
difference relation R on �:Â =
m:p

m � �: p � Â

m:p ∼ n:q �
∨

b � Â

m + q
Y [

+ b = n + p
Y [

+ b equ rel

refl m + p = m + p � m:p ∼ m:p

symm m:p ∼ n:q � m + q + b = n + p + b � n + p + b = m + q + b � n:q ∼ m:p

trans m:p ∼ n:q ∼ r:s �


∨

b � Â
m + q + b = n + p + b∨

d � Â
n + s + d = r + q + d

� m + s
Y [

+ q + b + d
Y [

= m + q + b
Y [

+ s + d
Y [ V0r

= n + p + b
Y [

+ s + d
Y [

= n + s + d
Y [

+ p + b
Y [ V0r

= r + q + d
Y [

+ p + b
Y [

= r + p
Y [

+ q + b + d
Y [

q + b + d � Â
� m:p ∼ r:s

difference class m	 p

m:p ∼ n:q � m	 p ∼ n	 q

�	 Â = �:Â
Y [

þ R =
m	 p

m � �: p � Â difference ring

m	 p � �	 Â 	←−−−−
surj

�:Â � m:p

add differences �	 Â
Y [

:�	 Â
Y [

+−→ �	 Â

m	 p
Y [

+ n	 q
Y [

= m + n
Y [

	 p + q
Y [

well-def

{
m	 p = ′m	 ′p � m + ′p + b = ′m + p + b

n	 q = ′n	 ′q � n + ′q + d = ′n + q + d
�

m + n
Y [

+ ′p + ′q
Y [

X Z

+ b + d
Y [

= m + ′p + b
Y [

+ n + ′q + d
Y [ V0r

= ′m + p + b
Y [

+ ′n + q + d
Y [

= ′m + ′n
Y [

+ p + q
Y [

X Z

+ b + d
Y [

def

b + d � Â
� m + n

Y [
: p + q
Y [

∼ ′m + ′n
Y [

: ′p + ′q
Y [

� m + n
Y [

	 p + q
Y [

= ′m + ′n
Y [

	 ′p + ′q
Y [



multiply differences �	 Â
Y [

:�	 Â
Y [

:−→ �	 Â

m	 p
Y [

:n	 q
Y [

= m:n + p:q
Y [

	 m:q + p:n
Y [

well-def

{
m	 p = ′m	 ′p � m + ′p

Y [
+ b = ′m + p

Y [
+ b

n	 q = ′n	 ′q � n + ′q
Y [

+ d = ′n + q
Y [

+ d

� m:n + p:q
Y [

+ ′m: ′q + ′p: ′n
Y [

X Z

+ b + ′p
Y [

:n + ′m + ′p
Y [

:d + b:q
X Z

= m + ′p + b
Y [

:n + b + p
Y [

:q + ′p: ′n + d
Y [

+ ′m: d + ′q
Y [ V0r

= ′m + p + b
Y [

:n + b + p
Y [

:q + ′p: ′n + d
Y [

+ ′m: d + ′q
Y [

= ′m:n + ′q + d
Y [

+ ′p: ′n + d
Y [

+ b + p
Y [

: q + n
Y [ V0r

= ′m: ′n + q + d
Y [

+ ′p: ′n + d
Y [

+ b + p
Y [

: q + n
Y [

= ′m + p + b
Y [

:q + p + b
Y [

:n + ′m + ′p
Y [

: d + ′n
Y [ V0r

= m + ′p + b
Y [

:q + p + b
Y [

:n + ′m + ′p
Y [

: d + ′n
Y [

= ′p: ′n + q + d
Y [

+ m + b
Y [

:q + ′m: ′n + d
Y [

+ p + b
Y [

:n
V0r
= ′p:n + ′q + d

Y [

+ m + b
Y [

:q + ′m: ′n + d
Y [

+ p + b
Y [

:n

= ′m: ′n + ′p: ′q
Y [

+ m:q + p:n
Y [

X Z

+ b + ′p
Y [

:n + ′m + ′p
Y [

:d + b:q
X Z

def

b + ′p
Y [

:n + ′m + ′p
Y [

:d + b:q � Â
� m:n + p:q

Y [
: m:q + p:n
Y [

∼ ′m: ′n + ′p: ′q
Y [

: ′m: ′q + ′p: ′n
Y [

� m:n + p:q
Y [

	 m:q + p:n
Y [

= ′m: ′n + ′p: ′q
Y [

	 ′m: ′q + ′p: ′n
Y [

trivial difference m	 0 � �	 Â �:Â
	

oo � � m
:0

oo

Â kuerzbar � inj

	0

dd

/ m	 0
Y [

+ n	 0
Y [

= m + n
Y [

	 0

m	 0
Y [

+ n	 0
Y [

= m + n
Y [

	 0 + 0
Y [

= m + n
Y [

	 0

// m	 0
Y [

:n	 0
Y [

= m:n
Y [

	 0

m	 0
Y [

:n	 0
Y [

= m:n + 0:0
Y [

	 m:0 + 0:n
Y [

= m:n + 0
Y [

	 0 + 0
Y [

= m:n
Y [

	 0


