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0. Introduction

The aim of this note is to construct a two-dimensional family of smooth quartic
surfaces in P3 containing 16 mutually disjoint conics and altogether exactly 432
conics.

For an integer d > 1 denote by Ny(d) the maximal number of smooth rational
curves of degree d that can lie on a smooth quartic surface in P3. Schur [9] gave an
example of a smooth quartic surface with 64 lines and Segre [10] showed that there
are no smooth quartics containing more than 64 lines, so

Ny(1) = 64 .

Up to now the numbers Ny(d), d > 2, seem to be unknown. The result of [1] gives
the lower bound
Ny(2) > 352 .

This was shown by embedding the smooth Kummer surface X of a generic polarized
abelian surface (A, L) of type (1,9) into P3 via a certain line bundle M, on X
associated to £. These quartic surfaces contain 16 disjoint conics, which according
to Nikulin’s theorem [7] is the maximal number of disjoint smooth rational curves
that can lie on a smooth quartic surface.

In order to obtain an upper bound for N4(2) S.A. Strgmme suggested to deter-
mine the number of conics in a generic pencil of quartic surfaces in P3. A Chern
class computation by the methods of [5] shows that this number is 5016. Thus

N4(2) < 5016 .

Although the number of conics in a pencil of quartics seems to be too rough an
estimate for the number of conics on an individual quartic, this is the best upper
bound available at present.

In the present paper we first classify the smooth quartic surfaces in P3 containing
16 skew conics in terms of their abelian covers, i.e. we determine the precise condi-
tions on a polarized abelian surface (A, £) of type (1,9) under which the associated
line bundle M on the smooth Kummer surface is very ample (see Sect. 2). Then, in
Sect. 3, we consider principally polarized abelian surfaces with endomorphism ring



Z[\/7). These surfaces carry a natural (1,9)-polarization. Using the classification
given in Sect. 2 we show that their Kummer surfaces in fact embed into P3. The
quartic surfaces constructed in this way contain exactly 432 conics. So we obtain
the improved lower bound

Ny(2) > 432 .

The construction does not yield the equations of the quartic surfaces in our two-
dimensional family. It would be interesting to find these equations.

Convention. Throughout this note the base field is C.

1. Quartic surfaces with 16 skew conics and abelian surfaces
of type (1,9)

In this section we describe the relation between smooth quartic surfaces in Ps
containing 16 mutually disjoint conics and polarized abelian surfaces of type (1,9).
Let A be an abelian surface. We denote by o : A — A the blow-up of A in the
sixteen halfperiods ey, ..., e and by Ei, ..., Fig C A the exceptional curves. Let
m: A — X be the projection onto the smooth Kummer surface X of A, i.e. onto
the quotient of A by the involution induced by a — —a, a € A. The exceptional
curves Ey, ..., Ejg map to (—2)-curves Dy,...,Dig on X. We have a commutative
diagram
E c A% A se
3 Tl \J
D, ¢ X — K

where K is the (singular) Kummer surface of A.

Now let £ be an ample symmetric line bundle on A. We will be particularly
interested in the linear system |2£ ® H£1 Iezl_ |* of even divisors of the totally sym-
metric line bundle 2£ having multiplicity at least 2 in the sixteen halfperiods. This
noncomplete linear system on A corresponds to a complete linear system on X.
More precisely, there is a line bundle M, on X such that

16

16
TMp=20"L-2Y EH' M) = H2L® [[Z2)" .
i=1 i=1

The basic observation underlying the approach of [1] is the following

Proposition 1.1 For a smooth surface X the following conditions are equiva-
lent:

i) X can be embedded into P3 as a quartic surface with 16 skew conics.

ii) X is the smooth Kummer surface of a polarized abelian surface (A, L) of type
(1,9) and the line bundle My on X is very ample.



Proof. As for ii)==i): By Kodaira vanishing M, has no higher cohomology, so
we get h'(My) = x(M,) = 4 by Riemann-Roch. Thus M, defines an embedding
X < Py Because of MpD; = (20°L — 2310 E)E; = 2 for 1 < j < 16 the
(—=2)-curves Dy, ..., Dig map to skew conics.

