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Abstract

Autoregressive models with switching regime form a popular and very flexible class of
non-linear time-series models, which have been widely applied in finance, econometrics,
engineering and other fields. In a first step, a basic yet hard problem is to test whether
a regime switch is actually present in the time series, and there still appears to be a
need for methods which are sufficiently straightforward to use, and still have good power
properties. In this paper we propose penalized quasi-likelihood based tests, which have a
simple, nuisance-parameter free limit distribution. Simulations show that the asymptotic
approximation is reasonably accurate already for moderate sample sizes, and that the
power properties compare favorably to those of ordinary quasi-likelihood ratio tests. We
apply our methods to the series of seasonally adjusted quarterly U.S. GNP data.
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1 Introduction

Autoregressive models with switching regime form a very flexible class of non-linear time-
series models, that behave locally linear but globally feature structural changes. Often, the
regime is taken as a finite-state Markov chain. Hence, a basic methodological issue is to
determine the number of states of the underlying regime, or in a first place to test for the
existence of at least two states. The asymptotic distribution of likelihood-ratio type tests is
quite involved, however, and depends both on the underlying parametric model as well as
on the true parameter values. Therefore, in this paper we introduce likelihood-based tests
with tractable, nuisance-parameter free asymptotic distributions and good power properties,
following the approaches by Chen, Chen and Kalbfleisch (2001) and Chen and Li (2009) for
ii.d. mixtures.

Let us now give a formal definition of the model. An autoregressive process with Markov
regime, or Markov-switching autoregression, is a bivariate process (Sg, Xi)r, where (Sg)x is
an unobserved Markov chain on a finite state space M, and where (Xj)j is the observed time
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series, which are related as follows. Given (Sk)x, (Xk)g is an inhomogeneous p-order Markov
chain on a measurable space X', and for each ¢ > 0 the conditional distribution of X; only
depends on S; and the lagged X’s. We shall assume that (Si)x is stationary and ergodic so
that its stationary distribution is uniquely defined. The hidden process (Si)x is referred to
as regime.

Testing for regime switching corresponds to testing the null hypothesis M = {1} of a single
state (so that the model reduces to a mere autoregressive process) against the alternative
hypothesis M = {1,2} of (at least) two states. Deriving the asymptotic distribution of
the LRT and related test statistics is a difficult task for a variety of reasons. First, under
the null hypothesis, parameters of the full model are not identified, and the asymptotic
distribution of the corresponding LRT will be highly non-standard. This problem already
arises in the closely related problem of testing for homogeneity in two-component mixtures,
which has been intensively studied in recent years, see Chen et al. (2001), Dacunha-Castelle
and Gassiat (1999) and Liu and Shao (2003). Second, additional difficulties arise if the
Markov dependence structure of the regime is incorporated in the test statistic. Indeed, even
for compact parameter spaces, Gassiat and Kerebin (2000) show that the LRT for regime
switching may not converge in distribution at all.

Therefore, Cho and White (2007) and Dannemann and Holzmann (2008) suggest quasi LRT's
which neglect the dependence structure of the regime in the construction of the test statistic.
Cho and White (2007) consider an ordinary (quasi) likelihood ratio test and obtain results
when testing for regime switching which are analogous to those in Chen et al. (2001) for the
LRT and in Chen and Chen (2003) for testing for homogeneity in finite mixtures. Dannemann
and Holzmann (2008) extend the test by Chen et al. (2004) for two against more states to
a Markov-dependent regime. In this paper we propose several modifications of ordinary
quasi LRT's in order to obtain a tractable asymptotic distribution, and maintain good power
properties.

In economics, regime switching models are used for business cycle analysis (Hamilton 1989)
and for further macroeconomic time series (e.g. Porter 1983 for investigating cartel behavior;
Davig 2004 for the U.S. debt-output ratio) and also to study financial time series (Hamilton
and Susmel 1994 for stock returns or Cai 1994 for treasury bills). In this paper we apply
our methods to the series of seasonally adjusted quarterly U.S. GNP data from 1947(1) to
2002(3). It turns out that there is a regime switch in the variance of the series, which is
however, exclusively due to the great moderation starting in 1984. When dividing into two
subseries, for the series from 1984(2)-2002(3) the AIC is in favor of a switching model, while
the BIC selects a simple AR(2)-model. Using the EM-test, we cannot reject the hypothesis
of no regime switch with bootstrap p-value of ~ 0.1. Thus, there is no clear evidence of an
additional regime switch in the series, apart from that due to the great moderation.

The outline of the paper is as follows. In Section 2 we specify the model, give some examples,
and discuss consistency properties of penalized quasi maximum likelihood estimators. Section
3.1 has the asymptotic distributions of a penalized (or modified) quasi LRT. In Section 3.2 we
consider tests based on fixed proportions under the alternative as well as a variant called the
EM-test, introduced by Chen and Li (2009) for i.i.d. normal mixtures, and cover all relevant
models with single switching parameter including the switching intercept linear autoregressive
model with normal innovations. In Section 4 we report the results of a simulation study, and
in Section 5 we apply the methods to the series of U.S. quarterly GNP. The main steps of the



proofs are given in Appendix A, further details are deferred to the supplementary material in
Appendix B (attached for reviewer information only, not intended for publication).

2 Model specification and estimation

2.1 Markov switching autoregressive models

We specify the model for a two-state chain, which can be written as
Xi = Fo(Se, X{_5€0), (1)

where (€)k>0 is an independent and identically distributed sequence of random variables with
E(e1) = 0 and E(ef) = 1 that we shall call the innovation process, X} = (X, ..., Xp_pi1)
and (F,), is a family of functions indexed by some finite-dimensional parameter w. We
assume that w consists of the entries agq, a2 of the transition matrix P = (a;j)i j=1,2, the
switching parameters 91,99 € © C R” as well as the structural parameters n € H C R? which
are the same for all states. The parameter sets ©® and H are assumed to be compact and
convex. Further, we shall restrict our attention to the case of a single switching parameter,
i.e. r =1, so that

T T
w' = (ag1,a12,91,92,m").

Example 1 (Linear switching autoregression). 1. The linear switching autoregressive model
with switching intercept is given by

p
Xi=C(s,+ Y ¢ Xe i+ o6 (2)
j=1

where ¢ is a scale parameter for the innovation distribution, the ¢;’s are the (non-switching)
autoregressive parameters, and the intercept ¢ switches according to S;. Krolzig (1997) and
Hamilton (2008) give further motivation and discussion of the properties. For the innovations,
the normal distribution is a standard choice; another useful distribution is the t-distribution,
which allows for heavier tails which are often observed empirically. In the above notation, we
have 9; = (;, i = 1,2. If o is fixed, we have d = p and 0 = (¢1,...,¢p)T, otherwise, d = p+1
and 0 = (¢1,...,¢p,0)T.

2. The linear switching autoregressive model with one switching autoregressive parameter is
given by

jo—1 2
Xe=C+ > X g+ bios Xijo+ Y ;X1 + o€ (3)
Jj=1 Jo+1

where ¢ is the non-switching intercept, ¢;, j = 1,...,50 — 1,jo + 1,...,p, are the (non-
switching) autoregressive parameters, o is the scale parameter of the innovation process and
®jo,5, switches according to S;. In the above notation, we have d = p + 1, ¥; = ¢j,,
i=12and n = ((, 01, Djo—1, Djo+1s---»Pp, o)L . Model (3) includes a single switching
autoregressive coefficient X; = ¢g, X¢—1 + o€

3. The linear switching autoregressive model with switching variance is given by

p
Xt - C + Z Qstt—j + 05, €t, (4)
j=1



where o is a scale parameter for the innovation distribution which switches according to St,
the intercept ¢ and the ¢;’s are the non-switching parameters. This is a very popular model
for time series of asset prices (see e.g. Piger 2009). In the above notation, we have d = p + 1,

192-:0“1':]_,2, anan(C,¢17---7¢p)T-

Example 2 (Switching ARCH). Regime switching ARCH-models were introduced by Hamil-
ton and Susmel (1994) and by Cai (1994). The model specification by Cai (1994) when
neglecting leverage effects is

p
Xt = O€y, 0'? = ﬁSt + Z(ﬁJXE,J (5)
7=1

with parameters 9¥; > 0, ¢« = 1,2, and ¢; > 0, 7 = 1,...,p. In the above notation, we
have d = p and = (¢1,..., qbp)T. Again, we consider both normal as well as t-distributed
innovations.

2.2 Penalized maximum likelihood estimation

Likelihood-based methods play a prominent role for parameter estimation in switching au-
toregressive models. Suppose that conditional on X£71 = :L‘£71 and Sp = i, X; has density
g(xx|xh_1;94,m) w.r.t. some o-finite measure p on X'. Then the conditional likelihood given
the initial observations X} = (Xo,...,X_p+1) (we start indexing from —p +1,—p +2,...)
and the initial unobserved state Sy = ig is given by

2 2 n n
in(w) = log < Z T Z H g, 1k H g(Xk’le—l; ﬁik?")) (6)
k=1

i1=1 in=1k=1

The maximizer @ of [,,(w) is called the (conditional) maximum likelihood estimate. Its asymp-
totic properties, especially consistency as well as asymptotic normality are well-established
by now (cf. Douc et al. 2004).

As indicated in the introduction, instead of using the full-model log likelihood function I, (w)
we shall base inference on a quasi likelihood which neglects the dependence structure in the
regime. Let 7 = (a, 91, 92,17),

gmix(xt\l‘f_ls ¢) = (1 - 04)9(33t|$f_1; U1, 77) + 049($t!$f_1; 192;77) (7)

and consider the quasi log-likelihood function given by

In(Y) = Z log gmiX(Xt‘Xf—l; ). (8)

t=1

Note that (8) only is the true likelihood function if the regime is independent. Such models
are sometimes called mixture autoregressive models (cf. Wong and Li 2000). For the time
series model itself, an independent regime may not appear particularly attractive, but it can
nevertheless be used for constructing a feasible test for regime switching. For a Markov-
dependent regime, the parameter a in (7) corresponds to the stationary distribution of the
underlying transition matrix.



