Covariant Symbolic Calculi on Real Symmetric Domains

JONATHAN ARAZY, HARALD UPMEIER

We introduce the concept of “covariant symbolic calculus” on real and complex sym-
metric domains, prove a general product formula for the link transform (generalized
Berezin transform) between two such calculi, and describe a basic example (Toeplitz
calculus) in more detail.

1. Introduction

The complex Hermitian spaces of non-compact type, realized as bounded sym-
metric domains D C C", are a fundamental class of non-compact Kahler manifolds
whose quantization, e.g. by the well-known Berezin-Toeplitz operators, has been
studied intensively [BLU], [UU]. Writing D = G/K for a semi-simple Lie group
G of Hermitian type and its maximal compact subgroup K, the quantization map

(1.1) A:C®(D) — L(H)
= Ay

realized by (possibly unbounded) operators on a complex Hilbert space H should
satisfy the covariance condition

Agpog-1 =U(g) Ar U(g™)

for all g € G, where U denotes an irreducible (projective) representation of G act-
ing on H. In [AU1] a general theory concerning such “covariant quantizations” on
complex symmetric domains (including the flat case D = C") is developed for the
weighted Bergman spaces H = H2(D) of holomorphic functions on D, belonging
to the scalar holomorphic discrete series of G. The Toeplitz calculus and also the
Weyl calculus are natural examples of covariant quantizations, and the main result
of [AU1] gives a “product formula” for the link transform f — A*(By) on C>(D)
in terms of the spherical Fourier transform of certain K-invariant “characteristic”
functions associated with the covariant quantizations A and B.

While the setting of complex symmetric domains is still an active research area
(e.g., concerning vector-valued representations or the Weyl calculus for domains
of higher dimension), a promising new direction is to apply ideas and methods
from quantization theory to real symmetric domains Gr/Kg, for a semi-simple
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or reductive Lie group Gr not necessarily of Hermitian type. Besides dealing
with a much wider geometric framework compared to the complex case, a major
application of this more general approach is to harmonic analysis of Gg, yielding
an explicit decomposition of certain (reducible) Gr-representations into irreducible
components. The complex case described above corresponds to the special case of
a tensor product representation.

2. Real Symmetric Domains
Let
D=G/K

be a Hermitian symmetric space of non-compact type, realized as the (spectral)
unit ball
D={zeZ: |z|| <1}

of a complex JB*-triple Z of finite dimension. Then
G = Aut(D)°

is the identity component of the holomorphic Automorphism group of D, and
K = Aut(Z)°. Let
Z—Z

be a conjugation of Z preserving the triple product, and define

Zr = {z€Z:z=z},

Dr = DNnZg={z€Zp: |z|| <1},

Gr = {9€G:g(z)=g(z)VzeZ}={9eG: g(Dr)= Dz},
Kr = KnNGg.

Then Zy is a real JB*-triple and
Dr = Gr/Kgr

is a real Riemannian symmetric space of non-compact type, called a real bounded
symmetric domain. Up to a few low dimensional exceptions, all Riemannian sym-
metric spaces of non-compact type can be realized in this way. In the following
we assume that Dg is irreducible. The domain D is called the complezification of
Dg. It is not necessarily irreducible.

Example 2.1. Let Zg be a complex (irreducible) JB*-triple, considered as a
real JB*-triple. Then its unit ball Dy is a complex bounded symmetric domain,
considered as a real bounded symmetric domain. Put

Z::ZRXZR, D::DRxﬁR



Covariant Symbolic Calculi 3

endowed with the flip conjugation

(2.1) (21,%2) = (22,71)

for all z1, 20 € Zg. The corresponding real form is the diagonal
{(z1,Z22) € Z: 21 =2} = {(2,2): 2z € Zp} = Zp,
{(21,22) € D: z1 =2} = {(2,2): z € Dr} = Dg.

Thus the complex case gives rise to a product domain in the complexification.
Putting

(91, 92)(21,%2) := (91(21), g2(22))
for z1, 29 € Dg and ¢1,92 € Gg := Aut(Dg)°, we have

G = Aut(D)° = {(gl,§2) : 01,92 € GR} ~ Gr x Gg.

Furthermore, an Automorphism (g1,9,) € G commutes with (2.1) if and only if
g1 = ga, since we have for z1, 29 € Dg

(91,92)(21,22) = (91, 72)(22,21) = (91(22), g2(21))

and

(91,92)(21,22) = (91(21), g2(22)) = (92(22), 91(21))-

Example 2.2. The complex matrix ball
D={zeCP: 2" 2 <1}

in Z := CP*?, endowed with the usual conjugation z — Z, gives rise to the real
matrix ball
Dr={zeRP*?: "z < I}

in Zgr = RP*9. In particular, the interval Dg = (—1,1) C R has the unit disk
D ={z€eC: |z| <1} as complexification.

Example 2.3. The complex matrix ball
D={2€C®?: 2*2<1I}
in Z = C?*2, endowed with the conjugation
(ta) = (5 %)= ()l
c d ' -b a -1 0

has the real form

ol
ISHRS
N~
7N
=)
\
o
N~
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in Zg = H. Here H denotes the real division algebra of quaternions.

Example 2.4. Every (irreducible) symmetric cone €2 in a Euclidean Jordan al-
gebra X is a real symmetric domain (realized as the unit ball of X via a Cayley
transform) whose complexification can be realized as the tube domain

TQ) ={z+iy: z€Q, ye X}

in Z:= XC.