As for i)==i): According to Nikulin’s theorem [7] the quartic X is the smooth
Kummer surface of an abelian surface A, the 16 skew conics being the (—2)-
curves Dy, ..., Dig corresponding to the halfperiods on A. We have (7*Ox(1) +
231 E)E; =0 for j = 1,...,16, so the line bundle 7*Ox (1) + 23 E; descends
to a line bundle on A, which is totally symmetric, hence of the form 2L for some
symmetric line bundle £. Since L is effective and

L= (3m0x(1)+ ) E)* =

the bundle £ is ample of type (1,9) or (3,3). Assume the latter case. Then £ =
O4(30) where O is an effective symmetric divisor of type (1,1). Let © be its proper
transform on A. Since © contains at least six halfperiods, we find

Ox(1)-7(0) = £O — imul‘cei(@) <0

a contradiction. So £ is in fact of type (1,9).
Finally, we have 7*Ox (1) = 7* M, so M, is numerically equivalent — hence
isomorphic — to Ox(1). U

2. The classification

It was shown in [1] that for a generic polarized abelian surface (A, L) of type
(1,9) the line bundle M, is in fact very ample. In this section we will determine
the precise conditions on £ under which this happens. We prove:

Theorem 2.1 Let A be an abelian surface and let L be an ample symmetric line
bundle of type (1,9) on A. Then we have:
a) My fails to be ample if and only if the polarization L splits in one of the
following four ways:
I) L =04(E1+9E,), where Ey and Ey are elliptic curves with F1Ey = 1.
IT) £ =04(P+4FE), where P is a divisor defining a principal polarization
and E s an elliptic curve with PE = 2.
IIT) £ = Oa(E1+3Es), where Ey and Ey are elliptic curves with FyEy = 3.
IV) L = Os(P + 2E), where P is a divisor defining a principal polarization
and E is an elliptic curve with PE = 4.
b) Assume that M is ample. Then it fails to be very ample if and only if L is
of the form L = O (P, + P,), where Py and Py are ample divisors of type (1,2) with
P P,=5.



First we recall from [1, Sect. 1] how the intersection numbers of curves on the
smooth Kummer surface X relate to those of their symmetric preimages on the
abelian surface A. Here and in the sequel we abbreviate M = M.

Lemma 2.2 Let C' C X be an irreducible curve, different from Dy, ..., Dyg, and let
F = on*C be the corresponding symmetric curve on A. Further, let m; = mult,, (F)
for 1 <1 <16. Then we have:

a) F? =2C?% + Zii%mf
b) LF = MC+ 30 m;

Now we show:
Proposition 2.3 M is ample except in the cases 1)-IV) of the theorem.

Proof. Assume that M is not ample. Then there is an irreducible curve C' C X with
MC < 0. If C is such a curve, then C? = —2 and C is different from Dy, ..., Dis.
We consider its symmetric preimage F':= on*C on A. It satisfies

16 16
LE<Y mF?=—4+4) m
i=1 i=1
where the m; are the multiplicities of F' in the halfperiods e; of A.

We claim that m; < 2 for 1 < ¢ < 16. In order to prove this, first suppose
MC = 0. Applying the Hodge inequality to M and C' + D; we find

4(=4+2CD;) = M*(C + D;)* < (M(C + Dy))* =4,

hence m; = CD; < 2. Now suppose MC < 0. So C is a fixed component of |M].
If D; is fixed in |[M| as well, then we must have h°(C' + D;) = 1. We may assume
CD; > 0, i.e. that C'+ D; is connected. Then h'(C + D;) = h°(O¢yp,) —1 = 0 and
Riemann-Roch gives

1
R(C + Dy) =2 + §(C+ D;)?

implying m; = C'D; = 1. On the other hand, if D; is not fixed in | M|, then it is not
fixed in |M — C] either, hence (M — C')D; > 0, which implies m; = CD; < 2. So
the claim is proved.

