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@ A remarkable Hamiltonian torus action

© GKM graphs and geometric structures

© GKM fibrations and realization
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Tolman's Example

In the mid-90s Tolman constructed an example of a simply-connected,
closed 6-dim. Hamiltonian T2-manifold with discrete fixed points which
does not admit a compatible invariant Kahler structure.
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Tolman's Example

In the mid-90s Tolman constructed an example of a simply-connected,
closed 6-dim. Hamiltonian T2-manifold with discrete fixed points which
does not admit a compatible invariant Kahler structure.

Why is this special?
e If T" acts in Hamiltonian fashion on M?" then the manifold is already
T"-invariantly Kahler (Delzant)
@ The same holds for a Hamiltonian S*-action on M* (Karshon)
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Tolman's Example

In the mid-90s Tolman constructed an example of a simply-connected,
closed 6-dim. Hamiltonian T2-manifold with discrete fixed points which
does not admit a compatible invariant Kahler structure.

Why is this special?
e If T" acts in Hamiltonian fashion on M?" then the manifold is already
T"-invariantly Kahler (Delzant)
@ The same holds for a Hamiltonian S*-action on M* (Karshon)

“Traditional Hamiltonian techniques are not rendered obsolete by
more powerful algebraic methods”
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Eschenburg's twisted flag

Consider the right T?-action on SU(3) given by

-1
2t2

1 st

and let E := SU(3)/ T2 denote the orbit space. It is a smooth manifold
known as Eschenburg’s twisted flag.
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Eschenburg's twisted flag

Consider the right T?-action on SU(3) given by

-1
2t2

1 st
and let E := SU(3)/ T2 denote the orbit space. It is a smooth manifold
known as Eschenburg’s twisted flag.

e E admits a metric of positive sectional curvature (Eschenburg)

e E admits a Kahler structure (Eschenburg, Escher-Ziller)
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The Eschenburg flag as a projectivization

@ The T2-action extends to a free U(2) action on SU(3) via

U det(U)z 1 'A.<U " >
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The Eschenburg flag as a projectivization

@ The T2-action extends to a free U(2) action on SU(3) via

-1

A-U(det(U)2 1 1) 'A.<U (V) >

@ There is a fibre bundle

U(2)/T? — SU(3)/ T? — SU(3)JU(2)
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The Eschenburg flag as a projectivization

@ The T2-action extends to a free U(2) action on SU(3) via

o (det(U)2 1 1)1‘A.<u ) )

@ There is a fibre bundle

U(2)/T? — SU(3) )/ T? — SU(3)JU(2)
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The Eschenburg flag as a projectivization

@ The T2-action extends to a free U(2) action on SU(3) via

o (det(U)2 1 1)1‘A.<u ) )

@ There is a fibre bundle
U(2)/T? — SU(3)/ T? — SU(3)JU(2)

I |
CP! Cp?

e E is the projectivization of V := SU(3) x () C* = SU(3) /U(2).
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The Eschenburg flag as a projectivization

@ The T2-action extends to a free U(2) action on SU(3) via

det(U)> -

U
A-U= 1 'A'< det(U) )
@ There is a fibre bundle
U(2)/T? — SU(3)/ T? — SU(3)JU(2)

I |
CP! Cp?

e E is the projectivization of V := SU(3) x () C* = SU(3) /U(2).

@ the bundles are equivariant w.r.t the action of the diagonal maximal
torus T C SU(3) induced by left multiplication on SU(3).
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Symplectic and Kahler structure on E

Proposition (Goertsches, Konstantis, Z.)

On E there is a Kahler form and a T-invariant symplectic form. The two
are symplectomorphic.
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Symplectic and Kahler structure on E

Proposition (Goertsches, Konstantis, Z.)

On E there is a Kahler form and a T-invariant symplectic form. The two
are symplectomorphic.

Sketch of proof: Every complex rank two bundle over CP? is
holomorphic thus there is a Kihlerform on wk on P(V).
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Symplectic and Kahler structure on E

Proposition (Goertsches, Konstantis, Z.)

On E there is a Kahler form and a T-invariant symplectic form. The two
are symplectomorphic.

Sketch of proof: Every complex rank two bundle over CP? is
holomorphic thus there is a Kihlerform on wk on P(V).

wgk depends on holomorphic structure and is not T-invariant!
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Symplectic and Kahler structure on E

Proposition (Goertsches, Konstantis, Z.)

On E there is a Kahler form and a T-invariant symplectic form. The two
are symplectomorphic.