Following Chen et al. (2001, 2004) and Chen and Li (2009), in order to obtain a feasible
asymptotic distribution we consider a penalized version of [,, called modified or penalized
quasi likelihood function, which is defined by

pln(a52917792777) :ln(aa§17ﬁ27n)+p(a)7 (9)

where p(«) is a penalty function fulfilling the following properties:
(i) p(«) attains its maximum at « = 0.5, (ii) p(«) is continuous on (0, 1), (iii) p(a) = p(1 — )
and (iv) p(a) = —oo for v — 0.
We shall use
pla) =log(1 — |1 — 2af), (10)

for an extensive discussion for reasons for this choice and modifications see Li (2007).

Let (a,v1,92,m) (resp. (a*,97,95,m%)) be the maximizers of I,(a,91,92,m) (resp.
ply (o, 91,92,m)) over the parameter space [0,1] x ©2 x H, and let (1/9\0,ﬁ0) be the maxi-
mizers of 1,,(1/2,9,9,n) or equivalently of pl,,(1/2,9,19,mn) over the parameter space © x H.
We denote the true parameter under the null hypothesis of no regime switch by (99, ng). If
not otherwise specified, we compute the probabilities and expectations with respect to this
distribution.

We shall need the following assumptions, which are satisfied in the above models under
appropriate assumptions on the distribution of the innovations ¢; and the coefficients. See
the discussion below Theorem 2 for details.

Assumption 1. The process (Zy)r>0 = (Sks Xk .-, Xk—p+1)k>0 is a Markov chain on
M x XP. Under the null hypothesis, the observable process (Xj)i is strictly stationary
and geometrically ergodic.

Assumption 2. (Identifiability) If for parameters ! = (a, 91,92, n7) and 7 = (o, 9}, 95, n'T),
a ¢ {0,1}, one has that

Imix (7| YP; ) = gmix(x| yP;¢') for all z € X, yP € AP,

then 7 = i’ and after possibly permuting the states of the Markov chain (Sg); we further
have that « = o/ and ¢; =9}, i = 1,2.

Assumption 3. For all fixed z € X,y? € XP, g(x|y?;-,-) € C3) (O, H). Further, there exists
a nonnegative measurable function K : XP*! — [0, 00) such that

EK(X?™) <o and |log(g(z1|2f;d,m)| < K(af™)
for all z8T' € xP+1 and all (9,7m) € © x H.

Assumptions 2 and 3 are Wald-type conditions, needed for consistency. The next assumption

concerns the expressions in the score. For n = (11,...,14)7 € H and 9 € © we set
0 P
599(Xil Xi_159,m) 9 o
Ybﬂan :(919 - ) Z’L’ﬁ :7}/1-197 ‘/;19777 :7Y'Z 197"7
B a%jg(Xi!Xf_l;ﬂo,n) B,

i.j =—VU;;(n), L k=1,....,d.
9(Xi| X7 1590,m0) Wii(m) 377kU’j(n) J



We require that these derivatives are uniformly bounded by an integrable function. This
assumption implies tightness of relevant processes related to the score, which is required in
the asymptotic analysis. For ease of notation, we set

Y = Yi(Yo,my), Zi = Zi(Vo), Uij =Ui;(ng), j=1,...,d. (12)

Assumption 4. There exists a nonnegative function K : X7+ — [0, 00) such that Ef((XfH) <
oo and such that for allm € H, ¢ € O,

Vi@, <KXT, (20 <KX, [Um)f < KT,
Vi (0, m)]> < K(XPTY, [Wige(m)? <KX, 10/09Z:(0))° < K(XTH).
for j,k=1,...,d.

Theorem 1. Suppose that Assumptions 1 — 4 are satisfied. In case of a single state (i.e. no
regime switch), we have that

(i) 9o — Vo = op(1), Ty — my = 0p(1) and
(ii) U7 — 9 = op(1), 05 — Vo = op(1), ¥ —my = op(1).

Thus, under the hypothesis of no regime switch, both estimators 'gj are consistent for ¥g.
This is due to the penalty term p(«) in (9): The estimator a* is forced away from 0 and 1,
so that both 19* need to be consistent. This is not true for the quasi MLEs 19

3 Feasible quasi-likelihood based tests for regime switching

3.1 The modified quasi-likelihood ratio test

If (1 — a,«) denotes the stationary distribution of (Sk)k, then the hypothesis of no regime
switch is equivalent to
HO : a(l - Oé)(ﬂl - ’192) =0.

We propose to test Hy via the modified quasi likelihood ratio test (MQLRT) statistic
My, = 2{pla(@", 95,95, 7") = pla(1/2, 90, Do, 7ig) }- (13)
For the asymptotic distribution of M,,, we shall additionally require

Assumption 5. The covariance matrix of (Uy1,...,U; 4, Y1, Z1) (see (12) for the definition)
is positive definite.

Assumption 5 does not hold true in model (2) when the innovations are normal, see the
discussion of Examples 1 and 2 below. We shall derive the asymptotic distribution of a
closely related test statistic in this model in Theorem 4.

Theorem 2. Under the null hypothesis Hy of no regime switching, if Assumptions 1 — 5 are

satisfied we have that

where X;Q; denotes the x?-distribution with p > 0 degrees of freedom, X% is the point mass at

2
X17

d . . . .
0, and — denotes convergence in distribution.



As desired, the asymptotic distribution of M,, is easy to handle and does not depend on the
underlying parametric model, the actual true parameter values or the choice of the compact
set © (as long as it contains the true value). This is in contrast to the asymptotic distribution
of a quasi likelihood ratio test (QLRT, without penalization) of Hy based on (8).

Examples 1 and 2 (continued). First consider the identifiability Assumptions 2 and 5.
Suppose that the innovations €; are real-valued with continuous density f > 0 w.r.t. Lebesgue
measure, and let f(z;u,0) = f((z — p)/o) /o denote the corresponding location-scale family.
First consider models (4) and (5).

Lemma 1. a. If the parameter (o, p, 01, 02) in a two-component scale mizture (1—a) f (x; p, 01)+
af (x; p,09) is identified (except for label switching), then Assumption 2 is satisfied for the
models (4) and (5).

b. Suppose that for any (u,o) and ay,az,a3 € R,

of (x5 p,0) of (x5 p, 0) O*f(x;p,0)
op +a do +as 0%c

ay =0  for Lebesgue-a.e. x (14)

implies that a1 = ag = ag = 0. Then Assumption 5 is satisfied for the models (4) and (5).

See Appendix A for the proof. Since general finite mixtures of normal and t¢-distributions
(even with variable degrees of freedom) are identifiable (cf. Holzmann et al. 2006), Lemma 1
a. implies that Assumption 2 will be satisfied in these cases. As for b., we give the proof for
the normal distribution in Appendix A, for the ¢-distribution see Appendix B.

For models (2) and (3), we have the general result

Lemma 2. a. If the parameter (o, p1, p2,0) in a two-component location mixture (1 —
a)f(x; p1,0) + af(x;ug, o) is identified (except for label switching), then Assumption 2 is
satisfied for the models (2) and (3).
b. Suppose that for any (u,o) and a1, a2,a3 € R,
of(wspy0)  Pflwspo)  Of(sp,0)
+ as

W TR ey, 0

=0  for Lebesque-a.e. (15)

implies that a1 = az = ag = 0. Then Assumption 5 is satisfied for the models (2) and (3).

The proof is similar to that of the above lemma and omitted. In Appendix B we show that
(15) is indeed satisfied for the t-distribution.

However, for the normal distribution, since o2 (gﬁ;ﬁ“g) = U (gf’o) holds condition (15) is
not fulfilled. Indeed, for model (2) with normal innovations the MQLRT for testing for
homogeneity does not admit the simple asymptotic distribution given in Theorem 2 in case
of a variable scale parameter (it does for fixed scale parameter). We shall propose a test and
derive its asymptotic distribution in Section 3.2.

For model (3) in case of normal innovations a direct argument shows that Assumption 5 is
still fulfilled, see Lemma 5 in Appendix A.

3.2 Fixed proportions and the EM-test

Instead of penalizing small values of «, a simple possibility is to consider a finite set of fixed
values J = {aq,...,a } for o under the alternative. If the set J is sufficiently large, this



need not lead to a great loss of power. Specifically, let (51,aj,527aj,ﬁaj) be the maximizer of
(e, Y1,92,m) subject to a = «j, and set

Ro(og) = 2{ln(0, 010, 020;:7a,) — In(1/2,90,00,70)},  a; € T,

Ry (J) = g;an(aj)-
Note that no penalty is required when testing against fixed proportions. In order to in-
crease the power, Chen and Li (2009) proposed to perform, starting from each o € J, a
fixed finite number K of EM-steps, for which they require the penalized likelihood function
pln (e, ¥1,92,m). This leads to the EM-test statistic EMéK) = EM,SK) (.7) We give the

details for its computation in Appendix A. Let us point out that EMTSO) (J) is simply the
penalized version of R, (J)

Theorem 3. Under the assumptions of Theorem 2, if J C (0,1) is a finite subset with
1/2 € J, then

d 1 1 d 1 1
R, (TJ) — ng + §X%7 EM)(7) 5 §X% + §X% (16)

For the proof see Appendix A. Finally, we consider model (2) with normal innovations, i.e.

p
iid
Xt = (s, + E ¢jXi—j+oe, e~ N(0,1). (17)
i=1

In case of independent mixtures, testing for homogeneity in such a model has been studied
in Chen and Chen (2003), Qin and Smith (2004) and Chen and Li (2009). For the MLRT,
Chen and Chen (2003) derive an asymptotic upper bound which is strengthened by Qin and
Smith (2004) to the x? + 33 distribution. Qin and Smith (2004) even claim that this is the
asymptotic distribution of the MLRT, however, their argument that this bound is attained
seems to be incorrect, and the exact asymptotic distribution for the MLRT remains somewhat
unclear. We conjecture that it is the same as for R, (J) as specified below. An outline of
the proof of the following theorem, which is similar to the proof of theorem 2 in Chen and Li
(2009) is given in Appendix A.

