is
Sasakian.
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A remarkable class of examples (I1)

We call Sp(n)-almost contact metric manifold any smooth manifold M4 such
that the structural group of the frame bundle is reducible to Sp(n) x {1}.

This is equivalent to the existence of three almost contact metric structures
(0is&, 1, 9)i=1,2,3 such that

P1P2 = P3 = —P21.
Theorem
If (M, 9;,6,m,9)i=1,2,3 is an Sp(n)-almost contact metric manifold such that
dq)l == d(I)Q == 0, dn == 2@3

then (p1,&,1,9) and (v2,&,m, g) are anti-quasi-Sasakian, while (ps,£,1,9) is
Sasakian.

We call such a structure double agS-Sasakian.
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A remarkable class of examples (I1)

We call Sp(n)-almost contact metric manifold any smooth manifold M4 such
that the structural group of the frame bundle is reducible to Sp(n) x {1}.
This is equivalent to the existence of three almost contact metric structures
(¢is .1, 9)i=1,2,3 such that
P1P2 = P3 = —P21.

Theorem

If (M, 9;,6,m,9)i=1,2,3 is an Sp(n)-almost contact metric manifold such that
dq)l == d(I)Q == 0, dn == 2@3

then (p1,&,1,9) and (v2,&,m, g) are anti-quasi-Sasakian, while (ps,£,1,9) is
Sasakian. In particular, M locally fibers onto a hyperkdhler manifold, hence it is
transversely Ricci-flat.

We call such a structure double agS-Sasakian.
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Double agS-Sasakian and SU(2)-structures

If dim M =5 (i.e. n =1), then Sp(1) = SU(2).
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Double agS-Sasakian and SU(2)-structures

If dim M =5 (i.e. n =1), then Sp(1) = SU(2).

Proposition (D. Conti, S. Salamon)
SU (2)-structures are in one-to-one correspondence with quadruplets
(0, w1, w2, ws3), wheren € AY(M), w; € A%(M) are such that

o w; Aw; = d;;v, for some v € AY(M) s.t. nAv#0;

° Wl(Xv ) = w2(Y7 ) = WS(Xv Y) > 0.

The 2-forms w; are related to the underlying almost contact metric structures
(@i §,m,9) by wi = — ;.
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Double agS-Sasakian and SU(2)-structures

If dim M =5 (i.e. n =1), then Sp(1) = SU(2).

Proposition (D. Conti, S. Salamon)

SU (2)-structures are in one-to-one correspondence with quadruplets
(0, w1, w2, ws3), wheren € AY(M), w; € A%(M) are such that

o w; Aw; = d;;v, for some v € AY(M) s.t. nAv#0;
[+ (J.)l(X,') = LUQ(Y,') = CU3(X, Y) > 0.

The 2-forms w; are related to the underlying almost contact metric structures
(@i §,m,9) by wi = — ;.

Special subclasses:
@ contact hypo: d(n Awi) =d(n Aws) =0, dn = —2ws;
@ K-contact hypo: contact hypo + £ Killing;
@ double agS-Sasakian: dwy = dws = 0, dn = —2ws.
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Anti-quasi-Sasakian manifolds

It is easily seen that:

{double agS-Sasakian} C {K-contact hypo SU(2)}.
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Anti-quasi-Sasakian manifolds = E

It is easily seen that:
{double agS-Sasakian} C {K-contact hypo SU(2)}.

Conversely:

Proposition

Let (M®,n,w;,ws,w3) be a manifold with a K-contact hypo SU (2)-structure and
let (pi,&,m,9) (i =1,2,3) the underlying almost contact metric structures.

Then, (ps,&,m,g) is always Sasakian. Moreover, (p2,£,m,g) and (ps3,&,m,g) are
in Cio @ C11, so they are aqS if and only if Lepo =0 or Leps = 0.
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Curvature properties

Remark: For a double aqS-Sasakian manifold K (¢, X) = 1, for every X € I'(D).
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Curvature properties

Remark: For a double aqS-Sasakian manifold K (¢, X) = 1, for every X € I'(D).