Sketch of proof: Every complex rank two bundle over CP? is
holomorphic thus there is a Kihlerform on wk on P(V).

wgk depends on holomorphic structure and is not T-invariant!

wk can be built in such a way that wk = fT t*wkdt is still symplectic.
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The momentum map of the Eschenburg flag

T ~ E is Hamiltonian with momentum map u: E — t*.
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The momentum map of the Eschenburg flag

T ~ E is Hamiltonian with momentum map p: E — t*. Up to rescaling
of edges we have
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The momentum map of the Eschenburg flag

T ~ E is Hamiltonian with momentum map p: E — t*. Up to rescaling
of edges we have

o £y ={xeE| dm(T-x)<1}
u(Er) = @ vertices <> pu(fixed points)

@ edges <» p(invariant 2-spheres)
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The momentum map of the Eschenburg flag

T ~ E is Hamiltonian with momentum map p: E — t*. Up to rescaling
of edges we have

o £y ={xeE| dm(T-x)<1}
u(Er) = @ vertices <> pu(fixed points)

@ edges <» p(invariant 2-spheres)

Theorem (Tolman)

A closed Hamiltonian T?-manifold whose momentum map has the above
form, does not admit an invariant Kahler structure.
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GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.
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GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.

The GKM graph (', «) of M is a labelled graph with
e vertices V(') = {fixed points}
e edges E(I') = {2-spheres in M}
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GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.

The GKM graph (', «) of M is a labelled graph with
e vertices V(') = {fixed points}
e edges E(I') = {2-spheres in M}
o a: E(F) — hom(Tk, SY)/+
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GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.

The GKM graph (', «) of M is a labelled graph with
e vertices V(') = {fixed points}
e edges E(I') = {2-spheres in M}
o a: E(N) — hom(Tk, SY)/+ = 7zk/+
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GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.

The GKM graph (', «) of M is a labelled graph with
e vertices V(') = {fixed points}
e edges E(I') = {2-spheres in M}
o a: E(I) — hom(Tk, S')/4+ = ZK/+ such that for an edge e starting
at p, the T*-representation on T,S2 is defined by a(e).

Leopold Zoller Relization of GKM fibrations July 29, 2020 8/20



GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.

The GKM graph (', «) of M is a labelled graph with
e vertices V(') = {fixed points}
e edges E(I') = {2-spheres in M}
o a: E(I) — hom(Tk, S')/4+ = ZK/+ such that for an edge e starting
at p, the T*-representation on T,S2 is defined by a(e).

@ In the presence of a T-invariant ACS we naturally have
a: E(T) — ZK. Then we speak of the signed GKM graph.
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GKM Manifolds

Definition

An integer GKM manifold is a closed orientable manifold M satisfying
H°4d(M; Z) = 0 with an action of a torus T* with finite fixed point set
such that My is a finite union of invariant 2-spheres.

The GKM graph (', «) of M is a labelled graph with
e vertices V(') = {fixed points}
e edges E(I') = {2-spheres in M}
o a: E(I) — hom(Tk, S')/4+ = ZK/+ such that for an edge e starting
at p, the T*-representation on T,S2 is defined by a(e).

@ In the presence of a T-invariant ACS we naturally have
a: E(T) — ZK. Then we speak of the signed GKM graph.

Examples: toric manifolds, T ~ G/H where T C H C G max. torus
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Example (T2 ~ S§*%)
(S, t) ° (21,22, h) = (521, tzp, h) ceC’aR.
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Example (T2 ~ §%)

(s,t) - (21,22, h) = (sz1, tzo, h) € C2 D R.
(54)1 = {(217227 h) € s4 | z1=0o0r = 0}

(1,0)

— e

(0,1)
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Example (T2 ~ S§*%)

(s,t) - (21,22, h) = (sz1, tzo, h) € CP B R.
(54)1 = {(21,227 h) € s4 | z1=0o0r = O}

(1,0)

—— e

(0,1)

Example (T2 ~ E)

label of an edge =
primitive integral slope

linear realization of the GKM
graph

4
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Rigidity in dimension 6

Theorem (Goertsches, Konstantis, Z.)

In dimension 6, the diffeomorphism type of a simply-connected integer
GKM manifold with connected stabilizers is encoded in its GKM graph.
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Rigidity in dimension 6

Theorem (Goertsches, Konstantis, Z.)

In dimension 6, the diffeomorphism type of a simply-connected integer
GKM manifold with connected stabilizers is encoded in its GKM graph.