Theorem 4. Suppose that (Xi)g follows a stationary AR (p) model with normal innovations.
When testing for regime switching as specified by (17), if for the finite set J C (0,1) we
have a. 1/2 € J and b. J contains a further element # 1/2, then for the test against fized
proportions that for x € R as n — oo,

P(Rn(J) < z) = F(z)(1a50 + F(2))/2,
where F is the cdf of a x3-variate, and for the EM-test that
P(EM < 2) — F(z — A)(Les0 + F(2)) /2,
where

A=2 al;r;al>/<2{p(aj) —p(1/2)}.



4 Simulations

Here we present some of the results of an extensive simulation study of the tests proposed in
the two previous sections. We conducted the simulations with J = {0.1,0.3,0.5} for both R,

and MT(LK). We only present results for normally distributed innovations, for the t-distribution
see Ketterer (2011).

4.1 Simulated levels

In this section we simulate the size of the MQLRT, the EM-test and the test for fixed pro-
portions in several settings.

a. Switching Autoregression with switching intercept.
Data-generating process (DGP): X; = 0.5X;_1 + ¢, where ¢ u N(0,1).

Model : X; = (s, + ¢X;_1 + o, with & 4 N(0,1)
Note that Theorem 4 applies. The results for various sample sizes can be found in Table 1.
The tests are somewhat anticonservative for small sample sizes. Figure 1 shows the ecdf of

the EM-test statistic EMT?) for sample sizes n = 200 as well as n = 1000.

b. Switching Autoregression with normally distributed innovations with switching scale.
DGP: X; = 0.2X;_1 + ¢, where ¢, % N(0,1).

Model: X; = ¢ + ¢X;_1 + os,¢ with ¢ < N (0, 1).

The results for various sample sizes are contained in Table 2. The tests have almost identical
levels.

c. Switching Autoregression with normally distributed innovations with switching autoregres-
sive parameter.

DGP: X; = 0.5X,_1 + €, where ¢ < N(0,1).

Model: X; = ¢ + ¢, X;_1 + oe; with & < N(0,1).

The results for various sample sizes are contained in Table 3. The tests are somewhat con-
servative.

d. Switching ARCH
DGP: X; = oyep; 02 = 14+ 0.5X2 , +0.3X2 ,, where & £ N(0, 1),
Model: X; = oe; 02 = s, + 1 X2 | + p2X7? 5 with ¢ i N(0,1).

The results are in Table 4, the tests are slightly conservative.

4.2 Power comparison of several tests

We present the results of a power comparison of the various tests. We shall restrict ourselves
to the linear autoregressive model with switching intercept and normal innovations, with
variable scale. Thus, as a model we maintain

Xt =C(s, + ¢Xt—1 + o€ with e N(0,1). (18)
For proper estimation of the power we shall use simulated critical values. Precisely, for given
alternative, we simulate the critical value of the tests from the distribution (without regime



switch) which is fitted to a large sample from the alternative by maximum likelihood, it is
(approximately) the closest approximation to the alternative in Kullback-Leibler distance.
Note the analogy to a corresponding bootstrap procedure.

As data generating process we maintain X; = (—1)°* + ¢X;_1 + €, where ¢ b N(0,1), with
various values of ¢, a12 and as;.

Effect of mixture proportion

First, we investigate the effect of the mixture proportion « on the various tests. We fix
¢ = 0.5, and for distinct « choose a2 and a2 to generate an independent regime. Table
5 contains the results. As could be expected, for small o the QLRT and the test for fixed
proportions have higher power than the EM-test, which penalizes small a’s. For « close to
0.5, the EM-test has highest power.

Effect of dependent regime and autoregression

Next, we investigate the effect of a dependent regime. We consider various combinations of
a12, as1 which lead to @ = 0.5. In Table 6 the results are displayed for underlying parameter
¢ = 0, similar results were obtained for ¢ = 0.5. The tests have the highest power when the
Markov chain reduces to an i.i.d. sample, i.e. ajo = as; = 0.5, for strongly dependent regime,
the power is much smaller. In contrast, if we drop the autoregressive parameter ¢ from the
model, i.e. when testing for homogeneity in a hidden Markov-model with state dependent
distributions P(X; < z|S; = i) = ®((z — {;)/0), i = 1,2, Table 7 shows that there is no loss
of power for a dependent regime.

5 Application

In this section, we apply our methods to the series of quarterly, saisonally adjusted U.S.
GNP from 1947(1) to 2002(3). The data are Real U.S. Gross National Product in bil-
lions of chained 1996 dollars and can be obtained by the Federal Reserve Bank of St. Louis
(http://research.stlouisfed.org/). Instead of considering the data, say Y;, we consider the
growth rate Xy = Vlog(Y:) = log(Y;) —log(Y:—1) (in %) which is plotted in Figure 2 (left).
As indicated by the acf and pacf (see Figure 2, (right)), the series shows autocorrelation.
Therefore, we model the data by various switching autoregressive models of ordersp =1,...,4
with normal innovations. Here, M; is the ordinary AR(p)-model, My allows all parameters
to switch, M3 has a switching scale parameter (model (4)) and My a switching intercept
(model (2)).

Using formal model selection criteria, see Table 8, one chooses model M3 and p = 1 according
to BIC and M3 with p = 3 according to AIC. Here, we note, that the AIC and BIC are
computed by

AIC = —20,,(&) + 2 - k(w) and BIC = —21,,(&) + log(n) - k(&),

where Zn(w) is the log likelihood conditional on the first 4 observations and on state 1 and
k(w) denotes the length of the vector w.

Testing for homogeneity in model M3 via the MQLRT as in Theorem 3, we reject the hy-
pothesis of no regime switch for all orders p = 1,...,4 with p-value < 0.01. However, the
resulting ML estimates in model M3 (see Table 9) for the hidden Markov chain are highly
persistent. Computing the most likely sequence of hidden states using the Viterbi algorithm
(see Viterbi, 1967) given the fitted model M3 (p = 1), we see that there is only one regime
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switch in the variance between 1984(1) and 1984(2). This result corresponds to the ’Great
Moderation’ of the U.S. GNP growth rate, i.e. the permanent decline in the (variability of
the) growth rate of U.S. GNP.

Therefore, we divide our series in two subseries: the first from 1947(1)-1984(1) and the second
1984(2)-2002(3), and fit the models My, ..., My for lags p = 1,...,4, to the two subseries.
For the series from 1947(1)-1984(1), the BIC (455.78) as well as the AIC (446.87) favor a sim-
ple AR(1)-model. Testing for switching intercept or switching scale, neither hypothesis can
be rejected by the corresponding EM or MQLR tests. For the subseries from 1984(2)—2002(3),
the BIC (119.8) selects a purely linear autoregressive model of order p = 2 whereas the AIC
selects a switching model of order p = 2 (model My has AIC=109.32, M, AIC=109.66).
Therefore, we test for a switching intercept using the EM-test, for order p = 2. The asymp-
totic p-value of EMy(LQ) is 0.04, however, the simulation in Table 1 showed that the test based
on the asymptotic distribution is rather anticonservative. Thus, we use a parametric boot-
strap based on the fitted AR(2)-model to estimate the p-value, which yields 0.095. Thus,
there is no clear evidence in favor of regime switching.

Summarizing, apart from the change point at the beginning of the great moderation, which
results in a single switch to a less volatile state, there appears to be no clear evidence of
regime switching in the series or the subseries corresponding to the time before and after the
great moderation.

Acknowledgements

The authors gratefully acknowledge financial support from the DFG, grant Ho 3260/3-1 and
from the Landesstiftung Baden-Wiirttemberg, “Juniorprofessorenprogramm”.

6 References
Cai, J. (1994). A Markov model of unconditional variance in ARCH. Journal of Business and
Economic Statistics 12, 309-316.

Chen, H. , Chen, J. and Kalbfleisch, J. D. (2001). A modified likelihood ratio test for homo-
geneity in finite mixture models. J. R. Stat. Soc. Ser. B 63, 19-29.

Chen, H. and Chen, J. (2003). Tests for homogeneity in normal mixtures in the presence of
a structural parameter. Statistica Sinica 13, 351-365.

Chen, H., Chen, J. and Kalbfleisch, J. D. (2004). Testing for a finite mixture model with two
components. J. R. Stat. Soc. Ser. B 66, 95-115.

Chen, J. and Li, P. (2009). Hypothesis test for Normal Mixture Models: the EM Approach.
Annals of Statistics 37, 2523-2542.

Cho, J. S. and White, H. (2007). Testing for regime switching. Econometrica 75, 1671-1720.

Dacunha-Castelle, D. and Gassiat, E. (1999). Testing the order of a model using locally conic
parametrization: population mixtures and stationary ARMA processes. Ann. Statist. 27,
1178-1209.

Dannemann, J. and Holzmann, H. (2008). Testing for two states in a hidden Markov model.

11



Canadian J. Statist 36, 505-520.

Davig, T. (2004). Regime-Switching Debt and Taxation. Journal of Monetary Economics 51,
837-859.