Generalizing Example 2.4 every irreducible real bounded symmetric domain can
be realized as a real Siegel domain as follows:

Let Z be an irreducible complex JB*-triple with conjugation z +— Z, and consider
the Peirce decomposition

Z=UaV, U=2Ze), V=2 e

with respect to a maximal tripotent e = € € Z. Then the respective real forms
satisfy
(2.2) Zr =Up ® Wi

and Ug is a semi-simple (not necessarily Euclidean) real Jordan algebra with a
decomposition
(2.3) Ur=XY,

where
X:={zelp: 2" =1}

is an irreducible Euclidean Jordan algebra, and we put
YVi={ycUr: y" =y}

Combining (2.2) and (2.3) we obtain

(2.4) Ip=X®Y ® W.

The self-adjoint part X @ 1Y of U is also a Euclidean Jordan algebra. According
to [L2, 10.1] or [U, Section 21], the unit ball of Z is equivalent (via a Cayley
transformation) to a complex Siegel domain

u~+ u*

D:{u—!—UEZ: —{eU*U}EQX@iY}

where Qx ¢,y is the positive cone of X @Y. It follows that
(2.5) Dr={z+y+veZp: z—{ev'v} e}

where 0 = X NQxq;y is the positive cone of X. This is the unbounded realization
of Dg as a real Siegel domain.
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Summing up, real symmetric domains Dg are of the following types.

Type 1 Z is irreducible and Dg has an unbounded realization
Dr~{zx+y+veZr: z—{ev'v} €}
as described above.
Type 2 Zp is a complex irreducible J B*-triple, with unit ball Dg being a complex
Hermitian symmetric domain, and the complexification is given by
Z =ZpxZgr and D = Dg x Dg.
We also include the flat case:

Type 3 D = Z = C", endowed with the usual conjugation, so that D = Zgr =
R™.

3. Quantization Hilbert Spaces

For a real symmetric domain Dg = Ggr/Kg, with complexification D = G/K,
let
(3.1) H2(D)

be the v-th weighted Bergman (resp. Bargmann) space of holomorphic functions
on D, endowed with the canonical irreducible (projective) representation

(3.2) U,:G— U(H?(D)).

More precisely, according to the three types of domains (cf. Section 1), (3.1) and
(3.2) are defined as follows.

Case 1 Let Z be an irreducible JB*-triple, with unit ball D of rank r, dimension
n and genus p. Let A(z,w) denote the Jordan triple determinant and denote by
(z]w) the unique scalar product invariant under K := Aut(Z)° normalized by the
condition (c|c) =1 for all minimal tripotents ¢ € Z. Let dm(z) be the associated
Lebesgue measure. Fix v > p — 1 and consider the probability measure

Lo (v)

(3.3) dpy (2) = —————"—— A(z,2)" P dm(z)

T FQ(V - %)

where I'g denotes the so-called Koecher-Gindikin I'-function of the positive cone
Q associated with Z [FK]. The weighted Bergman space

H?(D) :={h € L*(D, u1,,) : h holomorphic}
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= {h: D — C holomorphic : ||h]? := /dul,(z) |h(2)]* < 400}
D

has the reproducing kernel
(3.4) K(z,w) = A(z,w)™"

for all z,w € D. The irreducible unitary (projective) representation U, of G on
H2(D) is defined by
(3.5) (U.(g7Hh)(2) := (g, 2) h(g(2))
for all g € G, h € H2(D) and z € D, where
j(g, 2) := [Detz ¢'(2)]"/P.

Case 2 1If Dg C Zy is an irreducible complex symmetric domain, we consider the
Hilbert space tensor product

(3.6) H2(D):= H}(Dg) ® H2(Dg)

for the weighted Bergman space H2(Dg) over Dg, as described in Case 1. Here
v > pr—1 where pg = genus (D). H(D) consists of sesqui-holomorphic functions
h(z1,Z2) on D := Dg X Dg C Z := Zr X Zg which are square-integrable under
the product measure
(3.7) dp, (21, 22) := dpy (1) dpy (22).
An equivalent realization of (3.6) is via Hilbert-Schmidt integral operators
(58) (hé)(e0) = [ du(ez) har, 72) 9(z2)

Dy
on H%(Dg). The reproducing kernel of H2(D) is the product
(39) K(Zl,fg, wl,EQ) = K]R(zl,wl) KR(’LUQ,ZQ),

where K®(z1,w1) is the kernel function for H2(Dg). H2(D) carries an irreducible
unitary (projective) representation U, of G = Gg x Gg defined by

(3.10) Un(91,92) T = Uy (91) T U, (g2)*

for all g1,92 € Ggr and T € H2(D), regarded as a Hilbert-Schmidt operator on
H2(Dg). For the diagonal (g,g) € G, with g € Gg, we obtain the adjoint action

U,(9,9)T = Uy (9) T Uy (g9)~".

We put
j(gl7§2; ZlaEQ) = jR(glazl) jR(gzsz)
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for all g1,92 € Gr and 21,29 € Dg.

Case 3 For the flat case D = C", let (z|w) denote the inner product and let
dm(z) be the associated Lebesgue measure. Fix v > 0 and consider the probability
measure

— (V\" o—vielo)
(3.11) dyu, (2) - (ﬁ) e dm(2).
The weighted Bargmann space

H2(C") := {he L*(C" du,): h holomorphic}

= {h:C" — C holomorphic : ||A|]? := /d,u,,(z) |h(2)|* < oo}
(Cn

has the reproducing kernel
(3.12) K(z,w) = e’Zw)

for all z,w € C*. H2(C") carries an irreducible unitary (projective) representation
of the semi-direct product G := U(n) <C" via

(3.13) U(9) h)(2) = (g~ 2) B9~} (2))
for all g € G, h € H2(C") and z € C", where
o K(z,9(0) v
jlg™"2) = m = exp (v(z]g(0)) — 9 (9(0)]9(0))).
This completes the definition of H2(D). In all three cases we have
(3.14) (g, 2) K(g(2),9(w)) j(g,w) = K(z,w)

for all g € G and z,w € D. Put

(3.15) Ky (2) := K(z,w).