Tolman’s example is diffeomorphic to the Eschenburg flag. In particular it
admits a Kahler structure.
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Rigidity in dimension 6

Theorem (Goertsches, Konstantis, Z.)

In dimension 6, the diffeomorphism type of a simply-connected integer
GKM manifold with connected stabilizers is encoded in its GKM graph.

Tolman’s example is diffeomorphic to the Eschenburg flag. In particular it
admits a Kahler structure.

Is there some correspondence between GKM graphs and GKM
T-manifolds?
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Properties of GKM graphs

© connected, regular (each vertex has dim M /2 emanating edges)
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Properties of GKM graphs

© connected, regular (each vertex has dim M /2 emanating edges)

@ For two edges e, f € E(I'), emanating from p, the labels a(e) and
a(f) are linearly independent
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Properties of GKM graphs

© connected, regular (each vertex has dim M /2 emanating edges)

@ For two edges e, f € E(I'), emanating from p, the labels a(e) and
a(f) are linearly independent

© If e is an edge from p to g, then there is a bijection
Ve: E(I)p = E(IN)q such that a(Ve(f)) = £a(f) mod a(e)
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Properties of GKM graphs

© connected, regular (each vertex has dim M /2 emanating edges)

@ For two edges e, f € E(I'), emanating from p, the labels a(e) and
a(f) are linearly independent

© If e is an edge from p to g, then there is a bijection
Ve: E(I)p = E(IN)q such that a(Ve(f)) = £a(f) mod a(e)

Definition (Guillemin-Zara)

A graph T, together with a:: E(I') — Z* /4 satisfying 1-3 above is called
an abstract GKM graph.
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Properties of GKM graphs

© connected, regular (each vertex has dim M /2 emanating edges)

@ For two edges e, f € E(I'), emanating from p, the labels a(e) and
a(f) are linearly independent

© If e is an edge from p to g, then there is a bijection
Ve: E(I)p = E(IN)q such that a(Ve(f)) = £a(f) mod a(e)

Definition (Guillemin-Zara)

A graph T, together with a:: E(I') — Z* /4 satisfying 1-3 above is called
an abstract GKM graph.

If a: E(T) — Z* such that a(e) = —(€) and 3 holds with “+", then
(I, @) is a signed GKM graph.
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Examples (GKM graphs and geometric structures)

(1,0)

(0,1)
(T?2 ~ S%)

symplectic (T2 ~ E)
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Examples (GKM graphs and geometric structures)

(1,0)

(0,1)

(T> ~ S%) almost complex

symplectic (T2 ~ E)
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Examples (GKM graphs and geometric structures)

(1,0)
(0,1)
(T> ~ S%) almost complex
symplectic (T2 ~ E) Kahler (T2 ~ SU(3)/T?)
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Examples (GKM graphs and geometric structures)
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(0,1)
(T> ~ S%) almost complex
symplectic (T2 ~ E) Kahler (T2 ~ SU(3)/T?)
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Examples (GKM graphs and geometric structures)

(1,0)
(0,1)
(T> ~ S%) almost complex
symplectic (T2 ~ E) Kahler (T2 ~ SU(3)/T?)
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A closer look at the Eschenburg flag

The fiber bundle
CP' — E —CP?

yields a GKM fibration (Guillemin—Sabatini-Zara)

NEESEN
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GKM fibrations

A (signed) GKM fibration (I', &) — (B, ag) between to abstract
(signed) GKM graphs consists of

e amap ¢: V(I — V(B)
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GKM fibrations

horizontal

N

vertical

A (signed) GKM fibration (I', &) — (B, ag) between to abstract
(signed) GKM graphs consists of

e amap ¢: V(I — V(B)
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GKM fibrations

horizontal

N

vertical

A (signed) GKM fibration (I', &) — (B, ag) between to abstract
(signed) GKM graphs consists of

e amap ¢: V(I — V(B)
o for every p € V(') a bijection ¢,: H, — E(B)y(p) satisfying
a(e) = ap(pp(e))
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Some fibrations over a square

@\ /E
P 722
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Some fibrations over a square

— product type —

i
@/ I

—~— twisted type —
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Some fibrations over a square

— product type —
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More non-Kahler graphs

Theorem (Goertsches, Konstantis, Z.)

Let (I, o) — (B, ag) be a signed GKM fibration of twisted type, in which
[ is 3-regular and (B, ag) is 2-regular, effective, and of polytope type.
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More non-Kahler graphs

Theorem (Goertsches, Konstantis, Z.)