Douc, R., Moulines, E. and Rydén T. (2004). Asymptotic properties of the maximum like-
lihood estimator in autoregressive models with Markov regime. Annals of Statistics 32,
2254-2304.

Ferguson, T.S. (1996). A Course in Large Sample Theory. Chapman & Hall, London.

Fu, Y., Chen, J. and Li P. (2008). Modified likelihood ratio test for homogeneity in a mixture
of von Mises distributions. Journal of Statistical Planning and Inference 138, 667-681.

Frydman, R. (1980). A proof of the consistency of maximum likelihood estimators of nonlin-
ear regression models with autocorrelated errors. Econometrica 48, 853—-860.

Gassiat E. and Keribin C. (2000). The likelihood ratio test for the number of components in
a mixture with Markov regime. ESAIM P&S 4, 25-52.

Hamilton, J. D. (1989). A new approach to the economic analysis of nonstationary time series
and the business cycle. Econometrica 57, 357-384.

Hamilton J. D. and Susmel R. (1994). Autoregressive conditional heteroskedasticity and
changes in regime. Journal of Econometrics 64, 307-333.

Hamilton, J. D. (2008). Regime-Switching Models. In The New Palgrave Dictionary of Eco-
nomics, Second Edition (eds. S. N. Durlauf and L. E. Blume). Palgrave McMillan Ltd.

Holzmann, H. and Ketterer, F. (2011). Feasible tests for regime switching in autoregressive
models: Technical Details. Preprint, Marburg University.

Holzmann, H., Munk, A. and Gneiting, T. (2006). Identifiability of finite mixtures of elliptical
distributions. Scandinavian J. Statist 33, 753—-763.

Ketterer, F. (2011). Penalized likelihood based tests for regime switching in autoregressive
models. Ph.D. thesis, Marburg University, Germany.

Krolzig, H. M. (1997). Markov-switching vector autoregressions. Lecture notes in Economics
and Mathematical Systems 454. Springer, Berlin.

Li, P. (2007). Hypothesis testing in finite mixture models. Ph.D. thesis, University of Wal-
terloo, Canada.

Liu, X. and Shao, Y. (2003). Asymptotics for likelihood ratio tests under loss of identifiability.
Ann. Statist. 31, 807-832.

Meng, X. L. and Rubin, D. B. (1993). Maximum likelihood estimation via the ECM algo-
rithm: A general framework. Biometrika 80, 267278

Piger, J. (2009). Econometrics: models of regime changes. In Encyclopedia of Complexity
and Systems Science (R.A. Meyers, ed.). Springer, New York.

Porter, R. H. (1983). A study of cartel stability: The Joint Executive Committee, 1880-1886.
The Bell Journal of Economics 14, 301-314.

Qin, Y. S. and Smith, B. (2004). Likelihood ratio test for homogeneity in normal mixtures

12



in the presence of a structural parameter. Statistica Sinica 14, 1165-1177.

Viterbi, A. J. (1967). Error bounds for convolutional codes and an asymptotically optimal

decoding algorithm. IEEE TRans. Inorm. Th. 13, 260-269.

Wong, C. S. and Li, W. K. (2000). On a mixture autoregressive model. J. Royal Statist. Soc.

B 62, 95-115.

7 Tables and Figures

Table 1: DGP: X; = 0.5X;_1 + €, where ¢ d N(0,1), Model: X; = (s, + ¢X;—1 + o€, with

itd

et ~ N(0,1); number of replications: 20,000.

Sample Size Nominal Levels (%) | EMY  EMY  EMP | R.(7)
n = 200 10% 123 128 131 | 157
5% 6.7 7.1 7.3 8.4
1% 1.5 1.7 1.8 1.9
n = 500 10% 11.9 120 122 | 149
5% 6.1 6.2 6.4 8.0
1% 1.2 1.3 1.3 1.8
n = 1000 10% 108 109 110 | 138
5% 5.6 5.7 5.7 7.4
1% 1.2 1.2 1.3 1.6

Table 2: DGP: X; = 0.2X;_1 + €, where ¢ id N(0,1), Model: X; =+ ¢X;—1 + 0s,€6 with

1id

€t ~ N(0,1); number of replications: 20,000.

Sample Size Nominal Levels (%) EMY) EM" EM? MQLRT
n = 200 10% 110 1.1 111 114
5% 6.3 6.4 6.4 6.7
1% 1.9 1.9 2.0 2.1
n = 500 10% 9.6 9.7 9.7 9.8
5% 5.1 5.1 5.1 5.3
1% 1.1 1.1 1.1 1.2
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Table 3: DGP: X; = 0.5X;_1 + €, where ¢ ud N(0,1), Model: X; = ( + ¢5,X¢—1 + 0¢; with
€t & N (0,1); number of replications: 20,000.

Sample Size Nominal Levels (%) EM\" EMY EM? MQLRT
n = 200 10% 7.9 8.0 8.0 8.6
5% 42 42 42 48
1% 1.0 1.0 1.0 1.2
n =500 10% 8.9 8.9 8.9 9.3
5% 48 48 48 5.3
1% 1.0 1.0 1.0 1.3

Table 4: DGP: X; = oyep; 02 = 1+ 0.5X2 | + 0.3X2 ,, where ¢, % N(0,1), Model: X; =
orer; 0F = Vg, + 91 X2 | + p2 X2 o with € i N(0,1); number of replications: 20,000.

Sample Size Nominal Levels (%) EM\") EMY EM? MQLRT
n = 100 10% 8.0 8.0 8.1 84
5% 4.4 4.4 45 4.7
1% 0.9 0.9 0.9 1.1
n = 500 10% 88 8.8 8.8 9.1
5% 46 46 46 4.9
1% 1.1 1.1 1.1 1.1

Table 5: Nominal level: 5%; DGP: X; = (s, + ¢X;—1 + o€, where ¢ i N(0,1), sample size:
500, number of replications: 5,000, Model: X; = (g, + ¢X;—1 + o€, with € i N(0,1).

MY EM&  EMP | QLRT | R.(7)
774 715 775 | 841 | 86.1
928 930 931 | 91.3 | 92.9
889  89.1 892 | 859 | 856

a2 axn o | G G ¢
01 09 01]-1 1 0.5
03 07 03]-1 1 0.5
04 06 04]-1 1 0.5

=== 9
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Table 6: Nominal level: 5%; DGP: X; = (—1)%( + ¢, where ¢ “ N(0,1), sample size:

500, number of replications: 5,000, Model: X; = (s, + ¢X;—1 + o€, with & id N(0,1). Let
a = ajz/(a12+ a9 ) and (1 — a, ) be the stationary distribution of the hidden Markov Chain
(Sk)k-

a2 an a ¢ | EMO EMY EMP | QLRT | R.(J)
01 0.1 05 1.0] 129 129 129 | 100 | 10.7
02 02 05 1.0]| 343 344 344 | 260 | 281
03 03 05 10| 654 655 653 | 544 | 568
05 05 05 10| 881 883 884 | 819 | 828
07 07 05 10| 639 638 640 | 527 | 547
08 08 05 1.0] 302 302 304 | 213 | 242
09 09 05 10| 93 9.3 9.4 6.4 72

Table 7: Nominal level: 5%; DGP: X; = (—1)%( + ¢, where ¢ ud N(0,1), sample size:

500, number of replications: 5,000, Model: X; = (g, + o€, with ¢ id N(0,1). Let a =
ai2/(a12 + as1) and (1 — a, ) be the stationary distribution of the hidden Markov Chain
(Sk) k-

a12 ag1 « C EMy(LO) EMy(ll) EM»,(LQ)
0.1 01 05 1.0 87.6 87.6 87.6
02 02 05 1.0 88.0 88.0 88.0
03 03 05 1.0 89.3 89.3 89.3
05 05 05 1.0 89.5 89.5 89.5
0.7 0.7 05 1.0 88.6 88.6 88.6
08 0.8 05 1.0 89.5 89.5 89.5
09 09 05 1.0 89.0 89.0 89.0

Table 8: BIC (left) and AIC (right) for the corresponding models for series 1947(1)-2002(3).
BIC M, Mo Ms My AIC My Mo Ms My
p=1 615.065 60291 592.56 62251 p=1 60490 575.83 572.25 602.21
p=2 61886 607.16 593.71 626.57 p=2 60532 573.32 570.02 602.88
p=3 621.54 615.63 597.01 628.85 p=3 604.62 575.01 569.94 601.77
p=4 62391 623.73 600.71 632.39 p=4 603.60 576.35 570.25 601.93

Table 9: Fits for model M3 (only the variance is allowed to switch, using maximum likelihood
estimation) 1947(1)-2002(3).

a2 a1 ¢ ¢ ®2 ®3 ¢4 01 op)
p=1 0.007 0.006 0.51 0.35 0.51 1.12
p=2 0.007 0.006 0.44 0.30 0.14 0.50 1.12
p=3 0.007 0.006 048 0.31 0.17 -0.10 0.50 1.12
p=4 0.007 0.006 053 0.31 0.19 -0.07r -0.09 0.50 1.11
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Figure 1: Ecdf of EM? for testing for homogeneity in model (17) (solid line) for DGP

Xt = 05X 1+€, & & N(0,1), together with the limit distribution (dashed line) for n = 200
(left) and n = 1000 (right).
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Figure 2: U.S. GNP quarterly growth rate in % with sequence of associated states in the
a-posteriori analysis (left) and acf and pacf of the sequence (right).

A Proofs

A.1 Proofs of Sections 2.2 and 3.1

All probabilities and expected values are taken under the hypothesis of no regime switch. Recall that
(90, M) denote the true parameters. To prove Theorem 1, we need the following lemma.