Then K,, € H2(D) for all w € D, and (3.14) shows
U(g) Kw = j(g,w) Kg(u)

for all g € G and w € D since

for all z € D. Let
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denote the scalar product in H2(D). Then
(3.16) h(z) = (K.[h),

for all h € H2(D) by the reproducing kernel property.

Let z — Z denote the conjugation of D with real form Dg. Since D is simply
connected
(3.17) I(z) = K(z,2)"/?

defines a holomorphic function on D (not belonging to H2(D)).

Example 3.1. In the product case (Case 2) we have
(318) 1(21752) = K(Zl,527 (21,22))1/2 = K(thg, 22,31)1/2
= [K®(21, 22) KR (21, 22)]Y% = K®(21, %)

as a holomorphic function on D = Dg x Dg. Since the reproducing kernel property
implies
0(e1) = [ i (ea) K™ (o1, 52) 6(22)
Dr

for all ¢ € H2(Dg), it follows that I corresponds to the identity operator on
H2(Dg). On the other hand, the kernel

(319) le,EQ(Zl,EQ) = K(Zl,fg,wl,mg)

= K% (z1,w1) K¥ (w2, 20) = Ky, (21) KB, (22)
for (w1,Ws) € D corresponds to the rank 1 operator Kb (Kp )* acting on HZ(Dg)
since for all ¢ € H2(Dg)

/d/ﬂf(@) Ky wy(21,22) ¢(22)

Dr

. / dpf (z0) K2 (21) K®(ws, 22) 6(22)

= Kb (z1) | dpi(z2) KX (w2, 22) ¢(22)
/

= KB (21) 6(22) = K& (K% 16),.

Proposition 3.2. I is the unique (up to a multiplicative constant) holomorphic
function on D which is U, -invariant under Gg C G.

Proof. Let g € Gg. In order to show

(3.20) I(z) = (Un(g~ ) I)(2) = j(g,2) I(g(2))
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for all z € D, we may assume that z = ¢ € Dg since both sides of (3.20) are
holomorphic. Since I(¢), j(g,¢) and I(g(¢)) are positive, the assertion follows by
taking squares

(9, €) I(g())]* = 5(9,€) K (9(C), 9(€)) 5(g.¢) = K(¢,¢) = I(¢)*.

As a consequence of (3.20) we have

(3.21) 1(¢) = I(g¢(0)) = j(g¢,0)~" 1(0)

for all ¢ € Dg, with g; € Gr satisfying g¢c(0) = ¢. Here o is the origin of Dg.

Lemma 3.3. For all z € D we have
62 [duo(O) K0 107 =16) [ du6) K0, 10
Dr Dg

Proof. Since both sides of (3.22) are holomorphic on D we may assume z € Dg.
Write z = g(0) for some g € Gg. Then Gg-invariance of pg implies

/ dio(¢) K(2.¢) K(¢,0)7?

Dr

- / dpio(¢) K (2,9(0)) K(9(C), 9(¢))~1/2
Dpg

- / do(Q) 7(9:0) ™ K(0,0) (g, O) 39, €) K ()2
Dp

= (g0 / dpio(¢) K(0,0) K(¢,0) /2,

Dg

Since K (2,%) = K(g(0),9(0)) = j(g,0) "2 K(0,0) = j(g,0) "2 the assertion follows.
O

NOTATION. In view of Lemma 3.3 it is natural to normalize the Gg-invariant
measure g on Dr by the condition

(3.23) [ duale) K(0.0) 16077 = 1.
Dy

This normalization (depending on v) will be chosen in the sequel. Then

(3.24) I(z) = / dpio(¢) K(2,¢) 1)

Dr
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for all z € D. In the case of complex bounded symmetric domains Dy the nor-
malization (3.23) amounts to

(3.25) dpo(¢) = dpuy (¢) K¥(¢,¢)

since K%(o,() = 1.
Proposition 3.4. For holomorphic h € H2(D) we have

(3.26) / dps, (w) T(w) I(w) = / dpio(¢) B(O) 1(¢)".
D Dy

Proof. We may assume h = K, for some z € D. Since I(z) := K(2,2)"/? is
holomorphic, Lemma 3.3 implies

/ do(Q) Kol) 1) = / dpiol€) K (2,¢) 1)~

Dr Dg

—1(2) = (.10, = [ dpow) Bolw) I(w),
D

4. Covariant Symbolic Calculi on Real Symmetric Domains

We will now introduce the new concept of covariant calculus for real symmet-
ric domains, which arises as a natural generalization of the complex case [AU1]
replacing operators by Hilbert space vectors.

Definition 4.1. A covariant symbolic calculus is given by a linear “symbol map”

(4.1) o:H?(D) — {functions on D}
h +— oh

satisfying the covariance condition
(4.2) a(Uy(g)h) = (oh)o g™

for all g € Ggr. More precisely, o should have a Gg-invariant domain Dom(o) of
holomorphic functions on D containing all reproducing kernel vectors K,,, w € D.
Then the covariance condition becomes

(43) (UK11J) © gil = U(Ul/(g) Kw) = ](g7w) U(ng)
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for all w € D and g € Ggr. In addition we require that the holomorphic function
I(z) := K(2,Z)"? on D belongs to Dom(s). Then oI is a constant function by
(4.2) and Lemma 3.3, and we normalize ¢ by assuming

(4.4) ol =1.