For k = 1,2 we denote by nj; the number of subscripts 7, 1 < i < 16, such that
m,; = k. Then we have

FL §n1+2n2F2 = —4+n1+4n2 .
Next we apply the Hodge inequality to £ and F' to obtain

18(—4 + ny +4ny) = L2F? < (LF)* < (ny + 2ns)? (1)



Since n; is the number of odd halfperiods of the symmetric line bundle O4(F), by
[6, Proposition 4.7.5] it can only take the values 0,4,6,8,10,12,16. Using n; +ns < 16
and (1) we find the following list of possible values for ny, no:

ny ne F? LF
0O 0 —4 0
0 1 0o <2
4 0 0 <4
6 0 2 6
12 0 8 12
16 0 12 <16

Obviously (n1,ns) = (0,0) is impossible. If (ny,ny) = (0, 1), then F? = 0 implies
that F' is a sum of two algebraically equivalent elliptic curves. But a symmetric
elliptic curve contains either four halfperiods or none at all. In the cases (ny,ng) =
(6,0) and (ny,ne) = (12,0) the Hodge index theorem implies that £ and F' are
proportional: £ =, 3F resp. 2L =, 3F. But this is impossible, because the
line bundle £ is primitive. In case (ni,n2) = (16,0) the bundle O4(F) is totally
symmetric. But this is impossible, because then F'? would have to be divisible by 8.

After all we see that we must have (ny,ny) = (4,0), F being an elliptic curve
and LF < 4.

If LF =1, then L is a product polarization, so we are in Case I).

In case LF' = 2 we consider the line bundle £ — 4F'. Because of

(L—4F)*=2, (L—-4F)L=10
it is ample of type (1,1). Denoting by P the divisor in |£ — 4F| we obtain
L =04(P+4F)PF =2

so that we are in Case II).
If LF = 3, then we have

(L—-3F)*=0, (L-3F)L=9.

According to Lemma 2.4 below the bundle £ — 3F is effective. Let E be a divisor in
|£ —3F|. Then we have £ = O4(E + 3F) and EF = 3. The divisor F is either an
elliptic curve or a sum of three algebraically equivalent elliptic curves. The latter
however cannot happen, since then £ would be of type (3,3). We conclude that we

are in Case III).
Finally, if LF = 4, we find

(L—2F)? =2, (L-2F)L=10

implying that we are in Case IV).
Conversely, if the polarization £ is of one of the types I)-IV), then there is an
elliptic curve on A whose image C in X satisfies MC < 0, hence M is not ample.
]



Lemma 2.4 Let L be a line bundle on an abelian surface A such that L* = 0 and
LLy > 0 for some ample line bundle Ly. Then L s effective.

Proof. Let K(L) be the kernel of the homomorphism A — A\, av— t!L — L
and let E be the connected component of K (L) containing the origin of A. The
assumptions on L imply that the hermitian form of L is of rank 1, hence E is an
elliptic curve. We have K(L|E) = E, thus L|E € Pic’(E) by [6, Lemma 2.4.7].
Replacing L by a suitable translate we may therefore assume that L|E is trivial.
According to [6, Lemma 3.3.2] then L descends to a line bundle L on the elliptic
curve X/E and H°(L) = H°(L). Because of LLy > 0 the line bundle L must be of
positive degree, hence h°(L) = h°(L) > 0. O

Next we show:
Proposition 2.5 If M is ample, then it is globally generated.

Proof. Assume that the linear system | M| has base points. Since M is ample, it
follows from [8, Proposition 8.1] that M is of the form

M = Ox(kE+T7)
where E,I' C X are irreducible curves such that £? =0, I'> = —2, EI' = 1 and
IM|=|kE|+T =|E|+...+|E|+T.

We have 4 = M? = 2k — 2, hence k = 3. Since the linear system [2£ — 2 ¢;|" on
A is invariant under translation by halfperiods, the base part I' of M cannot be one
of the curves D1, ..., Dig. Therefore we have I'D; > 0, thus

implies ED; = 0 . We consider the symmetric preimage G C A of the elliptic curve
E C X. Because of ED; = 0 it must be a sum of two algebraically equivalent elliptic
curves. But this is a contradiction with

LG=ME+Y m=TE+Y ED;=1.

Now we complete the proof of Theorem 2.1 by

Proposition 2.6 Suppose that M is ample. Then M is very ample if and only if
L is not of the form
L - OA(Pl + Pg)

where Py, Py are ample divisors of type (1,2) with PyPy = 5.