Lemma 3. Under Assumption 2, if 6 >0 and o € [§,1 — 6] we have that

Gmia( X1 X5 2) )
Flog ( <0
9(X1|X7F;90,m0)

with equality if and only if g(x1|xh; 04, m) = g(z1]al; Jo,my) Leb. —a.s.,i=1,2.
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Proof. Using Jensen’s inequality and Assumption 2 we get

Imix (X1 X85 9) ) Gmix (X1 XE5 )
Elog ( <logFE <0
g(Xl‘Xg;ﬁmnO) 9(X1|X(I)J§190a770)

with equality if and only if g(x1|zh; ¥, n) = g(a1|2h; 90, my) Leb. —a.s., i =1,2. O

Proof of Theorem 1. (i) Since (X;); is stationary and ergodic, (¢(X¢|X? 159, ®)): is stationary and
ergodic (cf. Krengel 1985, Prop. 1.4.3). By Assumption 3 and the ergodic theorem,

{10(0.5,9,9,m)} — Blog(g(Xa| X2 0,m) (19)

holds almost surely for every fixed (¢¥,n) € © x H. As in Ferguson (1996), one can show that (19)
holds almost surely and uniformly over (¢¥,n) € © x H. The claim follows by theorem 1 in Frydman
(1980) using Lemma 3.

(i) Let

Imix (X1]X§; ) >
a,91,92,m) = Elo .
991, 02,7) g <9(X1|Xé’;1907no)
From Cho and White (2007) we have

Ry, = 2{0,(@, 01,92, 1) — 1n(1/2, D0, Do, 79) } = Op(1).

Using 0 < M,, < R, and the properties of the penalty function p(«a) we get 0 < M,, — 2{p(a*) —
p(0.5)} < R, and therefore p(@*) = Op(1). Therefore there exists an 6 > 0 for which P(§ < a* <
1—-46) = 1, n — oo, holds and we can suppose that « € [§,1 — §]. By the ergodic theorem and
Assumption 4 we get under the null distribution

1
E{pln(av 1911 1927 77) - pln(057 7-90’ 1907 ,'70)} — Q(Oé, 1917 '1927 T,) (20)

almost surely and uniformly over (a,d1,92,1) € [0,1 — 8] x ©% x H. Let w be a point in the sample
space for which (20) is true and note that the set of all such points has probability 1.

Suppose for a w the claim of the theorem is not true and, for example (the procedure for the other
parameters is the same), 1/9\’1‘ does not converge to ¥y. There must exist a subsequence (n’) such that

Uz, — 0 # 9y Consider
Q= {(06191»192,71) : |191 - 190| 2 €6ac [5, - 5}}7

where € = | — ¥g|/2. Then for all large n/, (@*,3{753,17*) at the sample point w, belongs to the
subset. By Assumption 2 and Lemma 3 Q(«,91,92,m) < 0 for all (o, ¥1,92,m) € Q. It then follows
that A L

pln’ (a*v 19?7 ﬂ;a ﬁ*) - pln’ (0'53 7907 Yo, ﬁo) <0
for all large enough n/. But this is a contradiction to (a*, 5;, 1/9\;, 7") being modified maximum likeli-
hood estimator and so 5’1‘n, — 9 on w. Thus 1/9\fn, — Yo almost surely. O

Proof of Theorem 2. We have

~

Mn = 2(pln(a*7’;’\*1<719;7ﬁ*) 7pln(1/271907190an0)) + 2(pln(1/2719051907n0) *pln(1/271§0’507ﬁ0))

=T1n + T2n.

First examine rq,, : Write

n

Tln(aa 1917192777) = ZZlog(l + 61) + Qp(Oé) - 2p(1/2)’

i=1

X;|XP 2, Xi| XP 1504,
5i:(1_a){g( I;_l 1n)_1}+a{9( I;_l 277)_1}.
9(Xi| X7 1590, m0) 9(Xi| X7 1590, m0)
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Then using Assumptions 1 and 3 - 5, we obtain the quadratic expansion (see Appendix B)

rln(a,ﬁl,ﬁg,n) SQiéz — i&? + %iazg
] i=1 i=1

=1
<2 ((m =m0 Uit + ..+ (na — Na,0)Uia + maY; + maZ;) (21)
i=1
= 2
- Z ((771 —n,0)Uix + ...+ (Mg — na,0)Us,a +m1Y; + mQZi) (1+o0p(1))
i=1
+ OP(1)7
where
my = (1 — Oé)(191 — 190) + 05(192 — 190), mo = (1 — a)(191 - 190)2 + 04(192 — 190)2.
Note that my > 0. Using Assumption 5 we may orthogonalize
- . EU, Uy ~
Ua = Uy,  Uia=Uz— ﬁm - (22)
~ d ~
- EU Y ~ EZ\ Y, ~ EU, ;7 ~
EU EY; — EU;.
j=1 »J
By Assumption 5, given 71, ..., 14, m1, Mo there exist unique constants ¢1,...,t41o for which
(m—mo)Uixr+...(ma —na,0)Ui,a +m1Y; + maZ; (23)
:tlﬁi,l + tQﬁi,2 + .. ~tdﬁi,d + td+15~/z' + td+22i
where we have in particular that t;,o = mo > 0. Since Um-, j=1,...,d, }7} and Zl are mutually
orthogonal, we have for the mixed terms that
Zﬁi,j Ui = OP(ZU@‘Q,J‘)’ J#k,
i=1 i=1
and similarly for the other mixed terms. Thus, setting
q(ti, ... tays) QZ (tlﬁul + o tqUs g+ ta Vi + td+2Zi)
i=1
=D (BUA + .. 4302 + 3,V +13,,27)
i=1
we can conclude from (21) that
rin(a,91,92,m) < q(t1, ... tag2) (1 + op (1)) + op(1),
where ¢1,...t442 are determined as in (23). Maximizing q(t1,...,tq12) under the sign constraint
ta+2 > 0 we get
(t1,...,ta12) =arg max q(ti,...,tqe0)
t1,..std+2
_ ( 50 SUa XY (2 Zm) (24)
- ~ PREERERE) ~ 3 =, —
> WUin) Y (Uia) XY X2
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and therefore an upper bound for 71, is given by

(@ 9oy < Z0? L Bl SV (2201

~ 2

S (0) ST XY N

+Op(1). (25)

For v = 1/2 and the values 9%, 9% and %" determined by the maximizers i1, .., ¢4 by (24), we see
that this upper bound is attained.
Expanding 79, in a similar way as 71,, we obtain

- SO? (20

2+ Y, +op(1)
> (Us 1) S (00 LY?

Therefore,

5 2

7+

oo 2
2.7

Since (Zi)izl form a square integrable stationary martingale difference sequences, the result follows
from the ergodic theorem (applied to the denominator) and the central limit theorem for stationary
ergodic martingale difference sequences (applied to the numerator). O

Proof of Lemma 1. b. First, we consider model (4). Let (¢, ¢1,. .., ¢p;ah) = (+ 120+ ..+ dpx1_yp.
Then

o f (X5 (G 1,5 03 XG), 0)

F(X150(C, P15+, bp3 X)), 0)

) L (X 0(C, b1, b XE), 0) X1 s

U = i RaCen e XDy UKo Tl
L (X150 b1, 0p3 XE), 0)

F(X1; (¢, 01,5000, 0p: XE),0)

S (X u(C b1, 003 XE), 0)

Zl - f(Xl;/J(<7¢1a'"7¢p;X(1)))70-) ’

Ut =

i =

where we denote the U; ; by Uf and Uf*. The covariance matrix of (Uf, U{m,. . ,Uf”, Y1, Z;) is non-
degenerate if and only if these random variables are linearly independent (in Lg). Therefore, suppose
that for some constants b;,

P
b1Z1 +baY1 +bsUs + Y byy U =0 as. (26)
T=1
holds. Since the distribution of X;,...,X;_, is equivalent to Lebesgue measure on RPHL(26) is
equivalent to
0 0 0 - 0
b1 —— bo— bs — bs1r—fr1—r =0 Leb. —a.s. 27
150, Theg f+ 38uf+; 3+ 8/1fx1 eb. —a.s (27)

with f = f(z1;0((, b1,y .- p; ah),0). From (14) it follows that by = by = 0 and

p
bs+ > byyrz1r =0 Leb. —a.s.,

T=1
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so that b3 = ... =b34p, =0.
For model (5), let o(9, ¢1, . .., ¢p; xh) = (I+prag+. . .+gz5da:§_p)(1/2). Then setting o = o(9, ¢1, . .., ¢p; Xb),

2 (Xl;U)X127j

J . % N
vyt = f(X1;0)20 J= b
Y, = 2 f(X150)/(20) 7, = aaTZaf(Xl;U)/(‘lUQ)*% (X150)/(40%)
! f(Xy0) 7 ' f(Xi50) .

Again, the covariance is non-degenerate if and only if these random variables are linearly independent
in Ly. Therefore, suppose that for constants b;,

/4
b1Z1 + bY7 + Z bj+2U1¢j =0 a.s. (28)
j=1

Again, (28) is equivalent to

2%

o 0 0 - 9, 5
bl( f/(20) - %f/(20')) + b237f + j;bj+2870'fx17j =0 Leb.—a.s.
where f = f(zl;a(ﬂ,qﬁl, .. .,gbp;xg)). From (14), b; = 0 (as coefficient of %f) and

p
bs + ij+2‘r%7j =0 Leb.—a.s.,

Jj=1

SOthatbQZbgz...:bp+2:0. O]

Lemma 4. Let f(x;u,0) =

2;02 exp(— (ZZ_U’Q)Z) be the pdf of a normally distributed random variable

with expectation p and standard deviation o > 0. If

Of (x5, of (x; ., O*f(x;
o f(ﬂ;: U)Jra2 f(a(;au N f(;?: o)

=0 for Lebesgue-a.e. x (29)

for any (u,0) and a1,a2,a3 € R, then a1 = as = az = 0.
Proof of Lemma 4. Let
. o?t?
Pt 1y 0) = exp ity — ——).