The function oh is also called the passive (or weak) symbol of h. The main
examples of symbolic calculi are “real” in the sense that oK, is a real-valued
function on Dg. This will be assumed in the sequel.

Proposition 4.2. For every symbolic calculus o we have

(4.5) (ah)(C) = (e Ku)(Q)[h)y

for all h € Dom(o) and ( € Dy, where for fized ¢ the function
(4.6) 2= (0Ky)(Q) (2) := (0 K2)(C)

is anti-holomorphic on D.

Proof. We may assume h = K, for w € D. Then

(0Kw)(C) = (0 Ku)(C) (w) = (Ku|(eKu)(C)w

and hence

(0Kw)(¢) = (Kul|(eKu)(C))y = (0 KL)(Q)[Kw)w-

Definition 4.3. The adjoint
(4.7) o* : {functions on Dg} — H?(D)

of a covariant symbolic calculus o is defined by assigning to a function f on Dg
(belonging to Dom(c*)) the holomorphic function

(4.8) (0" f)(2) == / dol€) £() TR©)

Dg

on D. Here the invariant measure pg is normalized by the condition (3.23), de-
pending on v but not on 0. We call f the active (or strong) symbol of o*f. The
adjoint o*, corresponding to the map A of (1.1), can of course also be taken as
the starting point of the theory. The "dual” view point emphasizing the symbol
map o is closer to Berezin’s original approach.
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Proposition 4.4. A covariant symbolic calculus o and its adjoint o* are related
by duality

(4.9) (" f1) = (floh) == / dp10(¢) O (oh)(C)

for all f € Dom(c*) and h € Dom(o).

Proof. We may assume h = K, for some z € D. Then

(0" 1K)y = (K:fo* f)y = (07 f)(2)

and (4.9) follows from (4.8) by taking conjugates. ad

Since (4.9) involves the Gg-invariant measure p and o is Gr-covariant, it follows
that o* satisfies the covariance condition

(4.10) o (fog™") =Unlg)(o"f)

for all g € Gg and f € Dom(c*).

Proposition 4.5. For any covariant symbolic calculus o the adjoint o* satisfies

(4.11) o*1=1

Proof. For ( € Dgr and g¢ € Gr satisfying ( = g¢(0) the covariance of o implies
(0F,)(97 " (0)) = 0(Un(9¢) Ko)(0) = i(g¢, 0) (0K () (0) = 1(¢) " (0 K() (o).

Since Gg is unimodular and (0K¢)(n) is real for £, € Dg, Proposition 3.4 and
Proposition 4.2 imply

(0™1)(0) :/duo(C)(ffKo)(C) :/duo(C)(UKo)(gc(O))

Dr Dg
= /dNO(<>(UKo)(g<_1(O)) = /duo(C) 1(Q)" (0 K¢) (o)
Dr Dg

dp(2) 1(2)(0 K2)(0) = ((0KL)(0) [ 1), = (a1)(0) = 1.

I
O —

Since 0*1 = (¢*1)(0) I by covariance, the assertion follows. a

Definition 4.6. Let o be a covariant symbolic calculus with adjoint ¢*. The
composite map

fr(oo") f=0a(d"f)
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acting on functions on Dg is called the link transform associated with o. Note
that oo* maps the active symbol to the passive symbol. By our assumptions, co*
has a Gg-invariant domain and commutes with the Ggr-action

(4.12) (00%)(fog) = (00" f)o

for all functions f € Dom(oc*) and g € Gg. More generally, one may consider
transforms

fr(o103) f = 01(05f)

linking two covariant symbolic calculi o1, o9 on H2(D), and the invariance property
(4.12) still holds. In view of (4.4) and (4.11) these transforms are “stochastic”
operators: (o103)1 =o01(051) =011 = 1.

Proposition 4.7. Let 01,02 be covariant symbolic calculi. Then the link trans-
form o103 has the integral kernel

(4.13) (o1 Ku) () [ (o2Ku)(n))w = /duu(Z)(Gle)(é) (02K)(n)

D
with respect to py (normalized by (3.23)).

Proof. Using (4.5) and (4.8) we obtain

(0105)(6) = (1 EL)©) | 751
- / A1y (2)(01 1) () (03.F)(2)
D

/ dyiy () (01 K (€) / dpioln) 1(n) (@22 ()
D

/ drio(n / dpiy () (01 K. )(€) (02 F) ().

O

It is well known [H] that the L2-space L?(Dg, 119) has a multiplicity-free decom-
position
(4.14) L*(Dg, o) = / lc(\)|72d\ (GR)a
a#
under the group Gg, where (Gg) denotes the principal series representation with
spectral parameter A € a*, ¢()\) is Harish-Chandra’s c-function and we choose an

Iwasawa decomposition
(4.15) Gr=KrAN
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of Gg, with a = Lie(A4). By Gg-invariance it follows that the link transform oj03
is diagonalized under the Gg-action. More precisely, let ¢y € C°°(Dg) be the
normalized spherical function associated with A. Then

(4.16) 10565 = 0105(N) 6

for all ¢» € Dom(oi03), and the eigenvalues 0,1\;; (\) completely characterize
the link transform. For every A € a” the Iwasawa decomposition (4.15) defines
”exponential functions” [H]

ex(€) = exp(A(g)[A+p), g€ Gr, glo)=(

on Dy satisfying ey (o) = 1 and

ex(9(C)) = ex(g(0)) ex(<)
for all g € N A, such that
ox(Q) = [ dk ex(kC)
/

is the spherical function of type A. In the flat case ey is expressed in terms of the
exponential function [AU1]; in the curved setting an explicit description of ey can
be given by realizing Dy as a real Siegel domain (cf. Section 4).

