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6.1. Introducing new independent variables u, v and a new function ω(u, v), simplify the equa-
tion
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6.2. We say that f : Rn \ {0} −→ R is homogeneous of degree α > 0 if

f(λx) = λαf(x) for all λ > 0 and x 6= 0. (1)

Show that for any homogeneous and differentiable function f : Rn \ {0} −→ R we have
n∑
j=1

xj
∂f

∂xj
(x) = αf(x).

6.3. Assume that f : [a, b] × (c, d) −→ R is continuous and ∂f
∂y exists and is continuous on

[a, b]× (c, d). Show that then F (y) =
∫ b
a f(x, y) dx is C1(c, d), and

F ′(y) =
∫ b

a

∂f

∂y
(x, y) dx, y ∈ (c, d) .

6.4. (a) Let f : Rn −→ Rn be differentiable with ‖(Df)x‖L ≤ c < 1 for all x ∈ Rn. Show that
f has a fixed point.

(b) Apply the above to show that

f(x, y) =

(
cosx

2

x+y
4

)
, (x, y) ∈ R2,

has a fixed point.

6.5. Let U ⊂ Rn be open and f : U → R, be a differentiable function, v = (v1, ..., vn) : U → Rn

be a differentiable vector field.

(a) Prove that div(fv) = 〈gradf, v〉+ fdivv.
(b) Find divF for a vector field F : Rn\{0} → Rn, F (x) = x

‖x‖ .

6.6. Let U ⊂ R3 be open and f : U → R, be a twice differentiable function, v : U → R3 be a
twice differentiable vector field.

(a) Show that rot grad f = 0.
(b) Show that div rot v = 0.


