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Abstract

We relax the moment conditions from a result in almost sure limit theory for U-statistics due to Berkes
and Csaki [(Stochastic Process. Appl. 94 (2001) 105)]. We extend this result to the case of convergence to
stable laws and also prove a functional version.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

U-statistics generalize the concept of the sample mean of independent identically distributed
(i.i.d.) random variables. The statistical interest in U-statistics stems from the fact that they form a
class of unbiased estimators of a certain parameter with minimal variances. We begin by
introducing some notation and recalling the concept of U-statistics.

Let X1, X5, ... beii.d random variables with common distribution function F(x). Let m>1 and
let 2 : R™ — R be a measurable function symmetric in its arguments. The U-statistic with kernel / is
defined by

—1
Un(m:(,’;) > WX, ... X,), n=m.

I<ii<ib<--<ipy<n
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The kernel 4 is called degenerate with respect to F(x) if for all 1<j<m,

/h(xl,...,xm)dF(xj)EO, where — 00 <X, ..., Xj_1, Xj41, o0y Xy < 0O
R

Let

0 = Eh(X,, ..., X,)

and for i =0, ...,m let

E,’(X], ---axi) = Eh(XI, ~-°axia‘va+la "'aXm):

i
h,'(xl, ...,x,-) = Z (—l)l_k Z hk(x_/'], ...,Xjk),
k=0 (G770 /5 T=2 1 I i}

(i = Var(hi(Xy, ..., X))).

Note that iy = 0 and h,(x1, ..., Xu) = h(x1, ..., X,,). Furthermore, the 4; are degenerate for i =
1, ...,m (see Denker, 1985). If {; > 0 the U-statistic U,(h) is called non-degenerate and degenerate
otherwise. The smallest integer ¢ for which {, > 0 is called the critical parameter of the U-statistic
U,(h). Without loss of generality we will assume 6 = 0 throughout the rest of this article.

The theory of U-statistics started to develop intensively after Hoeffding’s (1948) fundamental
article. He showed asymptotic normality of non-degenerate U-statistics under the assumption

ER(X1, ..., X)) < 0, (1)

using the following representation of U-statistics:
m m
Gty = mhn + Y- ()t )
k=2

where mU,(h;) is a sum of i.i.d. random variables and U,(h), ..., U,(h,,) are U-statistics with
degenerate kernels.

In the degenerate case n“/< U, (h) weakly converges to a multiple Wiener integral whenever £ is
square integrable (see e.g. Denker, 1985). Here c is the critical parameter of U, (h).

In the late 1980s, Brosamler (1988) and Schatte (1988) independently proved a new type of limit
theorem. This type of statement extends the classical central limit theorem in the i.i.d. case to a
pathwise version and is therefore called an almost sure central limit theorem (ASCLT). In the
1990s, many studies were done to prove almost sure limit theorems (ASLT) in different situations,
for example in the case of independent but not necessarily identically distributed random variables
(see Berkes and Dehling, 1993). Excellent surveys on this topic may be found in Atlagh and Weber
(2000) as well as in Berkes (1998). Recently Berkes and Csaki (2001) obtained a general result in
almost sure limit theory. They used it to prove almost sure versions of several classical limit
theorems. In particular they stated the following theorem for U-statistics.

c/2
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Theorem 1.1. Let ¢ be the critical parameter of the U-statistic U,(h). Under assumption (1),

1
Z %ﬂ{kl\/zuk(hkx} = G(x) a.s. for any xeCg,

m
n—x logn —

where G is the limit distribution of n*/*U,(h) and C¢ denotes the set of continuity points of G.

In the present note we relax the moment condition in Theorem 1.1 and extend the statement in
two directions. First we will obtain an ASLT with stable limiting distribution for a non-
degenerate U-statistic. Furthermore we extend Theorem 1.1 to a functional version.

2. Preliminaries

Let (Y,),>; be a sequence of random elements taking values in a Polish space (%, d) and let G
be a probability measure on the Borel o-field in &. We say that (Y),), satisfies the ASLT with
limiting distribution G if with probability 1,

(logm)™'> oy /k=G, n— .
k=1

Here oy, is the Dirac measure at Y, and “="" denotes weak convergence of measures. Throughout
this note the following lemma will be of fundamental interest.

Lemma 2.1. Let (Y,),~ be a sequence of S -valued random elements which satisfies the ASLT with
some limiting distribution G. Assume that Z, is another sequence of -valued random elements on
the same probability space such that almost surely, d(Y,, Z,)—0. Then Z, also satisfies the ASLT
with limiting distribution G.