Taking the Fourier transform in (29) and interchanging integral and derivative gives

alaw(g:,a) +as 8“0(’;;"0) +a38290g2;:’0) =0 forallteR. (30)
Since
L(g(f’ 7 ot(t; p, o), 782%2:’(7) = (0*t" = *)p(t; p, 0), 890(25’0) = itp(t; p, 0).

we get from (30) after dividing by ¢(t; 1, o) that

ayit — agot? + az(o®t* —t*) =0 for all t € R,
which is equivalent to

ayit + (—ago — az)t? +azo’t =0 for all t € R,
from which we easily conclude a; = as = a3z = 0. ]

20



Lemma 5. For the normal distribution, Assumption 5 is satisfied for the model (3).

Proof of Lemma 5. Arguing as in the proof of Lemma 1, we arrive at
f + o f + = .t ZbT+3 fa:l ;=0 Leb. —a.s., (31)
since a% f= % f holds for the normal distribution. From Lemma 4 it follows that

b3 z
ba + ;x%—jo =0, by + z_:l b7—+31‘1_7— =0, Leb. — a.s.,

sothatbgzbgz()andbl:b4:...:bp+3:0. O

A.2 EM-test and proofs of Section 3.2

We now describe the EM-test, which is most conveniently accomplished in form of the following
algorithm.

Step 0. Choose the initial values 0 < a3 < ag < ... < ay = 0.5. Compute

(15‘0, 1) = arg Igaxpln (0.5,9,9,m).
m

Put j=1and k£ =0.
Step 1. Put agk) = aj.
Step 2. Compute
(19(k) 19( 0 )) = arg max pl (a(k) 91,02,m)
1] b j ) ] 191”’92’,’] n 7 b ) )
and . o
M® (a)) =2 (pln(a§- L0 98 )y i, (0.5, 3o, 190,770))

Step 3. Compute for i = 1,...,n the weights

k
w(k) _ (X |X1 17192] 777_§ ))
i " . - .
T=a) |Xl pﬂgj )+ o g (G IXT 95 )
Compute the estimators
a§-k+1) = argmax <(n - Zw )log 1—a)+ Zw )log( ) +p(a)>
i=1
ﬂgl;+1) = argmax (Z(l )logg(Xl HIREOP (k))>
i=1
n
ﬁgl;Jrl) = argn}gx (Zw( )logg(X |XP 1,192, ))
i=1
k+1 k k+1
it = arg max (Z(l —w{")log g(X;|XP_ ;9 )
i=1
JrZwEf) log g(X;|X; 19(k+1), )) .
i=1
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Compute
M () = 2 {pla (@ 005 0 ) — pl (0.5, 90, D0, 70) }

put £ = k + 1 and repeat Step 3 for a fixed number of iterations K.
Step 4. Put j =75+ 1, k =0 and go to Step 1, until j = J.
Step 5. Compute the test statistic

EM)(7) = j:rrlla?fJMﬁK)(aj)-

In the above construction of the EM-test, we actually use an ECM algorithm (Meng and Rubin, 1993)
since the EM algorithm would require joint maximization to obtain the update (1951;“), 195];+1), ng)).
If i is highdimensional, this could be further refined by maximizing successively over the components

of n.
Proof of Theorem 3. It is clear that

(K) (XZ2z))
BM{NT) < M, <SS+ or (1)
Since one of the starting values in the EM-test is assumed to be ay = 0.5, and since the ECM algorithm
only increases the value of the likelihood (even though applied to a penalized quasi likelihood, see
Appendix B ), using the same argument as in the end of the proof of Theorem 2, we have

(2 Z)*)?

EM(T) > EM{®) ({1/2}) > 72

=+ Op(l).

Proof of Theorem 4

We give an outline of the proof which is quite similar to that of theorem 2 in Chen and Li (2009), only
the additional linear autoregression must be taken care of. For full details see Ketterer (2011). Since
we assume that the innovations (ex)x are independent N(0,c?)-distributed, the conditional density
(w.r.t. Lebesgue measure on R) of X; given X} | =z} | and S; = i is given by

( (zt — G — Z§:1 ¢j$t—j)2>
exp | — .

g(zelxy_ 156, p,0) = 952

1
V2mo?

In the following, let (@,(;,(y, @,7) be estimators of an EM-step. Then we write that a statement

holds for example for @ if and only if it holds for every aj(.k), j=1,....,Jand k=1,... K.

Lemma 6. For each given @ € (0,0.5] we have under the null model

g—oo=o0p(1), &—¢y=op(l),

¢1 — G =op(1), ¢y —Co = op(1).

Proof. Since we assume (Xj)x to be a causal AR(p) process under the null model we know that the
order of the autoregressive process is uniquely defined and that the parameters are identifiable (cf.
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Kreiss and Neuhaus, 2006). Assuming o € [§,00), § > 0, we have

E |log(g(X1|Xg; Co, ¢07UO))|

1(X1 =G =205 ¢0X1-5)% | |1 >
< E 5 Jjg +13 log(2mo()
1 9 1 9
= EEQ + ilog(QﬂaO) < 0.

Therefore, the ergodic theorem applies to (log g(X¢| X7 _1; Co, g, 00))¢. Further, we have
ln(av Zla227$7 E) - ln(OS? CO) <07 ¢O? 0'0) Z j:nllin J{p(aj) - p(OS)} > —00 (32)
since 0.5 = arg max, p(«) and

k k k k k k k k k k k
ln(a; );CEJ‘),(z(j)»(bJ(' )70§ ))JFP(O‘; )) pln(a; )7<£j)’<§j)’¢g(‘ )7J§ ))
0 0 0 0 0
pla(0l”, 0.8, 0,0\
pln(aj;C07C07¢O7o.0)

ln(aj7CO7 COa ¢O>UO) +p(a])

(A\VARAY

foreveryj=1,...,Jand k =1,..., K by the EM-property. Now the result follows using the argument
as in theorem 2 for the i.i.d. case in Wald (1949). O

From now on we assume without loss of generality (;, = 0 and o9 = 1, and, to ensure readibility, we
restrict attention to the case p = 1. Let

v L BIXIXeuGee|
b 9( Xt X150, g, 1) ¢=0 i
2
4 1 (,)aTcg(Xﬂthl;Cad)ml) = (2 —1)/2
L 2 g(Xt|Xt—1§07¢0’l) ¢=0 t ’
3
oo 1 e 9(Xe| Xi-15¢, o, 1) — (& —3¢,)/6
to 6 g(X¢|Xi—1;0,¢,1) =0 ' o
04
1 —gX Xf;Cv(ﬁ’]'
‘/t - 91¢ ( tl t—1 0 ) :(5?76654’3)/247
24 g(Xt‘thl; 0, d)Ov 1) ¢=0
059(X¢| X:-1;0,0,1
W, = b9(Xe| Xi-1;0,¢,1) = Xi-16¢.

g(Xt|tifl; Oa ¢07 1) L,—d,o

Note that by causality, X;_1 and ¢; are independent, and thus a direct computation shows that Y;,
Zy, Uy, Vi and W, are mutually orthogonal.

Lemma 7. For each a; € (0,0.5], under the null model we have whenever @ — o; = op(1) that

62 -1= OP(n71/4)a 5_ ¢O = OP(n71/2)7

= 33
i =0p(n™%), Ty =0p(n~'/%). (33)

Proof. First we intend to find an appropriate asymptotic upper bound for

2{pln(aa 617227$7 E) - pln(05a 07 Oa ¢07 1)}
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To this end, write

2{pl (@, 1, o, ,7) — pla(0.5,0,0, 9, 1)} =2 "log(1+6,) + 2{p(@) — p(0.5)},

t=1

gt — (1 _ a)g(Xt|thl;Zla$a 5) ag(Xt|thl;ZQa$7 E)
9(X¢| X150, ¢0,1) 9(X¢| X150, ¢0,1)

Using Taylor expansion we get

0 =51Y; + 5224 + 33U + 54V + 5 Wi + & (34)
with an appropriate remainder €;,, where
51 =71, &y =mnp+ (32 —1), 33=7mms,
5y =Ty — 3M3, 85 = (¢ — o),
ix = (1 — )0, +adsy, k=1,...,6.
Using the orthogonality of Y, Z;, Uy, V; and Wy, one proves that (see Ketterer 2011)

2{pl (Oé Cla <27 ¢7 ) (0 5 0 O ¢0) )}
< VRV o)) £ 253 2R3 221 4 0,(1)
t=1 t=1 t=1 t=1

n n n n
_ _ _ _ (35)
+253 ) Ui—=53) U{l+0,(1)}+25.) Vi—51 Y V{1 +0,(1)}
t=1 t=1 t=1 t=1

n

+255 Y Wi —52 3 WE{1+0,(1)} + 2{p(e;) + p(0.5)} + op(1).

From (35) we wish to conclude that
5, =0p(n~Y?), j=1,...,5. (36)

Consider §1: By maximizing the quadratic function,

231Z}Q—512Y {14 o0p(1)} < (gi 11Yg {1+0p(1)} =0p(1).

where the last equality follows from the CLT (applied to the numerator) and the SLLN (applied to
the denominator). Therefore,

0

IN

2{pl (a 417427(;5’ ) (05 0 0 ¢07 )}
2812}/,5—5125/2{1—}-013 )} +0p(1)

= OP()

where the first inequality is due to the EM-property. Hence

IN

25, ) Y; -5 ZY2{1 +op(1)} = Op(1)

so that the two terms need to be balanced, which leads to 51 = Op(n_1/2). Fors;, 7 =2,...,5, the
argument is similar. Analogously, we get

5, =0p(n~Y?), j=2,34,5. (37)
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By the definition of S5 it immediately follows that
¢—¢=0p(n'"?
It can be shown (see Ketterer 2011) that

(i =0p (25: \§j|>7 $=0p (i |§j\) and (32 — 1) = Op (i: |§j|>
j=1 j=1 j=1

which together with (37) implies (33).