Proof. According to [8, Theorem 5.2 and Theorem 6.1.iii] M is very ample if and
only if

i) there is no elliptic curve C' C X with MC = 2, and

ii) there is no irreducible curve H C X with H* = 2 and M = Ox(2H).

Because of M? = 4 condition ii) is certainly fulfilled. Now assume that there is
a curve C' C X as in i). Then we have

LF = 2+Zm,~F2 = Zm?
for its symmetric preimage F' C A. The Hodge inequality for M and 2C + D; gives
4(2C + D;)? = M*(2C + D;)* < (M(2C + D;))* = 36 ,
thus m; = CD; < 2. So we can write
LF =2+4n; 4 2nyF% = ny + 4ny
with nyi, ny defined as before. Using ny + ny < 16 and
18(ny + 4ng) = L2F? < (LF)? = (2 4+ ny + 2ny)?

we find that there are only the following 3 possibilities:

1) nlzngz(), FZZO, LF =2

2) TL1:0,’I’LQ:16, F2:64, LF =34

3) ny =16, ny =0, F? =16, LF = 18

In Case 1) the curve F' consists of two elliptic curves Fy, Fy with LF} = LF, =
1. But then £ would be a product polarization and M would not be ample by
Proposition 2.3.

In Case 2) the line bundle O4(F) is totally symmetric, hence it is the square of
an ample line bundle O (Fp) of selfintersection 16. For the bundle £ — Fy we have

(L—F)?*=0, (L-F)L=1

so by Lemma 2.4 the system |£ — Fy| contains an elliptic curve. But then £ would
again be a product polarization.

Finally we consider Case 3). Here O4(F') is the square of an ample line bundle
Oa(Fy) of type (1,2). Because of

(L—P)2=4, (L—P)L=9

there is an ample divisor P, € |£L— Py| of type (1,2). So we arrive at £ = Oa(P+ D)

Conversely, if £ = Oa(P; + P,) with Py, P, of type (1,2) and PP, = 5, then
by [2, Lemma 3.6.b] the linear system 2P, — ) e;| ™ is free, so by Bertini’s theorem
there is a smooth curve in this system. Its image C' in X is an elliptic curve with
MC = 2, hence M is not very ample. O



3. Quartic surfaces with 432 conics

According to [1] the smooth Kummer surface of a generic abelian surface of type
(1,9) embeds into P53 as a quartic surface with 352 conics. In this section we will
show that by specializing to abelian surfaces with real multiplication one can obtain
quartic surfaces with still more conics on them.

Let (A, Ly) be a principally polarized abelian surface such that the endomor-
phism ring of A is isomorphic to Z[v/7]. According to [3, Proposition 2.1] there is
a 2-dimensional family of such surfaces. The endomorphism associated to 4 + /7
has minimal polynomial t* — 8t + 9, hence by [6, Proposition 2.3] it determines a
polarization £ with £Ly = 8 and £2? = 18. This implies that £ is of type (1,9). The
Néron-Severi group NS(A) is generated by £y and £. We may assume that the line
bundles £y and £ are symmetric.

As before we denote by X the smooth Kummer surface of A and by M = M,
the line bundle on X associated to the linear system |2£ ® [[;, 72 [* on A.

We begin by showing:

Proposition 3.1 M is very ample.

Proof. Assume the contrary. According to Theorem 2.1 then A is not simple or A
admits a polarization P of type (1,2) such that LP = 9.

First suppose that A contains an elliptic curve E. We have F =,, nL + mLy
for some m,n € Z, hence

0=E?/2=9n*+8mn+m”. (2)

We may assume that not both m and n are even. Then (2) shows that they both
must be odd, which implies m?,n? = 1 mod 8. But then m? +n? =2 # 0 mod 8, a
contradiction with (2).

Now assume that there is a polarization P of type (1,2) on A with LP = 9.
Writing P =, nL + mLy with m,n € Z we have

9=LP=18n+8m =0 mod 2,
a contradiction. []

According to the previous proposition we may consider X as a smooth quartic
surface in P3, the bundle M being the hyperplane bundle Ox(1). We show:

Proposition 3.2 The quartic surface X contains exactly 432 smooth conics.