Proposition 4.8. For every covariant symbolic calculus o we have
(4.17) (c"ex)(z) = (c¥ex)(0) ex(z) I(z)
where ex(z) denotes the unique extension of ey to a holomorphic function on D.

Proof. Since both sides of (4.17) are holomorphic it suffices to let z = ¢ € Dg.
Let g¢ € N A satisfy g¢(0) = (. Then

(0ex)(€) = (a7 ex)(g¢(0)) = i(g¢,0) " (Un(gz M) (o™ er))(0)
= j(gc,0) " (0" (ex 0 g¢))(0) = j(gc,0) " er(C) (¥ ex) (o)
=1(¢) ex(¢) (c%ex)(0).

0O

Our main result is a “product formula” for the link transform for any pair of
covariant symbolic calculi.

Theorem 4.9. Let 01,09 be covariant symbolic calculi on an irreducible real sym-
metric domain Dr. Then the Gr-invariant link transform o1, 03 has the eigenval-
ues
(4.18) 010_;()\) — (Ul e)\)(o) (0—26)\)(0)

3\




Covariant Symbolic Calculi 15

forall A € Dom(aflgg) C a#, where cy is a positive constant independent of o1, 02
which will be computed explicitly in Section 5. In particular,

(4.19) oo*(\) = é |(c*ex)(0)]?.

Proof. By Proposition 4.7, o103 is the adjoint of 090 with respect to . Using
Proposition 4.8 and Proposition 4.2 it follows that

(4.20) (03€x)(0) (exI|(01KL)(0))
= (05ex)(0) (01 KL)(0) | exl)y = ((01KL)(0) | o5en)s
= 71(03e)(0) = 0105(N) = 7207 (N)

= (o7ex)(0) (exI|(o2K1)(0))w-

Therefore

(0322 (0) :l (oiex)(0) ]
(eI(02E)©0), | (exI[l0:K0)(0)),

Taking o1 = o3 it follows that c) is real. Therefore ¢ is independent of o1, o and
(4.18) follows from (4.20). O

Remark 4.10. In terms of harmonic analysis

(c*ex)(0) = / dpio(Q) ex(€) (0K)(C)

Dy

- / dp10(C) 63(0) (TK,)(C) = (0K o)™ (M)

Dr

can be identified with the spherical Fourier transform [H] of the real Kg-invariant
function o K, on Dg. Viewed as a function of A, we call

ao(A) := (c"ex) (o)

the fundamental function of o.

5. The Toeplitz-Berezin Calculus

Up to now the discussion of covariant symbolic calculi was quite general. In this
section we describe a basic example, the Toeplitz-Berezin calculus, and show that
it determines the value of the constant ¢ in an explicit way. Let Dr = Ggr/Kg be
an irreducible real symmetric domain, with complexification D and quantization
Hilbert space H2(D), as introduced in Section 2. Let o € Dg C D be the origin.
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Definition 5.1. The Toeplitz-Berezin symbol
7: H*(D) — C>(Dg)
is defined by

(5.1) (Th)(€) = K (¢, Q)™ /2h(¢) = 1(Q) ™" h(¢)
for all h € H2(D) and ¢ € Dg. In particular
(5.2) (TK.)(Q) = 1(Q) ™" K(¢.2)

for all z € D and ¢ € Dg.

Note that 7 is well-defined (and injective) for all holomorphic functions h on D
since D C D is a set of uniqueness. The normalization 7/ = 1 made in (4.4) is
trivially satisfied.

By Definition 4.3 the adjoint 7* of 7 (called the Toeplitz-Berezin calculus) is
defined by

(5.3) (r* F)(2) = / dio(C) F(O) I(O) " K (2,0)
Dy

for all functions f € L>°(Dg), since duo(¢) I(¢)~! is a finite measure for v large
enough. Here (i is normalized by (3.23) so that (3.24) implies 7*1 = I. According
to Proposition 4.7, the link transform 77* (called the Berezin transform in the
complex case) has the integral kernel

(5.4) / dpi () (72 (€) (TR) ()

D

[ dnte 1€ K€, 2) 1) KT2)

D

= L ) K(&n) =

K n)
(€62 K(n,n)'/?

for all £, € Dg.

Example 5.2. In case Dg is complex (Case 2) H2(D) = H2(Dg) ® H2(Dg) is
the space of Hilbert-Schmidt operators via the identification (3.8), where h is a
sesqui-holomorphic function on Dg x Dg. For fixed z € D we have

(K2 |RKE), = (HKE)() = [ duf(w) bz ) KE(w) = hz,2)
Dy
since w — h(z,w) is holomorphic. Therefore (5.1) amounts to
(th)(2,2) = I(2,2) ' h(z,2) = K]R(z7 2)" h(z, %)

(KZ|hEZ),
(KEIKE)y
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for all z € Dg. This is the classical Berezin symbol of the operator h.
On the other hand, the sesqui-holomorphic function

(r* f) (2.7W) = / do(Q) F(O) 16,0 K (2,,6,0)

Dg

- / dpo(¢) £(0) KRG, KR (2,¢) KR (G w)

Dr

- / () F(C) K®(2,¢) K*(Cw)

Dy
on Dg x Dg, defined via (5.3), gives rise to the integral operator
(Do) = [ dif(w) (7 1)z w) o)
Dy

_ / dyiE (w) / () 1) K*(2,¢) KR (Cow) d(w)

Dg Dgr

= [t Q) £0) K50) [ dnfw) K*(Cw) o)

DR DIR

_ / R0 1(O) K*(2,0) 6(C) = E(f)(2)

Dy

where E denotes the orthogonal projection onto H2(Dg). Thus

(T 1) = E(f¢) = Tro

gives the Toeplitz operator with symbol f acting on H2(Dg). By (5.4) the Berezin
transform in the complex case has the kernel

K (&, n,7) _KREn) KRm,6) _ KRG
K668 2 K(mmnm/?  KHEOKR(nn)  KE(E& KX (1)

for all £, € Dg.