Let (@,(y,Cs,®,7) be some EM-estimator. We define

H,(o) = (n - Zwt> log(1 — ) + Z@t log(ar) + p()
t=1 t=1

=: Rn(a) +p(a>7
where _ _
= ag(Xt|Xt71;<2a¢75)
(1 - a)g()(t|)(t—1; <17 ¢7 E) + ag()(t|)(t—1; CZ? Qba E)
Let @ = arg max,e[o,1] Hn(a). The following lemma shows that if @ — a; = Op(n=1%) holds true for
any estimator @ then also for the estimator @* maximizing H, («).

Lemma 8. Let (@,(;,(y, 6,7) be an EM-estimator. If @ —a; = Op(n~Y/*) for some a; € (0,1), then
under the null model, we have
ot — ;= Op(n_1/4).

For the proof see Ketterer (2011).

Lemma 9. Let (a,(,,(y, ,7) be an EM-estimator of (o, 1, (o, ¢, 0). Under the null model the fol-
lowing holds:

(i) If @ — 0.5 = Op(n='*), then

2{pl.(a, 217227 aa 7) — pln(0.5,0,0, ¢o, 1)}
SO0/ L) L (0 3 3 O L LT P )
DD D DY/ 2 VP > Wi
where £~ denotes the negative part of a real number x.

(it) If @ — a; = op(1) for some o € (0,0.5), then

2{pln(av Zlv ZQ) 57 E) - pln(057 Oa 07 d)Oa 1)}
LS (T A (S, U
DR D DANE D By

+ 2{p(e;) = p(0.5)} + op(1).

+

(i W)
Z?:l W12t

+ + + (39)

Proof. (i) One needs to show that 53 = 0p(n_1/ %), and further that 54 is non-positive in probability,
which is established by showing that

51 = 20, + op(n~/?) (40)

where Z;l = Op(n~'?) by (33). Hence, we can strengthen the upper bound in (35) to (38). See
Ketterer (2011) for the details.

(1) One needs to show that 54 = op(n~'/2) so that the upper bound in (35) is strengthened to
(39). O
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Proof of Theorem 4. We know that

2{pln(05a ZO) 207 (;05 80) - pln(05a 05 07 ¢05 1)}
noy 2 noz 2 n W- 2 41
—_ (Z?ﬂ:l tg + (ZthI t2) + (Zt;l 1;) 4 OP(l) ( )
Zt:l Yl‘f Zt:l Zt Zt:l Wlt

Using the results of Lemma 9 we get

n n +0P(1)
i Vi

and
M) < L=t U o tpas) = p0.5)} + 0p(1)
21 Ui
for a; # 0.5. Note that this inequality still holds true if we replace 2{p(a;) — p(0.5)} by A =
2maxq;#0.5{p(;) — p(0.5)} as defined in Theorem 4. Therefore,

717 Ut 2 ;l: Vrt -2

It may be shown (see Ketterer 2011) that the upper bound is indeed obtained. To conclude, by
the multivariate central limit theorem (1/y/n)Y ;" (U, V;)T is bivariate normal. Since U; and V;
are uncorrelated, see end of this section, (1/v/n)> ., U; and (1/y/n) Y.}, Vi are asymptotically
independent. Therefore, the limiting distribution is given by F(z — A) (1450 + F(z))/2, where F is
the cdf of a x? variate.

EM) < max +op(1).

O
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B Supplementary material: Technical details, not intended
for publication

B.1 Proof of (21) in the proof of Theorem 2
For p = (n1,...,m4)7 € H and ¥ € ©, 9 # 9y we set
~ X;|XP —g(X;|XP s
}/1(197,'7):9( ZI 1717’0777) g(p 1| 1717?90777)
(19—190)9(Xi|Xi,1;190,770)

~ )’}7197 7)’}7197
Zz(’ﬁ) — ( TlOQ;_?gO( 0 ”70)7

. Yi(¥) = Yi(d,my),

where Y;(09,n) = Yi(¥o,m) and Z;(¥o) = Z;(9g), and for j =1,...,d, and

-~ 9(Xi| X7 1590,m) — g(Xa X7 1590, 01, -+« 3 Mj—1, 15,00 Mt 15+ - - 70d)
Ui,](n) = D . if nj 7& 15,05
(nj - TIj,O)g(Xi|Xi—1ﬂ90»770)
while U, ;(n) = Ui ;(n) otherwise.
Lemma 10. The processes
i Ui (M1, k=1, M0 ML - - -5 71d) .
, 1<j,k<d,
\f Z M = Mk,0
19 s My e v o s Mk—15 Mk, 05 Mke4-15 - - - and)
: , 1<k <d,
\f Z M = Mk,0
-7
f Z 19 190

are tight.
Proof. Consider

Z zg - 1](7717~~'777k71777k,0,77k+17"'77]d)
\f '

(n)
njk Nk — Nk,0

Using Billingsley (1968, p.95), see also Klicnarova (2007, prop. 1), for an appropriate multivariate
extension, it suffices to show that

* * 2
E(Un,j,k(nl) - Un,j,k(nz)) <Clm - ”72H2
To this end, by the mean-value theorem, it suffices that the derivatives of summands

Ui j() = Ui (s oy o1 Mhes0 e 1 -« - 5 700)
Nk — Mk,0

are uniformly bounded in 1 by a square-integrable random variable depending only on X7 +1. This
follows from the mean-value theorem and Assumption 4, i.e. by the assumption on the W; ; x(n). The
argument for the other processes is the same. O

Proof of (21). Write

rin(0, 01, 02,m) =23 log(1+6;) + 2p(a) — 2p(1/2) (42)

=1
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with

51:(1—@){9( I;_l 1n)_1}+a{g( \;1 277)_1}. (43)
9(X;| X 1390, m0) 9(X;| X 1390,my)

Since 2log(1 + z) < 2z — 22 + (2/3)23, using the properties of the penalty function we have
n n 2 n
Z Z 2 Z 3
Tln(av 1917 192a TI) S 2 P 6i - P 51' + g P 61' . (44)

Expand §; as follows:

9(Xi| X7 1;91,m) — 9(Xil X7 1590, m)
(V1 — 190)9(Xi|Xf_1;1907770)

9(Xi| X715 09,m) — g(Xi| X715 90,m)

51‘ = (1—04)(191—190)

Faldz = do) (V2 —90)g(Xi| X7_1; 90, M)

o —m O)Q(Xi\Xffﬁ Yo,m) — 9(Xi| X7 190, m1.0, M2 - -+ Ma)
’ (m = m,0)9(Xu| X713 90,m0)

= o O)Q(Xi\qu; Do, 01,05 125 - -5 Ma) = 9G] X7 1:90, 11,0, 72,0, M35 - - - 7a)
’ (12 — 12,0)9(X3| X?P_1;00,m0)

9( X | XP 190,05 - - s Ma—1,0,ma) — 9(Xi| XT3 00, mp)

+ —
(a4 = M4d,0) (N2 — 14,0)9(Xi|XF_1390,m0)
_ (1 —04)(191 _190)};;_(191’7]) +a(192 —19(])}71'(192777) +
+m = nm,0)Uin(m) + ...+ (Ma — 1a,0)Usa(m,0, - - - s Md—1,0,Md), (45)

where U” (-) is defined in (11). Now, for j = 1,2,

}77,(19]717) = )/’L'(ﬁjalrl)7)%(19j57717"'777d—17nd,0)

+Yi (95, M5 s Nd—1,M.0) — Yi(D4, 101, - -3 N2y Td—1,05 Td.0)

+Yi (0,101,205 - - - » Md—1.0, Ma.0) — Yi(D4,10)
+(0; — Vo) (Zi(V;) — Zi)
+(0; —V0)Z; +Y; (46)
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and

Uia1,0--sM-1,0ma) = Uia(Mi,0.-- - Md-1,0.ma) — Ui + Ui
ffi,d—l(??l,o, <oy NNd—2,05Md—1,5 77d) = ﬁi,d—l("h,o, <3 MNd—2,0,Md—1, 77d)
~Usa—1(01,05- -+ Md—1,0: Na)
+Usa-1(M1,05 - - -+ Na—1,0,Ma) — Us,a—1

+U; d-1

Ui,l(’?) = ~z‘,1(77) - Ui,l(ﬁh e s Md=1,7d,0)
+Ui (1, -+ Md—1,Md,0)
- i,l(nl; vy Nd—2, ndfl,()u 77d,0)

+U;i 1 (M5 m2,05 - -+ s Nd—1,05Ma,0) — Ui
+Ui 1. (47)

Plugging (46) and (47) into (45), we can write
0 =(m —m,o)Uix + ...+ Mg —14,0)Ui,a + miY; + maZ; + €, (48)

where
= (1 — O[)(’L91 — 190) + 01(192 — 190), mo = (1 — Oé)(ﬁl — 190)2 + 04(192 — 190)2
and €;;, is a remainder term. Note at this stage that each of the sequences the variables (U; ;)i>1,

j=1,...d, (Y;);>1 and (Z;);>1 form square intergable (Assumption 4) stationary martingale differ-
ence sequences w.r.t. the filtration generated by the observations (Xj;).

Now plug (48) into (44). To obtain (21), it remains to estimate the remainder terms as well as the
cubic term.