Proof. 1) As in the generic case (see [1]) we have 352 conics on X arising as

e the 16 images D1, ..., Dqg of the exceptional curves Fi, ..., Fg of g,

e the 16 conics (1, ..., Cg, which are complementary to Dy, ..., Dig, i.e. D; +
C; € IM|. These are the images of symmetric divisors in translates of |2£|, vanishing
in e; to the fourth order and in the remaining 15 halfperiods to the second order.



® 20 - 16 conics C},,,, which are the images of the divisors in [t} £|~ passing
through three odd halfperiods ey, e;,ep, of t7 £, 1 <@ <16, 1 <k <l <m <6.

2) The principal polarization Ly provides us with 32 conics, namely

e the images of the 16 symmetric translates of the unique divisor in |£y|, and

e the 16 conics, which are complementary to them. They are the images of
symmetric divisors in translates of |2£ — Lo vanishing in 6 halfperiods to the first
order and in 10 halfperiods to the second order.

3) Next we show that there are 48 conics on X coming from certain translates
of the line bundle P := £ — Lj. First note that because of

P? = (L—-Ly)*=4
Pﬁo = (£—£0)£0>O

the bundle P is ample of type (1,2). Let, as usual, K(P) denote the kernel of the
isogeny

-~

A — A
a — tP—-P,

where A = Pic’(A) is the dual abelian surface. Then the 16 symmetric translates
of P are the line bundles ¢} P, where a runs through a system of representatives for
the factor group

SK(P)/K(P)

The number of odd/even halfperiods of a translate ¢t P is either 8/8 or 4/12. Us-
ing [4, Theorem 5.4] one finds that the translates of the 4/12-type are in bijective
correspondence with the representatives a of 1 K (P)/K (P) satisfying

2a € 2K (P) . (3)

Since P is of type (1, 2), we have K (P) = Zy X Zs, hence 2K (P) = 0. So condition (3)
simply means that a is a halfperiod. Modulo K (P) there are exactly four halfperiods,
so four of the sixteen translates of P are of type 4/12, whereas twelve are of type 8/8.
If t: P is of the latter type, then h%(t:P)* = 1. The divisors F* € [t* P|* contain 8
halfperiods to an odd order. They map to smooth conics C* in X, because

10 = LF* = MC* +Y my

and the ampleness of M imply > m; = 8 and MC* = 2. So we obtain

e 2 .12 conics from the 12 translates in question, and

e 212 conics complementary to these, which correspond to symmetric divisors
in 12 translates of |£ + L] vanishing in 8 halfperiods to the first order and in the
other 8 halfperiods to the second order.
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4) It remains to show that the 352432+48=432 conics considered so far are
the only ones on X. So let C C X be any smooth conic. If C'is different from
Dy, ..., Dy and from C4,...,C, then 0 < CD; < 2 for ¢ = 1,...,16. So its
symmetric preimage F' on A satisfies

ﬁF:2+n1+2n2F2:—4+n1+4n2,

where n; and no are the number of halfperiods, which F' contains to the first resp.
second order. On the other hand, writing F' =, nL + mLy with m,n € Z we find

LF = 18n + 8mF? = 18n* 4+ 16mn + 2m? (4)

The Hodge inequality for £ and F' and the inequality n;+ns < 16 allow only finitely
many values for LF and F?2. One finds that the integral solutions of (4) are given
by

nt nog N m

0 3 1 0

8 8 1 1

8 0 1 -1

6 10 2 -1

6 0 0 1
But then it is clear that C' is one of the conics coming from L, £ + Lo, L — Lo,
2L — Ly and Ly respectively. ]

Note that there are no lines on the surface X. In fact, if we assume that X
contains a line C, then F' := on*(C satisfies LI = 1+ ny + 2ny with ny, ny defined as
before, thus LF is odd. On the other hand, writing F' =, nL +mLy with m,n € Z
we find that LF = 18n + 8m is even, a contradiction.

Altogether we have shown in this section:

Theorem 3.3 Let A be a principally polarized abelian surface with endomorphism
ring isomorphic to Z[\/ﬂ Then the smooth Kummer surface of A embeds into P3 as
a smooth quartic. There are no lines and exactly 432 smooth conics on this quartic
surface.
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