Proposition 5.3. For all A\ € a¥ we have

(5.5) T7*(A) = (Tex)(0) = ca.

Proof. Since

(TK.)(0) = K(0,0)"1/2 K (0) = K,()
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for all z € D, Proposition 4.2 implies
75 () = 7(r"ex)(0) = (TKL)(0) [ T7€x) = (KolT"er)y = (T7€x)(0)-
This shows that (7*ey)(0) is real, and the product formula (4.19) implies

(*ex)(0) = 77 (\) = [(T*ex) (0)[? _ (T*e,\)(o)Q_

Cx Cx

Combining Proposition 5.3 with Theorem 4.9 and Remark 4.10 we obtain

Corollary 5.4. For covariant symbolic calculi 01,09 on H2(D) the link transform
o105 has the eigenvalues

(03ex)(0) (a7er)(0) _ (02K0)™(A) (01K,)~(A)
(7*ex)(0) (TKo)™(A)
where T is the Toeplitz-Berezin calculus and ~ denotes spherical Fourier trans-

forms.
In view of Corollary 5.4 it is important to compute the integral

o105(A) =

(Tex)(o) = / dpio(€) ex(€) (TK)(C)

Dr
/ dio(¢) ex(¢) 1(Q)™" K(0,¢)
Drg

/ dio(C) ex(€) K (6,0~ K(0,)

Dg

explicitly. In the complex case this has been carried out in [UU], verifying a long-
standing conjecture of Berezin. For details on the complex case and also the flat
case we refer to [AU1]. In the sequel we determine (7*ey)(0) for real symmetric
domains. The Toeplitz-Berezin calculus has also been studied in [DP], [N], [Z]; we
avoid a case-by-case separation according to the various root systems of D, thus
giving a more uniform treatment.

As in Section 2 consider the unbounded realization

Dr={x+y+veZp: z—{ev'v} e}

as a real Siegel domain. For the Jordan theoretic concepts used in the sequel we
refer to [FK], [L2], [U]. Let ey, ...,e, € X be a frame with e = e; +---+e,. Then
we have Peirce decompositions

X= > Xy Y= 3 Yy V= Vf

1<i<j<r 1<i<j<r 1<j<r
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and we put
a = dimX;; (1<i<j<r).
In case Zr # X we also put
b o= dimV}® (1<j<r)
¢ = dimY;; (1<j<r).

It is known that
dimY;; =a (1<i<j<r)

up to one exception (root system Do) which we omit in the sequel. The dimensions
of the respective subspaces are then given by

nx = dimgX = r+r(r—1)a/2
ny = dimgY = er+r(r—1)a/2
ny = dimc vV = dimR V]R =rb.

Put n := dimg Zgr = nx + ny +ny. Let P denote the quadratic representation of
X and let A(z) be the Jordan determinant of X.

Lemma 5.5. For x € Q) we have
Detx PM? = A(z)"x/",

Proof. Without loss of generality (due to the spectral decomposition and transi-

tivity of K on frames) we may assume x = Zj zje; diagonal. Putting ¢’ = P;/Qt
1/2 1/2

for t € X, the respective Peirce components satisfy tgj =a; "tz It follows
that

Dety Py = T a; [ (wiay*?

1<j<r  1<i<j<r
— (Il . .IT)1+(rfl)a/2 — A(x)lJr(rfl)a/Q _ A(z)nx/r
O
In the sequel we use the conical functions

(5.6) A%(z) = A () T2 Ag(x)2 7% o Ay (a)
on (Q, associated with & = (a1, ..., a;), where Ay, ..., A, are the Jordan theoretic

minors. Let AY denote the corresponding function using the minors in reverse
order e,,...,e;. For the following result, cf. [FK, Section VII.1].
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Lemma 5.6. Let x € Q and Re(a;) > =1 —(r —j) 5. Then

[t e =g (0 ) A )

Q
where
Po (a+ ™) = / dt A% (t) e (el
" Q
is the (multi-variable) Koecher-Gindikin T'-function and o = (o, ..., a1).

Lemma 5.7. Let Re(3) > 1+ 5 (2r —j —1) +Re(ay) > § (r —1). Then

>
Fﬂ(ﬁ)/dt AX(t)Ale+1t)7 =Tq (Q-F HTX) Y} (5 —a+d- 27?)
Q
where 6 = (1, ...,0,) is defined by
(5.7) §j =14+ —1a.
Proof. Applying Lemma 5.6 twice we obtain

Pg(ﬁ)/dt AY(t) Ale+1)7"

Q

= /dt Ag(t)/ds A(s)Pnx/r g=(slett)
Q Q
= /ds A(s)ﬁ_""/r e_(s‘e)/dt AX(t) e~ (51t
Q Q
= Tg <Q+ nl) /ds Af—g*—%x/r(s) e—(sle)
" Q

- o042 o300 2).

