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6.1. Upper and Lower limits. Given sequences (a,) and (b,) in R. Show that

6.2.

6.3.

6.4.

6.5.

6.6.

(a) liminfa, + liminf b, < liminf(a, + b,) < liminf a,, + lim sup b,;
n—o0 n—00 n—o0o n—0o0 N—00

(b) liminfa, + limsupb, < limsup(a, + b,) < limsup a,, + limsup b,,.

n—0o0 n—o00 n—00 n—00 n—00

(c) If the limit of (a,) exists, prove that limsup(a,, + b,) = lim a, + limsup b,.
n—00 n—oo n—00

The Bolzano-Weierstrass theorem. Prove that every bounded sequence in R has a
convergent subsequence.

Averaging sequence. Let (ay)neny C C be a sequence of complex numbers converging
to a € C. Define a sequence (sy)nen by

Show that (s, ) also converges to a in C.

Limit points. Determine the set of all limit points of the following set:

(a) Q x Qi as a subset of (C, dy),
(

)

b) {%ﬂanZ,meN} in (R, dy),
(c) {%ﬂ :ne€Z,me N} in (R, do),
(@) Qin (R, do).

Complete metric spaces. Suppose {p,} and {¢,} are Cauchy sequences in a complete
metric space X. Show that the sequence {d(p,,qn)} converges. Is it generally true if the
space X is non-complete?

(Bonus problem)Arithmetic of Cauchy Sequences. Let (ay,), (by,), (al,), (b
Cauchy sequences in C.

(a) Define (sy), (pn) by
Spi=an+0b, and p,:= a,by,.

Show that both are Cauchy sequences, too.
(b) Assume that a, # 0 for all n. Define (g,) by

Show that (g,) is a Cauchy sequence unless a,, — 0.
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(¢) Define the following equivalence relation on the Cauchy sequences:
(an) ~ (a)) & lap—al] — 0.

Show that this really is an equivalence relation and that if one sequence of an equiv-
alence class is converging then so are all others of this class and their limits are the
same.

(d) Suppose (ayn) ~ (al,) and (by,) ~ (b),).
Prove that (ay, + by) ~ (a), + b)), (anby) ~ (alb),) and
(1/ay) ~ (1/al,), if a, + 0.

(e) Show that the set of all equivalence classes of Cauchy sequences form a field.