Consider an anti-quasi-Sasakian manifold (M, ¢, &, 7, g) and set

A:=—poVE p:=Ap=-VE.

Dario Di Pinto (UniBa) Anti-quasi-Sasakian manifolds Marburg, August 22, 2023 20/26



Curvature properties

Curvature properties

Remark: For a double aqS-Sasakian manifold K (¢, X) = 1, for every X € I'(D).

Consider an anti-quasi-Sasakian manifold (M, ¢, &, 7, g) and set
A:=—poVE p:=Ap=-VE.
Then A =¢€=0,n0A=n01 =0, A, are skew-symmetric w.r.t. g and

A¢:w:_<pAv
QD?,b:A:—’lZJQD,
VA= —pA® = —Ay

Consider also the 2-forms A := g(-, A-) and ¥ := g(-,1-).
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Curvature properties

Curvature properties

Remark: For a double aqS-Sasakian manifold K (¢, X) = 1, for every X € I'(D).

Consider an anti-quasi-Sasakian manifold (M, ¢,&,7,g) and set
A:=—poVE p:=Ap=-VE.
Then A =¢€=0,n0A=n01 =0, A, are skew-symmetric w.r.t. g and

AQD:w:_(pAv
QD?,b:A:—’l/)gD,
VA= —pA® = —Ay

Consider also the 2-forms A := g(-, A-) and ¥ := g(-,4-). It turns out that

[ dA=0, d®=0, dn:2\11.]
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Curvature properties

Curvature properties

Remark: For a double aqS-Sasakian manifold K (¢, X) = 1, for every X € I'(D).
Consider an anti-quasi-Sasakian manifold (M, ¢,&,7,g) and set

A:=—poVE p:=Ap=-VE.
Then A =¢€=0,n0A=n01 =0, A, are skew-symmetric w.r.t. g and

AQD:w:_(pAv
80¢=A=—1/180a
VA= —pA® = —Ay

Consider also the 2-forms A := g(-, A-) and ¥ := g(-,¢-). It turns out that

[ dA=0, d®=0, dn:2\11.]

Remark: In general A, 1 are not almost contact structures, i.e. A% = |3, # —1.
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Curvature properties

Proposition

Let (M, ¢,&,m,9) be an anti-quasi-Sasakian manifold. Then
L R(&X)Y = (Vxy)Y,
2. R(£,X)E = 2 X = A%X.

In particular M has non-negative &-sectional curvatures, and K (£, X) = A2, for
every unit X € T'(D) such that ¥2X = —\2X.
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Curvature properties

Proposition

Let (M, ¢,&,m,9) be an anti-quasi-Sasakian manifold. Then
1. R(&, X)Y = (Vx)Y;
2. R(&, X)) =92X = A%X.

In particular M has non-negative &-sectional curvatures, and K (£, X) = A2, for
every unit X € T'(D) such that >X = —\2X.

Theorem

Let (M, ¢,£,n,g) be anti-quasi-Sasakian manifold. Then the following are
equivalent:

(a) K(&§,X)=1 forevery X € T(D);
(b) P?=A2=-T+n®E;
(c) (A, ,%,&,m,9) is a double aqgS-Sasakian structure.

Remark: Up to homothetic deformations of the structure, the theorem holds true
if M has constant &-sectional curvature K (£, X) = A2 > 0.