Now the assertion follows from the well-known identity

(5.8) Fo(a*) =To (a+d-"X).

r

Lemma 5.8. [FK, p. 142, Fxercise 5] Let 2y > 1+ (r — 1) a. Then

_ _ Fg)(2’y*nx/7")
r do Ale + 2?) ™7 = qnx grx—ry R 7 EXTT)
Qw)X/ (e +2?) e
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Proof. Let A® be the holomorphic extension of A to the complexified Jordan
algebra XC. By analytic continuation, Lemma 5.6 implies for every z € X

To(y) AS(e +iz)™ = /ds A(s)1~nx/T g~ (etials)
Q

= /ds A(s)"f_"X/T e~ (els) g—ilxls)
Q

It follows that I'q(y) A®(e 4 ix)~7 is the Fourier transform of the function
(5) = xals) A"/ el

on X, where yq is the characteristic function of 2 C X. Therefore Parseval’s
formula implies

Pa()? / dx |AS (e + ix)| "2 = (2m)" / ds |f(s)]?
X X

_ (QW)nX/dS A(S)2772nx/r 672(6‘5)
= (2m)"¥Tq (27 = %) A(2e) 24/
r

= X ATXTTY g (2’}/ - nl) .
r

Now the assertion follows from
|AC (e + iz)|? = AC(e + iz) AC(e — ix) = AC((e + ix)(e — ix)) = Ale + 2?).
O
From now on we assume Y # {0}. For ¢ € X the Jordan multiplication operator
M; leaves X and Y invariant.
Lemma 5.9. Fort € ) we have
A(t)™*/" Dety My = A(t)™ /" Detx M,.

Proof. Assuming ¢t = Zj tj e; diagonal and putting 2’ = My z, y' = M,y for z €
X and y € Y, the respective Peirce components satisfy x}; = z;;(t; +t;)/2, vi; =
yij(ti +t5)/2 for all 1 <i < j <r. It follows that

Detyx M, = H t- H (ti—;—tj>a’

1<j<r 1<i<j<r

Dety My = [ - ] (’5*2“)&

1<j<r 1<i<j<r
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Since A(t) =ty ---t, and ¢ — 1 = 1% the assertion follows. O
Let ry and Ay be the rank and Jordan determinant of U. We define

vr T
(59) VR ‘= 7U PR ‘= ]l =

nx +ny +ny/2
2r ' '

2r r

Lemma 5.10. Let 2vg > (r —1)a+c. Then

Lo (2ve — =)
Lo(vr) Do (vr + 22500)

21/7‘U/dy AU(e*y)iV — ﬂ,(anLny)/Z 2nx+ny
Y

Proof. Fort € Q, x € X and y € Y we have
(@?[t) = ({zz*e}|t) = (z[{ze"t}) = (2| Mya),
—(*t) = ({yy*e}ft) = (yl{yet}) = (y|Muy).

In view of Lemma 5.9 this implies

v /2 /dy R J— /dy o—(WIM:y)
Y Y

= Det;1/2 M; = A(t)(nx—ny)/Qr Det;(l/Z M,
= A g [ g oot

X
— A(t)(nx_nY)/2T 7T_nx/2/d.’l,' e—(I2|t)'
X

Since Ay (e —y) is real for all y € Y, we have
Ay(e—y) =Aule —y) = Au((e —y)*) = Au(e +y)
and therefore
Ay(e—y)? = Ay(e—y) Au(e+y) = Ap((e—y)(e+y)) = Ap(e—y?) = Ale—y?)"0/".

Applying Lemma 5.6 and Lemma 5.8 it follows that

/2 FQ(VR)/d:U Aye—y)™"
¥
= o/ FQ(V}R)/dy Ale—y*)™"

Y
- w*”Y/Q/dy /dt Aty /m eyl
Y Q
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—’ny/z

T dt A(t)”R_”X/T e~ (elt) /dy W'l

Y

dt A(f)e—(nx+n) /2 —(e\t)/dx o~ (@10)

— ﬂ_—’nx/Q

_ *TLX/Q

— O O

dx /dt A VR*("XJrny)/Zr 67(e+12\t)
Q

— >

—nx/2

Q (V]R + nXQ—rny) /dx Ale + ar,‘Q)(”"_"X)/Q’“_”]R

To (20m — %)
FQ (V]R + nx2—rny) :

—nx/2 P 4nx+(nyfnxfl/7“u)/2

= 7

For = € X the quadratic representation P, acts also on Y.

Lemma 5.11. For z € Q we have
Dety P2 = A(z)™v/.

Proof. Assuming = = Z,xj e; diagonal and putting y' = Pwl/zy for y € Y, the

respective Peirce components satisfy y” = xl/ 2 Yij T 1/ % Tt follows that

Dety Pl/2 H H (x; ) “/2

1<5<r 1<i<j<r

— (1)t 2 Z A () D@/ A ()

Lemma 5.12. Let x € Q and 2vg > (r —1)a+c. Then
27 [y Au(a =)

FQ (QV]R — nTY)

_ A(I)*QMRJHLY/T’ 7.‘.(nerny)/2 gnx+ny )
o (vr) To (e + 25520)

Proof. Putting ¢y’ = P2 y for y € Y, we have
dy = A" dy
by Lemma 5.8. Since
Au(z —y) = Au(Py?(e —y)) = Au(z) Aule —y') = A(@)™/" Ay(e—y)
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it follows that

/dy Az —y)™" = A(%)‘Q”“"Y/“”/dy’ Ayle—y')™".
Y Y

Now the assertion follows from Lemma 5.10. O

Let R denote the canonical Jordan representation of X on Vg [FK], [L1].
Lemma 5.13. For x € Q we have
Dety, RY? = A(z)™/?".