Let (I, o) — (B, ag) be a signed GKM fibration of twisted type, in which
[ is 3-regular and (B, ag) is 2-regular, effective, and of polytope type.
Assume that B has n vertices, n # 4, [ has n — 1 interior vertices. Then a

GKM action with GKM graph (T, &) can not admit an invariant Khler
structure.
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Realization of fibrations

Theorem (Goertsches, Konstantis, Z.)

Let (I, o) = (B, ap) be a fiberwise signed GKM fibration, with T
3-regular and (B, ag) 2-regular and effektive.
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Realization of fibrations

Theorem (Goertsches, Konstantis, Z.)

Let (I, o) = (B, ap) be a fiberwise signed GKM fibration, with T
3-regular and (B, ag) 2-regular and effektive. Then it is realized as the
projectivization of a rank 2 complex T?-equivariant vector bundle V — X
where X is a quasi toric manifold or S*.
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Realization of fibrations

Theorem (Goertsches, Konstantis, Z.)

Let (I, o) = (B, ap) be a fiberwise signed GKM fibration, with T
3-regular and (B, ag) 2-regular and effektive. Then it is realized as the
projectivization of a rank 2 complex T?-equivariant vector bundle V — X
where X is a quasi toric manifold or S*.

o If the fibration is signed, then realizations admit T?-invariant almost
complex structures.
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Realization of fibrations

Theorem (Goertsches, Konstantis, Z.)

Let (I, o) = (B, ap) be a fiberwise signed GKM fibration, with T
3-regular and (B, ag) 2-regular and effektive. Then it is realized as the
projectivization of a rank 2 complex T?-equivariant vector bundle V — X
where X is a quasi toric manifold or S*.

o If the fibration is signed, then realizations admit T?-invariant almost
complex structures.

e If (B, ag) is of polytope type, then the realizing actions are

Hamiltonian. In this case there also exists a Kahler structure on P(V)
which is symplectomorphic to a T?-invariant symplectic form.

v
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Proof of the realization theorem

Step 1: find realization X for the base

start with the suitable n-gon of 2-spheres
which will be X and glue inside a free 2-cell
D? x T2.
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Proof of the realization theorem

Step 1: find realization X for the base

start with the suitable n-gon of 2-spheres
which will be X and glue inside a free 2-cell
D? x T2.

Step 2: construct V over X;

Construct V over every 2-sphere in X3
separately and glue those bundles together
over the fixed points such that P(V|x,) has
the desired 1-skeleton.
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Proof of the realization theorem

Step 1: find realization X for the base

start with the suitable n-gon of 2-spheres
which will be X and glue inside a free 2-cell
D? x T2.

Step 2: construct V over X;

Construct V over every 2-sphere in X3
separately and glue those bundles together
over the fixed points such that P(V|x,) has
the desired 1-skeleton.

Step 3: extend V over all of X
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Proof of the realization theorem

Step 1: find realization X for the base

start with the suitable n-gon of 2-spheres
which will be X and glue inside a free 2-cell
D? x T2.

Step 2: construct V over X;

Construct V over every 2-sphere in X3
separately and glue those bundles together
over the fixed points such that P(V|x,) has
the desired 1-skeleton.

Step 3: extend V over all of X

Step 4: construct geometric structures on P(V)
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Classification of GKM fibrations

In the situation of the main theorem: for a fixed base graph (B, ag)
with n vertices

{fibrations ' — B} «+— ((Z — 0)"/+) x {0,1}
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Classification of GKM fibrations

In the situation of the main theorem: for a fixed base graph (B, ag)
with n vertices

{fibrations ' — B} «+— ((Z — 0)"/+) x {0,1}

If B is of polytope type, the Tolman-type examples correspond to the
elements ([ki, ..., kn],1) where k; and k;_1 have the same sign for all i
except one (setting ko = —k,)
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Classification of GKM fibrations

In the situation of the main theorem: for a fixed base graph (B, ag)
with n vertices

{fibrations ' — B} «+— ((Z — 0)"/+) x {0,1}

If B is of polytope type, the Tolman-type examples correspond to the
elements ([ki, ..., kn],1) where k; and k;_1 have the same sign for all i
except one (setting ko = —k,)

Even over CP?, this produces
infinitely many Tolman-type
examples with 6 fixed points
(pairwise not homotopy equivalent).
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Thank you for your attention!
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