Proof. By a well-known principle in almost sure limit theory (see e.g. Lacey and Philipp, 1990),
(Y4),> satisfies the ASLT with limiting distribution G, if and only if

"]
(logn) ') —P(Yi(w)— | P(x)dG(x) as.

for any bounded Lipschitz function ¥. Using the Lipschitz property of ¥ and the assumption that
d(Y,, Z,)—0 we conclude that

n

c 1
<— —
“logn ; kd(Yk(a’)’Zk(@))—W a.s.,

1 |1
> AP i@) = P(Zi(w))]

logn o

where C is a Lipschitz constant for . This proves the lemma. [

In the sequel we will make use of the following lemma which is a consequence of a more general
result due to Giné and Zinn (1992).
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Lemma 2.2. Let h(xy, ...,x;) be measurable and degenerate. Let g€ (é, I). If

E|h(Xy, ..., X" < o0, 3)
then with probability 1

Y (X, ., X)) -0,

I<ij<---<i<n

3. Relaxing the moment assumption

In this section, we will relax the moment assumption of Theorem 1.1. For the weak convergence
of n‘?U,(h) (where ¢ denotes the critical parameter of U,(h)) Koroljuk and Borovskich (1994)
weakened assumption (1) to

E| (X1, ..., X)X 9«0, k=c ...,m. (4)

We are going to prove the validity of Theorem 1.1 under these assumptions:

Theorem 3.1. Let ¢ be the critical parameter of the U-statistic U,(h). If (4) is satisfied then the
statement of Theorem 1.1 is true.

Proof. First of all note that, if ¢ is the critical parameter of U,(%), then the functions
hi(xy,...,x;)=0a.s. foralli=1,...,c— 1, and so from the Hoeffding decomposition,

SRR G LD Sl (A A0 s
¢ k=c+1 k
By Theorem 1.1, n/>(")U,,(h,) satisfies the ASLT.
To complete the proof it suffices to show that the sum on the right-hand side of (5) converges to
zero a.s. This follows from Lemma 2.2 by letting / =k and g =k —c/2 fork=c+1,...,m. An
application of Lemma 2.1 finishes the proof. [l

4. Convergence to stable distributions

As we shall see in this section, under some mild moment conditions weak convergence of a
sequence of non-degenerate U-statistics to a stable limit distribution implies the validity of the
corresponding ASLT. Let G, denote a stable law with characteristic exponent o.

Theorem 4.1. Let for some a€(1,2],
pnl—1/a
mlL(n)

where L(n) is a slowly varying function for which iminf, _, ., L(n) > 0. If

E| (X1, ..., XK@ Ek=DD o k=2, ... m, (7)

Un(h) - An = Goc, (6)
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then

) 1 1
M fogn /; 7 Vw0 oLy -4 <y = Ga(X) - as.

Remarks. (1) Assumption (6) is very common in almost sure limit theory, when one deduces an
ASLT from the validity of the corresponding weak limit theorem (see e.g. Berkes and Dehling,
1993).

(2) One has weak convergence in (6) if the distribution function of /,(X;) belongs to the domain
of attraction of G, and if the moment condition

E|h(X1, ..., X)) < o0 (8)
holds (see Heinrich and Wolf, 1993).
(3) It is not difficult to show that if the kernel / satisfies (8), then (7) holds.

(4) Theorem 4.1 will be true for any slowly varying function, if E | (X7, ..., Xp)P* < oo for
some px > ok/(k — 1)+ 1), k=2,...,m.

Proof of Theorem 4.1. Let us start by showing that

nl—l/z

o (U = mU )0 as ©)
Indeed

nl—l/z m m nl—l/:x

ey G0~y = > () v

and letting ¢ = k — 1 + 1 /o and / = k we can apply Lemma 2.2. This proves (9). Making use of (6)
and (9), we also conclude that

nlfl/oc

—U,(lh) — A4, - 1

Loy Uil = 4= G (10)
It is known that weak convergence of normalized sums of real-valued i.i.d. random variables to
some stable law G, implies the corresponding ASLT (see Ibragimov and Lifshits, 1999). Hence
(10) implies

1

logn

n
. 1
nlLrI; Z %/ﬂ{k]’l/“/Uk(hl)/L(k)—Ak<x} = Ga(X) a.s.
k=1

An application of Lemma 2.1 completes the proof. [

5. Functional version of the ASLT
5.1. The non-degenerate case

In the non-degenerate case the functional version of Theorem 1.1 can be deduced directly from
Theorem 2 of Lacey and Philipp (1990), which deals with sums of i.i.d. random variables.
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Throughout this section we assume that (1) holds. Let D[0, 1] denote the space of cadlag functions
on [0,1] and let W denote the Wiener measure on D[0, 1] (see Billingsley, 1999). We introduce the
following DJ[0, 1]-valued random functions
_ [ eni/nly Lt J Uy ()2 tefm/n, 1],
D=1, o (11)
€Y, b

where | - | denotes the integer part of a real number.