Dario Di Pinto (UniBa) Anti-quasi-Sasakian manifolds Marburg, August 22, 2023 21/26



Curvature properties

Proposition

Let (M, ¢,&,m,g) be an anti-quasi-Sasakian manifold. Then:
1. Ric(&,€) = [¢[*
2. Ric(€, X) = 0;
3. Ric(X,Y) = Rich (X", Y") — 29(¢ X, ¥Y),

for every X, Y € T'(D) basic vector field projecting on X', Y’ with respect to
T M — MJ/E.
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Curvature properties

Proposition

Let (M, ¢,&,m,g) be an anti-quasi-Sasakian manifold. Then:
1. Ric(¢, ) = []2;
2. Ric(£, X) = 0;
3. Ric(X,Y) = Rich (X", Y") — 29(¢ X, ¥Y),

for every X, Y € T'(D) basic vector field projecting on X', Y’ with respect to

7 M — MJE.

Theorem
Let (M, ¢,£,m,g) be a transversely Einstein, non coKihler, agS manifold. Then:

Z/Jz\D =M1, AeR* < M isn-Einstein.
In this case M turns out to be transversely Ricci-flat, dim M = 4n + 1, and

Ric = —2X%2g+ (4n+2)X°n®n, s= —4n)>
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Curvature properties

These results give obstructions to the existence of anti-quasi-Sasakian structures.
Theorem

If (M, p,&,n,9) is an anti-quasi-Sasakian manifold with constant sectional
curvature, then it is flat and cokahler.
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Curvature properties

These results give obstructions to the existence of anti-quasi-Sasakian structures.

Theorem

If (M, ¢,£,m,9) is an anti-quasi-Sasakian manifold with constant sectional
curvature, then it is flat and cokahler.

Proof: If (M, g) has constat sectional curvature «, then M is Einstein and

R(X,Y)Z = k(g(Y, )X — (X, Z)Y).

Hence,
V? =R )E=r(-1+1®E),
that is
V3 |p = —kI.
If kK # 0, M is n-Einstein, non Einstein. O
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Curvature properties

Theorem

There exist no compact regular, non-cokdhler, agS manifolds with Ric > 0.
There exist no compact regular aqgS manifolds of maximal rank with Ric > 0.
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Curvature properties

Theorem

There exist no compact regular, non-cokihler, aqgS manifolds with Ric > 0.
There exist no compact regular aqgS manifolds of maximal rank with Ric > 0.

Proof: If (M, ¢,&,n,9) is a compact regular, non cokahler, agS manifold, then
M /€ is compact Kahler with a non-vanishing closed (hence holomorphic)
(2,0)-form. Hence M /& cannot have positive definite Riemannian Ricci tensor.
On the other hand,

Ric” (X', X') = Ric(X, X) + 2| X ||

X' € X(M/€) and X € T'(D) basic vector field projecting on X'.
In both the cases of the statement Ric? > 0, which is not possible. ]
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Curvature properties

Theorem

There exist no compact regular, non-cokihler, aqgS manifolds with Ric > 0.
There exist no compact regular aqgS manifolds of maximal rank with Ric > 0.

Proof: If (M, ¢,&,n,9) is a compact regular, non cokahler, agS manifold, then
M /€ is compact Kahler with a non-vanishing closed (hence holomorphic)
(2,0)-form. Hence M /& cannot have positive definite Riemannian Ricci tensor.
On the other hand,

Ric” (X', X') = Ric(X, X) + 2| X ||

X' € X(M/€) and X € T'(D) basic vector field projecting on X'.
In both the cases of the statement Ric? > 0, which is not possible. ]

Corollary

There exist no compact homogeneous aqS manifolds of maximal rank with
Ric > 0.
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The canonical connection

The canonical connection

Let (M?"T1 » £ 1, g) be an anti-quasi-Sasakian manifold and (M?™ .J,h) a

Kahler manifold. Then the product M2"*! x M?™ is naturally endowed with an

anti-quasi Sasakian with structure (@,é,@g):

PX = (pX1,JXs), £=(£0), 7(X)=n(X1),

G(X,Y) = g(X1, Y1) + h(X2,Y2),

where X = (X1, X5), Y = (Y1,Y2) € X(M?*H x M2m).
If M2"*! has rank 4p + 1, then M?27+1 x M?™ has the same rank.