Proof. Assuming x = 3, x; ¢; diagonal and putting v’ = RY*v for v € Vg, the

respective Peirce components satisfy v;- = x;/ 2 v;. It follows that

b
Dety, RY? = ( H x}m) = (21 2)"? = A2)? = A(z)"v /7,

1<j<r
O
For v € Vg we have (e[{ev*v}) = ({ee*v}|v) = (v|v)/2 and therefore
(5.10) /dv e~ (el{ev™v}) — /dv e~ Iv)/2 = (277)""/2.
Ve Ve
Lemma 5.14. Let x € Q. Then
/dv e—(el{en o)) _ (apynv/2 A (g)=nv /2
Ve
Proof. Putting v' = Ri/Q v for v € Vg, we have
dv = A(z)™™ /%" do
by Lemma 5.13. Moreover
PY? {ev*v} = {e(RY/?v)* (RY?v)} = {ev'V/
and hence
(elfev v}) = (Py/* el{ev™v}) = (e|P}/* {ev*v}) = (e|{evv'}).
Now the assertion follows from (5.10). O

Lemma 5.15. Let 3> (r—1)% + 5. Then

T'a(f) /dv Ale + {ev*v})# = (2m)"v/2 Ig (ﬂ - "l) .

2r
1%
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Proof. Applying Lemma 5.6 and Lemma 5.14 we obtain

I‘Q(ﬂ)/dv Ale+ {ev*v})™?
Ve
Ve Q

/ dz A(z)P—x/T ¢=(@le) / do e—(@lev o))
Q Va
= (2m)m/? / do A(z)B—nx/r=nv/2r o—(ale)
Q
= (2m™/2ra (8- 25).

O
Lemma 5.16. Letz € Q and 8> (r — 1) % + . Then
Fg(ﬁ)/dv Az + {ev o))~ = (2m)"V/2 Tq (5 - ”2%) Az) /28,
Ve
Proof. Putting v’ = R;l/z v for v € Vg, we have
dv = A(z)™/? dv'
by Lemma 5.13. Moreover
P2 (euv) = {e( Ry M2 0)* (R7 V2 0) = {edo)
and hence
Az + {ev*v}) = A(PY? (e + P72 {ev™v})) = Alz) Ale + {ev'v'}).
Therefore
/ dv Az + fev'v}) P = A(z)™ /20 / & Ade + {eb/v'}) P
Ve Ve
and Lemma 5.15 implies the assertion. O

Theorem 5.17. The link transform 77 of the Toeplitz calculus with “Wallach”
parameter v has the eigenvalues

I'q <A+B+V]R_w) g (_A“V‘B‘FVR_M)

T T

T (\) =
'y (VR _ M) To(vr)
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Here A = (\1,...,\.) is the spectral parameter in a¥ and p=(p1,...,pr) is the
half-sum of positive restricted roots [L2], [Z] given by

ny —nx —|—’rlv/2
. .

(5.11) 20; =14 (j — Da+

Proof. Writing ( =2+ y+v € X Y @ Vg according to (2.4), the domain Dy is
defined by the condition
(5.12) t:=x—{ev*v} € Q.

Using (3.4) and applying Lemma 5.12, Lemma 5.16 and Lemma 5.7 we obtain in
case Zg # X

I, = /dx/dv/dy Au(z — {ev'v}) /2 A%z — {ev™v}) -

e+x—y

'AU 2) AU(x—{ev*v})”/2

vy dx/dv/dy ALTE=PR (g — Lev*v}) - Ap(e+x —y) ™"

vy /dt AXTVRTPR (1) /dv/dy -Ayle+t+ {ev'v} —y)™"
Q Wr Y
Lo (2vp — =) ,

Lo(u) Ta (ve + 250)

: / dt AeFve=Pe(t) / dv A(e +t + {ev*v})~2atny/r

Q Wk

— onx+ny (nx+ny)/2

(2m)" /2 D (20 — mtrel2)
To(ve) Ta (vp + 2520)
~/dt ASHE=DE (1) A(e 4 £) 2V tny /THnv /20 _ gnxtnyfnv /2 1n/2
Q
To (a+ve —pr + 2) To (2w — 20012 — gy 4 pp + 6 — 22 )
. Lo(vr) Ta (vr + 2552)

1o I (Q+VR—M) Io (e —a+6—2x)

onx+ny 7T(nX +ny)/2

T

— onxtny+ny/2 n
Co(ve) Do (vr + 25)

since rpg = nx + ny + ny /2. In the remaining case Zg = X, Lemma 5.7 yields

o= fa A@)”"/’“A“(x)A(e;x)y A(x)"
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= 2’"”/(137 Ag_""/“”ﬂ(ac) Ale+xz)™"

2

— 2TV

In general [Z, Lemma 2.3] we have
ex(z +y+v) = A2 2(z — {ev*v}).

Since 77 (—p) = (77*1)(e) = 1, it follows that

o (A"‘B‘FV]R_LW) Po (e —A—p+3d—2X)

T

To (V]R—w) I (VR+§—HT)

(s

) = D/ To =

in both cases (since vgr = v/2 if Zg = X). Since

- 2
9p =g+ Y X v/
- r

by (5.7) and (5.11) and

Pa (ve+8- %) =Ta ()

by (5.8), the assertion follows. O

Remark 5.18. In case Dy is complex, we have vg = v and d := dim¢ Dg =
ny + ny /2. Therefore (5.10) simplifies to

TT = FQ(V— d) Fg(u)

T

(cf. [AUL)).

Remark 5.19. While the Toeplitz-Berezin calculus is certainly fundamental, it is
important to study other covariant symboli calculi such as the Wick calculus and
the Weyl calculus and the relationship between them. In [AU1] a detailed investi-
gation is carried out in the complex case, in particular for the Bargmann spaces
over C™. In the curved setting the Weyl calculus, which involves the symmetries
in a crucial way, poses many open problems, but in [AU2| the eigenvalues for the
link transform of the Weyl calculus are determined for all (real and complex) sym-
metric domains of rank 1. The surprising new feature is the deep role played by
hypergeometric functions in this context.
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