Let us shows that the remainder terms in (48) are negligible as compared to the quadratic term in
(44). Let €, = > i, €. By Lemma 10,

€ = Vn(na—na0)?0p(1)
+\/ﬁ(77d—1 - 77d—1,0)(

J

(nj — nj,o))OP(l)

1

[

d

+ 7)1*7710 (Z 77]0) (1)
(1 — a) (9 — (fj ~130)) Op(1)
j=1
d

+v/na(¥y — o) (Z ~130))Op(1)

j=1

+\/ﬁ<1 — Ot)(’191 — ) Op(l) + \/ﬁa(ﬁg - 190)30}9(1).

We may restrict our attention to a small neighborhood of (11.,0,...,74,0,U0) as suggested by the
consistency results in Theorem 1(é4). Therefore we may regard n1 —n1.0, - - ., 14 — Nd,0, V1 — Yo, V2 — Yo

[
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as op(1) and we get

en = Vnna—na0)op(l) + Vi1 — na—1,0)op(1) + ... +v/n(n —n10)op(1)
+\/ﬁ(1 — Oé)(l?l — 190)0]3(1) —+ \/ﬁa(ﬁQ — 190)0]3(1)
+\/’ﬁ(1 — Oé)(’l91 — 190)2013(1) + \/504(?92 — ’190)2013(1).

Since |z| < 1+ 22, we obtain
lenl < n{(m —m1,0)% + ...+ (a2 = na,0)? +mi +m3}op(1) +op(1).

On the other hand, by Assumption 5 there is a A > 0 such that for all (a1, ..., ag42) € R4T2\ {0} we
have that
E{OélUl,l + ...+ adUl,d + Cvd+1Y1 + ad+2Z1}2 > )\(0[% + ...+ a§+2). (49)

Therefore, the remainder term in (48) is negligible as compared to the quadratic term in (44).
For the cubic term, by the ergodic theorem, Assumption 4 and (49) imply

Sl —m,0)Uiy + -« (na — 1a,0)Ui,a + maYi + maZ;]?
S (m =mo)Uin + -« (na — 14,0)Us,a + m1Yi + maZ;)?
Elm —m,0)Uii + - (na = 0a,0)Ura + miY1 + maZ: | Op(1)
E((m —m,0)Ui1+...(Ma — na,0)Ur,qa + miYs +maZy)? PAD

I —n1ol® + .. 4 na — naol® + Ima|® + [mo]?
2 2 2 2 OP(l)
(m —mo)?+...+ (1Mad — na0)? +m7 +m3
< Alm —mol+.. .+ M2 —naol + [ma| + [m2[}Op(1) = op(1)

A

thus, it is also negligible as compared to the quadratic term. This concludes the proof of (21).

B.2 Proof of EM property in the proof of Theorem 3

For the argument, given the sample X; = z1,...,X,, = x,, we work with a (hypothetic) independent
regime (Sk)r>0. The parameter vector is then given by Pl = (a, V1, V2, d)T) € R¥3, where « is the
probability for state 2 for the independent regime. Denote

(i) S= (St 1 Sn), X = (X1, .0, Xo), X = (21, 2) and 8 = (51, .-, 50),
(ii) ¢ be the joint pdf of (X, S) given X}, (under this artificial model),
(iii) r be the pdf of S given X, X[, % (also under this artificial model).

so that
p(x|xg, ¥)r(sx, =5, ¥) = q(x,s|zf, ). (50)
Explicitely,

n

p(xlzf, ) = [ = @)g(arlal_i;01,m) + aglarlal_; 92,m)}
1

~
Il

(1 — o) =ty ol en=2) g (@ |ah_ 13 0,,,m)
(1= a)g(zrlzy_i;01,m) + ag(zr|z]_q;92,m)

Il
=

r(s|x, 2, 1)

k=1

(1 _ a)]l{sk:uaﬂ{sk:z}g(xk|mz_1; 1951«, , ’I’])

=

Q(X»S|$g,¢) =

-
I
-
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Denote by E,, &) expectation w.r.t. the (artificial) distribution including the independent regime under

the parameter 1/7(k). From (50), we get
pla(1h) = Q™) — R(yp|9p™) + p(ov),

where

Quplp™) = Eyw (log(a(X,SIX5, )X, X5 v™*)) + p(a),
R(plp™) = By {log(r(SIX, X§,9))|X, X5, p™*)}

and w(k) is the current value of 1. Then

Q™) > Q@ ™) = pla (™) > plu (™). (51)
Proof of (51). Using Jensen’s inequality we get:

S|X, X¥ w(k+1))
R(FD 1B — R(ap®p®)y — B lo r( 20>
(" ™) — Ry M) ¥ 15  Sx  )

r(SIX, X2, )
r(SIX, X7, ™)

x,XS,w““}

< log By { X, X8, w““)}

= 0,
and therefore

pla(p™) = Q" ™) — R(xp®[ap*))
Q¥ ™y — R(xp™|yp™®))
Q™) — Ry |y ™)
pln(¢(k+1))-

IN A

O

Next we show that Q(p**V|p®)) > Q¥ |yp™) holds for the updates obtained by the ECM
algorithm (as proposed in Meng and Rubin, 1993). Relabel ¥ = (¢1,...,%443) and 1 <r < d+ 3 let

71—{tl,...,tr} : Rd+3 — RT7 W{tl,...,tr}(wlv e 7’(/}d+3) - (¢t17 R 7/(/)15,«)7

Pi,..., Py any partition of {1,...,d+ 3} and —P; = {1,...,d+ 3} \ P;.

The ECM algorithm proceeds as follows.

Step 1: Compute '(b(k"'l/‘” = arg maxy Q(’(/J|’l,b(k)) subject to m_p, (¢¥) = 7m_p, (1/J(k)).
Step 2: Compute ¥p*+% 9 — arg MaXqyp Q™) subject to m_p, () = 7_p, (pFFYD).

Step q: Compute ¥FT9/9 = arg Maxy, Q('L/)W)(k)) subject to m_p, () = 7_p, ('Lb(kﬂq*l)/q)).

k+1)

The updated value is given by 3’ = p**+9/9_ Then, by construction, we have

Q(¢(k+1)|¢(k)) > Q(¢(k+(q—1)/(®)|¢(k)) > > Q(¢(k+1/Q)|¢(k)) > Q(1/’(k)|¢(k))~
which implies (51).

Since

Qeplp™)

n

= > _{loa((1 = @)g(XulXT_y; 01, m) (1 = w”) +log(ag(Xil XLy 02,m)w} + p(a)
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with ©
o 0¥ g (XX 0 )

b (= a)g(GIXT 0 ) 4 ag(X X050 )
the algorithm in the EM-test is actually the ECM algorithm with P, = {«, 91,92} and P, = {n}.

B.3 Details concerning the assumptions

(v41)/2\ -1

Lemma 11. For a fizred v, let f(z) =T (”T‘H) (1" (%) T (1 + %) be the density of the
t-distribution with v degrees of freedom. Then for the associated location-scale family f(x;u, o), for
any (p,0) and aq,az,as, by, b, b € R,

a.)
) 2 f( 0. .
o H@we) | Of@po) | OFERO) g o Lebae.
o 02 do
implies that a1 = a2 = az = 0.
b.)
) . 2 £( 0.
bl 6f(1‘, /’La U) + b2 af(xnu/ao.) + b38 f(x,/.l/,a) — 0 fO'I" Leb'_a.e_ T
8,& oo 0%c

implies that by = by = by = 0.

Proof of Lemma 11. The characteristic function of the ¢-distribution is given by (cf. Hurst 1995)

K

1, V|t V|t %U
() = b (Vltl) (Vvlt)

T (4v) 28

)

where I'(-) is the Gamma function and K, () is the modified Bessel function of the second kind and
order p (cf. Andrews 1986, chapter 6). Therefore, the characteristic function of the corresponding
location-scale family is

K (Vvolt]) (Wdltl)m7

T (m)2m—1 (52)

p(tip,0) =™ pot) = ™

where we put m = %1/. The partial derivatives are given by

Poltino) o K (VF0l]) (ol
o T (m) 271 ’
Poltno) i K (ol (ool
?u T (m)2m—1
and
Oe(tino) _ K (ool (o)
o T(m)2m—1 :
2 . o l/eiut m
Felima) F'tm@ (Volt)" o (Voo K (oolt]) — Ko (Voo ).

cf. Andrews (1986).
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(a). Taking the Fourier transform and interchanging integral and derivative gives

dp(t; i, 0) *o(t; i, 0) do(t; 1, 0)
o T gy, BTy,

a1 =0 forallteR. (53)
Plugging the partial derivatives into (53) and dividing by te’!(\/v[t|)™ o™~ /(T'(m)2™~') gives with

T = \/volt|
arioc Kpn(x) — agot Ky (x) — azv/vosign(t)K,,—1(z) =0, teR. (54)

Choosing t = 1 and t = —1 and adding, we get a; = 0. Next, dividing by ¢t K,,,(x) and letting ¢ — oo
(hence z — 00), since Ky—1(2)/Kpm(xz) — 1 (Andrews 1986), we get az = 0, and finally ag = 0.
(b). Taking the Fourier transform and interchanging integral and derivative gives

O*o(t; p, 0)
+0s 020

dp(t; p, o) by dp(t; p, o)

b o do

=0 forallteR (55)

Plugging the partial derivatives into (55) and dividing by te’*!(\/v|t])™ o™~ /(I (m)2m~!) gives with
x = /volt|
byio Ky (x) — bon/vo sign(t) Kpm—1(x) + byv/vsign(t) (xKm—2(z) — Kn-1(x)) =0, teR. (56)
Choosing t =1 and ¢ = —1 and adding, we get b; = 0. Therefore equation (56) reduces to
boo K1 (x) — by (2K py—2(x) — Kipo1(2)) =0, teR. (57)
Dividing by x K,,—2(x) and letting © — oo, since K,,—1(x)/Kpym—2(x) — 1 (Andrews 1986), we get

bs = 0, and therefore by = 0.
O
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