Question: Is an anti-quasi-Sasakian manifold decomposable as Riemannian

product of an anti-quasi-Sasakian manifold of maximal rank and a Kahler
manifold?
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The canonical connection

Theorem

Let (M, ¢, §,m,9) be an anti-quasi-Sasakian manifold. Then, there exists a metric

connection V such that

e Vp=0,VE=0,

e the torsion T is totally skew-symmetric on D and T(&,-) = 0.
The connection V is uniquely determined by ¥V = ¥ + H, with

H(X,Y) = n(X)pY +n(Y)X 4 g(X,)Y)E,
and its torsion is given by

T(X,Y) = dn(X,Y)E.

Example

For a double agS-Sasakian manifold (M, ¢;,&,7,9), i = 1,2, 3, the canonical
connections associated to the two ag$S structures (¢1,&,7,9) and (¢2,&,1,9)
coincide. This is the Tanaka-Webster connection of the Sasakian structure

(@375»7779)'
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The canonical connection

Theorem
Let (M, ¢,&,m,g) be an anti-quasi-Sasakian manifold with Vi) = 0 (< VT = 0).
@ The distributions

£% = DN Ker(dy), E*F= gt

are integrable with totally geodesic leaves and M is locally isometric to
N2 x M*P+1 with N24 Kihler manifold, M*P+! aqS manifold of maximal
rank.

e If M is connected, then 1? has constant eigenvalues.
For every nonvanishing eigenvalue (i,

(€ oDy

is integrable with totally geodesic leaves. Every leaf is endowed with a double
aqS-Sasakian structure, up to a homothetic deformation.
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The canonical connection

Theorem

There exist no connected, locally symmetric, non cokahler, anti-quasi-Sasakian
manifolds with Vi) = 0.

Proof:
@ A double aqS-Sasakian manifold cannot be locally symmetric:

- every locally symmetric Sasakian manifold has constant sectional curvature 1
(Okumura);

- any double aqS-Sasakian manifold cannot have constant sectional curvature 1.

o Assume (M, p,&,n, g) locally symmetric, non cokahler, agS manifold with
Vy =0:

- for a nonzero eigenvalue y of 12, any maximal integral submanifold N of
(&) ® D,, is totally geodesic and hence locally symmetric;

- up to a homothetic deformation of the structure which preserves the local

symmetry, N is endowed with a double aqS-Sasakian structure, which is not
possible.
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Chinea-Gonzalez classification

Let V be a (2n + 1)-dimensional real vector space endowed with an almost
contact metric structure (¢, &, 7, (,)).
Let C(V') be the space all (0, 3)-tensors having the same symmetries of VO, i.e.

a(X,Y,Z) = (X, Z,Y) =
= —a(X,9Y,0Z) + n(Y)a(X,§, Z) + n(Z)a(X,Y, )

Then one has an orthogonal decomposition
C(V) =C1D...5C1a

with C; (i =1,...,12) irreducible under the action of U(n) x 1.
This provides 2'2 invariant subspaces.
The null subspace {0} corresponds to the class of cokdhler manifolds (V® = 0).
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Chinea-Gonzalez classification

Definition (Puhle)

We say that an almost contact metric manifold (M, p,&,7,9) is
generalized-quasi-Sasakian (gqS) if

Leg=0, dB(X,Y,Z)=0, N,(X,Y,Z)=0 VX,Y,Zc (D),

where N, (X,Y,Z) = g(N,(X,Y), Z).

It turns out that (M, ¢,&,n,9) is
@ generalized-quasi-Sasakian < it belongs to Cg & C7 & C1o @ Cy1;
@ transversely Kahler < it is ggqS and Lep = 0;
@ quasi-Sasakian < it belongs to Cs & Cr;

@ anti-quasi-Sasakian < it belongs to C1p @© Ci1 and Lep = 0.
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