Theorem 5.1. Suppose that Eh* (X, ..., X,y)< 00 and (| > 0, then the sequence of random functions
defined in (11) satisfies the ASLT with limiting measure W.

Proof. First we want to see that, under suitable normalization, the difference between U, (/) and
its first term in the Hoeffding decomposition (2) tends to 0 a.s. Since

Gty =t = - () vt
k=2

and all kernels /. on the right-hand side are degenerate with degree ¢>2, we can apply Lemma 2.2
with ¢ = ¢ — 1/2 and //q = 3/2 to conclude that n'/>(U,(h) — mU,(h;))—0 a.s. Then also

n1/? max k(Ui(h) = mUg(h))—0  as. (12)
m<k<n
Let
1
Zy(1) = |_I’ZIJ Ul_ntj(hl)n 1[0, 1].

vl

Note that nU,(l) = Y_7_, h(X;) is a sum of i.i.d. random variables. From the ASCLT for i.i.d.
random variables (see Lacey and Philipp, 1990, Theorem 2), the Z,(¢) satisfy the ASLT with
limiting measure W. From (12) we deduce that ||Y, — Z,||,, =0, where ||-||,, denotes the
supremum norm on D[0, 1]. Hence we can apply Lemma 2.1 to Y,(¢) and Z,(¢) to prove the
theorem. [J

5.2. The degenerate case

In order to obtain a functional ASLT in the degenerate case, we need the following version of a
general result by Berkes and Csaki (2001) for function-valued random elements.

Theorem 5.2. Let X, n> 1, be independent random variables taking values in some measurable space
(E,#) and let f; : E' - D[0, 1], [e N, be measurable mappings such that f;(Xi, ..., X;) = G for some
distribution G on D[0, 1]. Assume that for each 1 <k<I, where | — k=m for some fixed m, there
exists a mapping fi.; : E=% — D[0, 1] such that

k

E(lfi(Xy, ..., X)) = fra(Xies1, -, XDl o) < C<7)
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for some C, a>0. Then the sequence (fi(Xi,...,X)));>, satisfies the ASLT with limiting
distribution G.

Proof. The proof proceeds along the lines of the proof in Berkes and Csaki (2001). [

From now on we restrict ourselves to kernels of degree 2. In this case the distribution invariance
principle for degenerate U-statistics was obtained by Neuhaus (1977) (for the general case see
Denker et al., 1985). It states that for a degenerate kernel /2 : R>— R the sequence of D[0, 1]-valued
random elements,

2
=N hxLX) (13)

I1<i<j<|nt]
converges in distribution to

D () — 17,

k=1

where the wy are independent Brownian motions and the A; are the eigenvalues of the integral
operator associated with /4 (see Neuhaus, 1977). The distribution of this limiting process will be
denoted by G.

Theorem 5.3. Assume that the kernel h: R*— R is degenerate and satisfies (1). Then the sequence
defined in (13) satisfies the ASLT with limiting distribution G.

Proof. We want to apply Theorem 5.2. Denote ||h||§ = Eh*(X1, X») and let

2
filer, )0 =5 > hxnx)),

I<i<j<|It]
2
Jeraerts - x)(t) = 5 > hGxin ),
k+1<i<j<|lIt]

where [ — k=2, t€[0, 1] and the empty sum is 0. By Theorem 5.2, it will be enough to show that

E(fi(x1, s X1) = fieaGirs - x)I2) < Ck /L. (14)
Evidently,
_ 2
61 o0 — ettt o 0l <412 | max (57 b))
2
h i’ j b
tamay, (Z > xﬂ)

where > denotes summation over all indices 1 <i<k, 1<j<n with i<j. Observe that due to the
degeneracy of 4,

ST X X)), 2+ k<n<l,
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is a martingale with respect to the canonical filtration %, = a(X},...,X,). Using Doob’s
inequality and once more the degeneracy of /i we estimate

el (oo )| < ae(Sion )

/
=4 E(X, X))
< 4kI|h|B. (15)
Similarly,
2
k+2\
X <

Ef max | 3 hx,x) \4( ) )nhnz. (16)

1<i<j<n

From (15) and (16) it follows that,

k+2
E(Ilfz(xh---,X1)—fk,z(Xk+1,---,XI)IIi)<4I24||h||§<k1+< ) >>

< Ck/l.
The theorem is proved. [
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